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Abstract: Submanifolds are important objectives in classical Riemannian geometry, par-
ticularly their embedding or immersion in Euclidean spaces. These similar problems can be
also considered for combinatorial manifolds. Serval criterions and fundamental equations for
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§1. Introduction

Combinatorial manifolds were introduced in [9] by a combinatorial speculation on classical
Riemannian manifolds, also an application of Smarandache multi-spaces in mathematics (see
[12] — [13] for details), which can be used both in theoretical physics for generalizing classi-
cal spacetimes to multiple one, also enables one to realize those of non-uniform spaces and
multilateral properties of objectives.

For a given integer sequence ni,no, -+ , Ny, m > 1 with 0 < ny < ne < -+ < Ny, a com-
binatorial manifold M is defined to be a Hausdorff space such that for any point p € M , there

is a local chart (U, ¢;) of p, i.e., an open neighborhood U, of p in M and a homoeomorphism

S
op : Up — UBZ“,
i=1

where BY'',By?,---, Bl are unit balls with () Bj" #  and {n1(p),n2(p),--- ,nspm ()} C
i=1
{n17n27 e ,TLm} and U {nl(p)7n2(p)7 T Ms(p) (p)} - {n17n27 e ,TLm}. Denoted by M(n17n27
N p€1\7
-, M) or M on the context.

Let A = {(U,, p)|p € M(ny,ng,- -+ ,nm))} be an atlas on M(ny,ng,- - ,ny). The max-

s(p)
imum value of s(p) and the dimension of () B are called the dimension and the intersec-
i=1
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tional dimensional of M(nl, Ng, -+ , M) at the point p, denoted by dy;(p) and C/[M (p), respec-
tively. A combinatorial manifold M is called finite if it is just combined by finite manifolds
without one manifold contained in the union of others, called smooth if it is finite endowed

with a C* differential structure. For a smoothly combinatorial manifold M and a point

— — s(p)
p € M, it has been shown in [7] that dimT,M (ni,n2, -+ ,nm,) = $(p) + > (n; — 5(p)) and
=1

dimTy; M (ny, g, ,nm) = 5(p) + > (n; — 5(p)) with a basis

{oorlel1 <5 <30 }UU D 15w 1< <))

or

s(p)
{da'T |31 < j < 3(p)} U{d:v”lp | s(p) +1<j <n;}

for any integer ig, 1 < ip < s(p). Let M be a smoothly combinatorial manifold and

ge A2(M)= | .M
pGM

If ¢ is symmetrical and positive, then M is called a combinatorially Riemannian manifold,
denoted by (M, g). In this case, if there is a connection D on (M, g) with equality following
hold

Z(9(X,Y)) = g(Dz,Y) + g(X, DzY)

then M is called a combinatorially Riemannian geometry, denoted by (M g, D). It has been
showed that there exists a unique connection D on (M g) such that (M g, D) is a combinato-
rially Riemannian geometry([7] — [8]).

A subset S of a combinatorial manifold or a combinatorially Riemannian manifold M is
called a combinatorial submanifold or combinatorially Riemannian submanifold if it is a com-
binatorial manifold or a combinatorially Riemannian manifold itself. In classical Riemannian
geometry, submanifolds are very important objectives in research, particularly their embed-
ding or immersion in Euclidean spaces. These similar problems should be also considered on
combinatorial submanifolds for characterizing combinatorial manifolds, such as those of what
condition ensures a subset of a combinatorial manifold or a combinatorially Riemannian mani-
fold to be a combinatorial submanifold or a combinatorially Riemannian submanifold in topology
or in geometry? Notice that there are no doubts for the existence of submanifolds of a given
manifold in classical Riemannian geometry. Thereby one can got various fundamental equa-
tions, such as those of the Gauss’s, the Codazzi's and the Ricci’'s for handling the behavior
of submanifolds of a Riemannian manifold. But for a combinatorially Riemannian manifold
the situation is more complex for it being provided with a combinatorial structure. Therefore,
problems without consideration in classical Riemannian geometry should be researched thor-

oughly in this time. For example, for a given subgraph I' of G [M | underlying M , whether is
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there a combinatorial submanifold or a combinatorially Riemannian submanifold underlying I"?
Are those of fundamental equations, i.e., the Gauss’s, the Codazzi’s or the Ricci’s still true
for combinatorially Riemannian submanifolds? If not, what are their right forms? All these
problems should be answered in this paper.

Now let M , N be two combinatorial manifolds, F : M — N asmooth mapping and p € M.
For Vv € TPM, define a tangent vector F(v) € Tp(p)]v by

Fi(v)=v(foF), VfeCF,,

called the differentiation of F' at the point p. Its dual F™* : ( )N — T*M determined by

(F*w)(v) = w(Fi(v)) for Vw € TF(p)N and Yv € T), M

is called a pull-back mapping. We know that mapplngs F, and F* are linear.

For a smooth mapping F' : M — N and p E M if Fiop : T M — Tre )N is one-to-
one, we call it an immersion mapping. Besides, if F}, is onto and F' : M — F(M) is a
homoeomorphism with the relative topology of N then we call it an embedding mapping and
(F, M) a combmatorzally embedded submanifold. Usually, we replace the mapping F' by an
inclusion mapping ¢ : M — N and denoted by (z M ) a combinatorial submanifold of N.

Terminology and notations used in this paper are standard and can be found in [1]—[2], [14]
for manifolds and submanifolds, [3] — [5] for Smarandache multi-spaces and graphs, [7] — [10]

for combinatorial manifolds and [11] for topology, respectively.

