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Abstract: The concepts of poly-Bernoulli numbers B,(lk) , poly-Bernoulli polynomials B¥ ()
and the generalized poly-Bernoulli numbers B (a,b) are generalized to B (t,a, b, c) which
is called the generalized poly-Bernoulli polynomials depending on real parameters a,b,c.
Some properties of these polynomials and some relationships between B | B (t), Bﬁfc)(a7 b)
and Bflk)(t, a, b, c) are established.
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81. Introduction

In this paper we shall develop a number of generalizations of the poly-Bernoulli numbers and
polynomials, and obtain some results about these generalizations. They are fundamental objects
in the theory of special functions.

Euler numbers are denoted with By and are the coefficients of Taylor expansion of the

function as following;:
et —1

oo

t Btk
et—l_Z MR

k=0

The Euler polynomials E, () are expressed in the following series

2e%t e tk
o ZEk(I)E'
k=0

for more details, see [1]-[4].
In [10], Q.M.Luo, F.Oi and L.Debnath defined the generalization of Euler polynomials

Ey(x,a,b,c) which are expressed in the following series:

2¢%t 0 tk
m = ];)Ek(x,a,b, C)E

where a,b,c € ZT. They proved that
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INfora=1landb=c=e

k
BErn=3 (" |Ew )
j=0 \ J
and
Ey(z + 1) + Ey(z) = 2. (2)
II)fora=1and b=c,
Ei(x+1,1,b0,b) + Ex(z, 1,b,b) = 22*(Inb)*. (3)

In[5], Kaneko introduced and studied poly-Bernoulli numbers which generalize the classical

(k)

Bernoulli numbers. Poly-Bernoulli numbers B;,”’ with k € Z and n € N appear in the following

power series:
n

szl—ez >
o X BY )

1—e" =
where k£ € Z and
o0 Zm
Li —_—. 1.
'Lk Z mk |Z| <
So for k£ <1,
Lll(z) = —ln(l — Z),L'LO(Z) = E,L'Lfl = m, e .

Moreover when k > 1, the left hand side of (x) can be written in the form of ”interated

1 | | bt
t
B a— dtdt...dt
“et_1 /Oet—l/o et—l/oet—l
_ ZB(@Z
= " nl

In the special case, one can see B,(ll) =B,.

integrals”

Definition 1.1 These poly-Bernoulli polynomials B,(lk) (t) are appeared in the expansion of

Lig(l—e™®
%e” as follows:
—e
Lix(l—e™) o _ 5~ B0
1_e= © _Zo nl (4)

for more details, see [6] — [11].

Proposition 1.1 (Kaneko theorem [6]) The Poly-Bernoulli numbers of non-negative index k,

satisfy the following
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and for negative index —k, we have

min(n,k)

I I i S ¥ SR (6)
=0 j+1 j+1
where
= Z(—l)l l " mn>0 (1)
m 1=0

Definition 1.2 Let a,b > 0 and a # b. The generalized poly-Bernoulli numbers B,(lk) (a,b),
the generalized poly-Bernoulli polynomials Bflk) (t,a,b) and the polynomial B,(lk)(t,a,b,c) are

appeared in the following series respectively.

Lig(1 = (ab)™t) < B¥(a,b) 2
= " < ————— 3
bt —a~t nZ:o n! ||<|lncL—|—1nb|7 (®)
Lip(1=(ab)™t) ., = BY(x,a,b) o
SRS TN et N2 W B ym gy o T 9
b —a-t 7;3 n! ||<|1na+1nb|’ ©)
Lix(1=(ab)™t) ., = BY(x,a,b,¢) 27
T ) ) et N P G0y o ST 10
B _at ng() n! ||<|lncL—|—1nb|7 (10)

§2. Main Theorems

We present some recurrence formulae for generalized poly-Bernoulli polynomials.

Theorem 2.1 Let z € R and n > 0. For every positive real numbers a,b and ¢ such that a # b

and b > a, we have

—Inb
B®(a,b)=B®% [ ——Z ) (1 Inb)" 11
5w (a,b) = By ot nd (Ina+1nb)", (11)
J i
B (a,6) = S (~1) " (ma+ b))~ | 7 | B®, (12)
i=1 ¢
B (z3a,b,0) = 7 (ne)"'B* (a,b)e" ", (13)
=0
*) . _ k). D
Bn (.’L’+1,a7ch)—Bn (LL',GC,—,C), (14‘)
C
B (t) = BM) (e e, (15)
—Inb+zlne

B®™ (z,a,b,¢) = (Ina +Inb)"BHF ( ). (16)

Ina+Inbd
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Proof Applying Definition 1.2, we prove formulae (11)-(16) as follows.

(1) For formula (11), we note that

Lix(1 = (ab)™") iwtn_l (M)

bt —a—t i n! bt 1 — e—tlnab
n=

e (L1 —eteb)
= ¢ 1 — e—t(lnabd)

= —Inb tn
= E B,(Lk) (711) (Ina+Inbd)"—
o Ina+1Inb n!
Therefore b
B® (a.b) = BK) _—mov 1 nd)™.
¥a,b) = BY (1t ) e+ )

(2) For formula (12), notice that

Lik(ligab)*t) - l(Lz’k(l—(ab)t)>

bt —t bt 1— eftlnab

Inb)* = Ina+Inb)"
(nt) (_l)ktk> (ZBSJ“’( - H)

Il
iR

k=0 n=0
oo J
We have ,
B (0,0) = Y1 na+ oy oy 7] 5O,
i=0 !

