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Abstract: Submanifolds are important objectives in classical Riemannian geometry, par-

ticularly their embedding or immersion in Euclidean spaces. These similar problems can be

also considered for combinatorial manifolds. Serval criterions and fundamental equations for

characterizing combinatorially Riemannian submanifolds of a combinatorially Riemannian

manifold are found, and the isometry embedding of a combinatorially Riemannian manifold

in an Euclidean space is considered by a combinatorial manner in this paper.
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§1. Introduction

Combinatorial manifolds were introduced in [9] by a combinatorial speculation on classical

Riemannian manifolds, also an application of Smarandache multi-spaces in mathematics (see

[12] − [13] for details), which can be used both in theoretical physics for generalizing classi-

cal spacetimes to multiple one, also enables one to realize those of non-uniform spaces and

multilateral properties of objectives.

For a given integer sequence n1, n2, · · · , nm,m ≥ 1 with 0 < n1 < n2 < · · · < nm, a com-

binatorial manifold M̃ is defined to be a Hausdorff space such that for any point p ∈ M̃ , there

is a local chart (Up, ϕp) of p, i.e., an open neighborhood Up of p in M̃ and a homoeomorphism

ϕp : Up →
s⋃

i=1

Bni

i ,

where Bn1
1 , Bn2

2 , · · · , Bns
s are unit balls with

s⋂
i=1

Bni

i 6= ∅ and {n1(p), n2(p), · · · , ns(p)(p)} ⊆

{n1, n2, · · · , nm} and
⋃

p∈M̃

{n1(p), n2(p), · · · , ns(p)(p)} = {n1, n2, · · · , nm}. Denoted by M̃(n1, n2,

· · · , nm) or M̃ on the context.

Let Ã = {(Up, ϕp)|p ∈ M̃(n1, n2, · · · , nm))} be an atlas on M̃(n1, n2, · · · , nm). The max-

imum value of s(p) and the dimension of
s(p)⋂
i=1

Bni

i are called the dimension and the intersec-
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tional dimensional of M̃(n1, n2, · · · , nm) at the point p, denoted by d
M̃

(p) and d̂
M̃

(p), respec-

tively. A combinatorial manifold M̃ is called finite if it is just combined by finite manifolds

without one manifold contained in the union of others, called smooth if it is finite endowed

with a C∞ differential structure. For a smoothly combinatorial manifold M̃ and a point

p ∈ M̃ , it has been shown in [7] that dimTpM̃(n1, n2, · · · , nm) = ŝ(p) +
s(p)∑
i=1

(ni − ŝ(p)) and

dimT ∗
p M̃(n1, n2, · · · , nm) = ŝ(p) +

s(p)∑
i=1

(ni − ŝ(p)) with a basis

{
∂

∂xi0j
|p|1 ≤ j ≤ ŝ(p)}

⋃
(

s(p)⋃

i=1

{
∂

∂xij
|p | ŝ(p) + 1 ≤ j ≤ ni})

or

{dxi0j |p|}1 ≤ j ≤ ŝ(p)}
⋃

(

s(p)⋃

i=1

{dxij |p | ŝ(p) + 1 ≤ j ≤ ni}

for any integer i0, 1 ≤ i0 ≤ s(p). Let M̃ be a smoothly combinatorial manifold and

g ∈ A2(M̃) =
⋃

p∈M̃

T 0
2 (p, M̃).

If g is symmetrical and positive, then M̃ is called a combinatorially Riemannian manifold,

denoted by (M̃, g). In this case, if there is a connection D̃ on (M̃, g) with equality following

hold

Z(g(X,Y )) = g(D̃Z , Y ) + g(X, D̃ZY )

then M̃ is called a combinatorially Riemannian geometry, denoted by (M̃, g, D̃). It has been

showed that there exists a unique connection D̃ on (M̃, g) such that (M̃, g, D̃) is a combinato-

rially Riemannian geometry([7]− [8]).

A subset S̃ of a combinatorial manifold or a combinatorially Riemannian manifold M̃ is

called a combinatorial submanifold or combinatorially Riemannian submanifold if it is a com-

binatorial manifold or a combinatorially Riemannian manifold itself. In classical Riemannian

geometry, submanifolds are very important objectives in research, particularly their embed-

ding or immersion in Euclidean spaces. These similar problems should be also considered on

combinatorial submanifolds for characterizing combinatorial manifolds, such as those of what

condition ensures a subset of a combinatorial manifold or a combinatorially Riemannian mani-

fold to be a combinatorial submanifold or a combinatorially Riemannian submanifold in topology

or in geometry? Notice that there are no doubts for the existence of submanifolds of a given

manifold in classical Riemannian geometry. Thereby one can got various fundamental equa-

tions, such as those of the Gauss’s, the Codazzi’s and the Ricci’s for handling the behavior

of submanifolds of a Riemannian manifold. But for a combinatorially Riemannian manifold

the situation is more complex for it being provided with a combinatorial structure. Therefore,

problems without consideration in classical Riemannian geometry should be researched thor-

oughly in this time. For example, for a given subgraph Γ of G[M̃ ] underlying M̃ , whether is
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there a combinatorial submanifold or a combinatorially Riemannian submanifold underlying Γ?

Are those of fundamental equations, i.e., the Gauss’s, the Codazzi’s or the Ricci’s still true

for combinatorially Riemannian submanifolds? If not, what are their right forms? All these

problems should be answered in this paper.

Now let M̃ , Ñ be two combinatorial manifolds, F : M̃ → Ñ a smooth mapping and p ∈ M̃ .

For ∀v ∈ TpM̃ , define a tangent vector F∗(v) ∈ TF (p)Ñ by

F∗(v) = v(f ◦ F ), ∀f ∈ C∞
F (p),

called the differentiation of F at the point p. Its dual F ∗ : T ∗
F (p)Ñ → T ∗

p M̃ determined by

(F ∗ω)(v) = ω(F∗(v)) for ∀ω ∈ T ∗
F (p)Ñ and ∀v ∈ TpM̃

is called a pull-back mapping. We know that mappings F∗ and F ∗ are linear.

For a smooth mapping F : M̃ → Ñ and p ∈ M̃ , if F∗p : TpM̃ → TF (p)Ñ is one-to-

one, we call it an immersion mapping. Besides, if F∗p is onto and F : M̃ → F (M̃) is a

homoeomorphism with the relative topology of Ñ , then we call it an embedding mapping and

(F, M̃) a combinatorially embedded submanifold. Usually, we replace the mapping F by an

inclusion mapping ĩ : M̃ → Ñ and denoted by (̃i, M̃) a combinatorial submanifold of Ñ .

Terminology and notations used in this paper are standard and can be found in [1]−[2], [14]

for manifolds and submanifolds, [3] − [5] for Smarandache multi-spaces and graphs, [7] − [10]

for combinatorial manifolds and [11] for topology, respectively.

§2. Topological Criterions

Let M̃ = M̃(n1, n2, · · · , nm), Ñ = Ñ(k1, k2, · · · , kl) be two finitely combinatorial manifolds

and F : M̃ → Ñ a smooth mapping. For ∀p ∈ M̃ , let (Up, ϕp) and (VF (p), ψF (p)) be local charts

of p in M̃ and F (p) in Ñ , respectively. Denoted by

JX;Y (F )(p) = [
∂Fκλ

∂xµν
]

the Jacobi matrix of F at p. Then we find that

Theorem 2.1 Let F : M̃ → Ñ be a smooth mapping from M̃ to Ñ . Then F is an immersion

mapping if and only if

rank(JX;Y (F )(p)) = d
M̃

(p)

for ∀p ∈ M̃ .

