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Abstract: For any non-trivial Abelian group A under addition a graph G is said to be
A-magic if there exists a labeling f : E(G) — A — {0} such that, the vertex labeling f*
defined as f*(v) = 3" f(uv) taken over all edges uv incident at v is a constant. An A-magic
graph G is said to be Zy-magic graph if the group A is Zj, the group of integers modulo &
and these graphs are referred as k-magic graphs. In this paper we prove that the graphs such
as cycle of generalized peterson, shell, wheel, closed helm, double wheel, triangular ladder,
flower and lotus inside a circle are Zi-magic graphs and also prove that if G is Zg-magic
graph and n is even then C'(n.G) is Zi-magic.
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§1. Introduction

Graph labeling is currently an emerging area in the research of graph theory. A graph labeling
is an assignment of integers to vertices or edges or both subject to certain conditions. A detailed
survey was done by Gallian in [6]. If the labels of edges are distinct positive integers and for
each vertex v the sum of the labels of all edges incident with v is the same for every vertex
v in the given graph then the labeling is called a magic labeling. Sedldcek [8] introduced the
concept of A-magic graphs. A graph with real-valued edge labeling such that distinct edges
have distinct non-negative labels and the sum of the labels of the edges incident to a particular
vertex is same for all vertices. Low and Lee [7] examined the A-magic property of the resulting
graph obtained from the product of two A-magic graphs. Shiu, Lam and Sun [9] proved that
the product and composition of A-magic graphs were also A-magic.

For any non-trivial Abelian group A under addition a graph G is said to be A-magic
if there exists a labeling f : E(G) — A — {0} such that, the vertex labeling f* defined as
fT(w) =3 f(uv) taken over all edges uv incident at v is a constant. Otherwise, it is said
to be Smarandachely A-magic, i.e., |{fT(v),v € V(G)}| > 2. An A-magic graph G is said to
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be Zi-magic graph if the group A is Zj, the group of integers modulo k. These Zj-magic
graphs are referred to as k-magic graphs. Shiu and Low [10] determined all positive integers
k for which fans and wheels have a Zj-magic labeling with a magic constant 0. Motivated
by the concept of A-magic graph in [8] and the results in [7], [9] and [10] Jeyanthi and Jeya
Daisy [1]-[5] proved that some standard graphs admit Z;-magic labeling. Let G be a graph
with n vertices {u1,us,...u,} and consider n copies of G as G1,Ga,...G, with vertex set
V(G;) = {ul :1 <i<n,1<j<n}. The cycle of graph G is denoted by C(n.G) is obtained
by identifying the vertex ujl of G with u; of G for 1 <i <n,1 < j < n. In this paper we study
the Zp-magic labeling of some cycle of graphs and also prove that if G is Zj-magic graph and
n is even then C(n.G) is Zi-magic. We use the following definitions in the subsequent section.
Definition 1.1 A generalized peterson graph P(n,m), n > 3,1 < m < 5 15 a 3 reqular
graph with 2n vertices {ui,ug,  Un,v1,v2...0,} and edges (u;v;), (Uitit1), (ViVipm) for all

1 < i < n, where the subscripts are taken modulo n.

Definition 1.2 A shell S, is the graph obtained by taking n — 3 concurrent chords in a cycle

Cy. The vertex at which all the chords are concurrent is called the apez.

Definition 1.3 The wheel W, is obtained by joining the vertices vy,va, - - v, of a cycle C, to
an extra vertex v called the centre.

Definition 1.4 The closed helm CH,, is the graph obtained from a helm H, by joining each

pendent vertex to form a cycle.

Definition 1.5 A double wheel graph DW,, of size n can be composed of 2C,, + K1, that is
it consists of two cycles of size n, where the vertices of the two cycles are all connected to a

common hub.

Definition 1.6 The triangular ladder graph TL,, n > 2 is obtained by completing the ladder
Py x P, by adding the edges v jva j+1 for 1 < j < mn. The vertex set of the ladder is {v1 j,va; :
1<j<nj.

Definition 1.7 The flower Fl,, is the graph obtained from a helm H, by joining each pendent

vertex to the central vertex of the helm.

