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Abstract: In this paper we introduce the concept of skew Randi¢ sum eccentricity energy
of digraphs. We then obtain upper and lower bounds for skew Randi¢ sum eccentricity
energy of digraphs. Then we compute the skew Randi¢ sum eccentricity of some digraphs

such as star digraph, complete bipartite digraph, (S A P») digraph and crown digraph.
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§1. Introduction

In [1], we have introduced the Randi¢ sum eccentricity energy of a simple graph G as follows.

The Randi¢ sum eccentricity energy adjacency matrix of G is a n x n matrix Arse = (i),

where
0, if i = 7,
_ 1 . . i . .
ajj = Ty if the vertices v; and v; are adjacent,

0, if the vertices v; and v; are not adjacent,

where e(v;) is the eccentricity of the vertex v;. The Randi¢ sum eccentricity energy of G is
defined as the sum of absolute values of the eigenvalues of the Randi¢ sum eccentricity energy
adjacency matrix of G. Generally, a Smarandachely sum eccentricity energy adjacency matrix
= (aj;) with

of G is an x n matrix A7,

0, if 1 = j,
s _ 1 . . . ) s
a; = T rERTTIEnY if the distance of vertices v; and v; is d,

0, if the vertices v; and v; are not connected

which characterizes the non-homogeneity of vertices on a graph by eccentricity. Certainly, the
matrix A,s. characterizes vertices of G in case of homogeneity which is a submatrix of AJ_..

In 2010, Adiga, Balakrishnan and Wasin So [5] introduced the skew energy of a digraph
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as follows. Let D be a digraph of order n with vertex set V(D) = {v1,va, - ,v,} and arc set
I['(D) C V(D) x V(D) where (v;,v;) € I'(D) for all i and (v;,v;) € I'(D) implies (v;,v;) & I'(D).
The skew-adjacency matrix of D is the n x n matrix S(D) = (s;;) where s;; = 1 whenever
(vi,vj) € T(D), si; = —1 whenever (v;,v;) € I'(D) and s;; = 0 otherwise. Hence S(D) is a
skew symmetric matrix of order n and all its eigenvalues are of the form i\ where i = /—1 and
A is a real number. The skew energy of G is the sum of the absolute values of eigenvalues of
S(D).

Motivated by these works, we introduce the concept of skew Randi¢ sum eccentricity energy
of a digraph as follows. Let D be a digraph of order n with vertex set V(D) = {vy,va, -+ , v}
and arc set I'(D) C V(D) x V(D) where (v;,v;) & I'(D) for all ¢ and (v;,v;) € I'(D) implies
(vj,v;) € I'(D). Then the skew Randi¢ sum eccentricity adjacency matrix of D is the n x n

matrix Agpse = (a;;) where

NaTaETon) if (v;,v;) € T(D
e(vi)te(v;)’ if (vi,v;) € T(D),
=8 -1 . o
a” e(vi)+6(vj)’ if (U]7U’L) c F(D)7
0, otherwise.

Then, the skew Randi¢ sum eccentricity energy Es.s.(D) of D is defined as the sum of the
absolute values of eigenvalues of Agqc.
For example Let D be the directed circle on 4 vertices with the arc set {(1,2), (2, 3), (3,4), (4,1)}.
Then
0

N

N|—
S W=

Asrse =

O N O

N[

O = O

0 _
1
2 0 -

N[ =

Then, the characteristic equation is given by A* + A2. The eigenvalues are 4, 0, 0, —i and skew
Randi¢ sum eccentricity energy of D is 2.

In Section 2 of this paper we obtain the upper and lower bounds for skew Randi¢ sum
eccentricity energy of digraphs. In Section 3 we compute the skew Randi¢ sum eccentricity
energy of some directed graphs such as complete bipartite digraph, star digraph, the (S, A P2)
digraph and a crown digraph.