(3) For formula (13), by calcilation we know that

Lin(1 = (ab) ™) iB tr

(z,a,b,¢)—
bt —a~t n

!
1 l
_ Z '(nc) B(k)( b) I—iyl
il(l—1)
=0 i=0
oo n tn
_ Z Z (ln C)n lB(k)( b) -1 —
—o \ 1= l n
n=0 \ [=0
(4) For formula (14), calculation shows that
Li(1 - (ab) 9 clatht Lig(1 = (ab)™") &t ot
bt —a~ bt —a~t
B sz(l — (ab)~ ad b "
= — = ZB x; ac, )E

( ) ac)~t
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(5) For formula (15), because of

Lik(l — 671) 2t Lik(l — 671) Lik(l — eix)
et —

1—e< e—LEt _ e—w—mt - (e—t)w _ (el-l-t)—m’

so we get that
B{F(t) = By (e e 7).

(6) For formula (16), write

> t" Lip(1 — (ab)™?) 1 Lig(1 — (ab)™?)
(k) oo B\ T\ ) w2 ERAL WY )t
g B, (:zr,a,b,c)n' T—— ¥ (= (ab)) c

= et(— Inb+x Inc) M
1-— e*t(ln ab)

= Z(lna+1nb)"37(lk) (M) ﬁ

2 Ina+1Inb n!
So Inbd 1
B0 = (mact oy B (Rt

O

Theorem 2.2 Let x € R, n > 0. For every positive real numbers a,b such that a # b and
b>a >0, we have

o0

BW¥(x +y,a,b,¢c) = Z " (In c)"_lBl(k) (z;a,b,c)y™
— l
1=0
- n n—1 (k) n—I
:Z l (Ine)" "B, (y,a,b,c)x"". (17)
1=0
Proof Calculation shows that

Lip(1 = (ab)™") (, t"™  Lig(1 — (ab)™?) o

Ll (7D v = 3 B4y o) = AL D
n=0

(ZB(k)xabc )(Zymc )

Z Z y"(In c)"_lBl(k) (xz,a,b,¢) | —.

|
n=0 \ =0 ! n'
So we get
L’Lk(l — (ab)t) (z+y)t le(l — (ab) yt xt
bt — gt ¢ - bt — gt e

tn
Z Z " 2" !(In c)"lel(k) (y,a,b,c) —- O
n!

n=0 \ =0 !



12 Hassan Jolany, M.R.Darafsheh and R.Eizadi Alikelaye

Theorem 2.3 Let x € R and n > 0.For every positive real numbers a,b and c¢ such that a # b
and b > a > 0, we have

B(k):vabCZi

—Inb
l (Inc)"~'BH* (71@) (Ina + Inb)la"", (18)
=0

Ina+1Inbd

3
—~

(Ine)" ' (Inb)" 7 (Ina + b’ BNz, (19)

B (x:a,b,c) ZZ(—I)FJ‘ "

1=0 j=0 l J
Proof Applying Theorems 2.1 and 2.2, we know that

B¥) (x:a,b,¢) = Z " (1nc)”7lBl(k)(a,b)x”7l
- l
=0

and

—Inb
— gk 7
" (lna—i—lnb

Then the relation (18) follow if we combine these formulae. The proof for (19) is similar. [

B (a,b) Y(Ina+ Inb)"

Now,we give some results about derivatives and integrals of the generalized poly-Bernoulli
polynomials in the following theorem.

Theorem 2.4 Letx € R.Ifa,bandc>0,a#b andb > a >0 ,For any non-negative integer
[ and real numbers o and 3 we have

o'B (z,a,b,¢) n! &
o = D)1 (In c)lel_)l(:zr, a,b,c) (20)
’ (k) L B"
Bn (Iaavbac)d'r = m[ n+1(67a b C) n+1(a7aab7 C)] (21)
Proof Applying induction on n, these formulae (20) and (21) can be proved. O

In [9], GI-Sang Cheon investigated the classical relationship between Bernoulli and Euler
polynomials, in this paper we study the relationship between the generalized poly-Bernoulli
and Euler polynomials.

Theorem 2.5 For b > 0 we have

1'n,

BE @y 100 =2 3 [ B 1,0,6) + BE (4 11,00 B (e, 10,1,
— k
k=0

Proof We know that
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B4y 1,b0) =Y (| ()" B (51,0, )"
— k
k=0

and

Ey(z +y,1,b,0) + Ep(z,1,b,b) = 22*(Inb)*

So, we obtain

1 n
B¥ ) (g 4 y,1,b,b) = 52 (Inb)"~* B (y;1,0,b)
k=0
1

X [W(Enk(.f,l,b,b)‘i‘Enk($+1,1,b,b))
1 & n k

= 5> B{"™ (y;1,b,b)
k=0

n—k n—k
X | Eng(z, 1,b0)+ > Ej(z,1,b,b)
j=0 \ J

I~ n

— 52 B¥ ) (y:1,b,0) E_i(x,1,b,b)
k=0 k
1 n n n—j _

LD D1 B PTC N AODY 7 BE @ 1,,0)
j=0 \ J k=0
I~ n

— 52 B¥ ) (y:1,b,0)E,_i(x,1,b,b)
k=0 k
N U

—+ 52 ) Bnij(y'i‘1;17b7b)Ej($717b7b)
j=0 \ J

So we have
1 n
B (@ +y,1,b,0) = 53 ") BE (4. 1.5,0) + BED (y + 1.1, b, By, 1,D.D).
—\ &k
k=0

Corollary 2.1 In Theorem 2.5, if ky =1 and b = e, then

Bu)= 3 Z ByEn_1(2).

(k=0),(k#1)

For more details see [7].
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