Proof Assume the coordinate matrixes of points p ∈ M̃ and F (p) ∈ Ñ are [xij ]s(p)×ns(p)

and [yij ]s(F (p))×ns(F (p))
, respectively. Notice that

TpM̃ =

〈
∂

∂xi0j1
|p,

∂

∂xij2
|p |1 ≤ i ≤ s(p), 1 ≤ j1 ≤ ŝ(p), ŝ(p) + 1 ≤ j2 ≤ ni

〉

and
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TF (p)Ñ =

〈
{

∂

∂yi0j1
|F (p), 1 ≤ j1 ≤ ŝ(F (p))}

s(F (p))⋃

i=1

{
∂

∂yij2
|F (p), ŝ(F (p)) + 1 ≤ j2 ≤ ki}

〉

for any integer i0, 1 ≤ i0 ≤ min{s(p), s(F (p))}. By definition, F∗p is a linear mapping. We only

need to prove that F∗p : TpM̃ → TpÑ is an injection for ∀p ∈ M̃ . For ∀f ∈ Xp, calculation

shows that

F∗p(
∂

∂xij
)(f) =

∂(f ◦ F )

∂xij

=
∑

µ,ν

∂Fµν

∂xij

∂f

∂yµν
.

Whence, we find that

F∗p(
∂

∂xij
) =

∑

µ,ν

∂Fµν

∂xij

∂

∂yµν
. (2.1)

According to a fundamental result on linear equation systems, these exist solutions in the

equation system (2.1) if and only if

rank(JX;Y (F )(p)) = rank(J∗
X;Y (F )(p)),

where

J∗
X;Y (F )(p) =




· · · F∗p(
∂

∂x11 )

· · · · · ·

· · · F∗p(
∂

∂x1n1
)

JX;Y (F )(p) · · ·

· · · F∗p(
∂

∂xs(p)1 )

· · · · · ·

· · · F∗p(
∂

∂x
s(p)ns(p)

)




.

We have known that

rank(J∗
X;Y (F )(p)) = d

M̃
(p).

Therefore, F is an immersion mapping if and only if

rank(JX;Y (F )(p)) = d
M̃

(p)

for ∀p ∈ M̃ . �

For finding some simple criterions for combinatorial submanifolds, we consider the case

that F : M̃ → Ñ maps each manifold of M̃ to a manifold of Ñ , denoted by F : M̃ 1 →1 Ñ ,

which can be characterized by a purely combinatorial manner. In this case, M̃ is called a

combinatorial in-submanifold of Ñ .
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Let G be a connected graph. A vertex-edge labeled graph GL defined on G is a triple

(G; τ1, τ2), where τ1 : V (G) → {1, 2, · · · , k} and τ2 : E(G) → {1, 2, · · · , l} for positive integers

k and l.

Fig.2.1

For a given vertex-edge labeled graphGL = (V L, EL) on a graphG = (V,E), its a subgraph

is defined to be a connected subgraph Γ ≺ G with labels τ1|Γ(u) ≤ τ1|G(u) for ∀u ∈ V (Γ) and

τ2|Γ(u, v) ≤ τ2|G(u, v) for ∀(u, v) ∈ E(Γ), denoted by ΓL ≺ GL. For example, two vertex-edge

labeled graphs with an underlying graph K4 are shown in Fig.2.1, in which the vertex-edge

labeled graphs (b) and (c) are subgraphs of that (a).

For a finitely combinatorial manifold M̃(n1, n2, · · · , nm) with 1 ≤ n1 < n2 < · · · <

nm,m ≥ 1, we can naturally construct a vertex-edge labeled graph GL[M̃(n1, n2, · · · , nm)] =

(V L, EL) by defining

V L = {ni − manifolds Mni in M̃(n1, n2, · · · , nm)|1 ≤ i ≤ m}

with a label τ1(M
ni) = ni for each vertex Mni , 1 ≤ i ≤ m and

EL = {(Mni,Mnj )|Mni

⋂
Mnj 6= ∅, 1 ≤ i, j ≤ m}

with a label τ2(M
ni ,Mnj ) = dim(Mni

⋂
Mnj ) for each edge (Mni ,Mnj ), 1 ≤ i, j ≤ m. This

construction then enables us to get a topological criterion for combinatorial submanifolds of a

finitely combinatorial manifold by subgraphs in a vertex-edge labeled graph. For this objective,

we introduce the feasibly vertex-edge labeled subgraphs of GL[M̃ ] on a finitely combinatorial

manifold M̃ following.

Applying these vertex-edge labeled graphs correspondent to finitely combinatorial mani-

folds, we get some criterions for combinatorial submanifolds. Firstly, we establish a decompo-

sition result on unit for smoothly combinatorial manifolds.

Lemma 2.1 Let M̃ be a smoothly combinatorial manifolds with the second axiom of countability

hold. For ∀p ∈ M̃ , let Up be the intersection of ŝ(p) manifolds M1,M2, · · · ,Mŝ(p). Then there

are functions fMi
, 1 ≤ i ≤ ŝ(p) in a local chart (Vp, [ϕp]), Vp ⊂ Up in M̃ such that
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fMi
=





1 on Vp

⋂
Mi,

0 otherwise.

Proof By definition, each manifold Mi is also smooth with the second axiom of countability

hold since

Ai = {(Up, [ϕp])|Vp∩Mi
|p ∈M}

is a C∞ differential structure on Mi for any integer i, 1 ≤ i ≤ ŝ(p). According to the decompo-

sition theorem of unit on manifolds with the second axiom of countability hold, there is a finite

cover

ΣMi
= {W i

α, α ∈ N}

on each Mi, where N is a natural number set such that there exists a family function fα ∈

C∞(Mi) with fα|W i
α
≡ 1 but fα|Ni\W i

α
≡ 0.

Not loss of generality, we assume that p ∈ W i
α0

for any integer i. Let

Vp =

ŝ(p)⋂

i=1

W i
α0

and define

fMi
(q) =





fα0 |W i
α0

if q ∈W i
α0
,

0 otherwise.

Then we get these functions fMi
, 1 ≤ i ≤ ŝ(p) satisfied with our desired. �

Theorem 2.2 Let M̃ be a smoothly combinatorial manifold and N a manifold. If for ∀M ∈

V (G[M̃ ]), there exists an embedding FM : M → N , then M̃ can be embedded into N .

Proof By assumption, there exists an embedding FM : M → N for ∀M ∈ V (G[M̃ ]).

For p ∈ M̃ , let Vp be the intersection of ŝ(p) manifolds M1,M2, · · · ,Mŝ(p) with functions fMi
,

1 ≤ i ≤ ŝ(p) in Lemma 2.1 existed. Define a mapping F̃ : M̃ → N at p by

F̃ (p) =

ŝ(p)∑

i=1

fMi
FMi

.

Then F̃ is smooth at each point in M̃ for the smooth of each FMi
and F̃∗p : TpM̃ → TpN is

one-to-one since each (FMi
)∗p is one-to-one at the point p. Whence, M̃ can be embedded into

the manifold N . �

Theorem 2.3 Let M̃ and Ñ be smoothly combinatorial manifolds. If for ∀M ∈ V (G[M̃ ]), there

exists an embedding FM : M → Ñ , then M̃ can be embedded into Ñ .

Proof Applying Lemma 2.1, we can get a mapping F̃ : M̃ → Ñ defined by
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F̃ (p) =

ŝ(p)∑

i=1

fMi
FMi

at ∀p ∈ M̃ . Similar to the proof of Theorem 2.2, we know that F̃ is smooth and F̃∗p : TpM̃ →

TpÑ is one-to-one. Whence, M̃ can be embedded into Ñ . �

Now we introduce conceptions of feasibly vertex-edge labeled subgraphs and labeled quo-

tient graphs in the following.

Definition 2.1 Let M̃ be a finitely combinatorial manifold with an underlying graph GL[M̃ ].

For ∀M ∈ V (GL[M̃ ]) and UL ⊂ N
GL[M̃ ]

(M) with new labels τ2(M,Mi) ≤ τ2|GL[M̃ ]
(M,Mi)

for ∀Mi ∈ UL, let J(Mi) = {M ′
i |dim(M ∩M ′

i) = τ2(M,Mi),M
′
i ⊂ Mi} and denotes all these

distinct representatives of J(Mi),Mi ∈ UL by T . Define the index o
M̃

(M : UL) of M relative

to UL by

o
M̃

(M : UL) = min
J∈T

{dim(
⋃

M ′∈J

(M
⋂
M ′))}.