82. Topological Criterions

Let M = M(nl,ng, e M), N = ]\Nf(kl,kg, -+ k) be two finitely combinatorial manifolds
and F : M — N a smooth mapping. For Vp € M, let (Up, ¢p) and (Vp(py, ¥r(p)) be local charts
of pin M and F(p) in N, respectively. Denoted by

8FI€>\
dxhv

Ixv (F)(p) = |

the Jacobi matriz of F' at p. Then we find that

]

Theorem 2.1 Let F: M — N be a smooth mapping from M to N. Then F is an immersion
mapping if and only if

foerEM.

Proof Assume the coordinate matrixes of points p € M and F(p) € N are [xij]s(p)xns(p)
and [yij]S(F(p))an(F(p)), respectively. Notice that

—~ 0 0 ) . PN )
T = (5l el 1S4 5(0),1 <. < 500,50 +1 <2 < i)

and
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N 5 (@)
TrpN = <{6yw1 |Fp): 1 <1 <3(F(p)} U1 {6le2 () S(F(p) +1<j2 < ki}>

for any integer 4o, 1 < iop < min{s(p), s(F(p))}. By definition, F}, is a linear mapping. We only
need to prove that Fy, : T,M — Tpﬁ is an injection for Vp € M. For Vf € %, calculation
shows that

0 _ O(foF)
F. *p(W)(f ) = T orT
Z OF* Of
Oxt Jyrv’
Whence, we find that
OFHv
8:10” Z oz 8y/“’ (2.1)

According to a fundamental result on hnear equation systems, these exist solutions in the
equation system (2.1) if and only if

rank(Jx,y (F)(p)) = rank(Jx.y (F)(p)),

where

Fp(52r)

Fw(%)

Jxy(F)p) = | Jxv(F)(p)
Fup(5257)

f)
F*p(_axs(mn—s(p)) i
We have known that

rank(Jx,y (F)(p)) = dy; (p)-

Therefore, F' is an immersion mapping if and only if

rank(Jx,y (F)(p)) = d]\“j(p)
for Vp € M. -

For ﬁndmg some simple criterions for combinatorial submanifolds, we consider the case
that [ : M — N maps each manifold of M to a manifold of N denoted by F : M 1 —1 N,
which can be characterized by a purely combinatorial manner. In this case, M is called a

combinatorial in-submanifold of N.
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Let G be a connected graph. A wertez-edge labeled graph G defined on G is a triple
(G;71,72), where 71 : V(G) — {1,2,--- ,k} and 7o : E(G) — {1,2,---,1} for positive integers
k and [.

(a) (b)
Fig.2.1

For a given vertex-edge labeled graph G* = (V¥, EL) on a graph G = (V, E), its a subgraph
is defined to be a connected subgraph I' < G with labels 71 |r(u) < 71|g(u) for Vu € V(T") and
Talr(u,v) < 12|a(u,v) for V(u,v) € E(T), denoted by 'Y < GL. For example, two vertex-edge
labeled graphs with an underlying graph K, are shown in Fig.2.1, in which the vertex-edge
labeled graphs (b) and (c¢) are subgraphs of that (a).

For a finitely combinatorial manifold M(nl,ng, ceongy) with 1 < np < ng < -+ <
N, m > 1, we can naturally construct a vertex-edge labeled graph G* [M(nl, No, ~ + ,Ny)] =
(VE,EL) by defining

vE = {n; — manifolds M™ in M(nl,ng,-n ;nm)|l <i<m}

with a label 71 (M™) = n; for each vertex M" 1 <i < m and

EY = {(M™, M| M (Y M™ £ 0,1 <, j <m}

with a label 7o (M™, M") = dim(M™ [\ M™) for each edge (M™ , M"i),1 < i,j < m. This
construction then enables us to get a topological criterion for combinatorial submanifolds of a
finitely combinatorial manifold by subgraphs in a vertex-edge labeled graph. For this objective,

we introduce the feasibly vertez-edge labeled subgraphs of G¥[M] on a finitely combinatorial
manifold M following.

Applying these vertex-edge labeled graphs correspondent to finitely combinatorial mani-
folds, we get some criterions for combinatorial submanifolds. Firstly, we establish a decompo-

sition result on unit for smoothly combinatorial manifolds.

Lemma 2.1 Let M be a smoothly combinatorial manifolds with the second axiom of countability
hold. For Np € M, let Uy, be the intersection of s(p) manifolds My, Ma,- -, Mg,). Then there
are functions far,, 1 <1i <3(p) in a local chart (Vy,[¢p]), Vy C Uy in M such that
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1 onV,\M,,
Im, =

0 otherwise.

Proof By definition, each manifold M; is also smooth with the second axiom of countability
hold since

i = {(Up; [#p))lv,nn;

is a C> differential structure on M; for any integer i,1 < i < 5(p). According to the decompo-

pEM}

sition theorem of unit on manifolds with the second axiom of countability hold, there is a finite

cover

Y, = {Wi a e N}

on each M;, where N is a natural number set such that there exists a family function f, €
Not loss of generality, we assume that p € Wéo for any integer i. Let

s(p)

V= Wi,
i=1
and define
fMi (q) = oo . ’
0 otherwise.
Then we get these functions far,,1 <1 < 5(p) satisfied with our desired. O

Theorem 2.2 Let M be a smoothly combinatorial manifold and N a manifold. If for VM €
V(G[M]), there exists an embedding Frs : M — N, then M can be embedded into N.

Proof By assumption, there exists an embedding Fys : M — N for VM € V(G[M]).
For p € M, let V,, be the intersection of 5(p) manifolds My, Ma,-- -, Mz,
1 <i < 3(p) in Lemma 2.1 existed. Define a mapping F:M — N at p by

y with functions fay,,

s(p)
F(p) = fa, Fu,-
=1

Then F is smooth at each point in M for the smooth of each Fj, and f'*p : TPM — T,N is
one-to-one since each (Fay, )«p is one-to-one at the point p. Whence, M can be embedded into
the manifold N. O

Theorem 2.3 Let M and N be smoothly combinatorial manifolds. If for VM € V(G[M)), there
exists an embedding Fyr : M — J\Nf, then M can be embedded into N.

