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Abstract: We show that the degree splitting graphs of By n; Pn; Kmon;n(ka — 3e)I;n(ks —
3e)I1(b);n(ks — e)IT and n(ks — 2e)11(a) are graceful [3]. We prove C30K ,, is graceful,
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81. Introduction

Graph labeling methods were introduced by Rosa in 1967 or one given by Graham and Sloane
in 1980. For a graph G, the splitting graph S(G) is obtained from G by adding for each vertex
v of G, a new vertex v’ so that v is adjacent to every vertex in G.

Let G be a graph with ¢ edges. A graceful labeling of G is an injection from the set of its
vertices into the set {0,1,2,---¢} such that the values of the edges are all the numbers from
1 to ¢, the value of an edge being the absolute value of the difference between the numbers
attributed to their end vertices.

In 1981 Chang, Hiu and Rogers defined an elegant labeling of a graph G, with p vertices
and ¢ edges as an injective function from the vertices of G to the set {0,1,2,--¢} such that
when each edge zy is assigned by the label f(z) + f(y)(mod (¢ + 1)), the resulting edge labels
are distinct and non zero. Note that the elegant labeling is in contrast to the definition of a
harmonious labeling [1].

Another generalization of harmonious labeling is felicitous labeling. An injective function
f from the vertices of a graph G with ¢ edges to the set {0, 1,2, -- ¢} is called felicitous labeling
if the edge label induced by f(z) + f(y)(mod q) for each edge zy is distinct.
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§2. Degree Splitting Graph DS(G)

Definition 2.1 Let G = (V, E) be a graph with V =51 U S;US3U---S; UT where each S; is
a set of vertices having at least two vertices of the same degree and T =V \ US;. The degree
splitting graph of G denoted by DS(G) is obtained from G by adding vertices wy,wa, ws, -+ , Wy
and joining to each vertex of S; for 1 <i <t.

83. Main Theorems

Theorem 3.1 The DS(By,n) is graceful for n > 2.

Proof Let G = By, be a graph.Let V(G) = {u,v,u;,v; : 1 < i < n} and V(DS(G)) \
V(G) = {w1,w2}. Let E(DS(GQ)) = {ww, uwsy, vws} U {uu;, vv;, wiug, wiv; : 1 <4 < n} and
| E(DS(Q)) |= 4n + 3.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,4n + 3} is as follows:

flw)=1; f(v) = 3; f(wy) = 0; f(wz) =2n + 4; f(u;) = 4n — 2i + 5 and f(v;) = 2i + 2 for
1 <71 <n.

The corresponding edge labels are as follows:

The edge label of wv is 2; wu; is 4n — 2i +4 for 1 < i < njvv; is 20 — 1 for 1 <& < n;wiu,
isdn —2i+ 5 for 1 < i < nywywv; is 20 + 2 for 1 < i < njuwsy is 2n + 3 and vws is 2n + 1.
Hence the induced edge labels of DS(G) are 4n + 3 distinct integers. Hence DS(G) is graceful
for n > 2. O

Theorem 3.2 The DS(P,,) is graceful for n > 4.

Proof Let G = P, be a graph. Let V(G) = {v; : 1 <i < n} and V(DS(G)) \ V(G) =
{wi,we}. Let E(DS(G)) = {wyv1,wiv,} U{wav; : 2<i<n—1}and | E(DS(G)) |=2n— 1.
The required vertex labeling f : V(DS(G) — {0,1,2,---,2n — 1} is as follows:

Case 1 n is odd.

Then f(wi) =n+1; f(wz) =0; f(v;)) =ifor 1 <i<m, iisoddand f(v;) =2n—i+1 for
1<i<n, ¢iseven.

The corresponding edge labels are as follows:

The edge label of wev; is 7 for 3 <¢<n —1and ¢ is odd; wev; is2n —it+ 1 for 1 <i<n
and 17 is even; wyvy is n; wiv, is 1 and v;v;41 is 2n — 24 for 1 <4 < n — 1. Hence the induced
edge labels of DS(G) are 2n — 1 distinct integers. Hence DS(G) for n > 4 is graceful.

Case 2 n is even.

