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Effects of Foldings on Free Product of Fundamental Groups
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Abstract: In this paper, we will introduce free fundamental groups of some types of
manifolds. Some types of conditional foldings restricted on the elements on free group and
their fundamental groups are deduced. Also, the fundamental group of the limit of foldings
on a wedge sum of two manifolds is obtained. Theorems governing these relations will be

achieved.
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81. Introduction

In this article the concept of foldings will be discussed from viewpoint of algebra. The effect
of foldings on the manifold M or on a finite number of product manifolds MyxzMsx...x M, on
the fundamental group m (M) and 7 (MyzMax ---2M,) will be presented. The folding of a
manifold was, firstly introduced by Robertson 1977 [14]. More studies on the folding of many
types of manifolds were studied in [2-4 and 6-9]. The unfolding of a manifold introduced in [5].
Some application of the folding of a manifold discussed in [1]. The fundamental groups of some

types of a manifold are discussed in [10-13].

82. Definitions

1. The set of homotopy classes of loops based at the point x, with the product operation
[flg] = [f - g] is called the fundamental group and denoted by 71 (X, zo) [11].

2. Let M and N be two smooth manifolds of dimension m and n respectively. A map
f:+M — N is said to be an isometric folding of M into N if for every piecewise geodesic path
~v : I — M the induced path f o~ :I — N is piecewise geodesic and of the same length as ~y
[14]. If f does not preserve length it is called topological folding [9].

3. Let M and N be two smooth manifolds of the same dimension. A map g: M — N is
said to be unfolding of M into N if every piecewise geodesic path ~: I — M, the induced path
go~v:I— N is piecewise geodesic with length greater than ~y [5].
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4. Given spaces X and Y with chosen points z, € X and y, € Y, then the wedge sum
X VY is the quotient of the disjoint union X UY obtained identifying x, and y, to a single
point [11].

5. Let S be an arbitrary set. A free group on the set S is a group F together with a
function ¢ : § — F such that the following condition holds: For any function ¢ : S — H, there
exist a unique homomorphism f : F' — H such that fo ¢ = [12].

83. Main Results

Paving the stage to this paper, we then introduce the following
(1) ﬂ-l(T) = {([al]ka [61]m)5 ([OQ]kv [62]m)7 ceeey ([an]kv [671]“1)7 [ai]v [61] € 7T1(Sl), ka m € Z, k 7£
0,m#0,i=1,2,..,n}

(2) m(T)mod(k, m) = {([au], [B1]), ([a2], [B2]), --o.s (], [Ba)) « [ea]® = 1, [Bi]™ = 1 [ai]. [Bi] €
m(SY), kkme ZT k#0,m#0,i=1,2,....,n}.

Where, 71 (S!) is a fundamental group of the circle ,T" is the torus [a]™ = [a] X [a] X .... X [a],

andT" =T xT x ... xT.
————

n—terms

Let 71(S1) , m1(S3) be two fundamental groups. Then the free product of 71(S3) , 71(S3)
is the group m1(S7)* m1(S3)consisting of all reduced words ajazas....a,, of an arbitrary finite
length m > 0 such that a; € m1(S}) or a; € m1(S3),i = 1,2,....,m , then we can represent the
elements a; as of the forms a; = [a]™ or a; = [B]™ where n; € Z,n; # 0 and «, 8 are two loops
that goes once a round S}, S} respectively. Also, if F: S{ V S — S1V S5 is a folding, then
the induced folding F :my(S1) * 71(S3) — 71 (S}) * m1(S3) has the following forms:

Theorem 3.1 If F;, : S v S} — SIv Sl | i = 1,2 are two types of of foldings, where
Fi(Sj) =.5}, j = 1,2, then there are induced foldings F; :m(S1) % m1(S3) — m1(S1) * m1(S3)
such that F;(m1(S1))*m1(S3) ~ Z.

