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§81. Introduction

It is not uncommon that, the theory of retraction has always been one of the interesting topics
in Euclidian and Non-Euclidian space and it has been investigated from the various viewpoints
by many branches of topology and differential geometry [1-6].

Minkowski space is originally derived from the relativity in physics. In fact, a time like
curve corresponds to the path of an observer moving at less than the speed of the light, a
light-like curves correspond to moving at the speed of the light and a space like curves moving
faster than light. The Minkowski 3-space E} is the Euclidean 3-space E3 provided with the
standard flat metric given by g = dz? + dz3 — dz3, where (1, 22, 23) is a rectangular coordinate
system in E}. Since g is an indefinite metric, recall that a vector v € E§ can have one of three
Lorentzian causal characters, it can be space like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0
and light-like if g(v,v) = 0. Similarly, an arbitrary curve a = a(s) in Ej can be locally space-
like, time like or light-like, if all of its velocity vectors o/(s) are respectively, space-like, time like
or light-like respectively. A curve in Lorentzian space L™ is a smooth map « : I — L™ where [
is the open interval in the real line R. The interval I has a coordinate system consisting of the
identity map u of I. Space-like or time-like curve a(s) is said to be parametrized by arclength
function s, if g(a/(s),a’(s)) = £1. The velocity of « at t € [ is o/ = d‘;—(u“)‘t. Next, v, w in E3}
are said to be orthogonal if g(v,w) = 0. Vectors A curve « is said to be regular if o/(¢) does
not vanish for all in ¢ in I, o € L™ is space like if its velocity vectors o/ are space like for all
t € I, similarly for time like and null. If « is a null curve, we can re-parameterize it such that
(o (t),d/(t)) =0 and o (t) # 0 [3-8].
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§2. Preliminary Notes

Let a(t) be a curve in the space-time in parameterized by arc length function s Lopez [9]. Then
for the unit speed curve «(t) with non-null frame vectors, we distinguish three cases depending

on the causal character of T'(t) and its Frenet equations are as follows

T 0 ws O T
N | = H1VE 0 L2UT N
B 0 H3vT 0 B

We write the following subcases.

Case 1. If a(s) is time-like curve in E3, then T is time-like vector and 1" is space-like vector.
Then p;, 1 <i<3read pu; = pa =1,pu3 = —1 and T, B and N are mutually orthogonal vectors
satisfying the equations g(N,N) =g¢(B,B) =1, g(T,T) = —1.

Case 2. If a(s) is space-like curve in E$, then T is space-like vector, since T"(s) is orthogonal
to the space-like vector T'(s), T'(s) is space-like, time-like or light-like. Thus we distinguish

three cases according to T7(s).

Subcase 2.1. If the vector T"(s) is space-like, N is space-like vector and B is time-like
vector. Then, p;, 1 < i < 3read uy = —1, pue = pg = 1, where T, N and B are mutually
orthogonal vectors satisfying equations g(7,7T) = g(N,N) =1 and ¢(B, B) = —1.

Subcase 2.2 If the vector T"(s) is time-like, N is time-like vector and B is space-like
vector. Then, p;, 1 <i < 3read p1 = po = ps = 1, where T, N and B are mutually orthogonal
vectors satisfying equations ¢(7,7T) = g(B,B) =1 and g(N,N) = —1.

Subcase 2.3 If the vector T"(t) is light-like for all ¢, N(t) = T'(t) is light-like vector
and B(s) is unique light-like vector with g(N, B) = —1 and it is orthogonal to 7. The Frenet

equations have

T 0 1 0 T
N |=]0 vr 0 N
B 1 0 —vr B

Case 3. If a(s) is light-like curve in E§ and B(s) is unique light-like vector such that g(T, B) =
—1 and it is orthogonal to N, the pseudo-torsion is 7 = — (N’, B). Then the Frenet equations

T 0 1 0 T
N = vr 0 1 N
B 0 wvr 0 B

Let o = a(t) be an arbitrary space-like curve in Minkowski space Ef. We have & = vT),

T = % From Frenet equations we have T = vkN. Then k = @ and N = TTK = ﬁ The

vector product of N x T, gives us B = N x T. Using Frenet equations N = vkT — vrB. Thus
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v = ||&(t)|| to have the second curvature, and by inner product we obtain 7 = g (—W, B).

