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Abstract: The basis number of a graph G is defined to be the least integer d such that
there is a cycle basis, B, of the cycle space of G such that each edge of G is contained in at
most d members of B. MacLane [11] proved that a graph G is planar if and only if b(G) < 2.
Jaradat [5] proved that the basis number of the direct product of a bipartite graph H with
a cycle C' is bounded above by 3 + b(H). In this work, we show that the basis number of
the direct product of a theta graph with a cycle is 3 or 4. Our result, improves Jaradat’s
upper bound in the case that H is a theta graph containing no odd cycle by a combinatorial

approach.
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81. Introduction

In graph theory, there are many numbers that give rise to a better understanding and interpre-
tation of the geometric properties of a given graph such as the crossing number, the thickness,
the genus, the basis number, etc.. The basis number of a graph is of a particular importance
because MacLane, in [11], made a connection between the basis number and the planarity of a
graph, which is related with parallel bundles on planar map geometries, a kind of Smarandache

geometries; in fact, he proved that a graph is planar if and only if its basis number is at most
2.

In general, required cycle bases is not very well behaved under graph operations. That
is the basis number b(G) of a graph G is not monotonic (see [2] and [11]). Hence, there does
not seem to be a general way of extending required cycle bases of a certain collection of partial
graphs of G to a required cycle basis of G, respectively. Global upper bound b(G) < 2v(G) + 2
where (@) is the genus of G is proven in [12].

In this paper, we investigate the basis number for the direct product of a theta graphs with
cycles.
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§2. Introduction

Unless otherwise specified, the graphs considered in this paper are finite, undirected, simple
and connected. For a given graph G, we denote the vertex set of G by V(G) and the edge set
by E(G).

Cycle Bases

For a given graph G, the set £ of all subsets of E(G) forms an |E(G)|-dimensional vector space
over Zy with vector addition X @Y = (X\Y) U (Y\X) and scalar multiplication 1-X = X
and 0- X = () for all X,Y € £. The cycle space, C(G), of a graph G is the vector subspace of
(€,®,-) spanned by the cycles of G. Note that the non-zero elements of C(G) are cycles and
edge disjoint union of cycles. It is known that for a connected graph G the dimension of the

cycle space is the cyclomatic number or the first Betti number
dim C(G) = |[E(G)| = |V(G)|+r (1)

where r is the number of components in G.

A basis B for C(G) is called a cycle basis of G. A cycle basis B of G is called a d-fold if
each edge of G occurs in at most d of the cycles in B. The basis number, b(G), of G is the
least non-negative integer d such that C(G) has a d-fold basis. The following result will be used
frequently in the sequel.

Theorem 2.1.1.(MacLane). The graph G is planar if and only if b(G) < 2.

The following theorem due to Schmeichel, which proves the existence of graphs that have

arbitrary large basis number.
Theorem 2.1.2. (Schmeichel) For any positive integer r, there exists a graph G with b(G) > r.

Products

Many authors studied the basis number of graph products. The Cartesian product, [J, was
studied by Ali and Marougi [3] and Alsardary and Wojciechowski [4].

Theorem 2.2.1. (Ali and Marougi) If G and H are two connected disjoint graphs, then
b(GOH) <max{b(G)+ A (Ty), b(H)+ A (Te)} where Ty and Tg are spanning trees of

H and G, respectively, such that the mazimum degrees N\ (Tr) and A(Tg) are minimum with

respect to all spanning trees of H and G.

Theorem 2.2.2.(Alsardary and Wojciechowski) For every d > 1 and n > 2, we have b(K%) < 9
where K¢ is a d times Cartesian product of the complete graph K,.

An upper bound on the strong product X was obtained by Jaradat [9] when he gave the

following result:
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Theorem 2.2.3.(Jaradat) Let G be a bipartite graph and H be a graph. Then b(GX H) <
max{b(H) +1,2A(H) +b(G) — 1, L%J b(G) + 2}.

The lexicographic product, G[H], was studied by Jaradat and Al-zoubi [8] and Jaradat
[10]. They obtained the following result results:

Theorem 2.2.4.(Jaradat and Al-Zoubi) For each two connected graphs G and H, b(G[H]) <
Max{4,2A(G) +b(H),2+b(G)}.

Theorem 2.2.5.(Jaradat) Let G, Ty and Thbe a graph, a spanning tree of G and a tree, respec-
tively. Then, b(G[T»]) < b(G[H]) < max {5,4+ 2A(TS,,)) +b(H),2+ b(G)} where T stands
for the complement graph of a spanning tree T in G and Twyin Stands for a spanning tree for

G such that A(TS.,) = min{ A(TY)|T is a spanning tree of G}.

min

Schmeichel [12], Ali [1], [2] and Jaradat [5] gave an upper bound for the basis number on
the semi-strong product e and the direct product, X, of some special graphs. They proved the

following results:

Theorem 2.2.6. (Schmeichel) For each n > 7, b(K,,  Py) = 4.

Theorem 2.2.7.(Ali) For each integers n,m, b(K,, ¢ K,,) < 9.

Theorem 2.2.8. (Ali) For any two cycles C,, and C,, with n,m > 3, b(C,, x C,,) = 3.
Theorem 2.2.9.(Jaradat) For each bipartite graphs G and H, b(G x H) <5+ b(G) + b(H).
Theorem 2.2.10. (Jaradat) For each bipartite graph G and cycle C, b(G x C) < 3+ b(G).

We remark that knowing the number of components in a graph is very important to find

the dimension of the cycle space as in (1), so we need the following result.

Theorem 2.2.11.([5]) Let G and H be two connected graphs. Then G x H is connected if
and only if at least one of them contains an odd cycle. Moreover, If both of them are bipartite

graphs, then G x H consists of two components.