Proof First, let Fy : S1 v S3 — Si v S3 is folding such that Fy(S]) = St , F1(S3) = S1
as in Fig.1. Then we can express each element g = a1a2a3....am, , m > 1 of 71(S1) * 71 (S3) in

the following forms

[o]™ [8]" [ .. [ ™= ) [o]™ )™ o)™ -+ [B]" 7 [o] ™,
1™ [ [B1" ... [B]" 7 o] ™, or [B]™ [a]™ [B]™ ... [a] " [B]"™,

where n1,ng,- -+ ,nm, are nonzero integers and [o]™* € w1 (S1), [ € ™ (S3),k = 1,2,.m .
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Then, the induced folding of the element g is

Fi(g) = Fa([o]" ) Fr([8]")Fi([]™) - Fr([a] ™ ) Fr([8]"),
Fy([o]™ )R ([8]"*)Fr([]™) - Fx([8]" ) Fi([o]™™),
F (8" ) Fu([a)™)E([81™) - B (8] ) Fa([e] ™),
F (8" Fu([o]")Fr([8]™)-... Fi(la) ™ Fi([8]")

Since Fi([o]™) = [o]™ , F1([8]"*) = [a]™* it follows that F(aiazas...a) = [oz](n1+n2+m+"m).

Hence, there is an induced folding F; 71 (S3) * 71 (S3) — m1(ST)*m1(S3) such that Fj(my(S7) *
71(S3)) = m1(Sh), and so F;(m(S})  71(S3)) =~ Z. Similarly , if Fy:SIv Sl — SIvSE is
folding, such that F»(S}) = S, F»(S3) = S3 , then there is an induced folding F, :m1(S}) *

m1(S3) — w1 (ST) * m1(S5) such that Fy(my (ST) * m1(S3)) =~ Z.

OO ——0O

Fig.1

Theorem 3.2 If F; : STV S3 — S1Vv 81, i=1,2 are two types of foldings such that FZ(S’;) =
St j=1,2. Then,m (lim F; (S} V S3)) is isomorphic to Z.

Proof Let F;(S}) = S} then lim F; (S{VS3) = S} asin Fig.2. Thus, 7 ( lim F;, (S{V5S3))

n

=S}, Therefore 7 ( lim F; (S} V S3)) is isomorphic to Z. O
CO = O=0-=0
Fig.2

Theorem 3.3 Let F: S{V S} — StV SY be a folding, where F(S}) # S}, i =1,2.Then there
is an induced folding F : 71 (St) % m1(S3) — m1(ST) * m1(S3)such that Fry(S1) * m1(S3)) = 0.

Proof Let F: S{V S3 — S}V S5 be a folding such that F(St) # Si, F(S}) # S} as in
Fig. (3) .Then, we can express each element g = ajazas....a,, , m > 1 of w1(S}) * 71(S3) in the
following forms:

[ (81" [a]™ -+ [ ™1 8", [a]™ B [ - [B)" " o)™
B [d™ (81" - (B fa] ™, B [a]™ (8] - [ B

where n1,n2, -+, n,, are nonzero integers and [a]™* € 71 (S}), [B]™ € m1(S3),k=1,2,--- ,m.
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Then the induced folding of the element g is

1(9) = Fu([a)™) R ([8]"*) Fa([a]™) - Fi([e]™ ) Fa ([8]")
[o]™ [8]" [ - -+ [a] " [B]"

L™ )8 ) ([
[o]™ [8]" [a]™* - [

([]"*)Fa([8]") - - F([B]"" ") Fa([e]™™)

A" fa]™ [ - [B " [

(8™ Fr([o] ™ )P ((8]™) - - Frlad™ ) Fu([8]™)

= [B"" [a]™ [B]" -+ [ [B]" .

1) B (8" Fu([e] ™)

Pl

o

H
—_ =
=
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G
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A _
It follows from {(ﬂ,{ﬁ} — identity element, that there is an induced folding F :m(S]) *

m1(S3) — w1 (ST) * m1(S3)such that F(mq(S7)* m1(S3)) = 0.

