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Abstract: Let G = (V, E) be a graph without isolated vertex. A set D C V is a semitotal
dominating set of G if it is a dominating set and every vertex in D is within distance 2 of
another vertex in D. The minimaum cardinality of a semitotal dominating set is called the
semitotal domination number of G and is denoted by ~:2(G). In this paper we obtain an

upper bound of this parameter and characterize the corresponding extremal graphs.
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81. Introduction

The graph G = (V, E') we mean a finite, undirected, graph with neither loops nor multiple edges
and without isolated vertex. The order and size of G are denoted by n and m respectively. The
degree of a vertex w in G is the number of edges incident with u and is denoted by d(u). The
minimum and maximum degree of a graph G is denoted by d(G) and A(G), respectively. For
graph theoretic terminology we refer to Chartrand and Lesniak [1] and Haynes et.al [3].

Let v € V. The open neighborhood and closed neighborhood of v are denoted by N(v)

and N[v] = N(v) U{v}. If S CV then N(S) = |J N(v) for all v € S and N[S] = N(S)U S.
veS
If S CV and u € S then the private neighbor set of u with respect to S is defined by

pnju, S| = {v: Nv]n S = {u}}. For any set S C V, the subgraph induced by S is the maximal
subgraph of G with vertex set S and is denoted by (S). The vertex has degree one is called a
pendant vertex. A support is a vertex which is adjacent to a pendant vertex. A weak support
is a vertex which is adjacent to exactly one pendant vertex. A strong support is a vertex which
is adjacent to at least two pendant vertices. An unicyclic graph is a graph with exactly one
cycle. A graph without cycle is called acyclic graph and a connected acyclic graph is called a
tree. H(mqy,ma, -+ ,my,) denotes the graph obtained from the regular graph H by attaching
m; pendant edges to the vertex v; € V(H),1 < i < n. The graph Ka(mj, ms) is called bistar
and it is also denoted by B(mq,ma2).

A subset D of V is called a dominating set of G if every vertex in V' — D is adjacent to at
least one vertex in D. The minimum cardinality of a dominating set is called the domination
number of G and is denoted by v(G). A dominating set D of a graph G is called a total
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dominating set of G if the graph induced by D has no isolated vertex.The minimum cardinality
of a total dominating set is called the total domination number of G and is denoted by v(G).
W.Goddard.et.al [2] introduced the concept of semitotal domination in graphs. A set D of
vertices in a graph G with no isolated vertices to be a semitotal dominating set(STD-set) of G
if it is a dominating set of G and every vertex in D is within distance 2 of another vertex of
D. The minimum cardinality of a semitotal dominating set is called the semitotal domination
number of G and is denoted by v2(G)
2n

Theorem 1.1 For a cycle Cy,,712(Cy) = {5-‘

Observation 1.1 Since any STD-set of a spanning subgraph H of a graph G is a STD-set of
G, we have 12(G) < o (H).

Observation 1.2 If G is a disconnected graph with k components G1,Ga, -+ , G, then y2(G) =
’YtQ(Gl) + ’YtQ(GQ) + -+ ’YtQ(Gk).

82. Main Results

Theorem 2.1 For any graph G, v:2(G) < n—A+1. Further, v2(G) = n—A+1 if and only if G
is isomorphic to H or sKo U H where H is any graph having a vertex v with d(v) = |V (H)|—1.

Proof Let v € V(H) and d(v) = A. Let S = N(v) — {u} where v € N(v). Then V — S is
a STD-set of G and hence v;2(G) < n — A + 1. Now, let G be a graph with 7.0 =n — A+ 1.

Case 1. @ is connected.

Let v € V(G) such that d(v) = A. If A <n —1 then V — N(v) is a STD-set of G with
|V —N(v)] = n—A, which is a contradiction. Hence A =n—1 and d(v) =n—1. Thus G = H.

Case 2. ( is disconnected.

Let G1,Ga, -, Gy be the components of G and let |V(G;)| = n;1 < i < k. A =1,
then v:2(G) = n and each G; is isomorphic to K. Suppose A > 2. Let v € V(G1) be such that
d(v) = A. Since y2(G) = n—A+1, we have 1:2(G1) = n1—A+1 and v2(G;) = n;,4 > 2. Hence
by case 1, Gy is isomorphic to H where H is any graph contains a vertex v with d(v) = |V (H)|—1
and G; is isomorphic to Ks,7 > 2. The converse is obvious. O

Theorem 2.2 Let G be a connected graph with A < n — 1. Then

v2(G) <n — A.

