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Abstract: A Smarandache graphoidal tree (k,d)-cover of a graph G is a partition of
edges of G into trees T1,T%,--- ,T; such that |E(T;) N E(T3)| < k and |T;| < d for integers
1 <4,j <. In this paper we investigate the garphoidal tree covering number vr(G), i.e.,
Smarandache graphoidal tree (0, co)-cover of complete graphs, complete bipartite graphs and
products of paths and cycles. In [5] M.F.Foregger, define a parameter z’(G) as the minimum
number of subsets into which the vertex set of G can be partitioned so that each subset

induces a tree. In this paper we also establish the relation 2z'(G) < yr(G).
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§1. Introduction

By a graph we mean a finite, undirected graphs without loops and multiple edges. Terms not
defined here are used in the sense of Harary [6]. Any vertex of a graph H of degree greater than
1 is called an internal vertex of H. A Smarandache graphoidal tree (k,d)-cover of a graph G is
a partition of edges of G into trees Ty, Ts, - -+ , T} such that |E(T;) N E(T;)| < k and |T;| < d for
integers 1 < ¢, 5 < [. Particularly, a Smarandache graphoidal tree (0, 0o)-cover, usually called a

graphoidal tree cover of G is a collection of non C trivial trees in G such that
(i) every vertex is an internal vertex of at most one tree;

(9) every edge is in exactly one tree.

Let ¢ denote the set of all graphoidal tree covers of G. Since E(G) is a graphoidal tree
cover, we have ¥ # (). We define the graphoidal tree covering number of a graph G to be

the minimum number of trees in anygraphoidal tree cover of G, and denote it by yr(G). Any
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graphoidal tree cover ¢ of G for which | #| = y7(G) is called a minimum graphoidal tree

cover.

Example 1.1 Consider a graph G given in the Fig.1.
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Fig.1
Let Ty, T5 and T3 be the trees in Fig.2.
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It is easy to see that the graph G in Fig.1 cannot be covered by two trees. Since the three
trees shown in Fig.2 form a graphoidal tree cover, v (G) = 3.

Observation 1.2 If deg(v) > vr(G), then v is an internal vertex in some tree in every minimum

graphoidal tree cover.

Observation 1.3 For a (p,q) graph G, 77(G) = [;4].

Observation 1.4 ~p(G) > @ if 6(G) > 0.

§2. Preliminaries

7(@) is the minimum number of subsets into which the edge set F(G) of G can be partitioned so
that each subset forms a tree. A cyclically 4-edge connected graph is one in which the removal

of no three edges will disconnect the graph into two components such that each component
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contains a cycle. We state some preliminary results from [2] and [4].

Theorem 2.1([4]) 7(K,)=[5].

Theorem 2.2([2]) If G is a 2-connected cubic graph with p vertices, p > 8, then 7(G) < [ §].
Theorem 2.3([2]) If G is a 3-connected cubic graph with p vertices, p > 12, then 7(G) < [£].

Theorem 2.4([2]) If G is a cyclically 4-edge connected cubic graph with p vertices, 8 < p < 16
then 7(G) = 2.

83. Complete and complete bipartite graphs
We first determine the graphoidal tree covering number of a complete graphs.

Theorem 3.1 ~7(K,) = [5].

Proof From observation 1.4, it follows that y7(K,) > [§]. We give a construction for the
reverse inclusion. First, let n be even, say n = 2k. For ¢ = 1,2,--- , k, let T; be the tree shown
in Fig.3 (subscripts modulo n). The Standard Rotation Method shows that this is true. ( see
Fig.4 for the case n = 8).

v
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Fig.4
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For n odd, delete one vertex from each tree in the decomposition given for K, ;. The

result is clearly a graphoidal tree cover for K, once isolated vertices are removed. O

We now turn to the case of complete bipartite graphs, beginning with a general result on
the diameter of trees in a minimum graphoidal tree cover. The following standard notation is
used for the partite sets of Ky, , with m <n: X = {z1,22, - ,&m} and Y = {y1,y2, - , Yn -

Lemma 3.2 If a minimum graphoidal tree cover ¢ of K, n contains a tree with a path of

length> 5, then it also contains a tree with exactly one edge.

Proof Let T' € # contain a path P = (z1,y1, %2, Y2, 3, Y3, --) where z; € X and y; € Y.