§2. Upper and Lower Bounds for Skew Randi¢ Sum Eccentricity Energy

Theorem 2.1 Let D be a simple digraph of order n. Then

Eyee(D) < |20 (()i())

Jnok

Proof Let iA1,i\o,iA3, - ,iA,, be the eigenvalues of Ag,.qc, where Ay > Ao > A3 > Ny >
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- > \,. Since

é(i%)zt srse) = ii“3k22< J)>’

j=1k=1 jk

we have

iWZQZ( o) @

j~k
Applying the Cauchy-Schwartz inequality

2

n n n
Z;ajbj < Zla? A e
Jj= Jj=

with a; =1, b; =| \; |, we obtain

Jj~k

Esrse(D):Z \J ZP\ | 2<\an|AJ2_\J2nZ< Uz +8UJ)).

This completes the proof. O

Theorem 2.2 Let D be a simple digraph of order n. Then

Jj=1

2
Esrse \I2Z < Uz —|—€ ’UJ)> +7’L(7’L - 1)p"7 where p= |detASTSC| = H |)\J‘ (2)

Proof Notice that

2

(ESTSG(D))2: Zp‘j‘ :Z|>‘J'|2Jr Z |)‘j‘|>‘k|'
j=1 j=1

1<j#k<n

By arithmetic-geometric mean inequality, we get

Z Nkl = Al (el + [As] + -+ [Aa])
1<j#h<n

A2l ([Aa] 4 [As[ 4 -+ [An]) +
FAn (A +[A2] + - 4 [Ana])
n(n = 1) (Al el An ) F (A" oL A 1) 0D

Y

n n n

= n(n-1) H|A|%H XD =nn—1) | T] 1Al

j=1 j=1
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Thus,

3o

(Egrse(D) >Z|>\ > +n(n—1) Hm

j=1
From the equation (1), we get

(e (D) 2 25 (S ) + = D,

Jj~k

which gives (2). O

83. Skew Randi¢ Sum Eccentricity Energies of Some Families of Graphs

We begin with some basic definitions and notations.

Definition 3.1([3]) A graph G is said to be complete if every pair of its distinct vertices are
adjacent. A complete graph on n vertices is denoted by K.

Definition 3.2([3]) A bigraph or bipartite graph G is a graph whose vertex set V(G) can be
partitioned into two subsets Vi and Vy such that every line of G joins Vi with V. (V1,Va) is a
bipartition of G. If G contains every line joining Vi and Va, then G is a complete bigraph. If
Vi and Vo have m and n points, we write G = K, ,,. A star is a complete bigraph K .

Definition 3.3([2]) The crown graph S° for an integer n > 3 is the graph with vertex set
{ut,ug,+  Up, V1,02, v, } and edge set {uv;;1 < i,j < n,i # jt. SO is therefore SO
cotncides with complete bipartite graph K, ,, with the horizontal edges removed.

Definition 3.4([4]) The conjunction (SpAPs) of Sm = K+ K1 and Py is the graph having the
vertex set V(Sp) x V(P,) and edge set {(v;,v;)(ve, vi)|vivi € E(Sp) and vju, € E(Ps) and 1 <
ik<m+1,1<j,1<2}

Now we compute skew Randi¢ sum eccentricity energies of some directed graphs such as
complete bipartite digraph, star digraph, the (S,, A P2) and a crown digraph.

Theorem 3.5 Let the vertex set V(D) and arc set I'(D) of Ky, complete bipartite digraph be
respectively given by

V(D) = {U17u2,~-- s Um, V1, V2, " - 7Un}a

(D) = {(uv;)[1<i<m,1<j<n}

Then, the skew Randi¢ sum eccentricity energy of the complete bipartite digraph is \/mn.



66 H. E. Ravi

Proof The skew Randi¢ sum eccentricity matrix of complete bipartite digraph is given by

1 1
0 o 5 - 2
0 0 3 3
AsT‘se = 1 1 2 2
—3 -3 0 0
1 1
—3 -3 0 0
with a characteristic polynomial
AL, — % JT
‘/\I - As7‘se| = 1 )
5J A,

where J is an n X m matrix with all the entries are equal to 1. Hence the characteristic equation

is given by

which can be written as

1\ I,
A, ‘)\In - <2J) -

On simplification, we obtain

)\mfn
(4)"

(4N, +JJT| = o0,

which can be written as

)\m*n
WPJJT(‘DF) = 0,

where Pj;r()) is the characteristic polynomial of the matrix JJZ. Thus, we have

)\mfn
(4)"

(4X% + mn)(4\*)""t =0,

which is same as
mn

>\m+n—2 )\2

) =0.

