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author thirty years ago.
Key Words: Surface, graph,Smarandache A\%-drawing, embeddability, tree-travel.

AMS(2010): 05C15, 05C25

81. Introduction

A drawing of a graph G on a surface S is such a drawing with no edge crosses itself, no adjacent
edges cross each other, no two edges intersect more than once, and no three edges have a
common point. A Smarandache \°-drawing of G on S is a drawing of G on S with minimal
intersections A°. Particularly, a Smarandache 0-drawing of G' on S, if existing, is called an
embedding of G on S. Along the Kurotowski research line for determining the embeddability
of a graph on a surface of genus not zero, the number of forbidden minors is greater than a
hundred even for the projective plane, a nonorientable surface of genus 1 in [1].

However, this paper extends the results in [3] which is on the basis of the method established
in [3-4] by the author himself for dealing with the problem on the maximum genus of a graph
in 1979. Although the principle idea looks like from the joint trees, a main difference of a tree
used here is not corresponding to an embedding of the graph considered.

Given a graph G = (V, E), let T be a spanning tree of G. If each cotree edge is added
to T as an articulate edge, what obtained is called a protracted tree of GG, denoted by T. An
protracted tree T is oriented via an orientation of T’ or its fundamental circuits. In order to
guarantee the well-definedness of the orientation for given rotation at all vertices on G and
a selected vertex of T', the direction of a cotree edge is always chosen in coincidence with its
direction firstly appeared along the the face boundary of T. For convenience, vertices on the
boundary are marked by the ordinary natural numbers as the root vertex, the starting vertex,
by 0. Of course, the boundary is a travel on G, called a tree-travel.

In Fig.1, (a) A spanning tree T' of Kj5(i.e., the complete graph of order 5), as shown by
bold lines; (b) the protracted tree T' of T'.
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Fig.1
§2. Tree-Travels

Let C = C(V;e) be the tree travel obtained from the boundary of T with 0 as the starting
vertex. Apparently, the travel as a edge sequence C' = C(e) provides a double covering of
G = (V, E), denoted by

C(Vse) = 0Pu,i,vi, Piy iy iy Piy it Vit Piy i Vit Pig 20 (1)

-/
2,7

where € = |E]|.
For a vertex-edge sequence () as a tree-travel, denote by [Q]cg the edge sequence induced
from @ missing vertices, then Ceg = [C(V; €)]cg is a polyhegon(i.e., a polyhedron with only one

face).

Example 1 From 7 in Fig.1(b), obtain the thee-travel
C(V;e) = 0Py 80Ps140Py14,180P13,200
where vg = vg = V14 = v18 = V99 = 0 and

Pog = a1a2a_11636_11747_11a—1;
P8,14 = b2535712/\4/\712b71;
P14118 = 630'40'713071;

Pigo0 = ddd ™.

1

For natural number ¢, if av;a™" is a segment in C, then a is called a reflective edge and

then v;, the reflective vertex of a.
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Because of nothing important for articulate vertices(1-valent vertices) and 2-valent vertices
in an embedding, we are allowed to restrict ourselves only discussing graphs with neither 1-
valent nor 2-valent vertices without loss of generality. From vertices of all greater than or equal
to 3, we are allowed only to consider all reflective edges as on the cotree.

If v;, and v;, are both reflective vertices in (1), their reflective edges are adjacent in G and
Jes 1 [P,
then the transformation from C to

vy = vy and vy = viy, [P

iy ig Jeg = 0, but neither v;; nor vy is a reflective vertex,

il il
i,

A O(V, 6) = OPO,ilvil Pz/lvz/z Uiz 3271'/1 ’Uill Pi11i2 Ui/z ]31-/2700. (2)

Vi ,Vig
is called an operation of interchange segments for {v;,,v;, }.

Example 2 In C = C(V;e)) of Example 1, vo = 2 and vy = 3 are two reflective vertices, their

reflective edges o and 3, vg = 2 and v15 = 3. For interchange segments once on C, we have
Ao 3C = 0Py 22Py 153P192P5 43Pi5,200 (= Ch).
where

P072 =ala (: P1;0,2);
Py15 = 0307 120MA712b710e3 (= Pras);
Pyg = ydy a1 0b2 (= Pisa3);

)

Py =a 18 (= Piisis);

)

P15120 = 040_136_10d4d_1 (: P1;15120).

Lemma 1 Polyhegon A, ,,Ceg is orientable if, and only if, Ceg is orientable and the genus

of A Ceg is exactly 1 greater than that of Cg.