A subset A of a topological space X is called retract of X if there exists a continuous map
r: X — A called a retraction such that r(a) = a for any a € A [2, 3, 6].

Let M and N be two smooth manifolds of dimensions m and n respectively. A map
f: M — N is said to be an isometric folding of M into N if and only if for every piecewise
geodesic path v : I — N the induced path fo~: I — N is piecewise geodesic and of the same
length as v, if f does not preserve the length it is called topological folding [4, 5, 6].

Definition 2.1([9-13)) We name that a heliz is a curve where the tangent lines make a constant
angle with a fixed direction. Helices are characterized by the fact that the ratio /K is constant

along the curve, where 7 and k denote the curvature and the torsion, respectively.

Definition 2.2 Let u = (uy,us,u3) and v = (v1,ve,v3) be vectors in E}, the vector product in
Minkowski space-time E3 is defined by the determinant

€1 ez —€3
UNV=| uy us u3z |,

v U2 U3

where, e1,es and es are mutually orthogonal vectors (coordinate direction vectors), v denotes

speed of the curve.

83. Main Results

Lemma 3.1 Let H = {(acost,asint,bt)} be a heliz in E3. Since <H,H> =a? —b?,

. —asint acost b
v=|H(t)| = a2_b27 T= 5 ) )
A=Vl (ww—W|¢ﬁ—W|ww—w>
a? — ) a?—b% if a? > b
a  — =

W —a? if a? <b?

and (T, T) = 1 if a® > b2, then the heliz H is space-like, and (T, T) = —1 if a®> < b?, then the

heliz H is time-like and a null curve if a®> = b>.

Proof Consider three cases following.

Case 1. Let H = {(acost,asint,bt)} be helix in E}. If a® > b?, then H(t) is a space like
curve. Since T' = % then

T_ —asint acost b
Vie = =l i@l
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and so (T, T) =1, B=T x N,

1
B ={ ———=(bsint,—bcost,—a),, N = {(—cost,—sint,0
et TR )
b

with curvature Kk = %= and torsion 7 = 5. Also
a?—b a’?—b )

2 a

. a .
1) 0 i
< a2—b2> a2 — b2

and T is a space-like vector and the Frenet equations in matrix notions are

T 0 wk O T
N = —vk 0 wr N
B 0 wor O B
= (725 725 7)
= T 0 \/% (—cost, —sint,0)
0 \/a%%b? 0 \/ﬁ(bsint,—bcost, —a)

Case 2. If a® < b%, then the helix H(t) is a time-like curve with (T, T) = —1. Since

—asint acost b
T = ’ ; ’
Ve Vel e
and so N = {(—cost,—sin¢,0)}, B = T x N, then B = ﬁ(bsint,—bcost,—a) with
curvature £ = 3% and torsion 7 = ﬁ. Also, <T,T> = % >0, and T is a space-like

vector and the Frenet equations in matrix notions are

T 0 vk 0 T
N = VK 0 T N
B 0 —vur 0 B
0 gm0 (ot e, )
= \/1)2(1_7(12 0 ﬁ (—cost, —sint,0)
0 \/,)2_7_% 0 s (bsint, ~bcost, —a)

Case 3. The curve is light-like if a®> = b? and we have v = v/a2? — b2 = 0, then the tan-
gent vector T undefined, and so to calculate the Frenet equation of H(t) re-parameterization
by the pseudo arc length s. Let a = b = C% Thus, the equation of the light-like helix
is H(s) = {Z%(cos(cs),sin(cs),cs)}, where the curvature £ = 1, the tangent vector T'(s) =
{1(—sin(cs),cos(cs), 1)}, the normal vector N(s) = T’(s) = {(— cos(cs), —sin(cs),0)}. The

bi-normal vector B(s) is define as follows, since B(s) is a unique light-like vector then (1)
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(B,B) = 0. Also, (2) g(T, B) = —1, and since B is orthogonal to N then (3) (B, N) = 0. From
62

(1), (2) and (3), then B(s) = §(sin(cs), —cos(cs),1), 7 = —(N',B) = 5. Then, the Frenet
equations of H(s) in matrix notation are
T 010 T
N| = |01 N
B 07 0 B
0 1 0 1 (—sin(cs), cos(cs), 1)
_262 0 1 — cos(cs), — sin(cs), 0)
0 _TCZ 0 $(sin(cs), — cos(cs), 1)
This completes the proof. O