Definition 1.8 A lotus inside a circle LC,, is a graph obtained from the cycle Cy, : u1i,usa, . . . Uy, U1
and a star Ky ,, with the central vertex vo and the end vertices vy, ve, - ,v, by joining each u;

and uit1(mod n).

82. Main Results

Theorem 2.1 Let G be a Z-magic graph with magic constant b then C(n.G) is Zy-magic if n

s even.

Proof For any integer b € Zi. Let v1,vs,- v, be the vertices of the cycle C,,. Let G be
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any Z-magic graph with magic constant b. Therefore f*(v) = b(mod k) for all v € V(G).
For any integer a € Z, — {0}, define the edge labeling g : E(C(n.G)) — Z;,— {0} as follows:

a for 7 is odd,
g(vivig1) = .
k—a foriis even,

and g(e) = f(e) for other e € E(C(n.@)). Then the induced vertex labeling g* : V(C(n.G)) —
Zy is gt (v) = b(mod k) for all v € V(C(n.G)). Hence g" is constant and it is equal to
b(mod k). Notice that C'(n.G) admits Z,-magic labeling when n is even, then it is therefore a
Z-magic graph. a

Theorem 2.2 Let G be a Zy-magic graph with magic constant b then C(n.G) is Zx-magic if k

s even.

Proof For any integer b € Zy. Let vy, vs,- - v, be the vertices of the cycle C,,. Let G be
any Zg-magic graph with magic constant b. Therefore f*(v) = 0(mod k) for all v € V(G).

For any integer a € Z; — {0}, define the edge labeling g : E(C(n.G)) — Z; — {0} to be
g(vivig1) = 5 for 1<i<n—1, glvav) = £, g(e) = f(e) for other e € E(C(n.G)).

Then the induced vertex labeling g™ : V(C(n.G)) — Zi is g7 (v) b(mod k) for all
v € V(C(n.G)). Hence gt is constant and it is equal to b(mod k). Since C(n.G) admits
Zi-magic labeling when k is even, then it is a Zx-magic graph. O

Theorem 2.3 The graph C(n.C,) is Zi-magic except r is even, n is odd and k is odd.

Proof Let the vertex set and the edge set of C(n.C,) be V(C(n.Cp)) = {v : 1
r, 1 <j<n}and B(C(n.Cy)) = {vjvl,; : 1<i<r—1i<j<n}U{viv]: 1
n} U{U{U{H t 1<) <n—1}U{vfol )
Case 1. ris odd.

For any integer a € Zj — {0}, define the edge labeling f : E(C(n.C;)) — Z, — {0} as

follows:

. k—a foriis odd,1<j<n,
f(U'L U'L+1) .. .
a foriis even, 1 <j<n,
f(v{v{“) =afor1<j<n-1,
foivl) = a.
Then the induced vertex labeling f* : V(C(n.C.)) — Zj is ft(v) = 0(mod k) for all
v e V(Cn.C,)).

Case 2. ris even.
Subcase 2.1 n is even.

The cycle C,. is Zi-magic with magic constant zero when r is even. Therefore by theorem

2.1 it is Zi-magic.
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Subcase 2.2 n is odd and k is even.

By Theorem 2.2 it is Zj-magic.

Hence f7 is constant and it is equal to 0(mod k). Since C(n.C,.) admits Zg-magic labeling,
then it is a Zi-magic graph. O

The example for Z;5-magic labeling of C(5.C7) is shown in Figure 1.

Figure 1 Z;5-magiclabeling of C'(5.C7)

Conjecture 2.4 The graph C(n.C,) is not Zy-magic when r is even, n is odd and k is odd.
Observation 2.1 The graph C(n.Cp,,Chp, -+ ,Ch,) is Zx-magic when ny,ng, - - - n; are odd.

Theorem 2.5 The cycle of generalized peterson graph C(n.P(r,m)) is Zx-magic except r is

even, n is odd and k is odd.

Proof Let the vertex set and the edge set of C'(n.P(r,m)) be respectively V/(C(n.P(r,m))) =
(vl - 1<i<nr 1<j<n}and E(C(n.P(r,m))) = {ulv] : 1<i<nr 1<j<
n}U{ufufH 1<i<r—1, 1§j§n}U{uZu{: 1§j§n}U{vaf+m: 1<i<r, 1<5<
n} where the subscripts are taken modulo r.