Proof Applying Lemma 2.1, we can get a mapping F: M — N defined by
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3(p)

p) =Y fuFu,
im1

at Vp € M. Similar to the proof of Theorem 2.2, we know that F is smooth and ﬁ*p : T,,M —
Tpﬁ is one-to-one. Whence, M can be embedded into N. O

Now we introduce conceptions of feasibly vertex-edge labeled subgraphs and labeled quo-
tient graphs in the following.

Definition 2.1 Let M be a finitely combinatorial manifold with an underlying graph G* [M]
For VM € V(GY[M]) and UL C N L[M]( ) with new labels To(M, M;) < TQ|GL[M](M,M1')
for VM; € UL, let J(M;) = {M]|dim(M N M) = 7o(M, M;), M! C M;} and denotes all these
distinct representatives of J(M;), M; € U™ by 7. Define the index o3;(M : U") of M relative
to UY by

oy (M : U") = min{dim( | J (M)}
M'eJ

A vertex-edge labeled subgraph T'Y of GL[M] is feasible if for Yu € V(I'F),

71| (u) > o3 (u: Npr (w)).
Denoted by T <, G [M] a feasibly vertez-edge labeled subgraph T'* of G [M]

Definition 2.2 Let M be a finitely combinatorial manifold Z a finite set of manifolds and
F} . M — & an injection such, that for VM € V(GIM ]) there are no two different N1, Ny € &
with FY(M) NNy # 0, F{(M) N Ny # 0 and for different My, My € V(G[M]) with F}(My) C
Ny, Pl (M) C N, there exist N, N} € £ enabling that Ny " N{ # 0 and No N Nj # 0. A
vertez-edge labeled quotient graph G* []Tj]/Fl1 is defined by

V(GE[M/FY) = {N c £|3M € V(G[M)) such that F}(M) C N},
E(GE[M]/F}) = {(N1, N2)|3(My, My) € E(G[M]), Ny, Ny € Lsuch that
Fll(Ml) C N17F1 (Mg) C Ny and Fl (Ml) n F1 (Mg) #+ @}

and labeling each vertex N with dimM if F{ (M) C N and each edge (N1, N2) with dim(M;NMa)
if Fl(Ml) C Nl,Fll(Mg) C Ny and Fll(Ml) n Fll(Mg) #+ 0.

According to Theorems 2.2 and 2.3, we find criterion for combinatorial submanifolds in the

following.

Theorem 2.4 Let M and N be finitely combinatorial manifolds. Then M is a combinatorial
in-submanifold of]\~] if and only if there exists an injection F on M such that

GF[M]/F} <, N.
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Proof 1If M is a combinatorial in-submanifold of N by definition, we know that there is
an injection F : M — N such that F(M) € V(G[N]) for YM € V(G[M]) and there are no
two different N1, Ny € & with F (M) N Ny # 0, F{(M) N Ny # 0. Choose F!' = F. Since
F is locally 1 — 1 we get that F(My N My) = F(My) N F(M), ie., F(Mi,M,) € E(G[N])
or V(G[N]) for ¥(My, My) € E(G[M]). Whence, GX[M]/F! < G*[N]. Notice that GL[N]
is correspondent with M. Whence, it is a feasible vertex-edge labeled subgraph of GF[N ] v
definition. Therefore, GE[M]/F} <, GE[N].

Now if there exists an injection Fj on M let T <, GL[N]. Denote by T' the graph

GY'[N ] \ T'Z, where GE[N]\ T'* denotes the vertex-edge labeled subgraph induced by edges in
GE[N]\ 'L with non-zero labels in G[N]. We construct a subset M* of N by

U mye U @rmm)

M'eV(T) (M',M")eE(T)

and define M = Fll_l(ﬂ *). Notice that any open subset of an n-manifold is also a manifold
and F~Y(T'l) is connected by definition. It can be shown that M is a finitely combinatorial
submanifold of N with GL[M]/F} ~TF. O

An injection F} : M — & is monotonic if Ny # Ny if F}(M;) C Ny and F}' (M) C Ny for
VM, Msy € V(G[M]), My # M. In this case, we get a criterion for combinatorial submanifolds
of a finite combinatorial manifold.

Corollary 2.1 For two finitely combinatorial manifolds ]Tj, N, M is a combinatorially mono-
tonic submanifold of N if and only if G* [M] =<, GF [N]

Proof Notice that F}' = 1! in the monotonic case. Whence, GE[M]/F} = GF[M]/1} =
GL[M]. Thereafter, by Theorem 2.4, we know that M is a combinatorially monotonic subman-
ifold of N if and only if GL[M] <, GE[N]. O

83. Fundamental Formulae

Let (i, M ) be a smoothly combinatorial submanifold of a Riemannian manifold (N, g N D). For
Vp € M, we can directly decompose the tangent vector space Tpﬁ into

T,N =T,M & T,;"M

on the Riemannian metric g5 at the point p, i.e., choice the metric of TpJT/[/ and TPLM to be
9N|T a7 or gN|T L 37> respectively. Then we get a tangent vector space T),M and a orthogonal
P P

complement T;-J\’Z of TpM in Tpﬁ, ie.,

T.-M = {v € T,N| (v,u) = 0 for Yu € T,M}.