For completeness, we recall that for two graphs G and H, the direct product G x H is
the graph with the vertex set V(G x H) = V(G) x V(H) and the edge set E(G x H) =
{(u1,u2)(v1,v2)|urvy € E(G) and ugve € E(H)}.

In the rest of this paper, fp(e) stand for the number of elements of B containing the edge
e where B C C(Q).

§3. The Basis number of 0,, x C,,.

By specializing bipartite graph G in Theorem 2.2.10 into a theta graph 6,, containing no odd
cycles, we have that b(6,, x C,,) < 5. In this paper, we reduce the upper bound to 4. In fact,

we prove that the basis number of the direct product of a theta graph with a cycle is either
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3 or 4. Throughout this work we assume that {1,2,...,n} and {1,2,...,m} to be the vertex

sets of 6,, and C,, respectively.

Definition 3.1. A theta graph 0, is defined to be a cycle C,, to which we add a new edge that
joins two non-adjacent vertices. We may assume 1 and 0 are the two vertices of 0, of degree

3.

The following result follows from Theorem 2.2.11 and noting that at least one of 6,, and
C), contains an odd cycle if and only if at least one of n,m, and ¢ is odd.

Lemma 3.2. Let 6, be a theta graph and C,, be a cycle. 8,, x C,, is connected if and only if

at least one of m,m, and § is odd, otherwise it consists of two components.

Note that |E(0, x Cp,)| = 2nm + 2m and |V (0,, x Cp,)| = nm. Hence, by the above lemma
and equation (1), we have
dim C(6,, x Cp,) = nm + 2m + s,

where

1, if 8, x C,, is connected,
2, if 0, x C,, is disconnected.

Lemma 3.3. Let 6, be a theta graph and C,, be a cycle. Then b(0,, x Cy,) > 3.

Proof Note that 6,, x C), contains at most 4 cycles of length 3 and the other cycles are
of length at least 4. Assume that 0,, x C,, has a 2-fold basis B. Then

2(E(0n x C)l) 2 D |C]
ceB

> 4(dimC(6,, x Cy,) —4) + 3(4)
> 4(dimC(#,, x Cp,) — 1),
and so,
2(2 2
W > nm+2m+s—1
nm+m > nm+2m+s—1,
where s is as above. Thus,
1>m+s.
This is a contradiction. O

Lemma 3.4. For any graph 0, of order n > 4 and cycle C,, of order m > 3, we have
b(0, x Cp,) < 4.

Proof To prove the lemma, it is sufficient to exhibit a 4-fold basis, B, for C(0,, x Cp,).

According to the parity of m,n and ¢ (odd or even), we consider the following eight cases:
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Case 1. m and n are even and § is odd. Then, for each j = 1,2,...,m — 2, we consider the

following sets of cycles:

AV = {6 G+ L5+ 1) (1, +2) (= 1,5 +1) (6,5) i =2,3,..n— 1}
U{(1,5) (2, + 1) (1,5 +2) (n,j +1) (L,5)}
U{(TL,]) (TL— 17j+ 1) (TL,]+2) (17.7+ 1) (TL,])},

AV = (L) @+ 1) (L7 +2) (6,5 +1) (1,5},
AV = {(6.5) (6~ 1,7+ 1) (6,5 +2) (1,5 +1) (6,4)}

Also, we define the following cycles:

(1,1)(2,2)(3,1)...(n,2) (1,1),

) (1,2)(2,1)(3,2)...(n,1)(1,2),

cs = (I,m)(2,m—1)(3,m)...(6,m)(1,m—1)
(2,m)...(6,m—1)(1,m).

C1

Note that, the cycles of Agj) are edge pairwise disjoint for each j = 1,2,3,...,m — 2.
. m—2 .
Thus, Agj ) is linearly independent and of 1-fold. Let A; = 5} Agj ). Note that, each cycle
j=

of Agj) contains an edge of the form (i 4+ 1,7+ 1) (i,5+2) or (n— 1,5+ 1) (n,j + 2) which is
not in Agjfl). In addition, each cycle of Agjfl) contains an edge of the form (i,5 — 1) (¢ + 1,7)
or (n,7)(n—1,7+ 1) which is not in Agj). Therefore, A, is linearly independent. Let V, =
{(4,7) :i4j=-even}, and V, = {(4,4) : i +j = odd}. Let Hj, be the induced subgraph of V;,
where k = 1,2. For each j =1,2,....m — 2, set

B = {()(i+1,j+1)(j+2) (—1,j+1)(5)]2<i<n—1and
i+j = eventU{(1,7)(2,7+1)(1,7+2)(n,j+1)(1,5): 1+ =even}
U{(n.3) (n = 1,5+ 1) (nj +2) (1, + 1) (n.j) : n+j = even},
BY = {(i)(+1,j+1)(j+2)(—1,j+1)(5)]2<i<n—1and
i+j = odd}U{(1,7)(2,i+1)(1,j+2)(n,j+1)(1,5): 1+j=o0dd}
U{(n.3) (n = 1,5+ 1) (nj +2) (1, + 1) (n.j) : n+j = odd}.
Let F*) = Tng,gj ) where k = 1,2. We prove that ¢j is independent from the cycles of

F®) . Let EJ(-k) =FE(C, xj(j+1))N E(Hy) where C,, is the cycle in 6,, obtained by deleting
the edge 16 from 6,. Then it is an easy matter to verify that {EYC),ESC), . .,E,(,]f)_l} is a
partition of E (C,, X Py,) N E (H}y) where P, is the path of C,, obtained by deleting the edge
1m. Moreover, it is clear that B = E(c;) and EF U B :‘E(BQU. Thus, if ¢, is

a sum modulo 2 of some cycles of F*) say {T},Ty,...,T,}, then B,(cl) c{nh,Ty,...,T }.
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Since no edges in Eék) belongs to E (¢x) and Eék) U Eék) =F (B,(f)) ,B,(f) c{n,Ts,...,T.}.
By continuing in this way, it implies that B(m72) C {T),Ts,...,T}. Note that E® U

m—

Al\.’)