OO =X

Fig.3

Corollary 1 If F;:SiVv S} — Stv Sl i=1,2 are two types of foldings such that

Fi(S}) =81 F(S) # S}j=1,2,i #j.

Then there are induced foldings F; :m1(St) * m1(S3) — m1(S1) * m1(S3)such that F;(mi(ST) *
m(S3)) ~ Z.

Theorem 4 If F: S{ Vv Si — S1v S} is a folding such that F(S}) # S},i=1,2. Then,
m1( lim F, (ST Vv S3))
is the identity group.

Proof 1f F(S}) # S}, i = 1, 2 then lim F,(S{ V S3) is a point as in Fig.4, and so
m1( lim F,(S$VvS3)) is the fundamental group of a point. Therefore, we get that 7y ( lim F,(S1V

S1)) = 0. O
SOEDED T 54
Fig.4

Theorem 5 If F; : StV Sy — Si Vv Sii = 1,2 are two types of foldings such that
F,(S}) =58} F;(S}) #SHji=1,2,i# j. Then m( lim F; (S{V S3)) is isomorphic to Z.
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Proof 1t follows from F;(S}) = S}, F;(S}) # S}, j =1,2,i # j.that the limit of one circle
is a circle and the limit of the other circle is a point, so lim F,(Si v S3)) = S} as in Fig.5.
Thus, 7 ( lim F;, (ST V S3)) = 71(S}) . Therefore 71 ( lim F;, (S§ V S3)) is isomorphic to Z. [

n

Fig.5

Now, we will generalize the above concepts for the tours Consider 71 (T} ,m1 (T3 ) , are two
fundamental groups. Then, the free product of 7 (T}) ,m1(T3), is the group w1 (T}) *m1(Ty)
consisting of all reduced words of ajasas....a,, of an arbitrary finite length m > 0 such that

a; € m(T}) or a; € m(Ty) and so, we can represent the elements a; as of the forms a; =
([cr]™, [B1]%) or a; = ([az]™, [B2]¥) where n;, k; € Z,n; # 0, k; # 0 where ([aq]™, [31]%) €
71 (TY), ([a2]™, [B2]*") € mi(T))and «j, 3; are loops that goes once a round the generators
of T; for j = 1,2.Then if F : T} v T} — T} Vv Ti}is a folding, then the induced folding
F oy (T}) # 7(T3) — 71 (TL) * 71 (TY) has the following forms:

Theorem 6 If F; : T} VTs — TLV T, i =1,2 are two types of foldings, where Fi(le) =
Ti,j = 1,2 . Then, there are induced foldings F; :my(T}) xmy (1)) — w1 (T}E) x w1 (1Y) such that
E(ﬂ'l(Tll) *7T1(T21)) ~ /X Z.

Proof First, if Fy : T1 v T} — T} vV T} is a folding such that Fy(T}') = Th, FA(Ty) =Ty
as in Fig.6. Then we can express each element g = ajas...am,, m > 1 of 1 (T}) * m1(T3) in the
following forms.

([aa]™ (B ) (2] [Ba) ™) ([ )™, [B1]*) - ([an] ™, (8"~ ) ([a] ™™ [B2]™),

(faa]™ (81" ) ([2]™  [82)) ([en] ™, [B1)) - - (feea] ™= [Bo) =) ([ ] ™ [B1]),

(faa]™ , [82]™ ) ([an]™ , [B1]) (2] ™, [B2)*) - - (feva] ™=, [Bo) =) ([ ] ™™ [B1]),

(fa]™  [B2]" ) ([oa]™ , [B1]*) (2] ™, [Ba)*) - (fea]™ =, [Ba] =) ([ ] ™™ [B1]),
where ny,n2,- -+ , Ny , k1, k2, -+, ky, are nonzero integers,

([aa]™ | [52]k1) = ([a]™, [Bl]kl) , it follows that

1
there is an induced folding F; :my (T}) * mi(T3) — w1 (T}) * m1(Ty) such that Fy(m (T}) *
7 (1)) = m(T}) , and so Fy (7 (T}) * 7 (T3)) ~ Z x Z. Similarly , if Fy : T} v T} —
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T v T} is folding, such that Fy(T}) = Ty, Fo(T)}) = Ty , then there is an induced folding

Fo(mi(T}) * m1(T3)) = m1(T}) such that Fo(mi (T}) * m(T3)) = Z x Z. ]
— ()
Fig.6

Theorem 7 If F; : T} VTs — TL VT, i = 1,2 are two types of foldings, where Fi(le) =
Ti,j=1,2. Then m(lim F; (T} VT3)~Z x Z.