Case 1. ris odd.

For any integer a such that k > 3a, define the edge labeling f : E(C(n.P(r,m))) — Zx—{0}
as follows:
f(vf_vffm) =aforl1<i<r 1<j<m,
fwlv])=k—2afor1<i<r 1<j<n,
o 3a foriis odd, 1 <j <n,
fluduly) = -
k—a foriis even,1<j<n,
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fluw™) =k —2afor 1 <j<n—1and f(uful) =k — 2a.
Then the induced vertex labeling f* : V(C(n.P(r,m))) — Zy is f*(v) = 0(mod k) for all
v € V(C(n.P(r,m))).

Case 2. r is even.
Subcase 2.1 n is even.

The graph P(r,m) is Zg-magic with magic constant zero. Therefore by theorem 2.1 it is

Z-magic.
Subcase 2.2 n is odd and k is even.

By theorem 2.2 it is Zi-magic in this case.

Hence f7 is constant and it is equal to 0(mod k). Since C(n.P(r,m)) admits Zi-magic

labeling , then it is a Zp-magic graph. O

The example for Zs-magic labeling of C(5.P(5,2)) is shown in Figure 2.

Figure 2 Zs-magic labeling of C'(5.P(5,2))

Conjecture 2.6 The cycle of generalized peterson graph C(n.P(r,m)) is not Z-magic when

r 1s even, n is odd and k is odd.

Theorem 2.7 The cycle of shell graph C(n.S,.) is Zi-magic.
Proof Let the vertex set and the edge set of C(n.S,) be respectively V(C(n.S,)) =

{vf 1< <r 1<j<n}and E(C(n.S,)) = {vgvg+l 1 <i<r—1,1<3j

n}U{U;U{ 1 <5< n}U{U{Uf+2 1 <i<r—-31<j < n}U{U{U{H 1
j < n—1}UJ{vtvi}. For any integer a such that k& > (r — 2)a, define the edge labeling

<
<



Z,-Magic Labeling of Cycle of Graphs 93

f: E(C(n.S,)) — Zr — {0} as follows:

f(U{Uf+)—2afOr1<z<r—3 1<j<n,
f@ivd) = fwivl) =afor 1 < j<n,
f(U{jU{jJr)_k—afor2<z<r_1 1<j<n,
fdul™ =k —(r—2)afor1<j<n-—1,

flufui) =k — (r = 2)a.

Then the induced vertex labeling f* : V(C(n.S,)) — Z is fT(v) = 0(mod k) for all
v € V(C(n.S;)). Hence fT is constant and it is equal to 0(mod k). Since C(n.S,) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example for Zz-magic labeling of C'(5.S55) is shown in Figure 3.

Figure 3 Z7;-magic labeling of C'(5.S55)

Theorem 2.8 The cycle of wheel graph C(n.W,.) is Zi-magic.

Proof Let the vertex set and the edge set of C(n.W,) be respectively V(C(n.W,.)) =
{wj,ul © 1<i<r, 1<j<n}and E(CnW,)) ={ulul,,: 1<i<r—1,1<j<
n}U{uf_ujl 1<5< n}U{wJui 1<i<r, 1< <n}U{uJ AR | <j<n-—1}J{utul}l.
For any integer a such that k > 2(r — 1)a, define the edge labeling f : E(C(n.W,.)) — Z; — {0}

as follows:
f(wu)—Qafor2<z<r 1<j<n,
flwjul) =k —2(r —1afor 1 < j <mn,
fll, ) =k—afor 1<i<r—1,1<j<n,
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fuwlul) =k —afor 1 <j<n,
fdul™) =rafor1<j<n-—-1,
fugul) = ra.

Then the induced vertex labeling f+ : V(C(n.W,.)) — Zx is fT(v) = 0(mod k) for all
v € V(C(n.W,.)). Hence fT is constant and it is equal to O(mod k). Since C(n.W,.) admits
Zp-magic labeling , the cycle of wheel graph C'(n.W,.) is a Z;-magic graph. O

The example of Z13-magic labeling of C(5.W7) is shown in Figure 4.