A vertex-edge labeled subgraph ΓL of GL[M̃ ] is feasible if for ∀u ∈ V (ΓL),

τ1|Γ(u) ≥ o
M̃

(u : NΓL(u)).

Denoted by ΓL ≺o G
L[M̃ ] a feasibly vertex-edge labeled subgraph ΓL of GL[M̃ ].

Definition 2.2 Let M̃ be a finitely combinatorial manifold, L a finite set of manifolds and

F 1
1 : M̃ → L an injection such that for ∀M ∈ V (G[M̃ ]), there are no two different N1, N2 ∈ L

with F 1
1 (M) ∩N1 6= ∅, F 1

1 (M) ∩N2 6= ∅ and for different M1,M2 ∈ V (G[M̃ ]) with F 1
1 (M1) ⊂

N1, F
1
1 (M2) ⊂ N2, there exist N ′

1, N
′
2 ∈ L enabling that N1 ∩ N ′

1 6= ∅ and N2 ∩ N ′
2 6= ∅. A

vertex-edge labeled quotient graph GL[M̃ ]/F 1
1 is defined by

V (GL[M̃ ]/F 1
1 ) = {N ⊂ L |∃M ∈ V (G[M̃ ]) such that F 1

1 (M) ⊂ N},

E(GL[M̃ ]/F 1
1 ) = {(N1, N2)|∃(M1,M2) ∈ E(G[M̃ ]), N1, N2 ∈ L such that

F 1
1 (M1) ⊂ N1, F

1
1 (M2) ⊂ N2 and F

1
1 (M1) ∩ F 1

1 (M2) 6= ∅}

and labeling each vertex N with dimM if F 1
1 (M) ⊂ N and each edge (N1, N2) with dim(M1∩M2)

if F1(M1) ⊂ N1, F
1
1 (M2) ⊂ N2 and F 1

1 (M1) ∩ F 1
1 (M2) 6= ∅.

According to Theorems 2.2 and 2.3, we find criterion for combinatorial submanifolds in the

following.

Theorem 2.4 Let M̃ and Ñ be finitely combinatorial manifolds. Then M̃ is a combinatorial

in-submanifold of Ñ if and only if there exists an injection F 1
1 on M̃ such that

GL[M̃ ]/F 1
1 ≺o Ñ .
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Proof If M̃ is a combinatorial in-submanifold of Ñ , by definition, we know that there is

an injection F : M̃ → Ñ such that F (M̃) ∈ V (G[Ñ ]) for ∀M ∈ V (G[M̃ ]) and there are no

two different N1, N2 ∈ L with F 1
1 (M) ∩ N1 6= ∅, F 1

1 (M) ∩ N2 6= ∅. Choose F 1
1 = F . Since

F is locally 1 − 1 we get that F (M1 ∩M2) = F (M1) ∩ F (M2), i.e., F (M1,M2) ∈ E(G[Ñ ])

or V (G[Ñ ]) for ∀(M1,M2) ∈ E(G[M̃ ]). Whence, GL[M̃ ]/F 1
1 ≺ GL[Ñ ]. Notice that GL[M̃ ]

is correspondent with M̃ . Whence, it is a feasible vertex-edge labeled subgraph of GL[Ñ ] by

definition. Therefore, GL[M̃ ]/F 1
1 ≺o G

L[Ñ ].

Now if there exists an injection F 1
1 on M̃ , let ΓL ≺o GL[Ñ ]. Denote by Γ the graph

GL[Ñ ] \ ΓL, where GL[Ñ ] \ ΓL denotes the vertex-edge labeled subgraph induced by edges in

GL[Ñ ] \ ΓL with non-zero labels in G[Ñ ]. We construct a subset M̃∗ of Ñ by

M̃∗ = Ñ \ ((
⋃

M ′∈V (Γ)

M ′)
⋃

(
⋃

(M ′,M ′′)∈E(Γ)

(M ′
⋂
M ′′)))

and define M̃ = F 1−1
1 (M̃∗). Notice that any open subset of an n-manifold is also a manifold

and F 1−1
1 (ΓL) is connected by definition. It can be shown that M̃ is a finitely combinatorial

submanifold of Ñ with GL[M̃ ]/F 1
1
∼= ΓL. �

An injection F 1
1 : M̃ → L is monotonic if N1 6= N2 if F 1

1 (M1) ⊂ N1 and F 1
1 (M2) ⊂ N2 for

∀M1,M2 ∈ V (G[M̃ ]),M1 6= M2. In this case, we get a criterion for combinatorial submanifolds

of a finite combinatorial manifold.

Corollary 2.1 For two finitely combinatorial manifolds M̃, Ñ , M̃ is a combinatorially mono-

tonic submanifold of Ñ if and only if GL[M̃ ] ≺o G
L[Ñ ].

Proof Notice that F 1
1 ≡ 11

1 in the monotonic case. Whence, GL[M̃ ]/F 1
1 = GL[M̃ ]/11

1 =

GL[M̃ ]. Thereafter, by Theorem 2.4, we know that M̃ is a combinatorially monotonic subman-

ifold of Ñ if and only if GL[M̃ ] ≺o G
L[Ñ ]. �

§3. Fundamental Formulae

Let (̃i, M̃) be a smoothly combinatorial submanifold of a Riemannian manifold (Ñ , g
Ñ
, D̃). For

∀p ∈ M̃ , we can directly decompose the tangent vector space TpÑ into

TpÑ = TpM̃ ⊕ T⊥
p M̃

on the Riemannian metric g
Ñ

at the point p, i.e., choice the metric of TpM̃ and T⊥
p M̃ to be

g
Ñ
|
TpM̃

or g
Ñ
|
T⊥

p M̃
, respectively. Then we get a tangent vector space TpM̃ and a orthogonal

complement T⊥
p M̃ of TpM̃ in TpÑ , i.e.,

T⊥
p M̃ = {v ∈ TpÑ | 〈v, u〉 = 0 for ∀u ∈ TpM̃}.

We call TpM̃ , T⊥
p M̃ the tangent space and normal space of (̃i, M̃) at the point p in (Ñ , g

Ñ
, D̃),

respectively. They both have the Riemannian structure, particularly, M̃ is a combinatorially

Riemannian manifold under the induced metric g = ĩ∗g
Ñ

.

Therefore, a vector v ∈ TpÑ can be directly decomposed into
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v = v⊤ + v⊥,

where v⊤ ∈ TpM̃, v⊥ ∈ T⊥
p M̃ are the tangent component and the normal component of v at

the point p in (Ñ , g
Ñ
, D̃). All such vectors v⊥ in T Ñ are denoted by T⊥M̃ , i.e.,

T⊥M̃ =
⋃

p∈M̃

T⊥
p M̃.

Whence, for ∀X,Y ∈ X (M̃), we know that

D̃XY = D̃⊤
XY + D̃⊥

XY,

called the Gauss formula on the combinatorially Riemannian submanifold (M̃, g), where D̃⊤
XY =

(D̃XY )⊤ and D̃⊥
XY = (D̃XY )⊥.

Theorem 3.1 Let (̃i, M̃) be a combinatorially Riemannian submanifold of (Ñ , g
Ñ
, D̃) with an

induced metric g = ĩ∗g
Ñ

. Then for ∀X,Y, Z, D̃⊤ : X (M̃) × X (M̃) → X (M̃) determined by

D̃⊤(Y,X) = D̃⊤
XY is a combinatorially Riemannian connection on (M̃, g) and D̃⊥ : X (M̃) ×

X (M̃) → T⊥(M̃) is a symmetrically coinvariant tensor field of order 2, i.e.,

(1) D̃⊥
X+Y Z = D̃⊥

XZ + D̃⊥
Y Z;

(2) D̃⊥
λXY = λD̃⊥

XY for ∀λ ∈ C∞(M̃);

(3) D̃⊥
XY = D̃⊥

Y X .