Therefore, the spectrum of K, , is given by

0 L mm _; /mn
Spec (K pn) = 'V Vi )

m-+n—2 1 1
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Hence, the skew Randi¢ sum eccentricity energy of complete bipartite digraph is

Esrse(Km,n) =vmn,

as desired. 0]

Theorem 3.6 Let the vertex set V(D) and arc set T'(D) of Sy, star digraph be respectively given
by

V(D) = {Ul,Ug,"','Un}, F(D):{(Ul,vj)‘zgjgn}
Then, the skew Randi¢ sum eccentricity energy of D is

n—1
3

Esrse(sn) =2

Proof The skew Randi¢ sum eccentricity matrix of the star digraph D is given by

o L L BN
NERRYE] VERRRVE]
1
- 0 0 0 0
1
A = *.ﬁ 0 0 0 0
1
- 0 0 0 0
1
V3
with a characteristic polynomial
N L L 1
V3 V3 V3
1
7 A 0 0
|>‘I_Asrse‘ - % 0 A 0
1
7 0 0 A
nw =1 =1 -1 -1
1 0 0 0
1\*l1 0 pu 0 0
- <\/§> : ’
1 0 0 0
1 0 0 0 u
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where p = A/3. Then

IM = Agrsel = on(p) ( ! > )

V3
where
w -1 -1 .- -1 -1
1 u 0o --- 0 0
1 0 w0 0
¢n(ﬂ) =
1 0 0 - pu 0
1 0 0o --- 0 7

Using the properties of the determinants, we obtain

O (1) = (udn—1(p) + "2

after some simplifications. Iterating this, we obtain

On(p) = p" (1 + (n = 1)),
Therefore

AL — Agrse| = (%)n [((3))\2 +(n—1)) (A\/ﬁ)n—Q] .

Thus, the characteristic equation is given by

n-2(y2, =1\
A (A 1 )_
0 ;o /n=1 . [n—1
Spec (Sy) = Vs Vo
2 1 1

n —

Hence,

and the skew Randié¢ sum eccentricity energy of S, is

n—1

Eerse n =2
rse(82) =2/

Theorem 3.7 Let the vertex set V(D) and arc set T'(D) of (Sm A Po)(m > 1) digraph be
respectively given by

V(D) - {U1,'U2,"' av2m+2}7
(D) = {(vi,v5), (Vmy2,08) [2<k <m+1,m+3<j<2m+2}

Then, the skew Randi¢ sum eccentricity energy of D is
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n—1

Esrse D) =4
(D) =4/ "

Proof The skew Randi¢ sum eccentricity matrix of (S,, A P») digraph is given by

0 0 0 0 -~
0 0 0 - 0 0
0 O 0 —y O 0
Asrse: K ’
0 ~ 00 0
0 0 0 0 0
4 0 - 0 0 0

2nX2n

where m+1=mn and v = % Then, its characteristic polynomial is given by

A0 - 0 0 —y - —vy
0 A - 0 ~ 0 - 0
0 O A 0 0
|)\I_Asrse| = 7
0 —v -y A 0
N 0 0 A 0
¥ 0 0 0 0 A o 2n