Since y; and x3 are internal in 7', these cannot be internal in any other member of #. Therefore

Ty ={(nrs)}t € 7. O

Lemma 3.3 Ifm <n <2mC 3, vp(Kmn,n) > [m;n]

Proof Suppose Yp(Kp,,) = r with r < [Z42]. Let ¢ be a minimum graphoidal tree
cover of K, . Since §(G) =m > ™2 > r (as n < 2mC 3), by Observation 1.3, we have every

vertex is an internal vertex of a tree in _¢#.

Claim 1. No tree in _# can have more than two internal vertices from X with a common
neighbor from Y. Suppose 1,2, ,xr (k > 3) are all adjacent to y; in Th of #. Then the
sum of degrees of x1,x9,-- ,x in Ty is at most n+ k — 1. But each z; (i = 1,2,--- ,k) is an
end vertex in at most r — 1 other members of #. So they have at most n+k—1+k(r—1) total
adjacencies in _#. Since r < 242 n4+k—1+k(r—1) < 3"+3k73+§(m+n)73k < "(2§+3) —1(m <
n) =nk— (@ +1) < nk (k > 3), a contradiction. Hence we have Claim 1.

Claim 2 There exists a minimum graphoidal tree cover #’ such that no tree in #’ has a
path of length> 5.

Suppose T1 € _# has a path (z1,y1, 2, Y2, 23,3, - - ). Then by the previous lemma, a tree
T in _# has just the single edge yi1x3. Let T7 be the tree containing s obtained by removing
the edge yixo from T4. Let T be the tree (I7 —T7) UTs. Let #{ be the graphoidal tree cover
obtained from ¢ after replacing T4,T> by T}, T4 respectively. If there is a tree in _¢{ again
contains a path of length> 5 we repeat this process for _#{ and so on. Finally we get the
required minimum graphoidal tree cover _#’. Hence we get Claim 2.

Now we can assume that no tree in _¢# has a path of length > 5.

Claim 3 No tree in _# can have more than two internal vertices from Y with a common

neighbor from X.

Suppose there is a tree Th in _# containing k internal vertices y1,y2,- -, yx (kK > 3) with
a common neighbor z1. Since m > 7 (G) and every vertex is an internal vertex of a tree in
#, there is a tree in ¢, say, T» containing at least two vertices from X as internal vertices.
By Claim 2, the internal vertices of a tree in _# form a star and so the internal vertices from
X in T, have a common neighbor from Y. By Claim 1, 75 has exactly two internal vertices
zo and z3 from X with a common neighbor y, from Y. Between xo,x3 and y1,y2, -+ , Yk

there are 2k edges in K, . Clearly xo and z3 can be made adjacent with two y’s in T7. Let
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it be y; and y2. Now y1,y2, -+ ,yr can be made adjacent with z’s in T5. But it will cover
exactly k + 2 edges (out of 2k edges) and so by the definition of graphoidal tree cover, each
uncovered edge is a tree in _#. Without loss of generality let T3, Ty, - - - , T} be the trees with
edges (ys, z1y), (Ya, T1,)s - -+ » (Y, 21, ) Tespectively, where [; € {2,3}, 3 < ¢ < k. By Claim 2 the
internal vertices of 17 form a star. Removing all the edges incident with y; from 77 to form the
tree T} (3 <i < k). Let T} be the tree formed by the remaining edges of T3 after the removal.
Now each T; in _# is replaced by T; UT; for 3 < i < k. Also replace T} in ¢ by T7. If 7
again contains a tree having more than two internal vertices from Y with a common neighbor
from X. We repeat the above process and so on. Hence we have Claim 3. From Claims 1, 2
and 3, it follows that no tree in ¢ has more than three internal vertices. Since every vertex of
K, » must be an internal vertex of a tree in _# and v (K, ) = r, we have only 3r ( <m+n
) internal vertices in ¢ . This is a contradiction. Hence yp (K, ) > [242]. O

Theorem 3.4 If m < n < 2mC 3, then yp(Kmn) = [242]. Furthermore, if n > 2m — 3,
then Y (Kpm.n) = m.

