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Abstract: A path partition or a path cover of a graph G is a collection P of paths in
G such that every edge of G is in exactly one path in P. Various types of path covers such
as Smarandache path k-cover, simple path covers have been studied by several authors by
imposing conditions on the paths in the path covers. In this paper, We study the minimum
number of paths which cover a graph such that each edge of the graph occurs exactly twice

in two(distinct) paths.
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§1. Introduction

Let G be a simple graph and i be a collection of paths covering all the edges of G exactly
twice. Then v is called a path double cover of G. The notion of path double cover was first
introduced by J.A. Bondy in [4]. In the paper, he posed the following conjecture:

Every simple graph has a path double cover v such that each vertex of G occurs exactly

twice as an end of a path of .

The above conjecture was proved by Hao Li in [5] and the conjecture becomes a theorem
now. The theorem implies that every simple graph of order p can be path double covered by at
most p paths. Obviously, the reason We need p paths in a perfect path double cover is due to
the requirement that every vertex must be an end vertex of a path exactly twice. If We drop
this requirement, the number of paths need is less than p in general. In this paper, We shall

investigate the following number:
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Y2(G) = min { |[¢| : ¥ is a path double cover of G }

For convenience, We call v2(G), the path double cover number of G throughout this paper.

We need the following definitions for our discussion. For two graphs G and H their cartesian
product G x H has vertex set V(G) x V(H) in which (g1, h1) is adjacent to (g2, he) if g1 = g2
and hihy € E(H) or hy = hg and ¢g1g2 € E(G). For the graphs G and H their wreath product
G * H has vertex set V(G) x V(H) in which (g1, h1) is joined to (g2, h2) whenever gi1g2 € E(G)
or g1 = g2 and hihy € E(H). Similarly Go H, the weak product of graphs G and H has vertex
set V(G) x V(H) in which two vertices (g1, h1) and (g2, ho) are adjacent whenever g192 € E(G)
and hihe € E(H). We define the vertex set of the weak product of graphs as in [6] and hence
V(GoH)=ViUVaU...UV, where V; = {ul,ub,...,ul },1 <i<n, u; stands for (v;, u;)
and V(H) = {u1,u2,...,un} and V(G) = {vi,v2,...,v,}. Clearly, for each edge v;v; € E(G)
the subgraph of G o K, induced by V; UV} is Ky, v, \ a1(V;, V;), where ax(V;, V;) is a 1-factor
given by ay(V;,V;) = (uﬁui,uéuiﬂ,uéuiﬂ, e ,ufnuifl), 1<k<m.

For our future reference we state some known results.

Theorem 1.1([3]) If both G1 and Ga have Hamilton cycle decomposition and at least one of
G1 and G2 is of odd order then G1 o G2 has a Hamilton cycle decomposition.

Theorem 1.2([5]) Let m > 3 and n > 3. The graph Cy, x Cy, can be decomposed into two
Hamilton cycles if and only if at least one of the numbers m,n is odd.

Theorem 1.3([7]) Let m > 3and n > 2. If mis even, then Cy, o P, consists of two connected

components which are isomorphic to each other.

Theorem 1.4([7]) If m =4i+2, i > 1, and n > 2, then each connected component of the
graph Cy, o P, is isomorphic to C, /3 0 Py.

A more general definition on graph covering using paths is given as follows.

Definition 1.5([2]) For any integer k > 1, a Smarandache path k-cover of a graph G is a
collection v of paths in G such that each edge of G is in at least one path of ¥ and two paths
of ¥ have at most k vertices in common. Thus if k = 1 and every edge of G is in exactly one

path in ¥, then a Smarandache path k-cover of G is a simple path cover of G.

§2. Main results

Lemma 2.1 Let G be a graph with n pendent vertices. Then v2(G) > n.