Proof Let v € V(G),d(v) = A. Clearly, V — N(v) is a STD-set of G, which implies that

’th(G) <n-A. O
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Theorem 2.3 Let T be a tree with n > 3. Then yi2(T) = n— A if and only if T can be obtained
from a star by subdividing k of its edges, 1 < k < A —1.

Proof Let T be a tree with v2(T) =n — A. Let u € V(T') and d(u) = A. It is clear that
T is not a star graph and hence A <n — 1. Let N(u) = {u1,ua, -+ ,ua}, X =V(T) — N[v] =
{x1,29, -+ ,21} and let T3 = (X).

Suppose E(T1) # ¢. Let Gy be a nontrivial component of T} and we assume that u; €
N(z1), where 1 € V(Gy). Since G is nontrivial, there exists a vertex xo € V/(G7) such that
122 € E(G1). Then D =V — (N(u) U {x2}) is a STD-set of cardinality n — A — 1, which is a
contradiction. Hence G is trivial and hence E(T1) = ¢.

If d(u;) > 3 for some u; € N(u), then D = {u,u;} U[X — (N(u;) N X)] is a STD-set of
T and |D| <n— A —1, which is a contradiction. Hence d(u;) < 2. Suppose d(u;) = 2 for all
i,1 <i < A. Then D = N(u) is a STD-set of G and |D| = |[N(u)] = A=n—-(n—-A) =
n—(2A+1-A)=n—(A+1)=n—A—1, which is a contradiction. Hence d(u;) = 1 for some
i. Thus T is obtained from K A by subdividing & of its edges, 1 < k < A — 1. The converse is
obvious. 0

Notation 2.1 We define the graphs G;,1 <1 < 7 as follows:

(1) G1 = C3(my,1,0),m; > 1;

(2) Gy = C3(mq,1,1),my > 1;

(3) G3 is a graph obtained from Cs(m1,0,0),m; > 1, by subdividing at least one pendant
edge once;

(4) G4 is a graph obtained from C3(m1, 1,0), m; > 2, by subdividing ¢ pendant edges which
are incident with a vertex of degree A, 1 <t <mj — 1;

(5) G5 is a graph obtained from C3(mq,1,1), m; > 2, by subdividing ¢ pendant edges which
are incident with a vertex of degree A;1 <t <my — 1;

(6) Gg = C4(m1,0,0,0),m1 > 1;

(7) G7 is a graph obtained from Cy(m;,0,0,0), m; > 1, by subdividing at least one pendant

edge once.
Theorem 2.4 Let G be a connected unicyclic graph with cycle C = (vy1,va, -+ ,vy,v1). Then

Y2(G) =n — A if and only if G is isomorphic to either Cy or G;,1 <i <T.

Proof Let G be an unicyclic graph with cycle C' and 2 = n— A. If G = C then it follows
from Theorem 1.1 that n < 4 and hence G is isomorphic to Cy.
Suppose G # C. Let X denote the set of all pendant vertices in G and let | X| = k. Clearly,

A-2<k<A. (1)

Claim 1. If v € V(G) and d(v) = A then v lies on C.

Suppose v is not on C. Then k = A —1 or A. Let v; € V(C) such that d(v,v;) = d(v,C).
Then D =V — (X U {va,v3}) is a STD-set with |D| < n — A — 1, which is a contradiction.
Hence v lies on C. Let C = (v1,v2,- -+ ,v,,v1) and let d(vy) = A.
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Claim 2. d(z)=1or 2 for all z € V(G) — V(C).

Suppose there exists a vertex z € V(G) — V(C) with d(z) > 3. Then k = A —1 or A. If
k = A—1 then all the vertices of V(C)—{v1 } have degree 2 and hence D = V(G) — [ X U{va,v3}]
is a STD-set of G with |D| <n — A.

If k = A then at least one vertex v; on C has degree 2. Then D = V(G) — [X U{v;}] is a
STD-set of G with |D| < n — A. Hence d(z) =1 or 2 for all z € V(G) — V(C).