E(k) = F (B( )) and each edge of g )1 appears in one and only one cycle of F(*),

It follows that Eff,f) . € Ef(ct). This is a contradiction. Therefore, F®) U {¢;} is linearly

independent for k = 1,2. And since E (FO U{c1})N E(F® U{c2}) = ¢, we have FI) U
F@ U{cy, e} = A; U {e1,ca} is linearly independent. Let Ay = 77_@12A§j) and A3 = 77_@12Agj).
It is easy to see that the cycles of A; are edge pairwise disjoint Jfor 1 = 2,3 and eajch cycle
of As contains at least one edge of the form (d,7) (6 — 1,7+ 1) and (6,5) (6 — 1, — 1) which
is not in As. And so A U Az is linearly independent. Clearly, c3 can not be written as a
linear combination of cycles of Ay U As. Therefore, As U As U {c3} is linearly independent.
Let By = Ay U Ay U A3 U {c1,¢2,c3}. We now prove that By is a linearly independent set.
Note that E(As U Az U {cs}) — {(1,4) (8,5 +1),(1,5+1)(d,5) |1 <j<m— 1} forms an edge
set of a forest. Thus, any linear combinations of cycles of Ay U A3 U {c3} must contains at
least one edge of the form (1,5) (6,7 + 1) and (1,5 + 1) (9, ) for some j < m — 1 because any
linear combination of a linearly independent set of cycles is a cycle or an edge disjoint union
of cycles. Now, Suppose that there are two sets of cycles say {di,da,...,dy, } € A1 U{c1,ca}
and {f1, fo,..., fro} C Aa U A3 U {cs} such that >, d; = >, f; (mod 2). Consequently,
E(di®de® - ®dy,) =E(fi®fa® - & fy,) and so d1 ® dy @ --- & d,, contains at least
one edge of the form (1,7) (0,7 + 1) and (1,5 + 1) (9, j) for some 5 < m — 1, which contradicts
the fact that no cycle of A1U {c1, o} contains such edges. We now define the following sets of

cycles
Ay = AV =(+1,1)(+2,2)(i+1,3)...(6+2,m)(i+1,1):i=0,1,
n— 2},
A5 = {Ag”:(z‘+1,1)(z',2)(z'+1,3)...(i,m)(i+1,1):i:1,2,...,n—1},
and
¢ = (6,1)(6+1,2)(8,3)(+1,4)...(6,m—1)(1,m)(4,1),
e = (L1)(2,m)(3,1)(4,m)...(6,1)(1,m)(2,1)...(6,m)(1,1),
cg = (1,1)(n,2)(1,3) (n,4)... (n,m) (1,1),
¢ = (1,1)(1,2)(n,3) (1,4)...(1,m) (n,1).

Let D = A4UA5U{C/1, Co, Ca, c;}. Each cycle Aff) of A4 contains the edge (i + 2, m) (i + 1,1)
which belongs to no other cycles of BiU Ay. Thus B1U Ay is linearly independent. Similarly,
each cycle Ag) of As contains the edge (i,m) (i + 1,1) which belongs to no other cycles of
B1U A4 U As. Hence B1U Ay U Aj is linearly independent. Now c/l is the only cycle of B;U
Ay U A5 U {c/l} which contains the edge (1,m) (6,1). Hence B1U Ay U A5 U {cll} is linearly

independent. Similarly, 0/2 is the only cycle of ByU A, U A5 U {c/l, 0/2} which contains the edge

(6,m) (1,1). Thus ByU Ag4 U A5 U {c;,c;} is linearly independent. Now, ¢z and ¢, contain
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(1,1) (n,m) and (1, m) (n, 1), respectively, which appear in no cycle of BiU A4 U A5 U {c,l, 0,2}
Therefor, B = By U D is linearly independent. Now,

5 3 4
Bl = Y A+ el + > el
i=1 =1 =1
= nm-2)+(m—-2)+(m—-2)+(n—1)+(n—-1)+3+4
= nm+2m+1
= dimC (0, x Cy,).

Hence, B is a basis of 8,, x C},. To complete the proof of this case, we only need to prove
that B is a 4-fold basis. For simplicity, set Q@ = U3_,{c;}. Let e € E (6,, x Cy,). Then

(DIfe=(,5)(+1,j+1) or (nj)(1,7+1) where 1 <i<n-1,and 2 < j < m—2,
then fa, (€) =2, fa,ua, (e) <1, fp(e) <1, and fg(e) =0, and so fz(e) < 4.

(2)Ife=(i,5)(i+1,j—1)or (n,j)(1,7j—1) where 1 <i<n—-1,and 3 < j <m-—1,
then fa, (€) =2, fa,ua, () <1, fp(e) <1, and fg(e) =0, and so fg(e) < 4.

3)Ife=(i1)(t+1,2)0r (1,1)(n,2),
1,fp(e) <1, and fg(e) <1, andso fz(e)

(4) Te = (,2) (i +1,1) or (1,2) (n,1)
1,fp(e) <1,and fg(e) =1, and so fp(e) <

(5)Ife=(1,j)((5,j+1)wherel< <m
and fg (e) =0, and so fg(e) <

(6) T e = (1,4) (6, — 1) where 2 < j < m—2, then fa, (¢) = 0, faua, (¢) <2, fp (€) = 1,
and fg (e) =0, and so fz(e) < 3.

here 1 <i <n—1,then fa, (e) =1, fa,ua, (€)

IN

w
<4

where 1 < i <n—1, then fa, () =1, fa,ua, (e) <

2, then fAl ( ) =0, fA2UA3 (6) < 27fD (e) =1,

(MIfe=(G,m—1)@G+1,m)or (i,,m) (i+1,m—1)or (1,m) (n,m —1) where 1 <i <
n— 17 then fAl (6) = 17 fAzUAs (6) S 17 fD (6) S 17 and fQ (6) S 17 and so fB (6) S 4.