Proof By definition, there exists an inclusion mapping ĩ : M̃ → Ñ such that (̃i, M̃) is a

combinatorially Riemannian submanifold of (Ñ , g
Ñ
, D̃) with a metric g = ĩ∗g

Ñ
.

For ∀X,Y, Z ∈ X (M̃), we know that

D̃X+Y Z = D̃XZ + D̃Y Z

= (D̃⊤
XZ + D̃⊤

XZ) + (D̃⊥
XZ + D̃⊥

XZ)

by properties of the combinatorially Riemannian connection D̃. Thereby, we find that

D̃⊤
X+Y Z = D̃⊤

XZ + D̃⊤
Y Z, D̃⊥

X+Y Z = D̃⊥
XZ + D̃⊥

Y Z.

Similarly, we also find that

D̃⊤
X(Y + Z) = D̃⊤

XY + D̃⊤
XZ, D̃⊥

X(Y + Z) = D̃⊥
XY + D̃⊥

XZ.

Now for ∀λ ∈ C∞(M̃), since

D̃λXY = λD̃XY, D̃X(λY ) = X(λ) + λD̃XY,

we find that

D̃⊤
λXY = λD̃⊤

XY, D̃⊤
X(λY ) = X(λ) + λD̃⊤

XY
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and

D̃⊥
X(λY ) = λD̃⊥

XY.

Thereafter, the mapping D̃⊤ : X (M̃) × X (M̃) → X (M̃) is a combinatorially connection on

(M̃, g) and D̃⊥ : X (M̃) × X (M̃) → T⊥(M̃) have properties (1) and (2).

By the torsion-free of the Riemannian connection D̃, i.e.,

D̃XY − D̃Y X = [X,Y ] ∈ X (M̃)

for ∀X,Y ∈ X (M̃), we get that

D̃⊤
XY − D̃⊤

Y X = (D̃XY − D̃YX)⊤ = [X,Y ]

and

D̃⊥
XY − D̃⊥

Y X = (D̃XY − D̃YX)⊥ = 0,

i.e., D̃⊥
XY = D̃⊥

Y X . Whence, D̃⊤ is also torsion-free on (M̃, g) and the property (3) on D̃⊥

holds. Applying the compatibility of D̃ with g
Ñ

in (Ñ , g
Ñ
, D̃), we finally get that

Z 〈X,Y 〉 =
〈
D̃ZX,Y

〉
+
〈
X, D̃ZY

〉

=
〈
D̃⊤

ZX,Y
〉

+
〈
X, D̃⊤

ZY
〉
,

which implies that D̃⊤ is also compatible with (M̃, g), namely D̃⊤ : X (M̃)×X (M̃) → X (M̃)

is a combinatorially Riemannian connection on (M̃, g). �

Now for ∀X ∈ X (M̃) and Y ⊥ ∈ T⊥M̃ , we know that D̃XY
⊥ ∈ T Ñ . Whence, we can

directly decompose it into

D̃XY
⊥ = D̃⊤

XY
⊥ + D̃⊥

XY
⊥,

called the Weingarten formula on the combinatorially Riemannian submanifold (M̃, g), where

D̃⊤
XY

⊥ = (D̃XY
⊥)⊤ and D̃⊥

XY
⊥ = (D̃XY

⊥)⊥.

Theorem 3.2 Let (̃i, M̃) be a combinatorially Riemannian submanifold of (Ñ , g
Ñ
, D̃) with an

induced metric g = ĩ∗g
Ñ

. Then the mapping D̃⊥ : T⊥M̃ × X (M̃) → T⊥M̃ determined by

D̃(Y ⊥, X) = D̃⊥
XY

⊥ is a combinatorially Riemannian connection on T⊥M̃ .

Proof By definition, we have known that there is an inclusion mapping ĩ : M̃ → Ñ such

that (̃i, M̃) is a combinatorially Riemannian submanifold of (Ñ , g
Ñ
, D̃) with a metric g = ĩ∗g

Ñ
.

For ∀X,Y ∈ X (M̃) and ∀Z⊥, Z⊥
1 , Z

⊥
2 ∈ T⊥M̃ , we know that

D̃⊥
X+Y Z

⊥ = D̃⊥
XZ

⊥ + D̃⊥
Y Z

⊥, D̃⊥
X(Z⊥

1 + Z⊥
2 ) = D̃⊥

XZ
⊥
1 + D̃⊥

XZ
⊥
2

similar to the proof of Theorem 3.1. For ∀λ ∈ C∞(M̃), we know that
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D̃λXZ
⊥ = λD̃XZ

⊥, D̃X(λZ⊥) = X(λ)Z⊥ + λD̃XZ
⊥.

Whence, we find that

D̃⊥
λXZ

⊥ = (λD̃XZ
⊥)⊥ = λ(D̃XZ

⊥)⊥ = λD̃⊥
XZ

⊥,

D̃⊥
X(λZ⊥) = X(λ)Z⊥ + λ(D̃XZ

⊥)⊥ = X(λ)Z⊥ + λD̃⊥
XZ

⊥.

Therefore, the mapping D̃⊥ : T⊥M̃×X (M̃) → T⊥M̃ is a combinatorially connection on T⊥M̃ .

Applying the compatibility of D̃ with g
Ñ

in (Ñ , g
Ñ
, D̃), we finally get that

X
〈
Z⊥

1 , Z
⊥
2

〉
=
〈
D̃XZ

⊥
1 , Z

⊥
2

〉
+
〈
Z⊥

1 , D̃XZ
⊥
2

〉
=
〈
D̃⊥

XZ
⊥
1 , Z

⊥
2

〉
+
〈
Z⊥

1 , D̃
⊥
XZ

⊥
2

〉
,

which implies that D̃⊥ : X (M̃)×X (M̃) → X (M̃) is a combinatorially Riemannian connection

on T⊥M̃ . �

Definition 3.1 Let (̃i, M̃) be a smoothly combinatorial submanifold of a Riemannian manifold

(Ñ , g
Ñ
, D̃). The two mappings D̃⊤, D̃⊥ are called the induced Riemannian connection on M̃

and the normal Riemannian connection on T⊥M̃ , respectively.

Theorem 3.3 Let (̃i, M̃) be a combinatorially Riemannian submanifold of (Ñ , g
Ñ
, D̃) with an

induced metric g = ĩ∗g
Ñ

. Then for any chosen Z⊥ ∈ T⊥M̃ , the mapping D⊤
Z⊥ : X (M̃) →

X (M̃) determined by D̃⊤
Z⊥(X) = D̃⊤

XZ
⊥ for ∀X ∈ X (M̃) is a tensor field of type (1, 1).

Besides, if D̃⊤
Z⊥ is treated as a smoothly linear transformation on M̃ , then D̃⊤

Z⊥ : TpM̃ → TpM̃

at any point p ∈ M̃ is a self-conjugate transformation on g with the equality following hold

〈
D̃⊤

Z⊥(X), Y
〉

=
〈
D̃⊥

X(Y ), Z⊥
〉
, ∀X,Y ∈ TpM̃. (∗)

Proof First, we establish the equality (∗). By applying equalitiesX
〈
Z⊥, Y

〉
=
〈
D̃XZ

⊥, Y
〉
+

〈
Z⊥, D̃XY

〉
and

〈
Z⊥, Y

〉
= 0 for ∀X,Y ∈ X (M̃) and ∀Z⊥ ∈ T⊥M̃ , we find that

〈
D̃⊤

Z⊥(X), Y
〉

=
〈
D̃XZ

⊥, Y
〉

= X
〈
Z⊥, Y

〉
−
〈
Z⊥, D̃XY

〉
=
〈
D̃⊥

XY, Z
⊥
〉
.

Thereafter, the equality (∗) holds.