Vi Vig

Proof Because of the invariant of orientability for A-operation on a polyhegon, the first
statement is true.
In order to prove the second statement, assume cotree edges o and (3 are reflective edges

at vertices, respectively,v;, and v;,. Because of

Cog = Ao 'BBB'CDE

where
Aa = [Py, Jeg; @ ' BB = [P, iy )eg;
e = [Pis it legs D = [Piy iy leg;
E =[Py i ]eg,
we have
Aoy, 0, Ceg = AaDB™'Ca™ ' BBE

~top ABCDEafa~ 371, (Theorem 3.3.3 in [5])
= Cegafa™ 71 (Transform 1, in §3.1 of [5]).
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Therefore, the second statement is true. O

If interchange segments can be done on C successively for k times, then C' is called a k-tree
travel. Since one reflective edge is reduced for each interchange of segments on C and C has at
most m = |3/2] reflective edges, we have 0 < k < m where § = §(G) is the Betti number(or
corank) of G. When k = m, C' is also called normal.

For a k-tree travel Cy(V;e,e 1) of G, graph Gy, is defined as

k

Gk = TU[Eref mET — Z{ej, 63}] (3)

j=1

where T is a spanning tree, [X] represents the edge induced subgraph by edge subset X, and
e € Erer, € € Ef, {ej, e;} are, respectively, reflective edge, cotree edge, pair of reflective edges

for interchange segments.

Example 3 On C, in Example 2, v;3 = 3 and v1,;5 = 4 are two reflective vertices, v1,;3 = 3

and v1;10 = 4. By doing interchange segments on C, obtain
As3.4C1 = 0P1,0,103P1,17,194P1:12,153P1:10.124P1;19,200 (= C2)
where

Pl;O,lO = a1a2b_10c3ﬁ_11747_11a_10b26(: P2;O,10)§
Pri719 = ¢ 10d(= Pa.10,12);
Prisir = a 20711830407 (= Pai2.17);
Pi.1012 = 6 12X\(= Pa17,19);
Pi.19.20 = d~ (= Pa19.20)-

Because of [Pag,16]eg N [P2;12,19]cg # O for va,12 = 4 and va,19 = 4, only va,s = 4 and
v2,16 = 4 with their reflective edges v and o are allowed for doing interchange segments on Cs.
The protracted tree T in Fig.1(b) provides a 2-tree travel C, and then a 1-tree travel as well.

However, if interchange segments are done for pairs of cotree edges as {3,v}, {0, A} and
{a, o} in this order, it is known that C is also a 3-tree travel.

On C of Example 1, the reflective vertices of cotree edges 5 and ~y are, respectively, v4 = 3
and vg = 4, choose 4 = 15 and 6’ = 19, we have

Ny 6C = 0P1,043Pi.4 84P1.8.173P1;17,194P1,19,200(= C1)
where

P04 = Pos; Prag = Pis19; Pig 17 = Fe15;

Pi.1719 = Pys; Pi;19,20 = Pro,20.

On (1, subindices of the reflective vertices for reflective edges § and A are 5 and 8, choose
5 =17 and & = 19, find

N58C1 = 0Po,0,53Pa;5, 74 Ps.7 163 P2;16,194P2;19,200(= C2)
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where

P.0,12 = P1y0,12; Poi12,14 = Priiv19; Pojiair = Praars
Pr.a7.19 = Pr1;12,145 P2;19,20 = P1:19,20-

On (s, subindices of the reflective vertices for reflective edges o and ¢ are 2 and 5, choose
2’ =18 and 5’ = 19, find

Ap 8Co = 0Ps,0,23Ps.2.34 P53 163P3,16,194P3:19,200(= C3)
where

P399 = Pay0.2; Poa3 = Pais19; P3:3,16 = P2;5,18;

Ps.16,19 = Pa;257 P3.19,20 = P2;19,20-

Because of 3(K5) = 6, m =3 = [3/2]. Thus, the tree-travel C' is normal.

This example tells us the problem of determining the maximum orientable genus of a graph
can be transformed into that of determining a k-tree travel of a graph with & maximum as shown
in [4].

Lemma 2 Among all k-tree travel of a graph (G, the maximum of k is the maximum orientable

genus Ymax(G) of G.

Proof 1In order to prove this lemma, the following two facts have to be known(both of

them can be done via the finite recursion principle in §1.3 of [5]!).

Fact 1 In a connected graph G considered, there exists a spanning tree such that any

pair of cotree edges whose fundamental circuits with vertex in common are adjacent in G.