Proof Every pendent vertex is an end vertex of two different paths of a path double cover

of G. Since there are n pendent vertices, We have 12(G) > n. O

Lemma 2.2 If G is a graph with §(G) > 2, then v2(G) > maz(6(G) + 1, A(G)).
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Proof One can observe that the total degree of each vertex v of G in a path double cover
is 2deg(v). If v is an external vertex of a path in a path double cover ¢ of G then v is external
in at least two different paths of ¥. So We have

[l = {(2deg(v) —2)/2} +2
= deg(v) —1+2=deg(v)+1>6G)+1

This is true for every path double cover of G. Hence 72(G) > 6(G) + 1. Let u be a vertex of
degree A in G. We always have [¢)| > 2deg(u)/2 = A. Hence 2(G) > maz(§(G) + 1, A(G)).O

Corollary 2.3 If G is a k-regular graph, then v2(G) > k+1 and for all other graphs v2(G) > A.

Proof We know that A(G) > §(G) and for a regular graph §(G) = A(G). Hence the result
follows. O

Proposition 2.4 Letm > 3.

3 if m is odd;
'72(Om o KZ) =
6 if m is even.

Proof The proof is divided into two cases.

Case (i) m is odd.

Since Cy, o K3 is a 2-regular graph, We have v5(C,, o K3) > 3 by Corollary 2.3. Now We
prove the other part.

The graph Cy, o K5 is a hamilton cycle C of length 2m. (ie) C =< ujugus ... ugnus >.
Then we take

Py =< ugus...Usm—_1U2m >;

P, =< ugug...Usm_1UomUy >;

P =< ujususz >;
The above three paths form the path double cover for Cy, o Ko and v2(C,, o K3) < 3. Hence
Y2(Ch 0 K3) = 3.

Case (ii) m is even.

The graph C,, o K5 can be factorized into two isomorphic components of cycle of even
length m. Also since any cycle has minimum path double cover number as 3 (by using Case(7)).
We have 5 (Cy, o K3) = 6. O

Proposition 2.5 Let m,n > 3. v2(C,, o C,) = 5 if at least one of the numbers m and n is
odd.

Proof Since C,, 0C,, is a 4- regular graph, We have 72 (C,, 0C,,) > 5 by Corollary 2.3. Since

at least one of the numbers m and n is odd, C,, o C), can be decomposed into two hamilton
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cycles C7 and Cy by Theorem 1.1. Let u € V(Cy, o C,). Since deg(u) = 4, there exist four
vertices vy, v, v3 and vy adjacent with u and exactly two of them together with u are on C4
and the other two together with u are on Cy. Without loss of generality assume that < viuve >

and < vsuvy > lie on the cycles C; and C5 respectively.

U1 U3

Us

V2
U4

Vg U7

Fig. 1

Since deg(vs) = 4, there are vertices vs, vg, v7 together with u are adjacent with vy as in
Fig.1. Now assume that < vsvyvr > and < wvsve > lie on C; and C5 respectively. Let C’i(l), C’i@)
be the two copies of C; (i = 1,2). If vavy is in Cy then {(Cfl) — (vau7)), (sz) — (vqv7)), (Cél) -
(uvs)), (02(2) — (uvy)), (v3uvgv7va)} is a path double cover for Cy, o C,,. Otherwise vovy is in
C5 and {(Cil) — (v1uw)), (01(2) — (vqv7)), (Cél) — (uvy)), (Céz) — (vav7)), (Vuvsv7v2)} is a path
double cover for C,, o C,,. Hence v2(C,y, 0 Cp,) = 5. For the remaining possibilities it is verified

that v2(Cy, 0 Cy,) = 5 in a similar manner. O
Proposition 2.6 Let m,n > 3.

4 if n =1 or 3(mod 4)
/72(Pm o Cn) =
8 if n =0 or 2(mod 4)
Proof Let V(Py,) = {v1,v2,...,vn} and let V(Cy) = {u1,uz, ..., un}.
Let V; = {ut,u},...,u%},1 <i<m be the set of n vertices of P, o C,, that corresponds to the

vertex v; of P,,.