Now according to Theorem 3.1, D̃⊥
XY posses tensor properties for X,Y ∈ TpM̃ . Combining

this fact with the equality (∗), D̃⊤
Z⊥(X) is a tensor field of type (1, 1). Whence, D̃⊤

Z⊥ determines

a linear transformation D̃⊤
Z⊥ : TpM̃ → TpM̃ at any point p ∈ M̃ . Besides, we can also show

that D̃⊤
Z⊥(X) posses the tensor properties for ∀Z⊥ ∈ T⊥M̃ . For example, for any λ ∈ C∞(M̃)

we know that
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〈
D̃⊤

λZ⊥(X), Y
〉

=
〈
D̃⊥

XY, λZ
⊥
〉

= λ
〈
D̃⊥

XY, Z
⊥
〉

=
〈
λD̃⊤

Z⊥(X), Y
〉
, ∀X,Y ∈ X (M̃)

by applying the equality (∗) again. Therefore, we finally get that D̃λZ⊥(X) = λD̃Z⊥(X).

Combining the symmetry of D̃⊥
XY with the equality (∗) enables us to know that the

linear transformation D̃⊤
Z⊥ : TpM̃ → TpM̃ at a point p ∈ M̃ is self-conjugate. In fact, for

∀X,Y ∈ TpM̃ , we get that

〈
D̃⊤

Z⊥(X), Y
〉

=
〈
D̃⊥

XY, Z
⊥
〉

=
〈
D̃⊥

Y X,Z
⊥
〉

=
〈
D̃⊤

Z⊥(Y ), X
〉

=
〈
X, D̃⊤

Z⊥(Y )
〉
.

Whence, D̃⊤
Z⊥ is self-conjugate. This completes the proof. �

Now we look for local forms for D̃⊤ and D̃⊥. Let (M̃, g, D̃⊤) be a combinatorially Rie-

mannian submanifold of (Ñ , g
Ñ
, D̃). For ∀p ∈ M̃ , let

{eAB|1 ≤ A ≤ d
Ñ

(p), 1 ≤ B ≤ nA and eA1B = eA2B,

for 1 ≤ A1, A2 ≤ d
Ñ

(p) if 1 ≤ B ≤ d̂
Ñ

(p)}

be an orthogonal frame with a dual

{ωAB|1 ≤ A ≤ d
Ñ

(p), 1 ≤ B ≤ nA and ωA1B = ωA2B,

for 1 ≤ A1, A2 ≤ d
Ñ

(p) if 1 ≤ B ≤ d̂
Ñ

(p)}

at the point p in T Ñ abbreviated to {eAB} and ωAB. Choose indexes (AB), (CD), · · · ,

(ab), (cd), · · · and (αβ), (γδ), · · · satisfying 1 ≤ A,C ≤ d
Ñ

(p), 1 ≤ B ≤ nA, 1 ≤ D ≤ nC , · · · ,

1 ≤ a, c ≤ d
M̃

(p), 1 ≤ b ≤ na, 1 ≤ d ≤ nc, · · · and α, γ ≥ d
M̃

(p) + 1 or β, δ ≥ ni + 1 for

1 ≤ i ≤ d
M̃

(p). For getting local forms of D̃⊤ and D̃⊥, we can even assume that {eAB}, {eab}

and {eαβ} are the orthogonal frame of the point in the tangent vector space T Ñ, T M̃ and the

normal vector space T⊥M̃ by Theorems 3.1−3.3. Then the Gauss’s and Weinggarten’s formula

can be expressed by

D̃eab
ecd = D̃⊤

eab
ecd + D̃⊥

eab
ecd,

D̃eab
eαβ = D̃⊤

eab
eαβ + D̃⊥

eab
eαβ .

When p is varied in M̃ , we know that ωab = ĩ∗(ωab) and ωαb = 0, ωaβ = 0. Whence, {ωab}

is the dual of {eab} at the point p ∈ TM̃ . Notice that d̃ωab = ωcd ∧ ωab
cd , ωab

cd + ωcd
ab = 0 in

(M̃, g, D̃⊤), d̃ωAB = ωCD ∧ωAB
CD, ωCD

AB +ωAB
CD = 0,ωαβ

ab +ωab
αβ = 0, ωγδ

αβ +ωαβ
γδ = 0 in (Ñ , g

Ñ
, D̃)

by the structural equations and
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D̃eAB = ωCD
AB eCD.

We finally get that

D̃eab = ωcd
abecd + ωαβ

ab eαβ, D̃eαβ = ωcd
αβecd + ωγδ

αβeγδ.

Since d̃ωαi = ωab ∧ωαi
ab = 0, d̃ωiβ = ωab ∧ωiβ

ab = 0, by the Cartan’s Lemma, i.e., for vectors

v1, v2, · · · , vr, w1, w2, · · · , wr with

r∑

s=1

vs ∧ws = 0.

if v1, v2, · · · , vr are linearly independent, then

ws =
r∑

t=1

astvt, 1 ≤ s ≤ s,

where ast = ats, we know that

ωαi
ab = hαi

(ab)(cd)ω
cd, ωiβ

ab = hiβ

(ab)(cd)ω
cd

with hαi
(ab)(cd) = hαi

(ab)(cd) and hiβ

(ab)(cd) = hiβ

(ab)(cd). Thereafter, we get that

D̃⊥
eab
ecd = ωαβ

ab eαβ = hαβ

(ab)(cd)eαβ,

D̃⊤
eab
eαβ = ωcd

αβecd = hαβ

(ab)(cd)eαβ

.

Whence, we get local forms of D̃⊤ and D̃⊥ in the following.

Theorem 3.4 Let (M̃, g, D̃⊤) be a combinatorially Riemannian submanifold of (Ñ , g
Ñ
, D̃).

For ∀p ∈ M̃ with locally orthogonal frames {eAB}, {eab} and their dual {ωAB}, {ωab} in T Ñ ,

TM̃ ,

D̃⊤
eab
ecd = ωcd

abecd, D̃⊥
eab
ecd = hαβ

(ab)(cd)eαβ

and

D̃⊤
eab
eαβ = hαβ

(ab)(cd)eαβ, D̃⊥
eab
eαβ = ωγδ

αβeγδ.

§4. Fundamental Equations

Applications of these Gauss’s and Weingarten’s formulae enable one to get fundamental equa-

tions such as the Gauss’s, Codazzi’s and Ricci’s equations on curvature tensors for characterizing

combinatorially Riemannian submanifolds.
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Theorem 4.1(Gauss equation) Let (M̃, g, D̃⊤) be a combinatorially Riemannian submanifold

of (Ñ , g
Ñ
, D̃) with the induced metric g = ĩ∗g

Ñ
and R̃, R̃

Ñ
curvature tensors on M̃ and Ñ ,

respectively. Then for ∀X,Y, Z,W ∈ X (M̃),

R̃(X,Y, Z,W ) = R̃
Ñ

(X,Y, Z,W ) +
〈
D̃⊥

XZ, D̃
⊥
Y W

〉
−
〈
D̃⊥

Y Z, D̃
⊥
XW

〉
.

Proof By definition, we know that

R̃
Ñ

(X,Y )Z = D̃XD̃Y Z − D̃Y D̃XZ − D̃[X,Y ]Z.

Applying the Gauss formula, we find that

R̃
Ñ

(X,Y )Z = D̃X(D̃⊤
Y Z + D̃⊥

Y Z) − D̃Y (D̃⊤
XZ + D̃⊥

XZ)

−(D̃⊤
[X,Y ]Z + D̃⊥

[X,Y ]Z)

= D̃⊤
XD̃

⊤
Y Z + D̃⊥

XD̃
⊤
Y Z + D̃XD̃

⊥
Y Z − D̃⊤

Y D̃
⊤
XZ

−D̃⊥
Y D̃

⊤
XZ − D̃Y D̃

⊥
XZ − D̃⊤

[X,Y ]Z − D̃⊥
[X,Y ]Z

= R̃(X,Y )Z + (D̃⊥
XD̃

⊤
Y Z − D̃⊥

Y D̃
⊤
XZ)

−(D̃⊥
[X,Y ]Z − D̃XD̃

⊥
Y Z + D̃Y D̃

⊥
XZ). (4.1)

By the Weingarten formula,

D̃XD̃
⊥
Y Z = D̃⊤

XD̃
⊥
Y Z + D̃⊥

XD̃
⊥
Y Z, D̃Y D̃

⊥
XZ = D̃⊤

Y D̃
⊥
XZ + D̃⊥

Y D̃
⊥
XZ.