We call TPM, T;-J\’Z the tangent space and normal space of (;, M) at theﬂgoint pin (J\Nf, 95 l~)),
respectively. They both have the Riemannian structure, particularly, M is a combinatorially
Riemannian manifold under the induced metric g = i* IN-

Therefore, a vector v € Tp]v can be directly decomposed into
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v=uv' + ’UJ',
where v € Tp1\7 ,ot € TpJ-M are the tangent component and the normal component of v at
the point p in (J\Nf, 95 l~)) All such vectors v+ in TN are denoted by T+M, i.e.,
17 177
M= | T, M.
pEJ\N4

Whence, for VX,Y € %(]\7), we know that

DxY = DY + Dy,
called the Gauss formula on the combinatorially Riemannian submanifold (1\7, g), where 5;1’ =

(DxY)T and DY = (DxY)*.

Theorem 3.1 Let (i, M) be a combinatorially Riemannian submanifold of (]\Nf,g]v, D) with an
induced metric g :?*gﬁ, Then for VX,Y,Z, DT : 2 (M) x 2 (M) — 2 (M) determined by
DT(Y,X) = DLY is a combinatorially Riemannian connection on (M,g) and D+ : 2 (M) x

2 (M) — T+(M) is a symmetrically coinvariant tensor field of order 2, i.e.,
(1) DxyyZ=DxZ+DyZ;
(2) DY = ADLY for VA € C(M);
(3) D+Y = D X.

Proof By definition, there exists an inclusion mapping i : M — N such that (i, M )is a
combinatorially Riemannian submanifold of (]\7 IR 5) with a metric g = i*g N
For VXY, Z € Z (M), we know that

DxivZ = DxZ+DyZ
= (DxZ+DxZ)+ (DxZ+ DxZ)
by properties of the combinatorially Riemannian connection D. Thereby, we find that

DY yZ=DYZ+DyZ Dy,yZ=D%Z+Dy:Z.

Similarly, we also find that

DY (Y +Z)=DYY +D\Z, D%(Y +Z)=D%Y +DxZ.

Now for VA € C* (M), since

DxxY = ADxY, Dx(\Y)=X()\)+ADyY,

we find that

DIyY =ADYY, DL(AY)=X(\)+ADyY
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and

D% (\Y) = ADxY.
Thereafter, the mapping DT : 2 (M) x 2 (M (N) — (M) is a combinatorially connection on
(M,g) and D+ : 27 (M) x 2 (M) — T+(M) have properties (1) and (2).
By the torsion-free of the Riemannian connection D ie.,
DxY —DyX =[X,Y] € 2 (M)

for VX,Y € %(M), we get that

DYY — Dy X = (DxY — DyX)" =[X,Y]
and
DxY — DX = (DxY — Dy X)* =

ie. Dﬁ;Y D#X Whence, DT is also torsion-free on (M g) and the property (3) on D+
holds. Applying the compatibility of D with gy in (N 95 D) we finally get that

Z(X,Y)

<Z)ZX, Y> + <X, f)ZY>

<5}X,Y> n <X, 15}Y>,

which implies that DT is also compatible with (M, g), namely DT : 2" (M) x 2 (M) — 2 (M)
is a combinatorially Riemannian connection on (M,g). O
Now for VX € 2 (M) and Y+ € TLM, we know that DxY+ € TN. Whence, we can

directly decompose it into

DxY*+ =DiY* 4+ DxY*t,
called the Weingarten formula on the combinatorially Riemannian submanifold (M, g), where

DLYL = (DxYH)T and DY+t = (Dxv+)L.

Theorem 3.2 Let (i, M) be a combinatorially Riemannian submanifold of (]\Nf,g]v, D) with an
induced metric g = ?*gﬁ. Then the mapping Dt TLM x 2 (M) — T+M determined by

ﬁ(YJ-, X)= ﬁﬂng 15 a combinatorially Riemannian connection on TLM.

Proof By definition, we have known that there is an inclusion mapping i:M — N such
that (i, M) is a combinatorially Riemannian submanifold of (N, g &> D) with a metric g = i*g e
For VX,Y € 2 (M) and VZ+, Zi, Z3- € T+ M, we know that

D%,y 2+ = DxZ* + D7, Dx(Z¢ + Z3) = Dx Zi + D% Z5

similar to the proof of Theorem 3.1. For VA € C* (M), we know that
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DixZ+=ADxZ*, Dx(A\Z')=X\Z* +ADxZ*.

Whence, we find that

DiZ+ = (ADx Z1): = N(Dx 21" = A\D% 2+,

Dy (AZH) = X(NZH + MDx 21t = X(\) 2+ + ADx 2+

Therefore, the mapping D+ T M x 3&”(]\7) —TMisa combinatorially connection on T+M.
Applying the compatibility of D with gy in (J\Nf IR 5), we finally get that

X(2+,28) = (Dx 7t 23 ) + (24, Dx 24 ) = (D 21, 24 ) + (74 Dy 73,

which implies that D+ : .2 (1\7 VXX (1\7 )= Z (M ) is a combinatorially Riemannian connection
onT+M. O

Definition 3.1 Let (Z, M) be a smoothly combinatorial submanifold of a Riemannian manifold
(]\Nf,gﬁ,f)). The two mappings ﬁ‘r7 DL are called the induced Riemannian connection on M

and the normal Riemannian connection on T+M, respectively.

Theorem 3.3 Let (;, M) be a combinatorially Riemannian submanifold of (]\Nf,gﬁ, ﬁ) with an
induced metric g = ?*gﬁ. Then for any chosen Z+ € TJ-MV, the mapping D;L : %(M) —
%(M) determined by EgL (X) = E)T(Zl for VX € %(M) is a tensor field of type (1,1).
Besides, if ZN);L is treated as a smoothly linear transformation on M, then EgL : TpM — TpM

at any point p € M is a self-conjugate transformation on g with the equality following hold

<5; (X),Y> - <1~)§(Y), ZL> . VXY € T,M. (%)

Proof First, we establish the equality (x). By applying equalities X <Zl, Y> = <l~)XZL, Y>+
<Zl, f)XY> and (Z1,Y) =0 for ¥X,Y € 2 (M) and VZ+ € T M, we find that

<1~3;(X),Y> - <15XZ¢,Y>
- X<ZL,Y>—<Z¢,1~)XY>:<1~)§Y,ZL>.