Case (i) When n =1 or 3(mod 4), n must be odd.By Lemma 2.2, y3(P,, o Cy,) > 4. Now we
prove the other part. Take

_ 1,,2,,1,2 2 1,2,3,2 -1 _
P =<wujujuzui ... u;_quyuiusus ..ount quntult >= Ps.

Py =<wuiuZul _ju2 o . udududul o oul el >= Py
Clearly { Py, P2, P5, Py} is a path double cover for P, o C,, and v2(P,, o C,,) < 4. Hence
"yQ(Pm o} On> =4.

Case (i1) When n = 2(mod 4), n = 4i + 2 where ¢ > 1,then by Theorems 1.3 and 1.4,
P,, o C,, can be decomposed into two connected components and each of which is isomorphic
to P, o Cy /5. Now since n/2 is odd, using Case(i) We can have 72 (P, o C,,/2) = 4 and hence
¥2( P 0 Cp) = 4.
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Case (ii1) When n = 0(mod4), n = 4i where i > 1.

Subcase (1) m is even.

e gy 20102 1 2,3 .4 .3 4 4,3,4,5
Py =< ujuiuzui ... Uy U U5 Uy _oly _3Up 4 .. UsUTURUS g

n—
6 5 m—1,m  _ .
Uy _oUy _3... Uy Uyt >= Ps;

—e 12,383,232 5 2 .3 4,5 4,5 4 5
Py =< ujujuiususuius . . s _oly Uy UTUSUS . .. Uy _o U,

n—1"n
el 1 2 1,2,3,4,3,4 4 3,45
Py =< upus Uy _oUs_a. . USUTUSUSUZUE . . . Uy UHUTUS
6,5 6 5,6 m m—1, m  _
UUG . Uy UDUY . U U Ul >= Pr;
e 20302 3 a2 2,3, 4, 5,4 5 m—1, m—2 m—1 _
Py =< ujuiuyus, Uy _oUs 5. . USUSUTUS Uy _qUD _o ... Uy Us Uy ufl* >= P
Subcase (2) m is odd.
— e gy le20/102 1 2,3 3 4,3,4,5
Pr =< uguguzud . .y qUp Uy, qUp ol 3l g - UpUT Uy Uy,
6 5 m—1, m —
Up_oUp_g...Ur " urt | >= Ps;

— y10124/30,20/30.2,.5 2 .3 4,5 4.5 4
Py =< uju; ujusugzuiuy . . . us ol Up USUSUS . . . Uy _oUs

6,7 m m—1,m — .
UpUp - UN gUy s Ut | >= F;

_ 1,2 1 2 1,23, 4,3, 4 4 3,,4,5
Ps =< upus _qUp_oUs_5... UaUTUSUSUTUS . . . Uy 1 UnUTUS
5,6 m—1,m

6,5 6 — p.
USUY .. Uy _UNUY .. U] Us >= Pr;
e 123,23 2 2,3,4,5,4 5 m,m—1, m  _
Py =< upuiuyu;, Uy _oUs 3. .. USUSUTU, Uy _qUs_o ... UL Us Uy >= Pk,
In both Subcases { Py, P», Ps, Py, Ps, Ps, P7, P} is the minimum path double cover for P, o

C,, and hence y2(P,, o Cy) = 8 for n = 0(mod 4). O

Proposition 2.7 Let m > 3, v2(C, x K2) = 6 if m is odd.
Proof Since the graph is 5-regular, We have v5(Cy, * K2) > 6 by Corollary 2.3. Now We
prove the converse part. Given m is odd, then take

P =< ugu10102U2U3V3 . . . Upy—2Um—2Um—1 > Po =< UgUoU1U1U202V3U3 - . . Upp— 29U —2Um—1
Um—1 >; P3 =< U1UoU3 . .. Upm_1U0V0Vm—1Um—2 - . . V2U1 >; Py =< U1UoUsm—_1Vm_1V0V1U2V3 >

Ps =< ugv3tgvs . . . Up_100ULVUS . . . UgV1 >; Pg =< U3U4V5 . . . Uy —1V0ULV2US . . . UgUL U .