Figure 4 Z;3-magic labeling of C(5.W7)

Theorem 2.9 The cycle of closed helm graph C(n.CH,) is Zy-magic.

Proof Let the vertex set and the edge set of C(n.CH,) be respectively V(C(n.CH,)) =

{wj,ul,zl : 1 <i<r 1<j<n}and E(C(n.CH,)) = {uiuf_H 1 <i<r—-1,1
jEnpU{ufu] 1< <niUlelel, : 1<i<r—11<j<nUfefe]: 1<)
nfU{wjael - 1<i<r 1<j<ntUfalul: 1<i<r 1< <n}U{ufu]t : 1<

n— 1} Ufujui}.

Case 1. r is odd.

ININ N

For any integer a such that k > (r 4+ 1)a, define the edge labeling f : E(C(n.CH,)) —
Zy, — {0} as follows:

i i« JEk—a foriis odd, 1<j<n,
flujuiyy) = .. .
2a foriis even, 1 <j <mn,
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k—a foriis odd, 1<j<mn,

f(xzxz+1)_ . 3

a for 7is even, 1 <j <mn,
f(wjx{):k—(r—l)afor1<j<n
f(w<7xg)=af0r2<z<r1<j<n
f(@ju]) = (r+1)afor 1 <j <n,
flaluly=k—afor2<i<r1<j<n,
fdul™y =k — (r-l)a 1)a for1<j<n-—1,
fwwbzk—“§”

Then the induced vertex labeling f* : V(C(n.CH,)) — Z is ft(v) =
v e V(C(n.CH,)).

Case 2. ris even.

95

0(mod k) for all

For any integer a such that k > ra, define the edge labeling f : E(C(n.CH,)) — Z; — {0}

as follows:

j k—a foriis odd, 1 <j<n,
f(uiuerl)_ . .
2a foriis even, 1 <j <mn,
, k—a foriis odd, 1 <j<mn,
f(xzxz-i-l)_ .. .
foriis even, 1 <j<mn,
flwjzl) =k —(r—1afor1<j<n,
f(wjxf) afor2<i<r1<j<n,
f(x{u{):( —laforl1 <j<mn,
flalul)=k—afor2<i<r,1<j<n
f(u{ujfrl)—k efor1<j<m-—1
flugud) =k — .

Figure 5 Zg-magic labeling of C'(3.C' H3)
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Then the induced vertex labeling f* : V(C(n.CH,)) — Zy is f*(v) = 0(mod k) for all
v e V(C(n.CH,)).

Hence f* is constant and it is equal to O(mod k). Since C(n.CH,) admits Zi-magic
labeling , then it is a Z-magic graph. |

The example of Zg-magic labeling of C'(3.C'Hs) is shown in Figure 5.

Theorem 2.10 The cycle of double wheel graph C(n.DW,) is Zy-magic except r is even, n is
odd and k is odd.

Proof Let the vertex set and the edge set of C'(n.DW,.) be respectively V (C(n.DW,.))
{Uj,ug 1 <i<r 1<j<n}and E(C(n.DW,)) = {Uivf,viug 1 <<, 1<5<
n}U{vaerl 1<i<r—1,1<j §n}U{v£v{ 1<y Sn}U{ufuerl c1<i<r—-1,1<

j<nyUfufu] : 1<5 <n}Ufulul™ 1< <n—1}Ufuiul}.
Case 1. ris odd.

For any integer a such that k > 3a, define the edge labeling f : E(C(n.DW,.)) — Z; — {0}
as follows:

f(vwf):?aforlgigr, 1<j<n,
f(viug):k—Qaforlgigr, 1<j<n,

f(vgvf+1):k—aforlgigr—l,lgjgn,

o 3a foriis odd, 1 <j <n,
f(“i“iﬂ) =
k—a foriis even, 1 <j<n,

fwiv)) =k —afor1<j<n,

T

fqui™) =k-2afor1<j<n-1,
fuful) =k — 2a.

Case 2. r is even.
Subcase 2.1 n is even.