Definition 3.2 Assume that H(t) = {(z1(t),z2(t), z3(t), - ,2,(t))} t € domainH (t) is any
non-null curve in Minkowski n-space ET. Then the retraction map of H(t) called projec-
tion retraction with n — 1 dimension defined as r;(H) : {(z1(t),x2(t), z3(t), -,z ()} —

(21(8), 22(t), 23(t), - - 2 (t)) — {(i)} with {(z:)} = {(Lhzi(t),laza(t), -, lnan(t))}, where
ln, =1 whenn =1 andl, =0 whenn # i, i,n € N, t € DomainH .

Theorem 3.3 Let P(t) be a non-pseudo null space-like curve in E3 with curvature k = 1 and
constant torsion T, the projection retraction r;(P) = (x1(t),z2(t),x3(t), -, z,(t)) — {(x;)},
i € {1,2,3}, s € Domainr;(P), then the Frenet apparatus of v;(P) can be formed by Frenet
apparatus of P(t).

Proof Let P(t) = {(acost,asint,bt)} be a non-pseudo null space-like curve P in E} with
constant curvature. For the curve r1(P(t)) = (0,asint, bt), v, = y/a? cos?(t) — b%. So

r1(P(t)) = (acost,asint, bt).

Differentiating this equation with respect to t, the tangent vector

T, (t) = 2 T(t) - <_“Sint,0,o> ,

Up Uy

, N = T T the normal

where, T = = T}, = ™ T, = T(t) — (—acost,0,0). Then, x = [l o = T

v? vy v

vector of r1(P),

2
Nr(t):<v> EN@) - 12(—acost70,0)—1')rT(t).

Uy Ko KypU2

And the bi-normal vector of r1(P) is
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If r1(P) is a null curve and B,.(t) = T, A N,, if r1(P) is a non-null curve. Similarly, we have
the same proof for ro(P(t)) and r3(P(t)). O

Theorem 3.4 Let H(t) = {(acost,asint,bt)} be a heliz in E}. Then the Frenet equations of
the y-z retraction projection 1 (H) = {(0,asint,bt)} and the z-z retraction projection ro(H) =
{(acost,0,bt)} can be formed by the Frenet equations of H(t).

Proof Let H = {(acost,asint,bt)} and r(H) = {(0,asint,bt)} be y-z retraction projec-
tion of H(t) with constant curvature £ # 0 and 7 = 0 then the ratio 7/k = 0 for any projection
plan of 7;(H). Hence, r1(H) is not a helix, 71 (H) = (0,acost,b) and (r1,71) = a? cos?(t) — b*

for all ¢ € domainry (H), and we have three cases following.

Case 1. If a® cos?(t) — b > 0, the retraction r1(H) is a space-like curve with time like vector
NT"

absint
v, = Va2cos?t —b?, kK, =

(a? cos?(t) — bQ)% .

From Lemma 3.1 and Theorem 3.3 we get

acost b
7. = 07 ; s
Va2 cos2(t) — b2 /a2 cos?(t) — b2

N, — 0, b ’ acost
Va2 cos2(t) — b2 /a2 cos2(t) — b2

and the torsion is 7. = 0, k, > 0, B, = (1,0,0). Then, the Frenet equations of the retraction

r1(H) in matrix notation are

T 0 wk, O T
N = VK 0 wr N
B 0 wr 0 B
0 #ﬁf—bz 0 <O’ Va2 Zs;s(i)—bz’ Va2 co:2(t)—b2>
- #&L’z 0 0 (0, Va2 co:2(t)—b2’ \/a2zocsozs(tt)—b2)
0 0 0 (1,0,0)

If a2 cos?(t) — b < 0, the retraction ri(H) is space-like curve with time like vector N,.,
vy = Vb2 —a2cos?t, ky = —2sint___ From Lemma 3.1 and Theorem 3.3 we get

(b2—aZ? cos?(t)) 3

T 0 acost b
" ’ Vb2 —a? cos2(t)’ Vb2 — a2 cos?(t) ’
—b —acost
N, = |0, )
( Vb2 —aZcos?(t) /b2 — a2 cos? (t))