Cm * K2
Fig.2

{P1, Py, P3, Py, P5, Ps} is a path double cover for Cy, * Ky and v2(Cy, * K3) < 6. Hence
VQ(CW*KQ) = 0. O
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Proposition 2.8 Let m > 3. 73(Cy, * I_(g) =5 if m is odd.

Proof By Corollary 2.3, 2(C,, * K2) > 5. Given m is odd and take

P =< ugu1v2u3vy4 . . . Upy—2Vm— 100U —1Vm—2Um—3 - - - U3U2V1 >
P =< uguitg ... Upm—109V102 . . . U1 >

P3 =< Uy 1UQUmm—1Um—2Um—3 - . . U1VoU1U3V3 . . . Upy—3Vim—2 >
Py =< v1U0Um—1Um—2Um—3U2U1V0VUm—1Vm—2 >}

Ps =< Uy _1UgU1 V203 . . . Uy —2Upm—1 >}

Cm * KQ
Fig.3

{Py, P, P3, Py, Ps} is a path double cover for C,, * Ko and 2(C,, * K3) < 5. Hence
'72(Cm*K2) = b. D

Proposition 2.9 ~,(Pp,x = K3) =4 for m > 3.

Proof By Lemma 2.2, y2(P,, * K2) > 4. If m is odd then take

P =< uguiugvstly . . . Um—2Upm—1Um—2Um—3 - . . V2U1Vg >= Ps;
P, =< uguits ... Upm—9Um_1Vm—2 ...0109 >= Pj4.

Um,—2 -

Uo U U2 .
UO Ul UQ ..

Um—1
Um—2 Um—1

Pm * KQ
Fig.4

If m is even then take
P, =< ugu1ugv3y . . . U —2Um—1Vm—2Um—3 . . . VoU1 Vg >= Pis;
Py =< uguius ... Um_1Vm—2Um_3...0109 >= Pj.

Clearly {P1, P2, P3, P,} is a path double cover for P, x K3 and
Yo (P * K2) < 4. Hence vo(P,, * Ko) = 4. 0
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Proposition 2.10 (P, x K2) =5 for m > 3.
Proof By Lemma 2.2, v2(Pp, * K3) > 5.

Uo U U2 Um—2 Um—1

2 V1 V2 o Um—2 Um—1

Pm * KQ
Fig.5

If m is even then take

P =< uguiu1v2uV3 . . . Up—2Um—1 >}

Py =< uguou1v1UVs . . . Uy oUm—_1 >

P =< ugu1uav3Uy . . . Uyp—3Um—2Vm —1Um—1Um—2Um—3 - - . UaU1Ug >;
Py =< uguiuguz ... Upm—1Vm—1Um—_2 ... 0100 >;

Ps =< Upm_1Um—_92Um_3 ... ULUQVQVT - - . Um—2Um—_1 >.

If m is odd then take

P, =< ugviugvats . . . Uy —2Um—_1 >;

Py =< uguou1v1UVs . . . Upp—2Um—1 >}

P3 =< ugu1ugv3UgVs . . . Uy 02U —1VUm—1Um—2 « . . V2U1VQ >
Py =< uguita .. . Um—1Um—1Vm—2 . . . U100 >;

Ps =< Upm_1Um—2 ... ULUQUQVT - . . Upp—1 >.

{P1, P>, P5, Py, P5} is a path double cover for P, x Ko and vo(P,, * K3) < 5. Hence
VQ(PW*KQ) = b. O

Proposition 2.11 Let m > 3. 72(Cy, X P3) =5 if m is odd.

Proof Let V(Cy,) = {v1,v2,...,05} and V(P3) = {u1,uz,uz}. Let V; = {ul, ub,ui}, 1<
i < m be the set of 3 vertices of C), x P;3 that corresponds to a vertex v; of C,,. Now we
construct the paths for C,, x Ps.