Proof By Lemma 3.3, yp(Kp,n) > [242]. Next we proceed to prove yp (K, n) < [242],
where3§m§n§2m—3.Letr—L n| = 2m— "+kwherek1501or2

Define for 1 <i <r

Py = {(zi,yixrqa)} U{(ys, ) : § # dr+i51 < j <m—k}U{(zs,y5) : 7 < j <
m—r—k}U{(@ryi,y;) :m—r—k<j<n-—k}

For 1 <i<m — 2r — k we define

P = {(yr+ia$2r+iaymfrfk+i)} U {(‘T2r+iayj)§j ?’é r+im—r—k+ir<j<n-— k} U
{(yTJrian) cr+1<j<2rpU {(ymfrkarian) 1<j<r)

For k=1

mer:{(xmayn)}u{(xmvyj) 1<y Sn_l}u{(ynvxj) 1<y Sm_l}

For k=2

Pm—r—l — {(xm—luyn—l)} U {(xm—layj) 01 S] S nC 2} U {(yn—luxj) 1 S .7 S mC 2}7
Py ={(@m, Yn)} U{(@m,y5) 1 1 <G <n =1} U{(yn,75) : L < j <m— 1}

Clearly # ={Pi,P», -, Pn_.} is a graphoidal tree cover for K,, . Therefore vr(K,, ) <

m+§7,+k S I‘mgrn‘| .

m—r=

Let n =2m —2+k, k > 0. Suppose that y7 (K, n) # m. Then there exists a graphoidal
tree cover _# with at most m — 1 trees. Since §(G) > m — 1, it follows that every vertex is an
internal vertex of a tree in _#. If z; is an internal vertex of a tree T' in _# then deg;(x;) >
2m —2+k— (m—2) = m+k. This implies that in any minimum graphoidal tree cover exactly
one vertex of X should be internal in a tree. But there are m vertices and |_#| < m — 1. This

leads to a contradiction. Hence yp (K, ) > m. Clearly, y7 (K, n) < m and so

yr(Kpm.n) = m. |
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The following examples illustrate y7 (K, n) = [242].

Example 3.5 (i) Consider K4 5. Clearly k =0 and r = 1.

Y2 Y3 Z2
Y2
T1
3 Y3 z3
Y1
T4 Ys
Z2 Ya
Ye Ys T1

(79) Consider Kgg. Clearly r =2 and k = 1.
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(9i) Consider K12,13. Clearly r =3 and k = 2.

Ya Ys Ye

Y7 Y4 Ys Ye¢ Y7 Ya Ys Ye¢ Y7
Z10
T Z10 T2 z3
X1 T
Z9 Z2 Z10
z3
Zg
xs Tg T2
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Y1 Y1
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Ys Yo Yo Y1 Ys Yo Yio Y1 Ys Yo Yo Y1
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T4 Te T4 Te
Y4
Y4 Y11 Ys
Y11
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X7 Y10 Ys
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Y10 yr Ya
Y9 Ys
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Ys
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T T2 xs3 1 x2 Z10

Fig.7
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84. Product of paths and cycles

Theorem 4.1 (a) yvp(Pp X P,) = 2 for integers m,n > 2;
(0) vr(Pn x Cp,) =2 for integers m > 3, n > 2;

(¢) yr(Cm x Cyp) = 3 for integers m,n > 3.

Proof The fact that P, xCs, and P,, X Ca,41 can be decomposed into graphoidal tree covers
of order 2 clearly follows from Fig.11 and Fig.12. Hence (b) follows. It is easily seen that deleting
the edges (Wi1, Wiy), i = 1,2,3,--- ,m ( from Fig.8, Fig.9 and Fig.10) produces a graphoidal
tree cover for P, X P, and so (a) follows. Since C,, x C,, is 4-regular, v7(C,, x Cy,) > 2. Now
consider the minimum graphoidal tree cover {T1,T2} of P,—1 X C,,.

Wi W10
A R F S S S S SR
We.1 Ws.10

P6 X PlO
Fig.8

: > - - - - - - — o
' b - — — — - — .‘ >
| ~ % =
|

> - - - - - - -~ ¢

PQ X P3 :
— e - - E
.o

Fig.9
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Here in Fig.11 and Fig.12 thick lines form the tree T7 and dotted lines form the tree T5.

Case (i) n is even.
To the tree T, add vertices wy,,2 and w,, 4. Then add a vertex wy, 3 adjacent to w3,

Wi—1,3, Wyn,2 and wy, 4. The only additional internal vertex this creates is wy, 3.

W54 Ws3

Fig.11

Now take a third tree as T3 = {(Wm,i—1,Wm,i) : 2 < i < n;i # 3,4} U {(wm 1, Wmn)} U
{(Wim,i, w1,3)s (Wi, Win—1,4) : 1 <@ < nyi # 3}

Case (i) n is odd.
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To the tree T, add vertices wy,,1 and w,, 3. Then add a vertex wy, » adjacent to w2,

Wy—1,2, Wm,1, Wm,3. The only additional internal vertex this creates is wyy,, 2.