(8)Ife = (1,m)(6,m —1)or (1,m—1) (§,m) , then fa, (¢) =0, fa,ua, (e) <1, fp(e) <1,
and fg (e) <1, and so fg(e) < 3.

9) If e = (¢ +1,1) (¢,m) or (4,1)(i + 1,m), where 1 < ¢ < n — 1, then fa, () = 0,
fasuas (6) =0, fp(e) <2, and fg(e) <1, and so fz(e) < 3.

(10) If e = (1,1) (6,m) or (1,m) (d,1), then fa, (e) =0, fa,ua, (e) =0, fp(e) <2, and
fo(e) =0, and so fg(e) < 2.

(11) If e = (1,1) (n,m) or (n,1) (1,m), then fa, (e) = 0, fa,ua,(e) =0, fp(e) <1,
and fo (e) = 0, and so fg(e) < 1. Therefore B is a 4-fold basis. The proof of this case is
complete.

Case 2. m and 0 are even and n is odd. Now, consider the following sets of cycles: Ay, Ao

and Az are as in Case 1 and
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g = (I,m)2,m—-1)3,m)...(6,m—1)(1,m),
ca = (I,m—=1)(2,m)(3,m—1)...(6,m)(1,m—1),
s = (1,1)(2,2)(3,1)...(n,1)(1,2)(2,1)...(n,2) (1,1).

Let By = (UL, 4;)U (U2, {¢;}). Since E (c1)NE (cz) = @, {c1,c2} is linearly independent.
Since 0 > 4, ¢; contains an edge of the form (2,m — 1) (3, m) and c2 contains an edge of the
form (2,m) (3,m — 1) and each of which does not appear in any cycles of As U As. Thus
AU Az U{eq, e} is linearly independent. Next, we show that Ay | {cs} is linearly independent.
Let R; = E(Cy, x i(i+1)) where C), is as in Case 1. Note that {R1 Ra,...,Rp—1} is a
partition of E (C,, X P,,) where P, is as in Case 1. Also, E (¢c3) = Ry and RiURy = F (Agl)).
Thus, if ¢3 can be written as linear combination of some cycles of A;, say {K1, Ko, ..., K, },
then Agl) C {Ky,Ks,...,K,}. Since Ro UR3 = E (A§2)) and no edges of Ry belongs to

E (c3), A§2) C {Kj,Ks,...,K,}, and so on. This implies that A§m72) C {Ky,Ks,...,K,}.
Note that R,,_1 C FE (Agmd)) and each edge of R,,_1 appears only in one cycle of A;. Thus
R,,—1 C E(c3). This is a contradiction. Hence A; U {¢3} is linearly independent. Let By =
A1 UAsU A3 U e, o, c3}. To show that By is a linearly independent set, we assume that there
are two set of cycles say {d1,da,...,dy, } € Ay U{cs} and {f1, fo,..., fr.} C A2 UA3U{c1, o}
such that >-)*, d; = >, fi (mod 2). By using the same argument as in Case 1, we have that
di ®da @ --- @ dy, contains at least one edge of the form (1,5)(d,j + 1) and (1,5 + 1) (4, j) for
some j < m — 1. Which contradicts the fact that no cycle of A;U {¢1} contains such edges.

Now, let A4, As, cl3 and c; are as defined in Case 1, and define the following cycles:

¢ = (LD)(2,m)(3,1)...(6—1,1)(5,m)(1,1),

/

e, = (I,m)(2,1)(3,m)...(5,1)(1,m).

Let D = A4 U A5 U {c;,c;,c;,c;}. By following the same arguments as in Case 1, we
can prove that B = By U D is a 4-fold basis for C(6,, x Cy,,). The proof of this case is com-
plete.

Case 3. m,n, and 0 are even. Consider the following sets of cycles: Ay, As, As, Ay, A5 and
{c1,¢a} are as in Case 1. Also, consider ¢3 = ¢; and ¢4 = ¢3 where ¢; and ¢ are as defined in

Case 2. Moreover, ¢; and ¢, are as in Case 2. Define the following two cycles:
s = (L,1)(2,m)(3,1)...(n—=1,1)(n,m) (1,1),
Cy = (Lm) (251)(35m)(n_15m) (n,l)(l,m)
By using the same arguments as in Case 1 and Case 2, we can show that

B=A1UA;UA3U AU A5 U {Cl,62703,04701702703764},
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is linearly independent. Since

5
Bl = Z|Ai|+8
— n(m—2) 4 (m-2)+(m-2) -1+ (n—1)+8
= nm+2m+2

= dimC (0, x Cpn),

B is a basis of C (6,, x C},). To show that B is a 4-fold basis, we follow, word by word, (1) to (11)

of Case 1. The proof of this case is complete.

Case 4. m is even, and § and n are odd. By relabeling the vertices of 6,, in the opposite

direction, we get a similar case to Case 2. The proof of this case is complete.

Case 5. m is odd, and n and § are even. Consider the following sets of cycles: A;, A, A3 and
{c1,c2} are as in Case 1. In addition, ¢s = ¢; and ¢4 = ¢o where ¢; and ¢y are as in Case 2.
Using the same arguments as in Case 1 and Case 2, we can show that each of A; U{c1,c2} and
AsUA3U{cs, cq} are linearly independent. Also, then we show that A1 UAsUA3U{¢c1,c2,c3,¢4}
is linearly independent. Now, we define the following set of cycles:

A4={a§j>:(i,m)(z’+1,m—1)(i+2,m)(i+1,1)(i,m):1§ign—2},

and

A5:{a§'):(i,1)(i+1,m)(i+2,1)(z‘+1,2)(¢,1):1§i§n—2}.