The required vertex labeling is as follows:

flwy) = n+2;f(we) = 0; f(v;) =i for 1 <i < m,iisodd and f(v;) = 2n — i+ 1 for
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1 <4< n,iis even.
The corresponding edge labels are as follows:

The edge label of wov; is i for 3 < i <mn and 7 is odd; wov; is2n —i+1for 1 <i<n-—1
and 7 is even; wyvy is n+1; wyv, is 1 and v;v;41 is 2n— 2 for 1 <4 < n—1. Hence the induced
edge labels of G are 2n — 1 distinct integers. From case (i) and (ii) the DS(P,) for n > 4 is
graceful. g

Theorem 3.3 The graph DS(Kp, ) is graceful.

Proof The proof is divided into two cases following.

Casel m>n.

V(DS(@) \ V(G) = {wr,wz}. Let E(DS(Q)) = {wiu; : 1 < i < mpU{ww; : 1 < j <
n}U{uw; :1<i<m,1<j<n}and|EDS(G))|=mn+m+n.
The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,mn +m + n} is as follows:

Let G = Ky, be a graph. Let V(G) = {u; : 1 <3 < m}U{y; : 1 < j < n} and
)

flup)) =mn+2—-d)+nforl <i<m;flv;) =jforl <j<mn;flw)=0and
flwz) =n+1.

The corresponding edge labels are as follows:

The edge label of wyu; is m(n +2 —i) +n for 1 < i < m;uw; is m(n+2 —14) +n —j for
1<i<m,1<j<nandwywjisn+1—jforl<j<n. Hence the induced edge labels of G
are mn + m + n distinct integers. Hence the graph DS (K, ) is graceful.

Case 2 m=n.

V(DS(G))\V(G) ={unr}. Let E(DS(G)) = {wiws,w1v; : 1 <i <m}U{ww;:1<14,5 <m}
and | E(DS(G)) |= m(m + 2).
The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,m(m + 2)} is as follows:

Let G = Kpn be a graph. Let V(G) = {u,v; : 1 < i < m} and

flwi) =0; f(u;)) =m(m+3) —mi for 1 <i<mand f(v;) =i for 1 <i<m.
The corresponding edge labels are as follows:

The edge label of wyv; is ¢ for 1 < ¢ < mju,v; is m(m +3) —mi —j for 1 <i,5 < m and
wyu; is m(m+3) —mi for 1 < i < m. Hence the induced edge labels of G are m(m+2) distinct
integers. Hence the graph DS(K,, ) is graceful. O

Corollary 3.4 The DS(K,) is Kpt1.
Theorem 3.5 The DS(n(Ky — 3e)I)) is graceful.

Proof Let G = n(K4 — 3e)l be a graph. Let V(G) = {z,y} U{z : 1 < i < n} and
V(DS(G))\ V(G) = {wy,ws}. Let E(DS(G)) = {zws, ywa, xy} U {w1z;, 22,9z : 1 <i < n}
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and | E(DS(G)) |=3n+ 3.
The required vertex labeling f : V(DS(G)) — {0,1,2,---,3n + 3} is as follows:

fl@)=1;f(y) = 2; f(w1) =0; f(we) =4 and f(z;) =3n+6—3ifor 1 <i < n.
The corresponding edge labels are as follows:
The edge label of xy is 1; zws is 3; yws is 2;xz; is 3n+5—3i for 1 <i < m;yz; is3n+4— 3¢

for 1 <i<nand wyz is 3n+ 6 — 3i for 1 < i < n. Hence the induced edge labels of G are
3n + 3 distinct integers. Hence the DS(G) is graceful. O

Theorem 3.6 The DS((n(K4 — 3e)I1(b)) is graceful.

Proof Let G = n(K4 — 3e)II(b) be a graph. Let V(G) = {x,y} U{u;,v; : 1 <i<n}and
V(DS(G))\V(G) = {w1,ws} Let E(DS(G)) = {zwr, 2y} U{wiv;, wiv, yui, wau; : 1 <i < n}
and | E(DS(G)) |=4n+ 2.