P6><O5

Fig.12

Now take a third tree as T5 = {(wWpm i—1, Wm,i) : 4 < i < nFU{(Wm,1, Wmn) tU{(Wm i w1 ),
(Wi Wim—1,) : 1 <i<myi#2}. Now {T1,T>,T3} is a graphoidal tree cover for C, x C,, and
$0 v7(Cry X Cy) = 3.

Observation 4.2 It is observed that 7(G) < y7(G). From Theorems 2.1 and 3.1, it follows

that (i) 7(K,) = yr(K,) = [§]. It is also observed that 7(G) = 47 (G) for all graphs with

maximum degree< 3. From Theorems 2.2,2.3 and 2.4, it follows that

Theorem 4.3 If G is a 2-connected cubic graph with p vertices, p > 8, then yp(G) < [§].
Theorem 4.4 If G is a 3-connected cubic graph with p vertices, p > 12, then yp(G) < [£].

Theorem 4.5 If G is a cyclically 4-edge connected cubic graph with p vertices, 8 < p < 16 then
”yT(G) = 2.

§5. Relationship between 7/(G) and 7 (G)

In [5] Foregger, M F and Foregger, T.H defined 7/(G) as the minimum number of subsets into
which V(@) can be partitioned so that each subset induces a tree. In this section we try to find

some relationship between 7/(G) and yr(G).
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Theorem 5.1 Let G be a graph with vertices p > 4 and let ¢ = {T1,T>,---,T,} be a minimum
graphoidal tree cover of G with |E(Tj)| = 1 for some j and |E(T;)| > 1 for all i # j. Then we
can always find a minimum graphoidal tree cover ¢’ = {1{,T5,--- ,T)} with |E(T})| > 1 for

all 1.

Proof Let T; = {(zy)}. Consider cases following.

Case (i) Suppose at least one of the vertices « and y, say , is internal in a tree of _#. First
assume that x is internal in a tree T; of ¢. If y ¢ V(T;) then replacing T; by T; U T, and
removing T from ¢, we get a graphoidal tree cover ¢’ with | #'| < | #|. Hence y € V(T3).
Let (w,z,z,--- ,y) be a path in T;. Let C; and C5 be the two components of T; — (2z) containing
x and y respectively. Replace T; and T; by Cao U (zz) and Cy U T} respectively so that both of
them have at least two edges. Now ¢ is still a minimum graphoidal tree cover and |E(T")| > 1
for every T' € 7.

Case (ii) Suppose both x and y are external vertices in #. If z € V(T;) and y ¢ V(T;) then
as in Case (i), we get a graphoidal tree cover ¢’ with | #’| < | #|. Hence either z,y € V(T') or
z,y ¢ V(T) for every T in _¢#. Let z,y € V(T}), T, € #. Suppose |E(T;)| > 2. Let e = (z2)
be an edge in T,.. Replace T} and T; by T, — e and T; U e respectively and the result is true
in this case. So let us assume that |E(T;)| = 2 for some T; € ¢ and z,y € V(T};). Suppose
T; = (zzy) € #. Then deg(z) > 3 in G. For, suppose deg(z) = 2 in G. Since G is connected
and p > 4, we must have at least one of the vertices z,y is of degree> 3. Since x or y alone can
not be a member of a tree in _# and z,y € V(T;), V(T;) we have deg(z) > 3 and deg(y) > 3.
Let = and y be external vertices in a tree T;. of _# (r # 1, j). Replace T, and T} by T, U(zz)
and T;U(zy) respectively. Now {T1,T5, -+ ,T;—1,Tiy1,- -+ , T} is clearly a graphoidal tree cover
for G. This is a contradiction to the minimality of #. Hence deg(z) > 3 in G. Now, z must
be external in some tree T, of #. Clearly =,y € V(T}.). Suppose z,y ¢ V(T). Replace T, and
T; by T, U{(z2)} and T; U {(zy)} respectively in _#. Now {11,T5, -+ ,Ti—1,Tiy1, -, Tn} is
clearly a graphoidal tree cover for G. This is a contradiction to the minimality of #. It shows
that z,y € V(7). Since z,y and z are external vertices in 7, we have |E(T},)| > 3. Let e be an
edge in T, containing z. Replace T; and T; by {T; — (zz)} U {e} and Tj U {(zz)} respectively.
Now _# is a minimum graphodial tree cover and |E(T)| > 1 for every T € ¢#. O

Proposition 5.2 If p > 4, then there exists a minimum graphoidal tree cover of a connected

graph G, in which every tree has more than one edge.