Py =< vlududvdudviududug . uPuPult >;
Py =< ujudud .. uPuuy L ududududul >
P =< uPuludufuFul >;

Py =< uPuiududududuiud .. ul T uSud >

P =< u%u%u%ugugu% .. ugnué >.
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Vl ——o—0
‘/2 L »
‘/3 . L
‘/74 -
Vs .

P Py

P, Ps
05 X P3
Fig.6

Clearly { Py, P, P5, Py, Ps} is a path double cover for C,,, x P53 (See Fig.6) and v2(Cy, X P3) <
5. Hence v2(Cyp, x P3) = 5. O

Proposition 2.12 ~5(P,, o K3) =4 for m > 2.
Proof By Theorem 2.1, y3(Py, 0 Ka) > 4. If m is even then take

P =< u1v2u304Us5 . . . Uyp—2Upm— 1V, >= Ps;

Py =< 01uv3U4V5 . . . Uy 2V 1Um >= Py.

Uy U2 U3 . Um —1 Um,
U1 Vo V3 cee Um—1 Um,
Pm e} KQ
Fig.7

If m is odd then take

P =< u1v2u304Us5 . . . Uy —2Upm—1Up, >= Ps;

Py =< v1uav3uqs . . . Uyy— Uiy — 1V, >= Pjy.

{Py, Py, P3, P4} is a path double cover for P, o K5 and v2(P,, o K3) < 4. Hence y2(Py, ©
Ks) = 4. O

Proposition 2.13 For the complete bipartite graph K, n, Y2(Km,n) = max{m,n}.



Path Double Covering Number of Product Graphs 35

Proof Let (A, B) be the bipartition of K,, , where A = {ug, u1,...,um—1}, B = {vo,v1,...,0n_1}.
Case (i) m<n.

By Corollary 2.3, v2(Kum,n) > n. Let Py =< 0;u10i41U2 - . . Um—1Vitm—1UoVitm >, where
the indices i are taken modulo n. v = {P; : 0 <1i < n — 1} is clearly a path double cover for
Kp,.n with n paths. Hence v2(Kp,n) = n.

Case (i1) m > n.

By Corollary 2.3, o (K, ) > m.Let P; =< w;01Ui1102 . . . Up—1Ujfn—1VoUitn >, where the
indices 7 are taken modulo m. 1 = {P; : 0 <4 < m —1} is clearly a path double cover for K,, ,,

with m paths. Hence v2 (K, n) = m. This completes the proof. O

Proposition 2.14 Let m,n > 2.

3 if m=2 or n=2;
VQ(Pm X Pn) =
4 otherwise.

Proof By Lemma 2.2, vo(Py, X P,) > 3ifm=2orn =2and y(Py, x P,) >4if m,n > 3.

The reverse inclusion follows from Fig.8 and Fig.9.

Py P Py
P2 X P5
Fig.8
b » b q I L4 L4 ® . . ° s y °
P5 X P4
Fig.9
U

Proposition 2.15 Let m > 3, n > 3. v2(C,, x C,,) =5 if at least one of the numbers m and
n s odd.

Proof Since C,, x Cy, is a 4-regular graph, We have v5(C,, x C,) > 5 by corollary 2.3.