The graph DW, is Zp-magic with magic constant zero. Therefore by theorem 2.1 it is
Z-magic.

Subcase 2.2 n is odd and k is even.

By Theorem 2.2 it is Zx-magic in this case.

Hence f* is constant and it is equal to O(mod k). Since C(n.DW,) admits Zi-magic
labeling , then it is a Z-magic graph. |

The example of Zg-magic labeling of C'(5.DWj3) is shown in Figure 6.
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Figure 6 Zy-magiclabeling of C'(5.DW3)

Conjecture 2.11 The cycle of double wheel graph C(n.DW,.) is not Zi-magic when r is even,
n s odd and k s odd.

Obsevation 2.2 The graph C(n.DW,,,, DW,, ..., DW,,) is Zi-magic when ni,na,...n; are
odd.

Theorem 2.12 The cycle of triangular ladder graph C(n.TL,.) is Zy-magic.

Proof Let the vertex set and the edge set of C(n.T'L,) be respectively V(C(n.TL,)) =

{u{,vf: 1<i<r 1<j<n}and E(C(n.TLT)):{ugug+1,vgvg+l: 1<i<r—1,1<j

n}U{ugvf+1: 1<i<r—1, 1§j§n}U{ugvf: 1<i<r, 1§j§n}U{U{U{H: 1<y
n—1} U {vfwvl}.

VANRIVAN

Case 1. ris odd.

For any integer a such that k > 2a, define the edge labeling f : E(C(n.TL,)) — Z, — {0}

as follows:

o 2a foriis odd, 1 <j <mn,
f(uiuerl) = =7=
k—a foriis even, 1 <j<n,

i g k—a foriis odd, 1 <j<mn,
fvjvig,) = .. .
a foriis even, 1 <j <n,
fwivl)=k—afor1<j<n,
fulv])=afor2<i<r1<j<n,
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f(u{v%)zk—aforlgjgn,
f(ugvfﬂ)zk—2afor2§i§r—1,1§j§n,
f@lvith =afor1 <j<n-1,

fwil) = a.

Then the induced vertex labeling ft : V(C(n.TL,)) — Zx is fT(v) = 0(mod k) for all
v e V(C(n.TL,)).

Case 2. r is even.

For any integer a such that k > 2a, define the edge labeling f : E(C(n.TL,)) — Z, — {0}
as follows:

. 2a foriis odd, 1 <j <n,
f(UiUiH) = . )
k—2a, foriis even, 1 <j<mn,
f(vjvj ) = k—a foriis odd,i# (r—1)1<j<nmn,
i Vit1) =

a foriis even, 1 <j<n,

fl_qvl)=afor1<j<n,
f(u{v{)zk—aforlgjgn,
flwlvy=afor2<i<r—21<j<n,
fl_ vl )=k—afor1<j<n,

fulvl) =afor1 <j<n,
f(ugvfﬂ)zk—aforlgigr—Q,lgjgn,

fwl_yol) =afor1<j<n,
f(v{v{“) =aforl <j<n-1,

foiol) = a.

Then the induced vertex labeling f+ : V(C(n.TL,)) — Zy is fT(v) = 0(mod k) for all
v € V(C(n.TL,)). Hence fT is constant and it is equal to 0(mod k). Since C'(n.TL,) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example of Zjp-magic labeling of C'(5.7'L) is shown in Figure 7.
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Figure 7 Z;p-magic labeling of C(5.17'Ls)

Theorem 2.13 The cycle of flower graph C(n.Fl,.) is Zi-magic.

Proof Let the vertex set and the edge set of C'(n.Fl,) be respectively V(C(n.Fl,.)) =
{vj,vf,ug 1 <i<r 1<j<n}and E(C(n.Fl.)) = {vjvg 1 <i<r, 1<
n}U{vfuf 1<i<nr, lgjgn}U{vjug: 1<i<m, 1§j§n}U{vgvg+1: 1<

r—1, 1<j<n}Ufviv] 0 1<j<njUfofo]™: 1< <n—13U{vo} )

IN A

Case 1. r is odd.