Also, define the following cycle:

’

s = (n=1,1)(n,m)(n—1,m—1)(n,m—2)...(n,1)(n—1,m)(n,m—1)
(n—=1, m—2)...(n,2) (n—1,1).

Note that, ¢5 contains the edge (n — 1,m) (n,1) which does not occur in any cycle of By =

Ay UAs U Az U{eq,e9,c5,¢4}. Thus, B1U {0/5} is linearly independent. For simplicity, we set
D = {Dk}z;f , where Dy = {aflk), agk) } We now, use induction on n to show that the cycles

of D are linearly independent. If n = 3, then D = Dy = {ail), aél)}. afll) contains the edge
(2,1) (3, m) which does not occur in the cycle aél). Hence D is linearly independent. Assume

n > 3 and it is true for less than n. Note that D = {Dk}z;fu{ainfz), agnd) } By the inductive

step {Dy};_3 is linearly independent. Now, the cycle a{"™ contains the edge (n — 1,1) (n,m)
which does not occur in any cycle of {Dk}iizg, similarly the cycle aé"_2) contains the edge

(n,1)(n — 1,m) which does not occur in any cycle of {Dk}Z;f’ U {ai"_m}. Therefore, D is

linearly independent. Note that E(D) — {(i + 1,1)(i,m), (4, 1)(i + 1,m)|1 < i < n — 2} forms
an edge set of a forest. Thus, any linear combination of cycles of D must contain an edge of
the form (i + 1,1)(i,m) or (i,1)(i + 1, m) for some 1 < i < n — 2 which does not occur in any

cycle of B1U {c;—) . Therefore, B;U c;} U D is linearly independent.
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We now consider c/1 and 0/2 as in Case 2 and c;) and c;l as in Case 1. Note that c/1 and 0/2
contain the edges (1,1) (6,m) and (1,m) (4, 1), respectively, which do not appear in any cycle of
BiU {cs t UD. Thus BiU DU { ¢, ¢y, cs ¢ is linearly independent. Similarly ¢; and ¢, contain
the edges (1,1) (n,m) and (1,m) (n, 1), respectively, which do not appear in any cycle of B;U
{cll, 0/2, 0/5} U D. Thus

B=BiUDU {C;,C;,C;,C;,C;)}

is linearly independent. Now,

5

B = > |Ail+9

i=1

= nm-2)+m-2)+(m—-2)+(n—-2)+(n—-2)+9
= nm+2m-+1

= dimC (6, x Cyy).

Hence, B is a basis of C (6,, x C};,). To complete the proof of this case, we show that B is
a 4-fold basis. Let e € E (0,, x Cy,). Then,

(1) Ife= (i+1,1)(¢,m)or (i,1) (i+1,m) where 1 < i < n — 1, then fa, (e) = 0,
fasua, (€) =0, fDU{C;}?:l (e) <3, and fu1_ (.3 (e) =0, and so fz(e) < 3.

(2) If e is as in (1) to (11) of Case 1 and not of the above form, then, as in that Case 1,
fB(e) < 4. Therefore B is a 4-fold basis. The proof of this case is complete.

Case 6. m and ¢ are odd and n is even. According to the relation between m and ¢, we split

this case into two subcases.

Subcase 6a. § < m. Then consider the following sets of cycles: A1, As, As, c1,ca,c3 are as in

Case 1. In addition, for each i = 2,3,...,6, we define the following sets of cycles.

F o= (1) —1,2)(—23)...(1,4) (8,i +1) (6 — 1,i +2)
(6—2,i43)... (1,6 +1)(i+1,6+2)(i,6+3)...(6—1,m) (1),

and for each i =1,2,3,...,6 — 1

F = (i,1)(i+1,2)(i+23)...(0,6—i+1)(1,0—i+2)
(2,6 —i+3)... (1,6 +1)(i+ 1,6 +2)(i,6 +3) ... (i +1,m) (i,1).

Also, set

Fi o= (1,1)(8,2)(6—1,3)(6 —2,4)...(1,6+ 1) (5,6 +2)
(1,6 +3)...(L,m—1)(5,m)(1,1),

and
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Fs = (6,1)(1,2)(2,3)(3,4)...(6,6+1) (1,6 +2) (6,6 + 3)
(1, 6+4)...(6,m—1)(1,m) (6,1).
Let
F=U) F and F =0 F .

By Case 1, Ay UAsUA3U{cy, c2, c3} is linearly independent. Note that each cycle of F' contains
an edge of the form (i —1,m) (i,1) or (§,m) (1,1) for some 2 < ¢ < § which does not occur
in any other cycle of Ay U Ay U A3 U F U {c1,co,c3}. Thus, Ay U Ay U A3 U F U {c1,c2,c3} 18
linearly independent. Similarly, each cycle of F' contains an edge of the form (i + 1,m) (i,1)
or (1,m) (6,1) for some 1 <14 < §—1 which does not occur in any other cycle of 41 U Ay U A3 U
FUF U {c1,¢9,¢c3}. Thus, Ay UA; UA3 UF U F'uU {c1,¢a, 3} is linearly independent. Now,

define the following sets of cycles:

A4={aff’:(i,m)(z’+1,m—1)(z’+2,m)(z’+1,1)(z’,m):5—1§z’§n—2},
and

A5={ag“:(i,l)(i+1,m)(i+2,1)(i+1,2)(i,1);6—1§z’§n—2}.