96 A.E. El-Ahmady and A.T. M-Zidan

and the torsion is 7. = 0, k, > 0, B, = (1,0,0). Then, the Frenet equations of the retraction
r1(H) in matrix notation are

T 0 vk, 0 T
N = VK- 0 uT N
B 0 —vr 0 B
absin acost b
0 b2—ab2 Cost2 (t) 0 (07 \/bzfar" cos2(t)’ \/b2fa2 cos?(t) )
_ absint _ _ s
= 0 0 b acost
b%—a cos(t) (07 \/b?—a2 cos2(t)’ \/b2—a2 cos?(t)
! ! (1,0,0)

If a2 cos?(t) — b2 = 0, then the retraction r1(H) = {(0,asint, bt)} is a light like curve and
the Frenet equations of the retraction r1(H) cannot appoints.

Case 2. The helix H = {(acost,asint, bt)} and ro(H) = {(acost,0,bt)} is x-z retraction
projection of the curve H(t), and (7,7) = a®sin?(t) — b? for all t € domainry(H). WE have
three cases should be discussed.

If a?sin?(t) — b2 > 0, then the retraction ro(H) is space-like, v = || = y/a2 sin?(t) — b2,

79 —asint b

T=22- 0,
v \/a2 sin?(t) — b2 \/a2 sin?(t) — b2

and

b

o —a®b? cos?(t) . abcost
<T’T>: . 9 7 <0, ’T’: 2 in2(1) _ h2
(a?sin®(t) — b2) a?sin”(t) — b

then T is time-like, (T,T) = 1. So, T is space-like with curvature

bcost b —asint
a N asin

3 - ) 07
(a2sin®(t) — b2) 2 a?sin®(t) — b2 y/a?sin®(t) — b2

and B = (0,—-1,0), (B, B) =1 > 0, which is positively oriented, and the torsion 7 = 0. Then,
the Frenet equations of ro(H) in matrix notation are

R =

T 0 vk, O T
N = vk 0 wvr N
B 0 wvr 0 B
0 a?iﬁgiﬁf)t—lﬁ 0 <\/a2(slij1i:(i)—b2 0, Va2 sirf)z(t)—lﬂ)
N a? ﬁgg?’;t_w 0 0 (\/aQ sifo(t)be 0, \/ar"_s(iznszir(ltisz)
0 0 0

(0,-1,0)
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If a?sin®(t) — b < 0, then the retraction ro(H) is a time-like curve. Since T = 2 50

—asi b
T asint 0 AT, T) = —1,0 = |irg| = 1/b? — a?sin?(¢)

\/b2 — a2 sin®(t) \/b2 — a2 sin®(t)

and

. b2 cos?(t) : abcost
= T = 5.
<T7 T> (b2 —a? 51n2(t)) ’ ) b% — a?sin®(t)

Hence, T is space-like, (T, T) = 1, T is time-like with curvature

abcost asint

K= -, N =
2 \/b2 — a? sin’( \/ b2 — a2 sin?(

(b2 — a®sin’(t))
and B = (0,-1,0), (B,B) = 1 > 0, which is positively oriented, so the torsion 7 = 0. Then,

the Frenet equations of ro(H) in matrix notation are

T 0 vk, O T
N = VK 0 uT N
B 0 —vr 0 B
0 #ﬁiﬁm 0 <\/b2_—(j12121f12(t)7 7\/b2—a};sm (t))
B 172:152«:7;?2@ 0 0 (\/bz—azbsmm)’ ’\/bzilzlznsinm))
0 0 (0, ~1,0)

If a?sin?(t) — b = 0, then the retraction ro(H) is a light-like curve and the tangent vector
T is undefined, and then the Frenet equations cannot be appointed, see Figure 1 for details.

| 4

X

Figure 1

This completes the proof. O
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Theorem 3.5 Let H(t) = {(acost,asint,bt)} be a heliz in E¥. Then the Frenet equations are

variants under the z-y retraction projection r3(H) = {(acost,asint,0)},

Proof Let H(t) = {(acost,asint, bt)} and let r3(H) = {(acost,asint,0)} be x-y retraction
projection of the curve H(t). Clearly, (r3,73) = a® > 0 for all ¢ € domainrz(H), and |3| = a,

T="1_ (—sint, cost,0),
v

where v = a, (T, T) = 1. Then, r3(H) is a space-like curve. And <T,T> =1, ie., |T] = 1.