Therefore, we get that

〈
R̃(X,Y )Z,W

〉
=
〈
R̃

Ñ
(X,Y )Z,W

〉
+
〈
D̃⊥

XZ, D̃
⊥
Y W

〉
−
〈
D̃⊥

Y Z, D̃
⊥
XW

〉

by applying the equality (∗) in Theorem 2.4, i.e.,

R̃(X,Y, Z,W ) = R̃
Ñ

(X,Y, Z,W ) +
〈
D̃⊥

XZ, D̃
⊥
Y W

〉
−
〈
D̃⊥

Y Z, D̃
⊥
XW

〉
. �

For ∀X,Y, Z ∈ X (M̃), define the covarint differential D̃X on D̃⊥
Y Z by

(D̃XD̃
⊥)Y Z = D̃⊥

X(D̃⊥
Y Z) − D̃⊥

D̃⊤

X
Y
Z − D̃⊥

Y (D̃⊤
XZ).

Then we get the Codazzi equation in the following.

Theorem 4.2 (Codazzi equation) Let (M̃, g, D̃⊤) be a combinatorially Riemannian submanifold

of (Ñ , g
Ñ
, D̃) with the induced metric g = ĩ∗g

Ñ
and R̃, R̃

Ñ
curvature tensors on M̃ and Ñ ,

respectively. Then for ∀X,Y, Z ∈ X (M̃),

(D̃XD̃
⊥)Y Z − (D̃Y D̃

⊥)XZ = R̃⊥(X,Y )Z

Proof Decompose the curvature tensor R̃
Ñ

(X,Y )Z into
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R̃
Ñ

(X,Y )Z = R̃⊤
Ñ

(X,Y )Z + R̃⊥
Ñ

(X,Y )Z.

Notice that

D̃⊤
XY − D̃⊤

Y Z = [X,Y ].

By the formula (4.1), we know that

R̃⊥
Ñ

(X,Y )Z = D̃⊥
XD̃

⊤
Y Z − D̃⊥

Y D̃
⊤
XZ − D̃⊥

[X,Y ]Z + D̃⊥
XD̃

⊥
Y Z − D̃⊥

Y D̃
⊥
XZ

= D̃⊥
XD̃

⊥
Y Z − D̃⊥

Y D̃
⊤
XZ − D̃

D̃⊤

X
Y
Z + D̃⊥

Y D̃
⊥
XZ − D̃⊥

XD̃
⊤
Y Z − D̃

D̃⊤

Y
X
Z

= (D̃XD̃
⊥)Y Z − (D̃Y D̃

⊥)XZ. �

For ∀X,Y ∈ X (M̃), Z⊥ ∈ T⊥(M̃), the curvature tensor R̃⊥ determined by D̃⊥ in T⊥M̃

is defined by

R̃⊥(X,Y )Z⊥ = D̃⊥
XD̃

⊥
Y Z

⊥ − D̃⊥
Y D̃

⊥
XZ

⊥ − D̃⊥
[X,Y ]Z

⊥.

Similarly, we get the next result.

Theorem 4.3(Ricci equation) Let (M̃, g, D̃⊤) be a combinatorially Riemannian submanifold

of (Ñ , g
Ñ
, D̃) with the induced metric g = ĩ∗g

Ñ
and R̃, R̃

Ñ
curvature tensors on M̃ and Ñ ,

respectively. Then for ∀X,Y ∈ X (M̃), Z⊥ ∈ TM̃ ,

R̃⊥(X,Y )Z⊥ = R̃⊥
Ñ

(X,Y )Z⊥ + (D̃XD̃⊥)Y Z
⊥ − (D̃Y D̃⊥)XZ

⊥).

Proof Similar to the proof of Theorem 4.1, we know that

R̃
Ñ

(X,Y )Z⊥ = D̃XD̃Y Z
⊥ − D̃Y D̃XZ

⊥ − D̃[X,Y ]Z
⊥

= R̃⊥(X,Y )Z⊥ + D̃⊥
XD̃

⊤
Y Z

⊥ − D̃⊥
Y D̃

⊤
XZ

⊥

+D̃XD̃
⊥
Y Z

⊥ − D̃Y D̃
⊥
XZ

⊥

= (R̃⊥(X,Y )Z⊥ + (D̃XD̃⊥)Y Z
⊥ − (D̃Y D̃⊥)XZ

⊥)

+D̃⊤
XD̃

⊥
Y Z

⊥ − D̃⊤
Y D̃

⊥
XZ

⊥.

Whence, we get that

R̃⊥(X,Y )Z⊥ = R̃⊥
Ñ

(X,Y )Z⊥ + (D̃XD̃⊥)Y Z
⊥ − (D̃Y D̃⊥)XZ

⊥). �

Certainly, we can also find local forms for these Gauss’s, Codazzi’s and Ricci’s equations

in a locally orthogonal frames {eAB}, {eab} of T Ñ and TM̃ at a point p ∈ M̃ .

Theorem 4.4 Let (M̃, g, D̃
M̃

) be a combinatorially Riemannian submanifold of (Ñ , g
Ñ
, D̃)

with g = ĩ∗g
Ñ

and for p ∈ M̃ , let {eAB}, {eab} be locally orthogonal frames of T Ñ and TM̃ at

p with dual {ωAB}, {ωab}. Then
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R̃(ab)(cd)(ef)(gh) = (R̃
Ñ

)(ab)(cd)(ef)(gh) −
∑

α,β

(hαβ

(ab)(ef)h
αβ

(cd)(gh) − hαβ

(ab)(gh)h
αβ

(cd)(ef)) ( Gauss ),

hαβ

(ab)(cd)(ef) − hαβ

(ab)(ef)(cd) = (R̃
Ñ

)(αβ)(ab)(cd)(ef) ( Codazzi )

and

R̃⊥
(αβ)(γδ)(ab)(cd) = (R̃

Ñ
)(αβ)(γδ)(ab)(cd) −

∑

e,f

(hαβ

(ab)(ef)h
γδ

(cd)(gh) − hαββ

(cd)(ef)h
γδ

(ab)(gh)) ( Ricci )

with R̃⊥
(αβ)(γδ)(ab)(cd) =

〈
R̃(eab, ecd)eαβ , eγδ

〉
and

hαβ

(ab)(cd)(ef)ω
ef = d̃hαβ

(ab)(cd) − ωef
abh

αβ

(ef)(cd) − ωef
cdh

αβ

(ab)(ef) + ωαβ
γδ h

γδ

(ab)(cd).

Proof Let Ω̃ and Ω̃
Ñ

be curvature forms in M̃ and Ñ . Then by the structural equations

in (Ñ , g
Ñ
, D̃) ([10]), we know that

(Ω̃
Ñ

)CD
AB = d̃ωCD

AB − ωEF
AB ∧ ωCD

EF =
1

2
(R̃Ñ)(AB)(CD)(EF )(GH)ω

EF ∧ ωGH

and R̃(eAB, eCD)eEF = Ω̃GH
EF (eAB, eCD)eGH . Let ĩ : M̃ → Ñ be an embedding mapping.

Applying ĩ∗ action on the above equations, we find that

(Ω̃
Ñ

)cd
ab = d̃ωcd

ab − ωef
ab ∧ ωcd

ef − ωαβ
ab ∧ ωcd

αβ

= Ω̃cd
ab +

∑

α,β

hαβ

(ab)(ef)h
αβ

(cd)(gh)ω
ef ∧ ωgh.

Whence, we get that

Ω̃cd
ab = (Ω̃

Ñ
)cd
ab −

1

2

∑

α,β

(hαβ

(ab)(ef)h
αβ

(cd)(gh) − hαβ

(ab)(gh)h
αβ

(cd)(ef))ω
ef ∧ ωgh.