Proof If F; : T{ VTy — T} V Ty,i = 1,2 are two types of foldings, where F;(T})
T,,j = 1,2, then lim F;, (T} VT}) = T} as in Fig.7. Thus m1( lim F, (T} vV T})) = m (T}

~—

,since m (T}) ~ Z x Z we have m1( lim F; (T VT3)) ~ Z x Z. |
Fig.7
Corollary 2 If F; : T} VTy — TV Ts,i = 1,2 are two types of foldings, where FZ-(le) =
T;,j=1,2. Then m( lim F; (T} VT)})) is a free Abelian group of rank 2n.
. 1 . . . 1 1 Fil Fiz
Proof Since Fi(T}) = T;,j = 1,2 we have the following chain 77 VT, — T —
lim Fj,

Tr... "= TSince m (T/") = m(T; X T; X ... x T3) , , it follows that 7 (T]") & Z X Z X ... X Z.
—_—

n—terms 2n—terms

Hence ,m1( lim F;, (T V T3)) is a free Abelian of rank 2n. O

Theorem 8 If F : T} VTy — T{VTy is a folding by cut such that Fy(T) # Ty, Fy(T)) # Ty
.Then there is induced folding F :my(T) * w1 (1)) — w1 (T) * w1 (T3) such that F(m (T}) *
m (1))~ Z 2.

Proof Let F : T} VT4 — T} V Ty is a folding such that Fy(T}) # Th, F1(T3) # Tias

in Fig.8. Then, we can express each element g = ajas -+ am, m > 1 of w1 (T}) * m1(T3) in the
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following forms

(foa]™ , [B1) ) ([@a] ™, [B2] ™) ([en]™, [B1]™) -+ (o], [B1]) ") ([ava] ™ [Ba] ™),
(foa]™ , [B1) ) ([@2] ™, [B2]" ) ([ea]™, [B1)™) - ([eva] ™, [B2) ) ([ena] "™ [B1]"),
(foa] ™, [B2) ) ([e] ™, [B1]" ) ([e2]™ , [B2)") - ([eva] ™, [B2) ) ([ena] "™ [B1]"),
([oa]™ , [Ba] ™) ([en]™ , [B1)"2) (feea] ™, [Ba]™) -+ (o] ™ [Ba) ) ([on] ™ [B]*™),

where ny,n9,- -+ , N , k1, k2, -+, kyy are nonzero integers and

ni k1 n2 k2
([a]™,[8]™) € m(T1), ([ea]™, [8:]7) € mi(Ty).
Then, the induced folding of the element g is

Fg) = F(aa]™ . [8]")F (042]
[

(al] [ﬁl]k*) (fa] ™= [B1)* ) (2] ™ [B2]),
]

F(laa]™, [51] )?(ozz] ,[ B ) F(joa]™ , [B1]™)
F([oa]™ [Bo) ) F(Jaa] ™™ [B1]")
([Oéz]nz ) [52] ?) "

([ea]™, 181)"2) - (Jaa] ™™ [B2) ™) ()™ [B1]™™),
]

F(loo]™ , [B2)")F ([on]™ , 101 F([a2]"™ , [5:]")
F(las)™ =, (B2 F (foa] ™ [81])
= ([ [B)") (] ™ [ ([02] ™ [B2]™) -+ (fea] ™, [Bo] = ) ([n] ™ [Ba]*),
F(lao)™ , [B2]" F([on]™ , [B1)")F([e] ™, [82)")
Ffon]™ =, 101" F([oa]™ [32]")
= (lae]™, [B)") (] ™ [B]") (2] [B] ) eons(fa) 7 (B ) ([0a]™ [Ba] ).
It follows from [31],[B2] — 0 ( identity element) that there is an induced folding such that
Fomy (T x m1(Ts) — m1(St) * m1(S3) . Therefore, F(my (T}) 71 (Ty)) ~ Z  Z. O
—
Fig.8