Hence, the characteristic equation is given by

A O 0 0 -1 —1
0 A 0 1 0 0
< 1 )2" 0o 0 -~ A 1 0 - 0 o
V3, o -1 1 A 0 0 ’
1 0 0 0 A 0
1 0 0 0 0 A
2nx2n

where A = v/3\.
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Let
A 0 0 0o -1 -1 -1
0 0 0 0
0 1 0 0
Pan(A) = 0 0 o -~ A 1 0 0
-1 -1 -1 0 0
1 0 o0 0o 0 0
1 0 0 0 0 0 0 A
2nX2n
0o o0 0 -1 -1 -1
0 0 1 0
0 0 A 1 0
= ™Al o 0o 0 -~ A 1 0 0 - 0
0 -1 -1 —1 0 0
1 0 0 0 0 0
1 0 0 0 0 0 0 A
(2n—1)x(2n—1)
0 0o -1 -1 -1
0 0
0o A 1 0
+(=D>' 0 0o o A 1 0
-1 -1 -1 -1 A 0
0o 0 0 0 0
o 0 0 0 0 o0 A0
(2n—1)x(2n—1)
Let
o 0 0 - 0 0 -1 ..o -1 -1
0 o 1 0 0
0 0 1 0 o0
Uon1(A)=(-1)>"""1' 0 0o o0 -+ A 1 0 - 0 0
-1 -1 -1 -1 0 0o o0
0o 0 o0 0 0 0 0
0 0 o0 0 0 0 A0

(2n—1)x (2n—1)

Using the properties of the determinants, we obtain

Won_1(A) = A"720,,(A)
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after some simplifications, where

A 0 0 1
0 A 0 1
O.(A)=| 0 0 A 1
“1 -1 -1 - A

nXxXn

Then,
Ban(A) = A" 720, (A) + Ado,_1(A).

Now, proceeding as above, we obtain

(—1)(2n_1)+1\112n_2(/\) + (_1)(2n—1)+(2n—1)A¢2n_2(A)
= A"30,(A) + Adon_a(A).

¢2n—1 (A)

Proceeding like this, we obtain at the (n — 1) step

$2n(A) = (n = A" 20, (A) + A Vg, 11 (M),

where,
A 0O O 0
0 A O 1
fna(M)=| 0 0 A 1
0 -1 -1 - A (n4+1)x(n+1)

don(A) = (n—1)A"20,(A) + A" A6, (A)
= (n—1)A""20,(A) + A"O,(A)
= ((n—1)A"2 + A™)O,(A).

Using the properties of the determinants, we obtain
On(A) = (n— 1A% 4 A™.

Therefore

pan(A) = ((n — 1)A" 2 + A™)2.

Hence characteristic equation becomes

(\}g)% P2n(A) =0,
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which is same as

<\}§>2n (n— DA™ 4 A™)? = 0

and can be reduced to
A (n—1) 4+ (3)A%) =0.

Spec (D) = 0 Z\/? ZF )

2n —4

Therefore

Hence, the skew Randié¢ sum eccentricity energy of (S, A Pz) digraph is

n—1

EsrseD =4
(D) =1/

Theorem 3.8 Let the vertex set V(D) and arc set T'(D) of S2(n > 2) crown digraph be

respectively given by
V(D) = {U;l,UQ,"' y Un,V1,V2, """ 71}71}’ F(D) = {(ulvv_]) ‘ 1 S 1 S ’I’L,l S .7 S n7i 7&]}

Then, the skew Randié sum eccentricity energy of the crown digraph is 2(n — 1).

Proof The skew Randi¢ sum eccentricity matrix of crown digraph is given by

0O 0 - 0 X X - 0
As’r‘se: y
0 -X -~ -X 0 0 - 0
—-X 0 -X 0 0 0
X -X .- 0 0 0 --- 0

where X = L. Tts characteristic polynomial is

S

A, —-LKT
‘)\I - As7'se| = 1 Vi 5
LK ),

where K is an n X n matrix. Hence, the characteristic equation is given by

1 T
L 0
LK A,

5
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which is the same as
AL,

- ()5 )

gﬁammmn%za

where Py r()) is the characteristic polynomial of the matrix K K. Thus, we have

and can be written as

1
(4)"

[4X% 4 (n — 14N> + 1"t =0,

which is same as

Therefore

. [ (n—1)2 . [(n—1)2 .1 .1
Spec(Sg) = W 4 ‘vi T'va
1

1 n—1 n-—1

Hence, the skew Randié¢ sum-eccentricity energy of crown digraph is
Esrse(Sg) = 2(” - 1)

as desired. O
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