Claim 3. Every vertex of V(C) — {v1} has degree 2 or 3.

Inequality (1) gives that d(v;) < 4 for all i # 1. Suppose that v; € V(C) with d(v;) = 4 for
some 4. Then k = A and d(v;) = 2 for all j # 1,7. Hence D = V(G) — [X U {v;}] is a STD-set
of G with |D| < n — A. This proves claim 3.

Claim 4. r <4.

Suppose r > 5. If Kk = A, then there exists a vertex v; such that d(v;) = 2 and D =
V(G) — [X U{v;}] is a STD-set of G with |[D| =n — A — 1. If k = A — 1, then there exist two
adjacent vertices v; and v; such that d(v;) = d(v;) = 2. Hence D = V(G) — [X U {v;,v;}] is a
STD-set of G with |[D| =n—A—2.. If k = A — 2, then every vertex of V(C) — {v1 } has degree
2 and hence D = V(G) — [X U {vq, v3,v5}] is a STD-set of G with |D| < n — A. Thus r < 4.

Now, we only need to consider two cases following.
Case 1. r=3

Suppose, there exists a vertex z; € X such that d(z1,C) > 3. Let (z1, 22, ,2s,0;),8 > 3
be the unique z; —v; path. If k = A — 2, then D = V(G) — [X U {x4, v2,v3}] is a STD-set of G
with |[D] <n—A. Let k = A—1. We assume d(v2) = 3. If i = 1 then D = V(G) — [X U{zs, v3}]
is a STD-set of G with |D| <n—A.If i = 2 then D = V(G) — [X U{vz,v3}] is a STD-set of G
with |D| < n— A, which is a contradiction. If k = A then D = V(G) — [X U{z,}] is a STD-set
of G with |D| < n — A, which is a contradiction. Hence every z € X,d(z,C) < 2.

Suppose d(z,C) =1 for all x € X. If kK = A — 2 then d(v;) = n — 1 and hence 2(G) =
n — A + 1,which is a contradiction. If k = A — 1 then G is isomorphic to G;. If k = A then G
is isomorphic to Gs.

Suppose d(z,C) = 2 for some x € X. If k = A —2 then G is isomorphic to Gz If k = A —1
then G is isomorphic to G4. If kK = A then G is isomorphic to Gs.

Case 2. r=4.

Suppose, there exists a vertex z; € X such that d(z1,C) > 3. Let (z1, 22, - ,2s,v;),8 > 3
be the unique 1 — v; path. If k = A — 2, then D = V(G) — [X U {zs,v2,v3}] is a STD-set of
G with [D| <n—A. If k = A —1 or A, then there exists a vertex in C, say ve with d(ve) = 2.
Then D = V(G) — [X U{xs,v2}] is a STD-set of G with |D| < n — A. Hence d(z,C) < 2 for
all x € X. Now, if K = A — 2, then G is isomorphic to G;,6 <i < 7. If k=A —1 or A, then

there is no graphs satisfy v:2(G) = n — A. The converse is obvious. O

Theorem 2.5 Let G be a connected graph with ¥:2(G) = n— A and let v be a vertex of G with
d(v) = A. Then, each vertex u € N(v),|N(u) NV (G — N[v])| < 1.
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Proof Suppose there exists a vertex u € N(v) such that u is adjacent to k vertices in
G — Nv],k > 2. Let X = {z1,22,---,x} be the set of vertices in G — N[v] such that ux; €
E(G),1<i<k.Then D =[V—(N(w)UX)|U{u}isa STD-set of G and |D| = n—(A+k)+1 <

n — A — 1, which is a contradiction. Hence the result follows. O

Theorem 2.6 Let G be a graph with A(G) = 2. Then v2(G) = n — A if and only if G is

isomorphic to one of the following graphs:

(1) C3U P3UsKy,6+ 2s =n;
(2) C4UsKy, 4425 =n;

(3) 205U sK9,6 +2s =n;

(4) PrUSsKs, 4425 =n;

(5) 2P3 UsKa,6+2s =n.

Proof Let G be a graph with A = 2 and 43 = n — A. It is clear that every component of
G is either a path or a cycle. If there exists a component G; of G with |[V(G1)| =ny > 5, then
Y2(G1) < myp — 3 and hence y2(G) < n — 3, which is a contradiction. Thus the order of each
component of G is at most 4.