Corollary 3 If F; : T} VTy — T}V Ty,i=1,2 are two types of foldings such that F; (le)

T F;(TY) # Tri,j = 1,2,i # j. Then there are induced foldings F; iy (T{) x m (1)) —
m (T}E) * 7 (T} . such that E(m(Tll) xm(TH)) ~ (Z x Z)* Z.

Theorem 9 If F: T} VT) — T}V TS are a folding by cut such that F(T}) # T}, fori=1,2
. Then m( lim F, (T} VvV Ty)), is a free group of rank < 2 or identity group.

Proof Consider ,F(T}) # T}, for i =1,2, then we have the following: lim F, (T} VT3) =
S1VvS3 asin Fig.9(a) then ,mi( lim F, (T} VTy)) ~ m1(S1)Vri(S3) , and so mi( lim F, (T{VTy))
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~ Z x Z. Hence, 71( lim F, (T} Vv T3)) is a free group of rank 2.Also, If lim F, (T vV T)}) as
in Fig.9(b), then 7y ( ?i?noan(Tll V T4)) = 0. Moreover, if lim F, (T} Vv Tzl)na_u)soin Fig.9(c), then
T (nlirrgan(Tf \Y Tzl);;oom (S1) ~ Z .Therefore, m; (nh_)rgo%:z”ll V T3)) is a free group of rank
< 2 or identity group. O

lim F;,
n—oo (a)
lim F,
or ... = (b)

lim F,
or - - - n—00 (C)

lim Fin
or NN Cede SR (b)

Fig.10

Theorem 10 If F; : T} VTi — TLV T} i = 1,2 are two types of foldings such that
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F(TY) = T Fj(TY) # Tri,j = 1,2,i # j. Then mi( lim F, (T} v Ty)) is either isomorphic
(ZxZ)*xZ to or (Z x Z).

Proof Since F;(T}) =T} F;(T}) # T}, i,j =1,2,i # j, we have the following:

If lim F, (T VTy) =T!v S} asin Fig.10(a), then 71 ( lim F, (T VTy)) = 7 (T} v S}) ~
(Z x Z)* Z. Also, if m( lim F,(T} v T})) = m(T}) as in Fig.10(b) then 7 ( lim F, (T} v
THm (T} ~ Z x Z . Hence, m( lim F, (T} Vv T3)) is either isomorphic to (Z x Z) * Z or

(Z % Z). 0

Theorem 11 If F: TPV Ty — TPV T is a folding such that F(T7) =17 and F(TY) #
Ty where F(Ty) = F(Ty) x F(Ty) X .... x F(Ty) ,F(Ty) # T3 is a folding by cut. Then,

n—terms
mi( lim F, (T V T3)) is isomorphic to (Z X Z X ... X Z)*Z X Z X ... X Z.
n—oo —_— —m

2n—terms n—terms

Proof Since F(I7) =TT, F(Ty) # T3 we have the following chain:

TPV Ty F TPV F(S]) x Sy x F(S]) x 83 x -+ x F(S]) x S5 F,

2n—terms

TPV Ty F TPV F(S]) x S5 x F(S1) x S5 x -+~ x F(S]) x S5 F,

2n—terms

TPV F(F(S])) x S3 x F(F(S})) x Sy x --- x F(F(S1)) x Sy lim F,,

2n—terms -
TrV (Sy x S3 x -+ x S3).
n—terms
Hence, Wl(nli_{gan(Tfl V' TJ)) is isomorphic to (Z X Z X -+« X Z)«Z X Z X -+ X Z. O
n—terms

2n—terms

Theorem 12 Let F : M — M is a folding by cut or with singularity , and M is a manifold
homeomorphic to S* or T*. Then, there are unfoldings unf : F(M) C M — M such that
m1 ( lim wun f,,(F(M)) is isomorphic to Z or Z x Z.