Thereafter, the equality () holds.

Now according to Theorem 3.1, ﬁﬂgY posses tensor properties for X, Y € TpM . Combining
this fact with the equality (), lN);L (X) is a tensor field of type (1,1). Whence, EgL determines
a linear transformation 5; Ll TPM — TpJT/f at any point p € M. Besides, we can also show
that IND—Z'—L (X) posses the tensor properties for VZ+ € T+M. For example, for any A € COO(M)
we know that
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<5§Y, /\Zl> = <1~)§(Y, Z¢>

(Dl (X),7)

_ <A15;(X),Y>, VX,Y € 2°(M)

by applying the equality () again. Therefore, we finally get that Dyyu (X) = AD . (X).

Combining the symmetry of 5)%}/ with the equality () enables us to know that the
linear transformation lN); 1t TPM — TPM at a point p € M is self-conjugate. In fact, for
VX,Y € T,M, we get that

<1~)§Y, Z¢> - <1~)¢X, Z¢>

= (D). x) = (x.DL.().

<5;L@¥%y>

Whence, 5; . is self-conjugate. This completes the proof. [
Now we look for local forms for DT and D+. Let (M .g,DT) be a combinatorially Rie-
mannian submanifold of (J\Nf I8 l~)) For Vp € M, let

{eaBll <A<dyj(p),1<B<na and ean=en,s,
for 1< Ay, Ay <dg(p) if 1< B <dgy(p)}

be an orthogonal frame with a dual

{w'P1 <A<dz(p)1<B<na and whB=wAb
for 1< A, Ay <dg(p) iflSngﬁ(p)}

at the point p in TN abbreviated to {eap} and w?B. Choose indexes (AB),(CD),---,
(ab), (cd),--- and (af),(y0),--- satisfying 1 < A,C < dg(p), 1 < B <ns, 1 <D <ng,---,
I <a,c<dyp), 1 <b<ngl <d< ne, - and a,y > dy(p) +1 or 3,6 > n; + 1 for
1 <i < dg;(p). For getting local forms of DT and D1, we can even assume that {eap}, {eqs}
and {eqg} are the orthogonal frame of the point in the tangent vector space TN , TM and the
normal vector space M by Theorems 3.1 —3.3. Then the Gauss’s and Weinggarten’s formula
can be expressed by

nT nL
Deabecd = Deabecd + Deabecdu

D, eap = D;rabeag + Deibeaﬁ'

When p is varied in M, we know that w® = * (w®) and w*® = 0,w? = 0. Whence, {w}
is the dual of {es} at the point p € TM. Notice that dw® = w A W% Wb 4+ wed = 0 in
o L 5 o Tab ~
(M,g,D7), dwtB = wP NwAB wiE +wib = O,wjf —I—wg% =0, wgﬁ—i—wz‘? =0in (N,g5. D)

by the structural equations and
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N CD
DEAB =WpapechD-

We finally get that

n d af > d 9
Degp = wpeed + Wy, €ap, Deap = wipeed + wlgevé-

Since dw®® = w /\wg‘g =0, dwiP = wab /\wiﬁb =0, by the Cartan’s Lemma, i.e., for vectors

V1,V2, ", Up, W1, W2, ,Wr with
K
E vs N ws = 0.
s=1
if v1,v9, -+ , v, are linearly independent, then

T
Wy = § asvg, 1< s<s,
t=1

where asy = ats, we know that

ai 1o cd B _ 110 cd
Wap = h(ab)(cd)W y Wep = h(ab)(cd)w

: [e%) — hai i3 _ piB
with h(ab)(cd) = h(ab)(cd) and h(ab)(cd) = h(ab)(cd). Thereafter, we get that
D;.,eca= ngﬁeaﬁ = h?fl))(cd)eaﬁ’

T d B
D.,,€ap = wpeed = h((lab)(cd)eaﬁ

Whence, we get local forms of DT and D in the following.

Theorem 3.4 Let (M,g,ﬁ—r) be a combinatorially Riemannian submanifold of (N,gﬁ,f)).
For p € M with locally orthogonal frames {eap}, {ea} and their dual {w*B}, {w™} in TN,
™,

nT _ cd L _ ap
De,,€cd = Wapeed; De,,ed = Mgy €as

and

nT _ B8 € _ 6
Deabeaﬁ = h((lab)(cd)eaﬁ’ Deabeaﬁ = wgﬁe,ﬂ;.

84. Fundamental Equations

Applications of these Gauss’s and Weingarten’s formulae enable one to get fundamental equa-
tions such as the Gauss’s, Codazzi's and Ricci’s equations on curvature tensors for characterizing

combinatorially Riemannian submanifolds.
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Theorem 4.1(Gauss equation) Let (]Tj,g, D7) be a combinatorially Riemannian submanifold
of (N,gﬁ,ﬁ) with the induced metric g = Z*gﬁ and E,ﬁﬁ curvature tensors on M and J\Nf,
respectively. Then for VXY, Z, W € 2 (M),

R(X,Y,Z,W) = Rg(X,Y,Z,W) + <5§Z, 5¢W> - <5¢Z, 5§W> .

Proof By definition, we know that

ﬁN(X, Y)Z = DxDyZ — DyDxZ — ﬁ[X,Y]Z'

Applying the Gauss formula, we find that

Ry(X,Y)Z Dx(DyZ + D\ Z) — Dy (D%, Z + D% Z)

~(Dix v)Z + Dix v %)
— DYDyZ+ D%xDyZ+ DxD%:Z — Dy, D} Z
~DyDxZ = DyDxZ - Dix % = Dix 2
— R(X,Y)Z+(D%DyZ - D:DY2)
~(Dixy)Z — DxDyZ + Dy Dx Z). (4.1)

By the Weingarten formula,
DxDsZ =DxDyZ + D%xDsZ, DyD%Z = DyD%xZ+ DyD%Z.