Also, set the following cycles:

(1,1)(2,m) (3,1)...(n,m) (1,1),
s = (I,m)(2,1)(3,m)...(n,1)(1,m).

Cq

By using the same arguments as in Case 5, we can show that A4UAs5 is linearly independent.
Since each linear combination of cycles of A4 U A5 contains an edge of the form (i + 1,1) (i, m)
or (i,1) (i + 1,m) for some ¢ < i < n — 2 which does not occurs in any cycle of A; U Ay U A3 U
FUF U {c1,c2,¢3}, Ay UA3 U A3 UALUAs UF U F'U {c1,c2,c3} is linearly independent.
Finally, ¢4 contains the edge (n,m) (1,1) and c5 contains the edge (n,1) (1, m) which do not
appear in any cycle of A; U Ay UAs U A4 U A5 UF U F'u {c1,¢a,c3}. Thus,

B:A1UA2UA3UA4UA5UFUF/U{Cl,02,03,04,c5}

is linearly independent. Since

5 5
Bl = DA+ I[FI+[F |+ el
i=1 i=1

= nm-=2)4(m-=2)+(m—-2)+(n—-9)+
(n—¥8)+06+d+5

= mn+2m-+1

= dim C(0,, x Cp,),
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B is a basis of C(6,, x Cy,,). To complete the proof of the theorem we only need to prove that
B is a 4-fold basis. For simplicity let @ = U?_;{c;}. Let e € E (6,, x Cp,). Then

(Dife=(i,5)(i+1,5+1)or (n,j)(1,j+1), where 1 <i<n-—1,and 2 < j < m — 2,
then fa, (€) =2, fa,ua, (e) <1, frup () =1, and fg (e) =0, and so fz(e) < 4.

(2)Ife=(i,5)(i+1,5—1)or (n,j)(1,j—1), where 1 <i<n—1,and 3 < j<m-—1,
then fa, (€) =2, fa,ua, () <1, fpup (e) =1, and fg (e) =0, and so fz(e) < 4.

B)Ife=(i,1)(i+1,2)or (1,1)(n,2), where 1 <i<n—1,then fa, (¢) =1, fa,ua, (e) <
L, frup () =1, and fg (e) =1, and so fz(e) < 4.

(4)Ife=(i,2)(i+1,1)or (1,2) (n,1), where 1 <i<n—1,then fa, (e) =1, fa,ua, (e) <
1L, frup () =0, and fg (e) =1, and so fz(e) < 3.

(5)Ife=(1,7) (3,5 + 1) ,wherel < j <m—2,then fa, (¢) =0, fa,ua, (e) <2, fp p (€) =
1, and fg (e) =0, and so fg(e) < 3.

(6)Ife=(1,5)(d,5 — 1) ,where2 < j <m—2,then fa, (¢) =0, fa,ua, (e) <2, fp p (€) =
1, and fg (e) =0, and so fg(e) < 3.

(M Ife=(i,m—1)(+1,m)or (i,m) (i+1,m—1)or (I,m) (n,m —1) , where 1 <i <
n—1, then fa, (e) =1, fa,ua, (€) <1, fryp (e) =1, and fg (e) <1, and so fz(e) < 4.

(8)Ife=(1,m) (6,m —1)or (1,m—1) (§,m), then fa, (e) =0, fa,ua, (€) <1, fr p (€) =
1, and fg(e) <1, and so fg(e) < 3.

(9) Ife = (4,1) (i +1,m) or (i +1,1) (¢,m) , where 1 < i < n — 2, then fu, (¢) = 0,
fasua, (€) =0, frup (e) £2,and fg (e) <1, and so fz(e) < 3.

( O) Ife= ( )(5 m) or (Lm) (571)7 then fa, (6) =0, fa,uas (6) =0, fFuF’ (6) =1,
and fg (e) =0, and so fp(e) < 1.

( 1) If e = ( )(TL m) or (TL, 1) (17m)7 then fAl (e) =0, fA2UA3 (6) =0, fFUF’ (e) <1
and fg (e) <1, and so fz(e) < 2. Therefore B is a 4-fold basis.

Subcase 6b. m < §. Then consider the following set of cycles: Aj,¢q,co are as in Case 1 and

Ay and As are as in Case 4, and

= (1,1)(2,2)(1,3)(2,4) ... (1,m)(2,1)(1,2)(2,3) ... (2,m)(1,1).

Using similar arguments to Case 5, we can show that A1 U Ay U A5 U {c1,c2,c3} is a
linearly independent set. Now, let ¢4 and cs be the two cycles as in the Subcase 6a. Then ¢y
contains the edge (n,m)(1,1) which does not appear in the cycles of Ay UA,U A5 U{cy,ca,c3}.
Thus, Ay U Ay U A5 U {e1,¢a,c3,¢4} is linearly independent. Similarly, ¢; contains the edge
(n,1)(1, m) which does not appear in any cycle of Ay U Ay U Ay U {c1,¢a,cs3,ca}. Therefore,
A1 U AL U A5 U {c1,ca,c3,c4,c5} is linearly independent. Now, for j = 2,3,..., m define the

following cycles:

Fi = (LH2i-13B,5-2)...00)@F+1L,m)(G+2,m-1)({+3,m—-2)...
(m+1,5)(m+2,j—1)(m+3,5)...(6,j —1)(1, ),
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and for j=1,2,3,...,m—1

F, = (L,H2,j+1)3B,74+2)...(m—j+1,m)(m—7+2,1)(m—j+3,2)
(m—7+4,3)...0m+1,)(m+2,7+1)(m+3,5)...(6,7+1)(1,5).