Fact 2 For a spanning tree T" with Fact 1, there exists an orientation such that on the
protracted tree 7', no two articulate subvertices(articulate vertices of T') with odd out-degree

of cotree have a path in the cotree.

Because of that if two cotree edges for a tree are with their fundamental circuits without
vertex in common then they for any other tree are with their fundamental circuits without
vertex in common as well, Fact 1 enables us to find a spanning tree with number of pairs of
adjacent cotree edges as much as possible and Fact 2 enables us to find an orientation such
that the number of times for dong interchange segments successively as much as possible. From

Lemma 1, the lemma can be done. ]

83. Tree-Travel Theorems

The purpose of what follows is for characterizing the embeddability of a graph on a surface of

genus not necessary to be zero via k-tree travels.

Theorem 1 A graph G can be embedded into an orientable surface of genus k if, and only if,

there exists a k-tree travel Cy(V';e) such that Gy, is planar.
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Proof Necessity. Let pu(G) be an embedding of G on an orientable surface of genus k.
From Lemma 2, ;(G) has a spanning tree T with its edge subsets Ey, |Eo| = 8(G) — 2k, such
that G = G — E; is with exactly one face. By successively doing the inverse of interchange
segments for k times, a k-tree travel is obtained on G. Let K be consisted of the k pairs of
cotree edge subsets. Thus, from Operation 2 in §3.3 of [5], Gy, = G—K = G — K + E, is planar.

Sufficiency. Because of G with a k-tree travel Ci(V;e), Let K be consisted of the k pairs of
cotree edge subsets in successively doing interchange segments for k times. Since Gy = G — K
is planar, By successively doing the inverse of interchange segments for k times on C(V;e) in
its planar embedding, an embedding of G on an orientable surface of genus k is obtained. [

Example 4 In Example 1, for G = K5, C is a 1-tree travel for the pair of cotree edges o and
B. And, G; = K5 — {a, f} is planar. Its planar embedding is

[40~'3¢710d4]eg = (0~ e d);

[4d~0a1v4]eq = (d" ary);

[304N"123]cg = (0A"18); [0e35 1207 0]eg = (e5 107 1);
20y a1 0b2]eg = (M ta D).

By recovering {a, 8} to G and then doing interchange segments once on C, obtain C;. From
C1 on the basis of a planar embedding of G;, an embedding of G on an orientable surface of

genus 1(the torus) is produced as

[Ao™ 3¢ 0d4)eq = (0 e d); [4d ™ 0alvd]eg = (d tay);
[304aN"12633 " a " t0b2a 183]eg = (cA 158 a2 B);
(0630712671 0]eg = (5107 1); [2My 'a2]eg = (MW @),

Similarly, we further discuss on nonorientable case. Let G = (V, E), T a spanning tree,
and
C(V, 6) = 0P07i’l}i,Pi)jUij72€O (4)

is the travel obtained from 0 along the boundary of protracted tree T. If v; is a reflective vertex
and v; = v;, then

AeC(Vse) = 0Py 0Py 'v; Py 20 (5)

is called what is obtained by doing a reverse segment for the reflective vertex v; on C(V;e).

If reverse segment can be done for successively k times on C, then C' is called a k-tree
travel. Because of one reflective edge reduced for each reverse segment and at most (§ reflective
edges on C, we have 0 < k < § where § = §(G) is the Betti number of G(or corank). When
k= p, C(or G) is called twist normal.

Lemma 3 A connected graph is twist normal if, and only if, the graph is not a tree.

Proof Because of trees no cotree edge themselves, the reverse segment can not be done,
this leads to the necessity. Conversely, because of a graph not a tree, the graph has to be with

a circuit, a tree-travel has at least one reflective edge. Because of no effect to other reflective
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edges after doing reverse segment once for a reflective edge, reverse segment can always be
done for successively 8 = ((G) times, and hence this tree-travel is twist normal. Therefore,

sufficiency holds. g

Lemma 4 Let C' be obtained by doing reverse segment at least once on a tree-travel of a

graph. Then the polyhegon [A;C]eg is nonorientable and its genus

~ 2g(C)+1, when C orientable;
9([LeCleg) = .
9(C)+ 1, when C nonorientable. (6)

Proof Although a tree-travel is orientable with genus 0 itself, after the first time of doing
the reverse segment on what are obtained the nonorientability is always kept unchanged. This
leads to the first conclusion. Assume Cqg is orientable with genus g(C')(in fact, only g(C) =0
will be used!). Because of