Since at least one of the numbers m and n is odd, C,, x C, can be decomposed into two
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hamilton cycles C; and Cy by Theorem 1.2. Let v € V(Cy, x Cy,). Since deg(v) = 4, there
exist four vertices ui,us,us and uy adjacent with v and exactly two of them together with v
are on C7 and the other two together with v are on Co. Without loss of generality assume that
< uyvug > and < uzvuy > lie on Cq and Cy respectively. Since deg(uy) = 4, there are vertices
us, ug, uy together with v are adjacent with uy as in Fig.10. As before assume that (usugug)
and (vugur) lie on C7 and Cs respectively. Let Ci(l), Ci(2) be the two copies of C;(i = 1,2). If
usug is in Cy then {(Cil) — (ugug)), (sz) — (uqug)), (02(1) — (vug)), (C§2) — (vug)), (ugvugueusz)}
is a path double cover for C,, x C,,. Otherwise usugs is in Cy and {(Cg) — (uqv)), (O§2) —
(uaug)), (C’él) — (vua)), (02(2) — (ugue)), (u1vuguguz)} is a path double cover for C,, x C,.
Hence v2(Cy, x Cp,) = 5. For the remaining possibilities it is verified that v2(Cy, x Cy) =5 in

a similar manner.

us U1
p q
Uy v
’U,7- T us
Ug U2
Fig.10

Proposition 2.16 ~(C,, x K3) =4 for m > 3.

Proof By Corollary 2.3, v2(Cy, x K3) > 4. Now We prove the other part. If m is odd then
take

P, =< ugu1v102U2U3V3 . . Upy— 2V —2Um—1 >}

Py =< ugugU1 U1 Ug2U3U3 - . . Upy—2Upm— oW —1Um—1 >

If m is even then take

P, =< ugu1v102U2U3V3 . . . Uppy—2Um—2Um—1 >

Py =< ugupU1u1Ug2U3U3 - . . Upy—2Vm —2Um —1Um—1 >

Vo
U1

V2

Cm X K2
Fig.11
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Let P3 =< uius ... Um_1UpV0Vm—1Vm—2 ... VU1 > and
Py =< u1uoUm—_1Vm_10oV1 > .

{P1, P2, P5, P,} is a path double cover for C,,, X K2 and 72 (C,,, X K2) < 4. Hence v2(C)y, X
Ky) =4. |

Proposition 2.17 ~v3(Kap41 0 Ko) =2n+1, forn > 1.

Proof Let V(Kap+1) = {vo,v1,v2, . ..,v2,} and let V(K2) = {ug,u1}. Let V; = {u},ui}, 0 <
i < 2n be the set of 2n + 1 vertices of Ka,4+1 o Ko that corresponds to a vertex v; of Kopy1.
Define for 1 < i < 2n, H; =< 09UV 410i—10i42Vi—2 « . . Upti—1Vn+it1Vn+iVo > (H; is nothing
but the Walecki’s Hamilton cycle decomposition[1]) where the indices are taken modulo 2n

except 0. Clearly {Hy, Ho, ..., Ha,} is a cycle double cover for Ko, 1. Then

K2n+1OK2 = (Hl@HQ@@HQH)OKQ
= HloKQEBHQOKQ@-HEBH2nOK2

where H; o K5(1 < i < 2n) is a cycle double cover for Ka,41 © Ko. Now remove an edge e;
from H; o K3(1 <i < 2n) so that < ejezes . ..eq, > form a path (See Example 2.18). Hence
Yo (Kont1 0 K2) = 2n+ 1. Since 6(Kaop4+1 0 K2) = 2n, We have v2(Kop41 0 K2) > 2n+ 1, by
Lemma 2.2. Hence vo(Kap+1 0 Ko) = 2n + 1. O

The following example illustrates the above theorem.

Example 2.18 Consider K5 o Ko, H; =< vg0;0;410;—1Vi4+2v9 >,1 < i < 4. The cycle double

covers for Ko,41 0 Ky are

H; o Ky =< u§uivduidviuduluduiudul >;

Hs o Ky =< u?u%u?u%u%ugu%ugu%uéu? >
Hj 0o Ky =< ufuduiuduiuduiujuiuiul > and

Hy o Ky =< ufuiuluduuduiuiuiuiud >.

Now remove the edges (u§ul), (uiu$), (uiu3) and (udu}) fromH; o Ko,
Hs 0 Ky, H3 0 Ko and Hy o K5 respectively so that < u?u%u%ugu% > form
a path. Hence vo(K5 0 Ko) = 5.
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