The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,4n + 2}is as follows:

fl@) =3n+2;f(y) = 1; f(wr) = 0; f(wz) = 25 f(v;) =3n+2+iforl <i<nand
flu;))=2i+1for1<i<n.

The corresponding edge labels are as follows:

The edge label of wiv; is 3n+2+1i for 1 <i < mjuv; is 3n—i+1 for 1 <i < n;yu; is 2i
for 1 <i < njwou;is 2i — 1 for 1 <i < m;axw; is 3n+ 2 and zy is 3n + 1. Hence the induced
edge labels of G are 4n 4 2 distinct integers. Hence the graph DS(G) is graceful. O

Theorem 3.7 The DS(n(Ky — e)II) is graceful.

Proof Let G = n(K4 — e)II) be a graph. Let V(G) = {z,y} U {u;,v; : 1 <i <
(DS(G)\V(G) = {wi, w2} Let E(DS(G)) = {aws, ywa} U {wiu;, wiv; for 1 < i < n} and
| E(DS(G)) |=6n+ 3.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,6n + 3} is as follows:

f(@) =05 f(y) = 4n+2; f(w1) = 2n+ 2; f(w2) = 4n + 3; f(vi) = 5n+4 — i and f(u;) =
6n+4—iforl1 <i<n.

The corresponding edge labels are as follows:
The edge label of wyu; is 4n+2 — i for 1 < i < njwyv; is dn — 1 — i for 1 < i < n;zws

is 4n + 3;zy is 4n + 2 and yws is 2n. Hence the induced edge labels of G are 6n + 3 distinct
integers. The DS(n(Ky — e)II) is graceful. O

Theorem 3.8 The DS(n(Ky — 2¢)I1(a)) is graceful.

Proof Let G = n(Ky4 — 2e)II(a) be a graph. Let V(G) = {z,y,u;,v; : 1 < i < n} and
V(DS(G))\ V(G) = {wy,wz}. Let E(DS(G)) = {zu;, zy, yu;, zv;, v;wy, u;we : 1 <4 < n} and
| E(DS(G)) |=5n+1.
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The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,5n + 1} is as follows:

flx)=0;f(y) =2n+1; f(w1) =1; f(wz) =n+1; f(v;) =5n+3—2iand f(u;) =3n+2—i
for 1 <i<n.

The corresponding edge labels are as follows:

The edge label of zu; is 3n—i+2for 1 <i < n;zyis2n+1;yu;isn—i+1for 1 <i < n;xv;
isbn+3—2ifor1 <i<mn;vwyisdn+2—2ifor 1 <i<nand u;wyis2n—i+1for1 <i <n.
Hence the induced edge labels of G are 5n + 1 distinct integers. The DS (n(K4 — 2e)I1(a))) is
graceful. g

Theorem 3.9 The DS(C50K, ) is graceful for n > 3.

Proof Let graph G = CgOKLn be a graph. Let V(K7 ,) = {z} U{u;: 1 <i<n} and Cs
be the cycle zyzx. Let V(DS(G))\V(G) = {w1,w2}. Let E(DS(Q)) = {aws, ywa, 2y, yz, z2}U
{wiu, zu; : 1 <i<n}land | E(DS(G)) | = 2n +5.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,2n + 5} is as follows:

flwr) =1; f(we) = 2; f(x) = 4; f(y) = 5 f(2) = 0 and f(u;) =2i +5 for 1 <i <n.

The corresponding edge labels are as follows:

The edge label of xy is 1; zws is 2;yws is 3;xz is 4;yz is 5; zu; is 20 + 5 for 1 < i < n and
wiu; is 26 + 4 for 1 < i < n. Hence the induced edge labels of G are 2n + 5 distinct integers.
Hence the DS(G) is graceful for n > 3. O

Theorem 3.10 The DS(C30K) ) is felicitous when n > 3.

Proof Let G = C3OAK1,n be a graph. Let V(K1) = {z}U{u; : 1 <i < n} and Cs be
the cycle zyzz. Let V(DS(G)) \ V(G) = {w1,w2}. Let E(DS(GQ)) = {zxws, ywa, xy,yz, za} U
{wius, zu; : 1 <i<n}and | E(DS(G)) |=2n+5.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,2n + 5} is as follows:

flw) =mn; flwa) =2n+2; f(x) =2n+3; f(y) =2n+4; f(z) =2n+ 5 and f(u;) =i —1
for 1 <i<n.