Moreover, define

o= (L,1)2,mGBm-1)4m-2)...(m+1,1)(m+2,m)(m+3,1)...(6,m)(1,1)
E, = (1,m)(2,1)3,2)(4,3)...(m+1,m)(m+2,1)(m+3,2)...(51)(1,m).
Let

F=U"F and F' = U™, F,.

Note that each cycle of F U F' contains an edge of the form (3,5 + 1)(1,7) or (6,5 — 1)(1,4)

which does not appear in other cycles of
B=A; UA4UA5UFUF, U{01702,03,04,C5}

Thus, B is linearly independent. Since

5
1Bl = |Ai|+|Aal + 45|+ [FI+ [F [+ e
1=1
= m-2n+n—-2)+n—2)+m+m+5

= mn+?2m+1
= dim C(6, x Cp,),

B is a basis for C(0,, x Cy,). Now to complete the proof, we show that B is a 4-fold basis. Let
e € E(0, x Cyp,). Then

Dife=(,7)(i+1,j+1) wherel <i<d—2,and1<j<m-—1or (i,7)(—1,5—1),
where 2 < ¢ < —1,and 2 < j < m, then f4,uc,ye , (€) <2, faguas (€) <1, fpup (€) <1,
and so fp(e) < 4.

2)Ife=(i,j)(i+1,j+1)whered <i<n-—1l,and1<j<m-—1or(i,j)(i—1,5—1),
where § +1 < i <mn, and 2 < j < m, then fa,urey5, (€) <3, fa,uas(e) <1, fpup (€) =0
and so fg(e) < 4.

(3)Ife=(i,1)(i+1,m)or (i+1,1)(i,m) or (1,1) (n,m) or (1,m) (n,1) where 1 < i <
n—2, then fa,uey5 (e) <1, fauas (€) <2, fpyp () =0 and so f5(e)

4)Ife=(1,5)(0,5+1) or (1,j+1)(0,7) or (1,1)(d, m) or (1,m) (4,
m—1, then fu,u(c,)5 | () <1, fa,uas () <1, fryp (e) <1, and so fz (e

(5) If e=(1,1)(n,m) or (1,m) (n, 1), then fAlu{cl»};'Ll (e) <1, fa,uas
0, s0 fg(e) <1.

e) =0, fpup (€) =

Thus, B is a 4-fold basis. The proof of this case is complete.
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Case 7. m and n are odd, and ¢ is even. According to the relation between m and n, we split

this case into two subcases.

Subcase 7a. m > n. Then consider the following sets of cycles: Aj, As and Az are as in Case

1 and ¢y, ¢9, ¢3, cl1 and 0/2 are as in Case 2. Also, for i = 2,3, ..., n, define the following cycles:

Fo= (1) (—1,2)(i—-2,3)... (L) (n,i+1)(n—1,i+2)(n—2,i+3)...(i,n+1)
(i—1,n+2)(i,n+3)...(0i—1,m)(i,1),

and for i =1,2,3,...,n—1

F, o= (,0)6+1,2)6+2,3)...(n,n—i+1)(1,m—i+2)
2,m—i+3)...(i,n+ 1)+ 1Ln+2)(G,n+3)...(i+1,m) (1),

Moreover, set

B = 1L,)n2)(n-1,3)(n-2,4)...L,n+1)(n,n+2)(1,n+3)...
(ILm—1)(n,m)(1,1),

and

F, = (n,1)(1,2)(2,3)33,4)...(n,n+1)(1,n+2)(n,n+3)
(I,n+4)...(n,m—1)(1,m) (n,1).

Let
F=U",F and F =U" F,.

By Case 2, Ay UAs UA3Ucp Uca Ucg U c/l U 0/2 is linearly independent. By a similar argument
as in Subcase 6a, we can show that
B=AUAyUAsUFUF UciUcaUcsUc; Uc,

is a linearly independent set of cycles. Since

3 3
Bl = Y Al +IFI+[F |+ leil +ler] + el
i=1 i=1
= m-2n+(m—-2)+(m—-2)4+n+n+5
= mn+2m+1

= dim C(0,, x Cp,),

B is a cycle basis of 6,, x C,,. For simplicity, set Q = U3_;{¢;}?_,. Let e € E(6,, x Cy,). Then

() ife=(i,7)@i+1,7+ 1) or (n,j)(1,j+1), where l <i<n-—1,and 2 < j < m — 2,
then fa, (¢) = 2, faua, (€) < 1, Frop (&) = 1, fri,, () = 0 and fio (¢) = 0, and s0 f (¢) < 4.
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(2)Ife=(i,5)(i+1,5—1)or (n,j)(1,j—1), where 1 <i<n—1,and 3 < j<m-—1,
then fa, (e) =2, fa,ua, (€) <1, fpup (e) =1, Feue, (e) =0and fo(e) =0, and so fg(e) < 4.

(B)Ife=(i,1)(i+1,2)or (1,1)(n,2), where 1 <i<n—1,then fa, (¢) =1, fa,ua, (e) <
L frop (e) =1, fC/IUC/Q (e) =0 and fo(e) =1, and so fi(e) < 4.

(4)Ife=(i,2)(i+1,1)or (1,2) (n,1), where 1 <i<n—1,then fa, (e) =1, fa,ua, (e) <
L, frup (€) =0, feoe, (e) =0and fg(e) =1, and so [z (e) < 3.

(5)Ife=(1,5) (6,7 + 1), wherel < j < m—2,then fa, (e) =0, fa,ua, (€) <2, fp p (e) =
L foue, (e) =0 and fo (e) =0, and so fz(e) < 3.