Thus T is space-like with curvature x = Hvi” = % > 0and 7 = 0, N = (—cost,—sint,0),

B =(0,0,—1). Then, the Frenet equations in matrix notation are

T 0 wk, O T
N = —vk 0 wr N
B 0 wr 0 B
0 1 0 (—sint, cost,0)
= -1 0 0 (—cost,—sint,0)
0 0 0 (0,0,-1)
This completes the proof. O

Corollary 3.6 Let H(t) = {(acost,asint,bt)} be a heliz in Ej. Then, the Frenet equations
can not be appointed under the retraction projection r 2(H) = {((l1)acost, (Iz)asint, (I3)bt)} =
{(0,0,0t)}, 91 =12 =0, I3 =1, and 11 2(H) is a straight line z = bt.

Proof Let H(t) = {(acost,asint,bt)} be a helix in E} and let r1 o(H) = {(0,0,bt)} be a
retraction of the curve H(t) and (r12,71,2) = —b? < 0 for all ¢ € domainH, then ry(H) is a
time-like curve and i1 2| = b, T = ™2 = (0,0, 1), where v = a and <T,T> =0,|T| = 0. Thus,

v

T is light-like and T is time-like, the normal and bi-normal vectors N, B are undefined. And
the Frenet equations cannot be appointed. The ratio 7/x is undefined. Since k = 7 = 0 then
r1,2(H) is a straight line. O

Definition 3.7 Let P(t), P(t) C E be any curve in Minkowski 3-space E3,t € R, we have an
arbitrary point, to € DomainP > I = (§ — tg,0 +tg) with 6 > 0, I C R and § € R, then there
exists related retractions for every interval I define as r1(P(t)) C P(t) C E3.

Theorem 3.8 Let H(t)

= {(acost,asint,bt)} be a heliz in E}. Then, the Frenet equations of
the retraction r;(H) = H(f(

t)) are different from the Frenet equations of H(t).

Proof Notice that r;(H) = {(acos f(t),asin f(t),bf(t))}. Since (r,7) = f2 (a® — b?),
f2> 0 for all ¢, the retraction r;(H) of the helix H(t) is a space-like curve when a® —b% > 0, a
time-like curve if a? — b? < 0 and a null-like curve if a® = b?. And since the ratio 7/k = c is a
constant for all ¢, then the retraction r;(H) is a helix. We have three cases should be discussed.
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Case 1. The curve r;(H) is a space-like retraction helix if a® > b2, and we have

.. 49,9 9 G ([ —asinf acosf b
(r,7) = f7(a® = b7), v=fVa® - 1? TT_<\/a2—b2’\/a2—b2’\/a2—l)2>

and (T;, T,y = 1. Hence, r;(H) is space-like, N, = {(—cos f,—sin f,0)}, B=T x N and
B, = L bsi b
r = m( Slnfa_ COSf,—a)

with curvature x, = %75 and torsion 7, = ﬁ. Also,

R  ja
<Tr,Tr>—m>0’ \ﬂ—m

and T, is a space-like vector, and the Frenet equations of r;(H) in matrix notation are

T, 0 vk 0 T,
NT = —vk 0 wor N,
Br 0 vr 0 B.
0 ik o (724, s2b, k)
= \/% 0 . \/% (—cos f,—sin f,0)
0 \/% 0 ﬁ(bsm f,—bcos f,—a)

Case 2. The curve r;(H) is a time-like retraction helix if a? < b?, and then we have

. —asinf acos f b )
, U= b2 - (7,27 T’r‘ = ) )
) f (\/62 — a2 Vb2 — a2 Vb2 — a2

+(H)| = f2(|a® —0?

and (T;., T,) = —1.
So, N, = {(—cos f,—sinf,0)}, B=T x N, B, = {\/ﬁ(bsinf7 —bcosf,—a)}, the
basis {T', N, B} is positive oriented because (B, B) = 1, the curvature is k, = =% and the

. . 2 2 .
torsion is 7. = #. Also, (T, T, ,.> = b’;_iaaQ > 0, and T, is a space-like vector. So, the Frenet

equations of r;(H) in matrix notation are

T, 0 wvk O T,
NT = VK 0 T N,
Br 0 —vr O B,
I (G2t S5t )
= \/% 0 . Jbi’fiﬁ (—cos f,—sin f,0)
0 \/% 0 b21_a2 (bsin f, —bcos f, —a)

This completes the proof.
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Theorem 3.9 Let H(t) = {(acost,asint,bt)} be a null heliz in E. Then, the Frenet equations
of the retraction r;(H) = H(f(t)) are different from the Frenet equations of H(t).