Therefore, we get that

<fz(X, Y)Z, W> - <}~2N(X, Y)Z,W> + <1~)§<Z, 5¢W> - <5¢Z, 5§W>
by applying the equality (%) in Theorem 2.4, i.e.,

R(X,Y,Z,W) = Ry (X,Y,Z,W) + <1~)§Z, 5¢W> - <1~)¢Z, 5§W> .0

For VX, Y, Z e & (]Tj ), define the covarint differential Dx on E%/Z by
(DxD* )y Z = Dy (D7) — LN)%);YZ — DD Z).

Then we get the Codazzi equation in the following.

Theorem 4.2 (Codazzi equation) Let (M g, DT) be a combmatormlly Riemannian submamfold
of (N gN,ﬁ) with the induced metric cg= i*g5 and R RN curvature tensors on M and N
respectively. Then for VXY, 7 € % (M ),

(DxD*)yZ — (DyD*)xZ = R*(X,Y)Z

Proof Decompose the curvature tensor EN (X,Y)Z into
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Ry(X.Y)Z=RL(X,Y)Z+ R%(X,Y)Z.

Notice that

DY — Dy Z =[X,Y].
By the formula (4.1), we know that

DL
RL(X,Y)Z

DxDyZ - DyDxZ — Dix y1Z + Dx Dy Z — Dy Dy Z
= DYDYZ-DyDYZ - DpryZ+ D¢D%Z - DYDY Z — Dy i Z

For VX,Y € %(M), zteTt (M), the curvature tensor R determined by D+ in T-M
is defined by

RH(X,Y)Z+ = DxDyz* — DyDx Z* — Dix vy Z*

Similarly, we get the next result.

Theorem 4.3(Ricci equation) Let (M g,DT) be a combmatomally Riemannian submamfold
of (N,gﬁ,f)) with the induced metric g = i* 9§ and R RN curvature tensors on M and N
respectively. Then for VX, Y € 2 (M ), Zt eTM,

RY(X,Y)Z* = RL(X,Y)Z* + (DxDL)y 2+ — (Dy D) x Z27).

Proof Similar to the proof of Theorem 4.1, we know that

Ry(X,Y)Z" = DxDyZ'—DyDxZ' — Dixy 2+
= RYX,Y)Z'+D+D)Z+ - DDy 7+
+Dx D72t — Dy Dy Z*-
= (RYX.Y)Z" + (DxDY)y 2" - (DyD4)xZ")
+DD$:Z* — Dy DxZ+.
Whence, we get that

RY(X,Y)Z* = RE(X,Y)Z* + (Dx DY)y 24 — (DyDH)xZ*). O

Certainly, we can also find local forms for these Gauss’s, Codazzi’s and Ricci’s equations
in a locally orthogonal frames {eap}, {€a} of TN and TM at a point p € M.

Theorem 4.4 Let (M g,D ) be a combinatorially Riemannian submanifold of (N gN,ﬁ)
with g =1+ gy and for p € M, let {ean}, {ea} be locally orthogonal frames of TN and TM at
p with dual {wABY}, {w®}. Then
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‘é(ab)(Cd)(ef)(gh):(Eﬁ)(ab)(Cd)(ef)(gh)_Zﬁ(h(ab)(ef)h?c%)(gh) Wy om Peayey)  ( Gauss ),
h?ab)(cd)(ef) h?fb)(ef)(cd) = (ﬁﬁ)(aﬁ)(ab)(cd)(ef) ( Codazzi )
and
Bicg) )@y ed) = (B @)(28)ab) c) = Zf: by e Mo (om) — Py Wy ony) ( Ricei )
with R(aﬁ)('yzi)(ab)(cd) = <E(eab, €cd)€as, ewg> and
Wty ey (e = Pty ety — b er) ety — “eahlanycesy 955 My (eay

Proof Let Q and Q ~ be curvature forms in M and N. Then by the structural equations
in (N, g5,D) ([10]), we know that

CD

~ 1 ~~
Q)58 = dwip — whiE NwER = _(RN)(AB)(CD)(EF)(GH)WEF AwH

and E(eAB,eCD)eEF = ﬁgg(eAB,eCD)eGH. Let i : M — N be an embedding mapping.
Applying i* action on the above equations, we find that

. _
Qx)es = dwif WZI{ A Wef 31? A waﬁ
. d af af3 f h
= Qg+ Zhwb (en)teaygmw™ N

Whence, we get that

- 1
cd af af af o wel gh
Vil = @) = 5 2_(Wayenleaam = Manyomeayen)& A"

a)

This is the Gauss’s equation

R — (R af af af op
Rab)(ed)(ef)(gh) = (Rﬁ)(ab)(cd)(ef)(gh) - Z(h(ab)(ef)h(cd)(gh) h(ab)(gh)h(cd)(ej))
o,

Similarly, we also know that

Q) = dwly — Wi AWl — Wl AWy
_ op of el p D
= (Wl ea™) — hiterwes Ao h(ab)(ef) Awy
_ e o efy_ o
= (dh(ab Jed) — My ey@ei) = Py ey wip + h(ab)(cd)waﬁ) Aw?