(6) If e=(1,7) (8,5 — 1), where 2 < j < m — 2, then fy, (e ) =0, fa,ua, (e) <2,

Fror (€)= 0. e (€)= 0 and fq (€) = 0, and so fis (¢) <

(M Ie=(,m—-1)(+1,m)or (i,m) (i+1,m—1) or (1 m) (n,m—1), where 1 < <
n—1, then fa, () =1, fa,uas (€) <1, frup (e) =1, feue, (e) = 0 and fg(e) <1, and so
fe(e) <4

(8)Ife = (1,m)(d,m —1)or (1,m—1) (6,m) ,then fa, (e) =0, fa,ua, (e) <1, fp p (€) =
0, fc;Uc; (e) =0and fg(e) <1, and so fz(e) <2

(9) If e = (;,1)(i+1,m) or (i +1,1) (3, ), where 1 < ¢ < n — 2, then f4, (e) = 0,
fasuas (6) =0, frup (e) =1, feue, (e) <1and fg(e) =0, and so f5(e) < 2.

(10) If e = (1,1) (6, m) or (m,1) (,1), then fa, (€) =0, fa,ua,(e) =0, fp p () =0,
fc;Uc; (e) =1 and fg(e) =0, and so fi(e) < 1.

(11) If e = (1,1) (n,m) or (n,1) (1,m), then fa, (€) =0, fa,ua, (e) =0, fpp (e) =1,
feoe, (e) <1and fg(e) =0, and so f5(e) < 2. Therefore B is a 4-fold basis.

. ’ ’ . ’ .
Subcase Tb. m < n. Then consider ¢; and ¢, as in Case 2 and c;, A4 and As as in Case 5.
Moreover, set

/

A = A -{{L,H2 i+ (1, 74+2)(n,j+1)(1,5):5=1,2,....,m—2}
U{(n,j))(n—1,j+1)(n,5+2)(1,j+1)(n,j): 5=1,2,...,m — 2}},

where A; is as in Case 1. Also, set

Ay = {@)EI+1D)G) @ +1)... 00,5+ ) (L))i=1,2,...m -1}
By Case 5 and noting that each cycle of A/2 UA;, contains an edge of the form (4,7 4+ 1) (1, ) for
some 1 < j <m —1 or an edge of the form (4, ) (1,7 — 1) for some 2 < j < m which appears
in no cycle of A} U Ay U A5 Uc; Ucy U ey, we have that A} U A, U A3 U Ay U As Uc) Ucy Ucy is

linearly independent. Now, for j = 2,3,...,m, consider the following cycles:

Fi = (LH2i-13B,5-2)...00)@F+1L,m)(G+2,m-1)({i+3,m—-2)...
(m+1,5)(m+2,5—1)(m+3,5)...(n,j —1)(1,5),
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and for j=1,2,3,...,m—1

F, = (LD2i+D)Bj+2)...(m—j+1,m)m—j+2,1)(m—j+3,2)(m—j+4,3)...
(m+1,)(m+2,j+1)(m+3,7)...(n,j+1)(1,5).

Moreover, set

o= (LD)EmGm-—1DEd,m—2) .. (m+1,1)m+2m)(m+3,1)...(n,m)(1,1)

EF, = (1,m)(2,1)(3,2)4,3)...(m+1,m)(m+2,1)(m+3,2)...(n,1)(m,1),

Let
F=U"F,and F = U/, F,.

Using a similar arguments as in Subcase 6b, we show that
B=A,UAyUA;UA4UAs UFUF Uc,UcyUcs

is linearly independent. Note that

3
1Bl = 14|+ |Ad + 45| + |F| + |F'| +3
i=1
= m=-2)n=2)+4m-1D+m-1D+n-2)+n—-2)+m+m+3
= mn+2m+1

= dimC (0, x Cp) .

Thus, B is a basis for C (6,, x Cy,). Now, let e € E(6,, x Cy,). Then

(HIfe=(i,7) (i + 1,7+ 1), wherel <i <n—2,and 1 < j < m—1, then fA’luA;uA;uA4uA5 (e) <
3, frup (€) =1, f{cg} (e) =0 and f{c;)c;} (e) =0, and so fg(e) < 4.

(2)Ife=(i,7) (i — 1,7+ 1), where2 <i <n-—1,and 1 < j < m—1, then fA;uA;uA;uA4uA5 (e)
3, frup (e) <1, f{cg} (e) =0 and f{c;)c;} (e) =0, and so f5(e) < 4.

(3) If € = (n - 15.]) (nvj + 1) or (n - 15.] + 1) (naj)or (n - 17 1)(nam> or (n - lam)(na 1)7
where 1 < j < m — 2, then fA’luA;uAguA4uA5 (e) < 3, frup (e) = 0, f{cg} () < 1 and
f{c/PC; (e) =0, and so f5(e) < 4.

(4)Ife=(1,5)(0,j+ 1) or (1,5 +1)(d,j5)or (1,1)(6,m) or (1,m)(4,1) where 1 < j < m,
then fA;UA;UAéUA4UA5 (e) <1, fFUF’ (e) <1, f{cg} (e) = 0 and f{Cll,Cl2} (e) < 1, and so
fa(e) <3.

5)Ife=(1,5)(n,j+1)or (1,j+1)(n,5+1) or(1,1)(n,m) or (1,m)(n,1) where 1 <

j S m — 15 then fA/IUA;UA;UA4UA5 (6) = 07 fFUF/ (6) S 15 f{c;} (6) = 0 and f{c’17c;} (6) = 07
and so fp(e) < 1. Thus, B is a 4-fold basis of C(6,, x C,,). The proof of this case is complete.

A

Case 8. m,n and ¢ are odd. By relabeling the vertices of #,, in the opposite direction, we get
a similar case to Case 6. The proof of this case is complete. 0

By combining Lemma 3.3 and Lemma 3.4, we have the following result.
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Theorem 3.5. For any graph 6, of order n > 4 and cycle C,, of order m > 3, we have
3 <60, x Cy,) <A4.
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