Proof Let r;(H) be a light like retraction helix of H(t), re-parameterization by the pseudo
arc length s. So, a = b = %, f(t) = cf(s) and the equation of a light-like helix is H(s) =

{ % (cos(cs),sin(cs), cs) }, where r;(H) = { & (cos(cf(s)),sin(cf(s)),cf(s))} (I) with curvature
Kk, = 1, the tangent vector

7(5) = { S (sin(ef () cos(ef () 1)} (1,.T) =0,

Then r;(H) is a light-like helix and the norma vector is

M) =1 = { (‘f sinfef) — 1" cos(ef), L costef) 1. f) } ’

c
the bi-normal vector B,.(s) is defined as follows:

Notice that B(s) is a unique light-like vector then (1) (B, B) = 0; Also, (2) ¢(7,B) =1
and since B is orthogonal to N, then (3) (B,N) = 0. From (1),(2) and (3), the bi-normal

vector is

Br(s) ={(J, K, L)}

J = j:llz;(taHQ(cf) sin(cf) — sec(cf)) + (2(}, — 22::/5> sin(cf),
K = 25}//5 cos(cf) — J{’/‘; tan?(cf) cos(cf) — 27“ cos(cf),
L= Ltnen - wen v L

with torsion

" " "2
1. =—(N/,B,) = i + A

L f/ 2f/ f/2

2
"o gf/2

+ (tan(cf) — tan’(cf))ef" — 5

This completes the proof. O

Corollary 3.10 Let H(s) = {}(

2
equations of the retraction r;(H) =

/() =0

Proof Let H(s) = {%(cos(cs),sin(cs),cs)} be a null helix in Ef, where

s(cs),sin(cs), cs)} be a null heliz in E}. Then, the Frenet
H(f(s)) can be formed by the Frenet equations of H(s) if

1) = { (con(ef(9) sin(ef (). cs(5) |

with curvature k, = 1. If f”(s) = 0 then f'(s) = ¢; and f(s) = ¢18 + ¢ be a linear function,
where ¢; = 1 and ¢y < 0 are constants. By substituting there conditions in the equations of
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T,.(s), N-(s) and B,.(s) in Theorem 3.9 and applying the value of T'(s), N(s) and B(s) following

S
—~
VA
~
Il
Q=
—
I
w0
=
=}
—
e
»
~
(@)
@}
w0
—~
9]
»
~—
—_
~—
——

Then ,we have r;(H) = { % (cos(cs + c1)),sin(cs + c1,¢s + ¢1) }. The tangent vector of r;(H) is
T.(s) = MT + AaN + A\, where A = (0,0,1 — A1) and A1, Ay are constants. Then the normal
vector of 7;(H) is N,-(s) = 11N + 1o B + v, where v = (0,0, —v5) and vy, v are constants, the
bi-normal vector of r;(H) is B.(s) = mB — n2N + 1, where n = (0,0,1 — ;) and 1,72 are
constants and the curve r;(H) has torsion 7, = %gf’Q = %7, curvature k, = £ = 1. Then,
the Frenet equations of the retraction r;(H) = H(f(s)) can be formed by the Frenet equations
of H(s) if f"(s) =0 and so

T, (s) = MT(s) + AaN(s) + A
N, (s) =vn(s) +12B(s) +v
Br(s) =mB(s) —n2N(s) +1n

This completes the proof. O

Now, we introduce types of conditional foldings of the helix H = {(acost,asint,bt)} in
E3. Clearly, H = {(asint,acost,b)}. Define

b
U : {(acost,asint,bt)} — {acost7asint7t}, m > 1.
m m m

Theorem 3.11 The Frenet equations of the non-null helit H = {(acost,asint,bt)} in E are

invariant under the folding ¥(H) = {% cost, = sint, %t} for integers m > 1.