Proof We have two cases following.

Case 1. Let M be a manifold homeomorphic to S* , if F: St — S! is a folding by cut.

()2 (b (T o IR

Fig.11

Then, we can define a sequence of unfoldings
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unfl F(Sl) — Ml,F(Sl) 75 Sl,Ml g Sl, unfg : M1 — Mg,..., unfn : M1 — Mg,

lim unf,(F(M)) = S* as in Fig.11. Thus 71 ( lim unf,(F(M)) ~ Z.

n—oo

Case 2. Let M be a manifold homeomorphic to T' , if F :T' — T! is a folding such that
F(S}) = S} and F(S3) # S3 . So we can define a sequence of unfoldings following.

unfl F(Tl) — Ml, ’U,?’Lfg : M1 — Mg,' tey unfn : M1 — Mg,

lim unf,(F(M))=T" as in Fig.12. Thus m( lim unf,(F(M)) ~ Z x Z.

@ F(TY) @unﬂ @uan @ lim F,

Fig.12

Therefore, 7 ( lim unf, (F(M)) is isomorphic to Z or Z x Z. O

Corollary 4 Let FF : M — M be a folding by cut or with singularity, M is a manifold
homeomorphic to S™or T™ n > 2 . Then there are unfoldings unf : F(M) C M — M such
that w1 ( lim unf,,(F(M)) is the identity group or a free Abelian group of rank 2n.

References

[1] P.DI-Francesco, Folding and coloring problem in mathematics and physics, Bulletin of the
American Mathematical Society, Vol. 37, No. 3 (2000), 251-307.

[2] A.E.El-Ahmady, The deformation retract and topological folding of Buchdahi space, Pe-
riodica Mathematica Hungarica, Vol. 28. No. 1(1994),19-30.

[3] A.E.El-Ahmady, Fuzzy Lobacherskian space and its folding, The Journal of Fuzzy Mathe-
matics, Vol. 2, No.2, (2004),255-260.

[4] A.E.El-Ahmady: Fuzzy folding of fuzzy horocycle, Circolo Mathematico Palermo, Serie II,
Tomo LIII (2004), 443-450.

[5] M.EI-Ghoul, Unfolding of Riemannian manifolds, Commun. Fac. Sci. Univ Ankara, Series,
A37 (1988), 1-4.

[6] M.El- Ghoul, The deformation retract of the complex projective space and its topological
folding, Journal of Material Science, Vol. 30 (1995), 4145-4148.

[7] M.EI-Ghoul, Fractional folding of a manifold, Chaos Solitons and Fractals, Vol. 12 (2001),
1019-1023.

[8] M.EI-Ghoul, A.E.El-Ahmady, and H.Rafat, Folding-retraction of chaotic dynamical man-
ifold and the VAK of vacuum fluctation, Chaos Solutions and Fractals, Vol. 20 (2004),
209-217.

[9] E.El-Kholy, Isometric and Topological Folding of Manifold, Ph. D. Thesis, University of
Southampton, UK (1981).



Effects of Foldings on Free Product of Fundamental Groups 39

[10] R.Frigerio, Hyperbolic manifold with geodesic boundary which are determine by their
fundamental group, Topology and its Application, 45 (2004), 69-81.

[11] A.Hatcher, Algebraic Topology, The web address is:

http: /www.math.coronell.edu/hatcher.

[12] W.S.Massey, Algebraic Topology: An Introduction, Harcourt Brace and world, New York
(1967).

[13] O.Neto and P.C.Silva, The fundamental group of an algebraic link, C. R. Cad Sci. Paris,
Ser. I, 340 (2005), 141-146.

[14] S.A.Robertson, Isometric folding of Riemannian manifolds, Proc. Roy. Soc. Edinburgh,
77 (1977), 275-289.