_ ,aB ef r cd
= h(ab)(cd)(ef)w Aw

o « af ef cd
= (h(ab)(cd)(ef) hab)epyea)) W™ A
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and

Q)% = dwll—wh AWl — Wi AW

. 1
_ Lv6 af 8 af v ab cd
= 9 +52);(h(ef')(ab)h(ef)(cd)_h(ef)(cd)h(ef)(ab))w N

These equalities enables us to get

af af _ (D
h(ab)(cd)(ef) - h(ab)(ef)(cd) - (RN)(aﬁ)(ab)(cd)(ef)’
and
Rl (P af vo aBp 8
Riapyayanyied = Bi@meoracd = D (hiuyepyhionon = Medyer/ My on)-
e, f
These are just the Codazzi’s or Ricci’s equations. O

§85. Embedding in Combinatorially Euclidean Spaces

For a given integer sequence ki, nqo, -+ ,k;,l > 1 with 0 < k) < ko < -+ < k;, a combinatorially

~ 1
Euclidean space R(ky,--- ,k;) is a union of finitely Euclidean spaces | J R such that for Vp €
i=1

! N l
R(ki, -, k), p € () R¥ with{ = dim( () R¥") a constant. For a given combinatorial manifold
i=1 i=1

M(nl, No, -+, Ny, wether it can be realized in a combinatorially Euclidean space f{(kl, s k) ?
We consider this problem with twofold in this section, i.e., topological or isometry embedding

of a combinatorial manifold in combinatorially Euclidean spaces.

5.1. Topological embedding

Given two topological spaces %1 and %5, a topological embedding of ¢ in %5 is a one-to-one

continuous map

f: C(o”1—><g2.

When f : M(nl, No, -+ 4 Nyy) — f{(kl, -++, ki) maps each manifold of M to an Euclidean space
of f{(kl, -+« k), we say that M is in-embedded into f{(kl, s k).

Whitney had proved once that any n-manifold can be topological embedded as a closed
submanifold of R*" 1 with a sharply minimum dimension 2n + 1 in 19361, Applying Whit-
ney’s result enables us to find conditions of a finitely combinatorial manifold embedded into a
combinatorially Euclidean space f{(kl, s k).

Firstly, We thereafter get a result for the case [ = 1, which completely answers the problem
4.1 raised in [7].

Theorem 5.1 Any finitely combinatorial manifold M(nl,ng, <o Nyy) can be embedded into
R2n7n+1.



40 Linfan Mao

Proof According to Whitney’s result, each manifold M"™ |1 < i < m, in M(nl, N, s Nyn)
can be topological embedded into an Euclidean space R" for any > 2n; + 1. By assump-
tion, n; < may < -+ < ngy,. Whence, any manifold in M (ny,ng, - ,ny,) can be embedded
into R?"» 1. Applying Theorem 2.2, we know that M (ni,nsa,- -+ ,n.;,) can be embedded into
R2nm+1. O

For in-embedding a finitely combinatorial manifold M (n1,n2, -+ ,Ny,) into combinatorially
Euclidean spaces f{(kl, -+ k), we get the next result.

Theorem 5.2 Any finitely combinatorial manifold M(nl, Ng, -+ ,Ny) can be in-embedded into
a combinatorially Euclidean space f{(kl, -+ kp) if there is an injection

w:{ni,ne, - Nt — {ki, ko, ki)

such that

w(ni) > max{2e + 1| Ve € w *(ww(n;))}

and

dim(R=) (\R=M)) > 2dim(M™ (| M") + 1
for any integer i,7,1 <i,5 < m with M™ N M" #£ (.

Proof Notice that if

w(n;) > max{2e + 1| Ve € w (w(ni))}

for any integer i,1 < i < m, then each manifold M€, Ve € w *(w(n;)) can be embedded
into R®(™) and for Ve; € w1(n;), Yea € w 1(n;), M N M can be in-embedded into
R="i) N R=() if M N M # () by Whitney’s result. In this case, a few manifolds in

M(nl, Na,- -+ ,Ny,) may be in-embedded into one Euclidean space R=(") for any integer i,1 <
i < m. Therefore, by applying Theorem 2.3 we know that M(ni,ng, -+ ,n,;,) can be in-
embedded into a combinatorially Euclidean space f{(kl, o k). O

If I = 1 in Theorem 5.2, then we obtain Theorem 5.1 once more since w(n;) is a constant
in this case. But on a classical viewpoint, Theorem 5.1 is more accepted for it presents the
appearances of a combinatorial manifold in a classical space. Certainly, we can also get concrete

conclusions for practical usefulness by Theorem 5.2, such as the next result.

Corollary 5.1 Any finitely combinatorial manifold M(nl, Na, -+ ,Ny) can be in-embedded into

a combinatorially Euclidean space f{(kl, ey ky) af
(i) 1=my

(i7) there exists m different integers ki, , kiy, - , ki, € {k1,ka,--- ,ki} such that

kij >2n; +1
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and

dim(R"3 (\RF) > 2dim(M™ (| M) + 1
for any integer i,j,1 < i,7 < m with M"™ N M" # (.

Proof Choose an injection

7TZ{TL1,TL2,"' 7nm}_){kluk27"' 7kl}

by m(n;) = ki; for 1 < j < m. Then conditions (i) and (44) implies that 7 is an injection

satisfying conditions in Theorem 5.2. Whence, M (n1,m2, - ,ny) can be in-embedded into

R(ky,--- k). O

5.2. Isometry embedding

For two given combinatorially Riemannian C"-manifolds (M ., 51\7[) and (]\7 IR 5), an isom-
etry embedding

i:M— N
is an embedding with g = g*gﬁ. By those discussions in Sections 3 and 4, let the local charts
of M, N be (U,[z]), (V,]y]) and the metrics in M, N to be respective