This is the Gauss’s equation

R̃(ab)(cd)(ef)(gh) = (R̃
Ñ

)(ab)(cd)(ef)(gh) −
∑

α,β

(hαβ

(ab)(ef)h
αβ

(cd)(gh) − hαβ

(ab)(gh)h
αβ

(cd)(ef)).

Similarly, we also know that

(Ω̃
Ñ

)αβ
ab = d̃ωαβ

ab − ωcd
ab ∧ ω

αβ
cd − ωγδ

ab ∧ ωαβ
γδ

= d̃(hαβ

(ab)(cd)ω
cd) − hαβ

(cd)(ef)ω
cd
ab ∧ ω

ef − hγδ

(ab)(ef)ω
ef ∧ ωαβ

γδ

= (d̃hαβ

(ab)(cd) − hαβ

(ab)(ef)ω
ef
cd ) − hαβ

(ef)(cd)ω
ef
ab + hγδ

(ab)(cd)ωαβ) ∧ ωcd

= hαβ

(ab)(cd)(ef)ω
ef ∧ ωcd

=
1

2
(hαβ

(ab)(cd)(ef) − hαβ

(ab)(ef)(cd))ω
ef ∧ ωcd
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and

(Ω̃
Ñ

)γδ
αβ = d̃ωγδ

αβ − ωef
αβ ∧ ωγδ

ef − ωζη
αβ ∧ ωγδ

ζη

= Ω̃⊥γδ
αβ +

1

2

∑

e,f

(hαβ

(ef)(ab)h
γδ

(ef)(cd) − hαβ

(ef)(cd)h
γδ

(ef)(ab))ω
ab ∧ ωcd.

These equalities enables us to get

hαβ

(ab)(cd)(ef) − hαβ

(ab)(ef)(cd) = (R̃
Ñ

)(αβ)(ab)(cd)(ef),

and

R̃⊥
(αβ)(γδ)(ab)(cd) = (R̃

Ñ
)(αβ)(γδ)(ab)(cd) −

∑

e,f

(hαβ

(ab)(ef)h
γδ

(cd)(gh) − hαββ

(cd)(ef)h
γδ

(ab)(gh)).

These are just the Codazzi’s or Ricci’s equations. �

§5. Embedding in Combinatorially Euclidean Spaces

For a given integer sequence k1, n2, · · · , kl, l ≥ 1 with 0 < k1 < k2 < · · · < kl, a combinatorially

Euclidean space R̃(k1, · · · , kl) is a union of finitely Euclidean spaces
l⋃

i=1

Rki such that for ∀p ∈

R̃(k1, · · · , kl), p ∈
l⋂

i=1

Rki with l̂ = dim(
l⋂

i=1

Rki) a constant. For a given combinatorial manifold

M̃(n1, n2, · · · , nm), wether it can be realized in a combinatorially Euclidean space R̃(k1, · · · , kl)?

We consider this problem with twofold in this section, i.e., topological or isometry embedding

of a combinatorial manifold in combinatorially Euclidean spaces.

5.1. Topological embedding

Given two topological spaces C1 and C2, a topological embedding of C1 in C2 is a one-to-one

continuous map

f : C1 → C2.

When f : M̃(n1, n2, · · · , nm) → R̃(k1, · · · , kl) maps each manifold of M̃ to an Euclidean space

of R̃(k1, · · · , kl), we say that M̃ is in-embedded into R̃(k1, · · · , kl).

Whitney had proved once that any n-manifold can be topological embedded as a closed

submanifold of R2n+1 with a sharply minimum dimension 2n + 1 in 1936[1]. Applying Whit-

ney’s result enables us to find conditions of a finitely combinatorial manifold embedded into a

combinatorially Euclidean space R̃(k1, · · · , kl).

Firstly, We thereafter get a result for the case l = 1, which completely answers the problem

4.1 raised in [7].

Theorem 5.1 Any finitely combinatorial manifold M̃(n1, n2, · · · , nm) can be embedded into

R2nm+1.
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Proof According to Whitney’s result, each manifold Mni , 1 ≤ i ≤ m, in M̃(n1, n2, · · · , nm)

can be topological embedded into an Euclidean space Rη for any η ≥ 2ni + 1. By assump-

tion, n1 < n2 < · · · < nm. Whence, any manifold in M̃(n1, n2, · · · , nm) can be embedded

into R2nm+1. Applying Theorem 2.2, we know that M̃(n1, n2, · · · , nm) can be embedded into

R2nm+1. �

For in-embedding a finitely combinatorial manifold M̃(n1, n2, · · · , nm) into combinatorially

Euclidean spaces R̃(k1, · · · , kl), we get the next result.

Theorem 5.2 Any finitely combinatorial manifold M̃(n1, n2, · · · , nm) can be in-embedded into

a combinatorially Euclidean space R̃(k1, · · · , kl) if there is an injection

̟ : {n1, n2, · · · , nm} → {k1, k2, · · · , kl}

such that

̟(ni) ≥ max{2ǫ+ 1| ∀ǫ ∈ ̟−1(̟(ni))}

and

dim(R̟(ni)
⋂

R̟(nj)) ≥ 2dim(Mni

⋂
Mnj ) + 1

for any integer i, j, 1 ≤ i, j ≤ m with Mni ∩Mnj 6= ∅.

Proof Notice that if

̟(ni) ≥ max{2ǫ+ 1| ∀ǫ ∈ ̟−1(̟(ni))}

for any integer i, 1 ≤ i ≤ m, then each manifold M ǫ, ∀ǫ ∈ ̟−1(̟(ni)) can be embedded

into R̟(ni) and for ∀ǫ1 ∈ ̟−1(ni), ∀ǫ2 ∈ ̟−1(nj), M
ǫ1 ∩ M ǫ2 can be in-embedded into

R̟(ni) ∩ R̟(nj) if M ǫ1 ∩ M ǫ2 6= ∅ by Whitney’s result. In this case, a few manifolds in

M̃(n1, n2, · · · , nm) may be in-embedded into one Euclidean space R̟(ni) for any integer i, 1 ≤

i ≤ m. Therefore, by applying Theorem 2.3 we know that M̃(n1, n2, · · · , nm) can be in-

embedded into a combinatorially Euclidean space R̃(k1, · · · , kl). �

If l = 1 in Theorem 5.2, then we obtain Theorem 5.1 once more since ̟(ni) is a constant

in this case. But on a classical viewpoint, Theorem 5.1 is more accepted for it presents the

appearances of a combinatorial manifold in a classical space. Certainly, we can also get concrete

conclusions for practical usefulness by Theorem 5.2, such as the next result.

Corollary 5.1 Any finitely combinatorial manifold M̃(n1, n2, · · · , nm) can be in-embedded into

a combinatorially Euclidean space R̃(k1, · · · , kl) if

(i) l ≥ m;

(ii) there exists m different integers ki1 , ki2 , · · · , kim
∈ {k1, k2, · · · , kl} such that

kij
≥ 2nj + 1
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and

dim(Rkij

⋂
Rkir ) ≥ 2dim(Mnj

⋂
Mnr ) + 1

for any integer i, j, 1 ≤ i, j ≤ m with Mnj ∩Mnr 6= ∅.