Proof Let W(H) = {2 cost, % sint, 2t} be a folding of the helix H = {(acost,asint, bt)}

and <\I/,\If> = # (a2 — b2). Since # > 0, this folding is a space-like curve if a®> > b2, a

time-like curve if > < b% and a null curve if a® = b*>. Since H(t) is a helix then the ratio
b

T/k = ¢ is a constant. So the folding ¥(t) has the ratio 7y /ky = 7/k = —2, is also a constant

and then ¥(¢) is a helix. We have three cases should be discussed.

Case 1. The folded helix is space-like if a? > b. So, |¥(t)| = v = (i)g - (%)2 and

—asint acost b
T = 3 ’ 3 TaT = ]-7
v (\/a2 — b2 \/@2 — b2 \/a2 _ b2> < >
1
By = Ty X Ny = {(bsint,—bcost, —a)},
a2 — b2

Ny

{(=cost,—sint,0)}

) ) B . 2 .
with curvature kg = "% and torsion 7y = ﬁ. Also, <Tq;,T\1/> = o9z > 0, [Ty] =
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ﬁ. Thus, Ty is a space-like vector, and the Frenet equations in matrix notation are

T 0 wk O T
N = —vk 0 wor N
B 0 vr 0 B
—asint acost b
0 \/a;sz 0 ( @202 Jaz_p2’ \/a27b2)
= == 0 = (—cost, —sint,0
Va2—b2 Vaz—b2 — COS i, —sIni, )
0 \/a%%bz 0 ﬁ(bsint,fbcost, —a)

Case 2. The folded helix is time-like if a® < b%. Then, we have |H(t)| = \/[a% — b2|, where,
v=1/(5)" - ()" and

Te — <—asint acost b )
v \/b2—a2’\/b2—a2’\/b2—a2 ’

{(—cost,—sint,0)}.

Ny

So, (I, T) = —1 and

B\I,:Tq,qu,:{ (bsint,—bcost,—a)},

B2 — 42

the basis {T, N, B} is positive oriented because (B,B) = 1, T = (\7%, \;%,O). The

] B . ) .
curvature Ky = % and the torsion 7¢ = ﬁ Also, <Tq,,Tq,> = bga_—ag > 0. So, Ty is a

space-like vector, and the Frenet equations in matrix notation are

T 0 wk 0 T
N = VK 0 vT N
B 0 —vr 0 B
0 0 C= = =)
= \/ﬁ 0 \/})2”_7(12 (—cost, —sint,0)
0 \/,72_7_% 0 ﬁ(bsint,—bcost, —a)
This completes the proof. O

Theorem 3.12 Let H = {(acost,asint,bt)} be a null heliz in EY, U(H) = {2 cost, ~ sint, 2t}

a folding of H(t) for integers m > 1. Then, the Frenet equation of U(t) can be formed by the
Frenet equation of H(t).

Proof Let W(t) = {£ cost, & sint, 2t} be afolding of the null helix H = {(acost,asint, bt)},
v = 0. Then, T is undefined, re-parameterization H(t) by the pseduo arc length s. Let
a

=b=%,t = cs. Thus the equation of the light-like helix is H(s) = { % (cos(cs),sin(cs),cs)},

c2
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U(s) = & { % (cos(cs),sin(cs), cs) } with curvature & = 1. The tangent vector is Ty (s) = W(s)
L {1(—sin(cs),cos(cs), 1)}, the normal vector is Ny (s) = T4 (s) = L {(— cos(cs),sin(cs),0)}

m

with the the bi-normal vector defined as follows.
Since By (s) is a unique light-like vector, we know that (1) (B,b) = 0. Also, (2) g(Ty, By) =
—1. Notice that By is orthogonal to Ny, there must be (3) (By, Ny) = 0. From (1), (2) and
3) me
By(s) = 7(8111(65), —cos(es), 1)

and 79 = — (N}, By) = % So, the Frenet equations of folded curve ¥(H) in matrix notation
are
T} 0 1 0 Ty
B(I, 0 7¢ O By
0 1 0 — (—sin(cs), cos(cs), 1)
= = 0 1 L (—cos(cs), —sin(es),0) |,
0 _202 0 ¢ (sin(cs), — cos(cs), 1)
where, kg =k =1, T@:T:_TCZ and
Ty =LT
Ny =1LN
B\p =mB
This completes the proof. O
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