[AiCleg = AEBTIEC
where [Py ;leg = AE, [P jleg = €' B and [P} Jeg = C, From (3.1.2) in [5]
[AiCleg ~top ABCEE.
Noticing that from Operation 0 in §3.3 of [5], Crseg ~top ABC, Lemma 3.1.1 in [5] leads to
9([2eCleg) = 29([Cleg) + 1 =29(C) + 1.
Assume Cq, is nonorientable with genus g(C). Because of
Cog = AEETIBC ~yop ABC,

9([AeCleg) = g(C) + 1. Thus, this implies the second conclusion. O

As a matter of fact, only reverse segment is enough on a tree-travel for determining the

nonorientable maximum genus of a graph.

Lemma 5 Any connected graph, except only for trees, has its Betti number as the nonori-

entable maximum genus.

Proof From Lemmas 3-4, the conclusion can soon be done. O

For a k-tree travel C;(V;e) on G, the graph Gy, is defined as

k

G =T\ JBrer =Y _{e;}] (7)

j=1

where T is a spanning tree, [X] the induced graph of edge subset X, and e € Ert and {ej, €},

respectively, a reflective edge and that used for reverse segment.

Theorem 2 A graph G can be embedded into a nonorientable surface of genus k if, and

only if, G has a K-tree travel C;(V;e) such that Gy, is planar.
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Proof From Lemma 3, for k, 1 < k < 3(G), any connected graph G but tree has a k-tree
travel.

Necessity. Because of G embeddable on a nonorientable surface S; of genus &, let ji(G)
be an embedding of G on S;. From Lemma 5, ji(G) has a spanning tree 7" with cotree edge
set By, |Eo| = B(G) — k, such that G = G — Ey has exactly one face. By doing the inverse of
reverse segment for k times, a K-tree travel of G is obtained. Let K be a set consisted of the k
cotree edges. From Operation 2 in §3.3 of [5], Gz =G — K = G— K+ Ey is planar.

Sufficiency. Because of G with a k-tree travel C;(Ve), let K be the set of k cotree edges
used for successively dong reverse segment. Since G = G — K is planar, by successively doing
reverse segment for k times on C3(V;e) in a planar embedding of G;, an embedding of G on a

nonorientable surface S; of genus k£ is then extracted. O

Example 5 On K3 3, take a spanning tree T, as shown in Fig.2(a) by bold lines. In (b), given
a protracted tree T of T. From T, get a tree-travel

C =0Py,112P11,152P15,00 (= Co)
where vy = v13 and
Py11 = c4656 14y3y tdcr0d2e361 67137
Pi1.15 = d”*0albba;
Piso =a 50" a ™t
Because of v15 = 2 as the reflective vertex of cotree edge o and vy = v15,
N3Cy = 0P1;0,112P1;11,152P1;15,00 (= C1)
where
Pro11 = Poa1 = 4055 H4y3y 1e710d2e38187 13
Pra1s = Plhs = a7 "5 1a”"0d;
Piis0=Piso=a '5b 1a "t
Since G7 = K33 — « is planar, from Cy we have its planar embedding
= [5P16,00P,20]eg = (b 'a""cd);
= [3P1s3leg = (7' de);
= [LP13,145P2,43Ps 91]eg = (6 173b);
f4 = [1Py131]eg = (B~ 'e 'd a).

By doing reverse segment on Cp, get C7. On this basis, an embedding of K3 3 on the projective

plane(i.e., nonorientable surface Sy of genus 1) is obtained as

fi= [5P1.16,00P1,020]eg = f1 = (b~ ta"tcd);

fo = [3Pru83leg = f2 = (v "¢ de);

fg [1P1.9112P111,131]eg = be te a7 h);
fi = [0P1,14,152P1,15,165P1;2,43P1,8 91 P1.13140]cg
= (da 6 1yBa™t).
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Fig.2

84. Research Notes

A. For the embeddability of a graph on the torus, double torus etc or in general orientable
surfaces of genus small, more efficient characterizations are still necessary to be further con-
templated on the basis of Theorem 1.

B. For the embeddability of a graph on the projective plane(l-crosscap), Klein bottle(2-
crosscap), 3-crosscap etc or in general nonorientable surfaces of genus small, more efficient
characterizations are also necessary to be further contemplated on the basis of Theorem 2.

C. Tree-travels can be extended to deal with all problems related to embedings of a graph on

surfaces as joint trees in a constructive way.
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