Proof Choose an injection

π : {n1, n2, · · · , nm} → {k1, k2, · · · , kl}

by π(nj) = kij
for 1 ≤ j ≤ m. Then conditions (i) and (ii) implies that π is an injection

satisfying conditions in Theorem 5.2. Whence, M̃(n1, n2, · · · , nm) can be in-embedded into

R̃(k1, · · · , kl). �

5.2. Isometry embedding

For two given combinatorially Riemannian Cr-manifolds (M̃, g, D̃
M̃

) and (Ñ , g
Ñ
, D̃), an isom-

etry embedding

ĩ : M̃ → Ñ

is an embedding with g = ĩ∗g
Ñ

. By those discussions in Sections 3 and 4, let the local charts

of M̃ , Ñ be (U, [x]), (V, [y]) and the metrics in M̃ , Ñ to be respective

g
Ñ

=
∑

(ςτ),(ϑι)

g
Ñ(ςτ)(ϑι)

dyςτ ⊗ dyϑι, g =
∑

(µν),(κλ)

g(µν)(κλ)dx
µν ⊗ dxκλ,

then an isometry embedding ĩ form M̃ to Ñ need us to determine wether there are functions

yκλ = iκλ[xµν ], 1 ≤ µ ≤ s(p), 1 ≤ ν ≤ ns(p)

for ∀p ∈ M̃ such that

R̃(ab)(cd)(ef)(gh) = (R̃
Ñ

)(ab)(cd)(ef)(gh) −
∑

α,β

(hαβ

(ab)(ef)h
αβ

(cd)(gh) − hαβ

(ab)(gh)h
αβ

(cd)(ef)),

hαβ

(ab)(cd)(ef) − hαβ

(ab)(ef)(cd) = (R̃
Ñ

)(αβ)(ab)(cd)(ef),

R̃⊥
(αβ)(γδ)(ab)(cd) = (R̃

Ñ
)(αβ)(γδ)(ab)(cd) −

∑

e,f

(hαβ

(ab)(ef)h
γδ

(cd)(gh) − hαββ

(cd)(ef)h
γδ

(ab)(gh))

with R̃⊥
(αβ)(γδ)(ab)(cd) =

〈
R̃(eab, ecd)eαβ , eγδ

〉
,

hαβ

(ab)(cd)(ef)ω
ef = d̃hαβ

(ab)(cd) − ωef
abh

αβ

(ef)(cd) − ωef
cdh

αβ

(ab)(ef) + ωαβ
γδ h

γδ

(ab)(cd)

and
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∑

(ςτ),(ϑι)

g
Ñ(ςτ)(ϑι)

(̃i[x])
∂iςτ

∂xµν

∂iϑι

∂xκλ
= g(µν)(κλ)[x].

For embedding a combinatorial manifold into a combinatorially Euclidean space R̃(k1, · · · , kl),

the last equation can be replaced by

∑

(ςτ)

∂iςτ

∂yµν

∂iςτ

∂yκλ
= g(µν)(κλ)[y]

since a combinatorially Euclidean space R̃(k1, · · · , kl) is equivalent to an Euclidean space Rk̃

with a constant k̃ = l̂(p)+
l(p)∑
i=1

(ki − l̂(p)) for ∀p ∈ Rk̃ but not dependent on p (see [9] for details)

and the metric of an Euclidean space Rk̃ to be

g
R̃

=
∑

µ,ν

dyµν ⊗ dyµν .

These combined with additional conditions enable us to find necessary and sufficient conditions

for existing particular combinatorially Riemannian submanifolds.

Similar to Theorems 5.1 and 5.2, we can also get sufficient conditions on isometry em-

bedding by applying Lemma 2.1, i.e., the decomposition lemma on unit. Firstly, we need two

important lemmas following.

Lemma 5.1([2]) For any integer n ≥ 1, a Riemannian Cr-manifold of dimensional n with

2 < r ≤ ∞ can be isometry embedded into the Euclidean space Rn2+10n+3.

Lemma 5.2 Let (M̃, g, D̃
M̃

) and (Ñ , g
Ñ
, D̃) be combinatorially Riemannian manifolds. If for

∀M ∈ V (G[M̃ ]), there exists isometry embedding FM : M → Ñ , then M̃ can be isometry

embedded into Ñ .

Proof Similar to the proof of Theorems 2.2 and 2.3, we only need to prove that the mapping

F̃ : M̃ → Ñ defined by

F̃ (p) =

ŝ(p)∑

i=1

fMi
FMi

is an isometry embedding. In fact, for p ∈ M̃ we have already known that

g
Ñ

((FMi
)∗(v), (FMi

)∗(w)) = g(v, w)

for ∀v, w ∈ TpM̃ and i, 1 ≤ i ≤ ŝ(p). By definition we know that
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g
Ñ

(F̃∗(v), F̃∗(w)) = g
Ñ

(

ŝ(p)∑

i=1

fMi
(FMi

)(v),

ŝ(p)∑

j=1

fMj
(FMj

)(w))

=

ŝ(p)∑

i=1

ŝ(p)∑

j=1

g
Ñ

(fMi
(FMi

)(v), fMj
(FMj

)(w)))

=

ŝ(p)∑

i=1

ŝ(p)∑

j=1

g(fMi
(FMi

)(v), fMj
(FMj

)(w)))

= g(

ŝ(p)∑

i=1

fMi
v,

ŝ(p)∑

j=1

fMj
w)

= g(v, w).

Therefore, F̃ is an isometry embedding. �

Applying Lemmas 5.1 and 5.2, we get results on isometry embedding of a combinatorial

manifolds into combinatorially Euclidean spaces following.

Theorem 5.3 Any combinatorial Riemannian manifold M̃(n1, n2, · · · , nm) can be isometry

embedded into Rn2
m+10nm+3.

Proof According to Lemma 2.1, each manifold Mni , 1 ≤ i ≤ m, in M̃(n1, n2, · · · , nm) can

be isometry embedded into an Euclidean space Rη for any η ≥ n2
i + 10ni + 3. By assumption,

n1 < n2 < · · · < nm. Thereafter, each manifold in M̃(n1, n2, · · · , nm) can be embedded

into Rn2
m+10nm+3. Applying Lemma 5.2, we know that M̃(n1, n2, · · · , nm) can be isometry

embedded into Rn2
m+10nm+3. �

Theorem 5.4 A combinatorially Riemannian manifold M̃(n1, n2, · · · , nm) can be isometry

embedded into a combinatorially Euclidean space R̃(k1, · · · , kl) if there is an injection

̟ : {n1, n2, · · · , nm} → {k1, k2, · · · , kl}

such that

̟(ni) ≥ max{ǫ2 + 10ǫ+ 3| ∀ǫ ∈ ̟−1(̟(ni))}

and

dim(R̟(ni)
⋂

R̟(nj)) ≥ dim2(Mni

⋂
Mnj) + 10dim(Mni

⋂
Mnj ) + 3

for any integer i, j, 1 ≤ i, j ≤ m with Mni ∩Mnj 6= ∅.

Proof If

̟(ni) ≥ max{ǫ2 + 10ǫ+ 3| ∀ǫ ∈ ̟−1(̟(ni))}
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for any integer i, 1 ≤ i ≤ m, then each manifold M ǫ, ∀ǫ ∈ ̟−1(̟(ni)) can be isometry embed-

ded into R̟(ni) and for ∀ǫ1 ∈ ̟−1(ni), ∀ǫ2 ∈ ̟−1(nj), M
ǫ1 ∩M ǫ2 can be isometry embedded

into R̟(ni)∩R̟(nj) if M ǫ1 ∩M ǫ2 6= ∅ by Lemma 5.1. Notice that in this case, serval manifolds

in M̃(n1, n2, · · · , nm) may be isometry embedded into one Euclidean space R̟(ni) for any in-

teger i, 1 ≤ i ≤ m. Now applying Lemma 5.2 we know that M̃(n1, n2, · · · , nm) can be isometry

embedded into a combinatorially Euclidean space R̃(k1, · · · , kl). �

Similar to the proof of Corollary 5.1, we can get a more clearly condition for isometry

embedding of combinatorially Riemannian manifolds into combinatorially Euclidean spaces.

Corollary 5.2 A combinatorially Riemannian manifold M̃(n1, n2, · · · , nm) can be isometry

embedded into a combinatorially Euclidean space R̃(k1, · · · , kl) if

(i) l ≥ m;

(ii) there exists m different integers ki1 , ki2 , · · · , kim
∈ {k1, k2, · · · , kl} such that

kij
≥ n2

j + 10nj + 3

and

dim(Rkij

⋂
Rkir ) ≥ dim2(Mnj

⋂
Mnr ) + 10dim(Mnj

⋂
Mnr) + 3

for any integer i, j, 1 ≤ i, j ≤ m with Mnj ∩Mnr 6= ∅.
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