Further, if G has three components which are cycles of order 3 or 4 then v, <n—3 < n—A.
Hence at most two components of G are a cycle of order 3 or 4. Suppose two components of G
be cycles. If G contains cycles C3 and Cy4 then v < n — 3 < n — A, which is a contradiction.
If G contains 2Cy then ;2 < n —4 < n — A, which is a contradiction. Thus G contains 2C3
and hence G = 2C3 U sKy where 6 + 2s = n.

Suppose exactly one component of G be a cycle. Let it be C. Suppose C = Cy. If G
contains a path of order 3 or 4, then ;5 < n— 3, which is a contradiction. Hence G = C4UsK»s
where 4 + 2s = n. Let C' = C3. If G contains a path of order 4, then 2 < n — 3, which is a
contradiction. If G contains 2P5, then ;2 < n—3, which is a contradiction. If G contains no P;
then ;2 = n — 1 which is a contradiction. Thus G has exactly one P; Hence G = C3U P3 UsK,
where 6 + 25 = n.

Suppose no components of G is a cycle. Then all the components of G are paths. If G
has three components which are paths of order 3 or 4, then 2 < n —3 < n — A. Hence
at most two components of G are paths of order 3 or 4. If G contains a P3 and a P4, then
Y2 <n —3 <mn—A, which is a contradiction. If G has 2P, then v < n —4 <n — A, which
is a contradiction.Hence G contains 2P5 or one P,. Hence G is isomorphic to 2P3 U sK5 where

6 +2s=mn or P,UsKy where 4 + 2s = n. The converse is obvious. O

Theorem 2.7 Let G be a connected graph and let v be a vertex of degree A . If V — N[v] is an
independent set and every vertex in N(v) is adjacent to at most one vertex in V. — Nv], then
Y2 (G)=n—Aorn—A-1

Proof Let D be a vy;5—set. Since every vertex of N(v) is adjacent to at most one vertex
in V — NJv], it follows that |D| > |V — N[v]|. Hence 112 > n — (A +1). Also V — (N(v)) is a
STD-set and hence 12(G) <n—A. Thus ;o =n—Aorn—A— 1. O
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Theorem 2.8 Let G be a connected graph and let v be a vertex of degree A. If

(1) V — N[v] is an independent set;
(2) Every vertex in N(v) is adjacent to at most one vertex in V — Nv];

(3) N(v) Contains a vertex of degree one,
then, v2(G) =n — A.

Proof Let D be a yi2-set of G. Let u € N(v) be a vertex of degree 1. It follows from
Theorem 2.7 that |[D| = n — A or n — A — 1. Since u is a pendent vertex of G,v € D. Also
it follows from ) and i) that D contains n — A — 1 vertices for dominating the vertices of
V — N[v]. Hence y42 = |D| =n — A. O

Theorem 2.9 Let G be a connected graph with bipartition {V1,Va} and let v € Vi with d(v) = A.
Suppose yi2 = n — A. Then the following conditions are satisfied. )|Va| = A(G). i) Every
pair of vertices u,w € Vi,u # v,w # v such that N(u) N N(w) = ¢. iii) Each vertex in V2 has

degree at most 2 and at least one vertex of Vo has degree 2.

Proof Let N(v) = {v1,va, - ,va}. Since N(v) C Vo, A(G) < |Va]. If there exists a vertex
x € Vo — N(v), then since G is connected, D = [V — (N(v) U {z})] is a STD-set of G with
|D| =n — A — 1 which is a contradiction. Hence |V3| = A.

Suppose N(u) N N(w) # ¢. Let y € N(u) N N(w). It is clear that y € N(v). Then
D = [V—(N(w)U{u,w})]U{y} is a STD-set of G with |D| = n— A —1 which is a contradiction.
Hence N(u) N N(w) # ¢.

Suppose there exists a vertex z € V5 with d(z) > 3. Let u,w € V; be such that uz, wz € E.
Then N(u) N N(w) # ¢ which is a contradiction. Hence each vertex in V5 has degree at most
2. Also if all the vertices of V5 have degree 1, then G is a star and ;2 # n — A. Hence at least

one vertex of V5 has degree 2. O
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