The corresponding edge labels are as follows:

The labels of the edges zy is (4n + 7)(mod 2n + 5); zws is (4n 4 5)(mod 2n + 5); yws is
(4n+ 6)(mod 2n + 5);xz is (4n+ 8)(mod 2n + 5);yz is (4n + 9)(mod 2n + 5); zu; is i — 1 for
1<i<mnand wyu; isn+i—1for 1 <i < n. Hence the induced edge labels of G are 2n + 5
distinct integers. Hence the DS(C30K] ,) is a felicitous for n > 3. O

Theorem 3.11 The DS(CgOKl)n is elegant for n > 3.

Proof Let G = C3OAK1,n be a graph. Let V(K1) = {z}U{u; : 1 <i < n} and Cs be
the cycle zyzz and V(DS(G)) \ V(G) = {w1,w2}. Let E(DS(G)) = {axws, yws, 2y, yz, z2:} U
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{wius, zu; : 1 <i <n}and | E(DS(G) |=2n+5.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,2n + 5} is as follows:

fwi) =n+2; f(w) =2n+4; f(x) =n+3; f(y) = 0; f(2) = 2n+5 and f(u;) =i+ 1; for
1<i<n.

The corresponding edge labels are as follows:

The edge labels of zy is (n 4 3); zws is (3n + 7)(mod 2n + 6); yws is (2n + 4)(mod 2n + 6);
xz is (3n + 8)(mod 2n + 6); yz is (2n + 5)(mod 2n + 6); zu; is (2n + 6 + i)(mod 2n + 6) for
1<i<mn;wu;is (n+34+1i)(mod2n+6) forl<i<n. Hence the induced edge labels of G
are 2n + 5 distinct integers. Hence the DS(G) is elegant for n > 3. O

Theorem 3.12 The DS(Kas,,) is felicitous for n > 3.

Proof Let G = (K3 ,,) be a graph. Let V(G) = {v1,v2}U{u; : 1 <i<n}and V(DS(G))\
V(G) = {wy,wa}. Let E(DS(G)) = {wavy,wave} U{wiu; : 1 < i < n}and | E(DS(G)) |=
3n + 2.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,3n + 2} is as follows:

flu))=3n+5-3ifor 1 <i<m;f(v1)=0;f(v2) =3n+1; f(w) =1and f(ws) = 3.

The corresponding edge labels are as follows:

The edge label of wyu; is (3n + 6 — 3i)(mod 3n 4 2) forl < i < nju;vp is (Bn+5—
3i)(mod 3n +2) for 1 < i < njuve is (6n+ 6 — 3i)(mod 3n + 2) for 1 < i < njwqv; is 3 and
wovy is 3n + 4(mod 3n + 2). Hence the induced edge labels of G are 3n + 2 distinct integers.
Hence DS(K3,,) is felicitous for n > 3. O

Theorem 3.13 The DS(Ks,,) is elegant for n > 3.

Proof Let G = (Ka2,,) be a graph, LetV(G) = {v1,v2} U{u; : 1 <i <n} and V(DS(Q)) \
V(G) = {wy,w2}. Let E(DS(G)) = {wavy,wava} U{wiu; : 1 < i < n} and | E(DS(Q)) |=
3n + 2.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,3n + 2} is as follows:
flu))=3n+5—-3ifor 1 <i<n;f(v1)=0;f(v2) =3n+1; f(w) =2 and f(wy) = 4.
The corresponding edge labels are as follows:

The edge label of wyu; is (3n + 7 — 3i)(mod 3n + 3) for 1 < ¢ < njuv; is Bn+5 —
3i)(mod 3n + 3) for 1 < i < n; wvg is (6n 4+ 6 — 3i)(mod 3n + 3) for 1 < i < njwovy is 4 and
wavs is 3n 4+ 5 (mod 3n + 3) . Hence the induced edge labels of G are 3n + 2 distinct integers
.The DS(G) is elegant for n > 3. O
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