Proof Let # be a minimum graphoidal tree cover of G and let ¢ = {T1,T5,---,T,}.
Let us assume that T; = {e;},1 < i < k and |E(Tj)] > 1 for k+1 < j < n. Let G’ =
G —{ei,ea, -+ ,ex}. Clearly ¢’ = ¢ —{I1,T>,--- ,T}} is a graphoidal tree cover for G'.
Suppose G’ is a disconnected graph. Then the number of components w(G’) is greater than
one. If w(G'Ue;) = w(@) for every i € {1,2,---,k} then G is disconnected. Hence we
can choose e; = (x;,y;) for some i € {1,2,---,k} such that w(G' Ue;) < w(G’). Let G}, GY
be the components of G’ such that G} U GY U e; is connected. Without loss of generality
assume that z; € G, y; € GY. If at all z; is internal in a tree of #, let it be in a tree
T (of #)in G7. Clearly # = (# — {T,T;}) U{T UT,} is a graphoidal tree cover of G
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and ¢ < | Z|. This is a contradiction. Hence G’ is connected. Take G; = G’ U {e1}.
Clearly ¢ = #'U{T1} is a minimum graphoidal tree cover for G; and | #i| = n — k+ 1.
For, suppose v7(G1) < n—k + 1 and let #” be a minimum graphoidal tree cover for G;.
Then | #”| < n—k+ 1. Since G = Gy U{ea, -~ ,ex}, £ = 7" U{Ts,--- T} is a
graphoidal tree cover for G and | #"'| = | #"|+k—1<n—-k+1+k—1=mn. Thisis a
contradiction to the minimality of #. Hence y7(G1) = n — k + 1. By Theorem 5.1, there
exists a minimum graphoidal tree cover #{ of G in which every tree has more than one edge
and | #{| =| #i| =n—k+1. Let G2 = G1 U {e2}. Proceeding as above, we find a minimum
graphoidal tree cover #» of G2 in which every tree has more than one edge. Finally, we get
G = G, = G,—1 U {e,} and by a similar argument as above, we find a minimum graphoidal
tree cover _#,, of G = G, in which |E(T)| > 1 for every T' € _#,. O

Lemma 5.3 Let p(G) > 4. Let # be a graphoidal tree cover of G such that |E(T)| > 1 for
every tree T € ¢ . Let i(T) be the set of internal vertices of T. Then (i(T))-the subgraph
induced by i(T') is a subgraph of T and it is a tree for every T € ¢ .

Proof 1If |i(T)| = 1 then clearly the result is true. Let |i(T)] > 1. Let z,y € i(T) and
xzy € E(G). Suppose zy ¢ E(T). Then there exists T” of # such that 7" = {(xzy)} by the
definition of graphoidal tree cover. By our assumption this is not possible. Hence (i(T)) is a

subgraph of T" and it is a tree. Moreover, it is got by removing all the pendant vertices of 7".[J

Theorem 5.4 If G is a (p,q) graph with p > 4, then 7'(G) < v7(G).

Proof By Proposition 5.2, we have known that result (1) following:

there exists a minimum graphotidal tree cover # such that |E(T)| > 1 for all T € ¢ and

|7 =n.
Let / = {Tl,TQ," . ,Tn}

Case (i) If every vertex is an internal vertex of a tree of ¢, then V(G) = i(T1) U---Ui(T3)
is clearly a vertex partition of G. By Lemma 5.3, (i(7})) is a subgraph of T} and is a tree for
1 <j <n. Hence 7' (@) <n < vr(G).

Case (ii) Let x be one of the vertices which is not internal in any tree of #. Let z € V(I},) and
v € i(T}) such that zv € E(T}). Since z is not internal in any tree of # and v is not internal
in any tree except T, we have (i(Ty) U {x}) is a tree. For, if zu € E(G) and zu ¢ E(T}) where
u # v in i(Ty), then by the definition of graphoidal tree cover there exists 77 of _# such that
T’ = {(zu)}. This is a contradiction to claim in (1).

Let x,y be non-internal vertices in any tree of #. Let z,y € V(Iy). If zy € E(G)
then there exists 77 of # such that 77 = {(zy)}. This is a contradiction to the claim (1)
also. Clearly, in this case (i(Ty) U {x,y}) is a tree. In this way we adjoin every such vertex to
an i(T)). We make sure that each such vertex is adjoined to only one i(7}). These induced
subgraphs give rise to a partition of V(G) and these induced subgraphs form n = 7 (G) trees.
Hence 7/(G) < n = y7(G). From Theorems 3.1 and 4.1 it follows that v7(G) = 7/(G) for the
following graphs K, P, X P, and P, x C,,. O
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