T It v KA
9N = Z gﬂf@,)(m)dyc ®@dy”, g= Z ) (rny A" @ dz"7,
(57),(90) (), (1 N)

then an isometry embedding 7 form M to N need us to determine wether there are functions

yﬁ)\ = il{)\[ij]a 1< < S(p)vl <v< Ns(p)

for Vp € M such that

o) (R af af af af
Rabyeay(e)(gn) = (R )(ab)earenon) = 2 upy ey Poyiany = Pab)an) Poodyes)):

a7

ap ap _ (D
h(ab)(cd)(ef) - h(ab)(ef)(cd) - (RN)(aﬁ)(ab)(cd)(ef)’

pl (D ap 73 app o
Riap)o)anyea) = B @meoaca = D Blayen/ionian) — MenMason)
e, f
with R(Laﬁ)(vti)(ab)(cd) = <R(€ab, ecd)eaﬁa ev5>7
af ef _ q308 _efpaB _efpap aByé
habyeayen)®W™ = Wany(eay = Wab Reyed) ~ Yeaav)(er) T s Pab) (ca)

and
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~ 0isT 82'1%
Z INGr o0 (Z[I])axuu o Jw)(kn) [z].
(s7),(V0)

For embedding a combinatorial manifold into a combinatorially Euclidean space f{(k:l, k),

the last equation can be replaced by

O O el
Oyt HyrA = Y(pv)(kX)
(c1) Y Y

since a combinatorially Euclidean space f{(kl, -+« k) is equivalent to an Euclidean space R*

~ —~ ~

U(p) -
with a constant k = I(p) + > (k; —(p)) for ¥p € R* but not dependent on p (see [9] for details)
i=1

and the metric of an Euclidean space R* to be

Ig = Z dy"” @ dy*”.

v

These combined with additional conditions enable us to find necessary and sufficient conditions
for existing particular combinatorially Riemannian submanifolds.

Similar to Theorems 5.1 and 5.2, we can also get sufficient conditions on isometry em-
bedding by applying Lemma 2.1, i.e., the decomposition lemma on unit. Firstly, we need two
important lemmas following.

Lemma 5.1([2]) For any integer n > 1, a Riemannian C"-manifold of dimensional n with

2 <r < oo can be isometry embedded into the Euclidean space R +10n+3,

Lemma 5.2 Let (M,g, EM) and (]V,gﬁ, 5) be combinatorially Riemannian manifolds. If for

VM € V(G[M)]), there exists isometry embedding Frr : M — N, then M can be isometry

embedded into N.

Proof Similar to the proof of Theorems 2.2 and 2.3, we only need to prove that the mapping
F: M — N defined by

3(p)

i=1
is an isometry embedding. In fact, for p € M we have already known that

95 (Fa,)« (0), (Fagy )« (w)) = g(0, w)

for Yo, w € T,,M and i,1 < i < 5(p). By definition we know that
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_ _ s(p) 3(p)
95 (Fe(v), Fu(w)) = QN(ZfMi(FMi)(U),ZfMj( M, ) (w))
s(p) 5(p)
= Zzgﬁ(sz(FMz)(v)vfMJ(FMJ)(w)))
i=1 j=1

3(p) 3(p)
= >N g0 (Far) (), far, (Fag,) (w)))

i=1 j=1
3(p) 3(p)

= g(ZfMiv7ZfMjw)
i=1 =1
= g(v,w).

Therefore, F is an isometry embedding. 0

Applying Lemmas 5.1 and 5.2, we get results on isometry embedding of a combinatorial
manifolds into combinatorially Euclidean spaces following.

Theorem 5.3 Any combinatorial Riemannian manifold M(nl,ng, cee M) can be isometry
embedded into R"m+10mm+3,

Proof According to Lemma 2.1, each manifold M™, 1 < i < m, in M(nl, Ng, **+ ,MNyy) Can
be isometry embedded into an Euclidean space R" for any 1 > n? 4+ 10n; + 3. By assumption,
ny < ng < -+ < Ny,. Thereafter, each manifold in M(nl,ng, -+ ,n,;,) can be embedded
into R"m+10mm+3  Applying Lemma 5.2, we know that M (ni,ng, - ,nm) can be isometry
embedded into Rmt107mm+3, O
Theorem 5.4 A combinatorially Riemannian manifold M(nl,ng, < ny) can be isometry
embedded into a combinatorially Euclidean space f{(kl, -+« kp) if there is an injection

W:{n17n27"' 7nm}_){kluk27"' 7kl}

such that

w(n;) > max{e® + 10e + 3| Ve € w ™ (w(ns))}

and

dim(Rw(m) ﬂRw(ny‘)) > dim2(M"i mMn,) + 10dim(M™ mMnj) +3
for any integer i,7,1 <i,5 < m with M™ N M" # (.

Proof If

w(n;) > max{e? + 10e + 3| Ve € w ! (w(n;))}
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for any integer i,1 < i < m, then each manifold M€, Ve € w~!(w(n;)) can be isometry embed-
ded into RZ(") and for Ve; € w1 (n;), Yea € w1 (n;), M N M® can be isometry embedded
into R®(™) NR= (™) if M1 N M€ # () by Lemma 5.1. Notice that in this case, serval manifolds

in ]T/[/(nl, No,- -+ ,Nm) may be isometry embedded into one Euclidean space R¥(™) for any in-
teger i,1 < i < m. Now applying Lemma 5.2 we know that M (ni,na,- -+ ,n,,) can be isometry
embedded into a combinatorially Euclidean space f{(kl, e k). 0

Similar to the proof of Corollary 5.1, we can get a more clearly condition for isometry
embedding of combinatorially Riemannian manifolds into combinatorially Euclidean spaces.

Corollary 5.2 A combinatorially Riemannian manifold M(nl,ng, cee M) can be isometry
embedded into a combinatorially Fuclidean space f{(kl, k) af

(i) 1=my

(i7) there exists m different integers ki, , kiy, - , ki, € {k1, k2, ,ki} such that

ki; > nF +10n; + 3

and

dim(R"5 (YR¥r) > dim®(M™ () M") + 10dim(M" (| M"") + 3

for any integer i,j,1 < i,7 < m with M"™ N M" # (.
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