For any integer a such that k > 3a, define the edge labeling f : E(C(n.Fl,)) — Zy — {0}

as follows:

f(vjvg):aforlgigr, 1<j<n,
f(vfug)zaforlgigr, 1<j<n,
f(ugvj):k—aforlgigr, 1<j7<n,
f(v'l-jv'zﬂ) _ a foriis odd, 1 <j<n,
k—3a foriis even, 1 <j<n,

f@lvitY =k —2afor1<j<n-—1,

fwivl) =k — 2a.

Then the induced vertex labeling f* : V(C(n.Fl,)) — Zy is fT(v) = 0(mod k) for all
v e V(C(n.Fl,)).

Case 2. ris even.

For any integer a such that k > 2a, define the edge labeling f : E(C(n.Fl,)) — Zy — {0}

as follows:
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fvjvl) =2afor 1 < j<n,
flojvly=afor2<i<r 1<j<n,
f(v{u{:):2a for 1 < j <mn,
flul)=afor2<i<r 1<j<n,
f(u{vj):k—2afor1§j§n,
f(ugvj):k—af0r2§igr, 1<j5<n,
f(vafﬂ):k—aforlgigr—l, 1<j<n,
f(v%v{):k—a,
f(v{v{Jrl):k—aforlSan—l,

Fpl) = k—a.

Then the induced vertex labeling f+ : V(C(n.Fl,.)) — Zg is fT(v) = 0(mod k) for all
v € V(C(n.Fl,)). Hence fT is constant and it is equal to 0(mod k). Since C(n.Fl,) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example of Zs-magic labeling of C(3.Fl3) is shown in Figure 8.

Figure 8 Z;-magiclabeling of C(3.F13)

Theorem 2.14 The cycle of lotus inside a circle graph C(n.LC,.) is Z-magic.

Proof Let the vertex set and the edge set of C'(n.LC,.) be respectively V(C(n.LC,)) =
{vj,o/,u : 1 <i<r 1<j<n}and E(C(nLC,)) = {vjol : 1 <i<r 1<}
YUl - 1<i<r 1<j< n}U{ufUZH c1<i<r—1,1<j<n}U{uiv: 1
j < n}U{uiuf_H 1 r—1,1<j5< n}U{uﬁqu 1 <5< n}U{ujlquJrl 1<y
n—1} U{ujui}.

Case 1. r is odd.

ININ A

For any integer a such that k& > (r — 1)a, define the edge labeling f : E(C(n.LC))) —
Zy, — {0} as follows:
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fwl) =k —(n—1)afor 1 <j<n,
flojul)=afor2<i<r 1<j<n,
f(v{ujl) (r—2afor 1 <j<n,
f(vzjuf)—k—Qafor2<z<r1<j<n
f(ugvf+1)—afor1<i§r—11<j<n
(ud

i 2a foriis odd, 1 <j <n,
f(uzuz-i-l) .. .
k—a foriis even, 1 <j<n,
fdul™) =k - @ for1<j<mn-1,
flutul) = k- L.
Then the induced vertex labeling f* : V(C(n.LC,.)) — Z is
ft(v) = 0(mod k) for all v € V(C(n.LC,)).

Case 2. ris even.

For any integer a such that k& > (r — 1)a, define the edge labeling f : E(C(n.LC,)) —
Zy, — {0} as follows:

fwjv))=k—(n—1)afor1 <j<n,
flojul)=afor2<i<r 1<j<n,
flul) = (r—2)afor 1< j<n,
ful)=k—2afor2<i<nr1<j<n,
flulvl,)=afor1<i<r—11<j<n
(ud

2a foriis odd, 1 <j <n,
f(uiuz-i-l)
k—a foriis even, 1 <j<n,

f(ulquJrl)—k—g—aforlgjgn—l,
flulug) =k — 3.

Then the induced vertex labeling f* : V(C(n.LC,)) — Zi is fT(v) = 0(mod k) for all
v € V(C(n.LC,)). Hence f7 is constant and it is equal to 0(mod k). Since C(n.LC,.) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example of Zg-magic labeling of C'(5.LC5) is shown in Figure 9.
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Figure 9 Zs-magic labeling of C(5.LC5)
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