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§1. Introduction

Throughout this paper, we consider only simple connected graphs. We use dg(v) to denote the

degree of a vertex v in G. Let dg(u,v) denote the distance between two vertices u and v in G and

let w, (@) denote the sum of all distance of vertices of G from v, that is, w,(G) = > dg(v,u)
ueV (G

with w(G) = min {w,(G) :v e V(G)}. @

The topological indices (also known as the molecular descriptors) had been received much
attention in that past decades, and they have been found to be useful in structure-activity
relationships (SAR) and pharmaceutical drug design in organic chemistry see, [2, 3, 7]. Many
researchers also were devoted to study their graphical properties. Indeed, the topological index
of a graph G can be viewed as a graph invariant under the isomorphism of graphs, that is, for
some topological index TI,TI(G)=TI(H) if G = H.

One of the most thoroughly studied topological indices was the Wiener index which was
proposed by Wiener in 1947 [8]. This index has been shown to posses close relation with the
graph distance, which is an important concept in pure graph theory. It is also well correlated
with many physical and chemical properties of a variety of classes of chemical compounds. For
more details, see [1, 4, 5, 6, 9].

The Wiener index of a graph G, denoted by W(G), is defined as
W@ =2 Y dewr)== 3 w.(G)
- 2 G I - 2 v N

u,vEV(G) vEV(G)

Hossein-zadeh et al. [12] proposed a new graph descriptor p, called topological efficiency
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index based on minimal vertex contribution w defined for a connected graph G as

oW (G)

P = ) w@

The topological efficiency index of Cgg fullerence graph is computed in [13]. In [12], the
topological efficiency of some product graphs such as Cartesian product, join, corona product,
Hierarchical product, composition are given. In this sequence, here we study the behavior of
a new graph invariants p for some composite graphs such as splice, link and rooted product of

two given graphs are obtained.

82. Splice Graph

For given vertices x € V(G1) and y € V(G2) the splice of G1 and G4 by vertices « and y, which
is denoted by S(G1,G2)(z,y), is defined by identifying the vertices z and y in the union of Gy
and Ga, see Figure 1. The various topological indices of splice graph are studied in [10, 14].

Figure 1 Thespliceof Cy and Cy

The proof of the following lemma is easily followed from the structure of splice of graphs
G1 and GQ.

Lemma 2.1 Let G; andGs are two connected graphs with x € V(G1) and y € V(G2). Then

(1) V(S(G1, Ga)(z,y))| = V(G| + [V(G2)| = 1 and |E(S(G1, G2)(x,y))| = [E(G1)] +
[E(G2)l;
(i1) If V(G1) = {u1,ug, - ,upn, } and V(G2) = {v1,v2, -+ ,Un, }, then

ds(Gy,G)(wy) (Wis ) = da, (Ui, uy),
ds(cy,Ga)(xy) (Wisv5) = da, (ui, ) +da, (v5,y),
ds(Ga,Go)(2,y)(Vis V) = da,(vi,vj).

Theorem 2.2 Let G; and G2 be a connected graph with ny and ns vertices. For wvertices
x € V(G1) and y € V(G2), consider S(G1,G2)(x,y). Then

w(S(G1,Ga)(x,y)) = niwy, (G2) + nawy, (G1).
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Proof Let V(G1) = {uy,uz2, - ,un, } and V(G3) = {v1,v2, -+ ,vpn, }. For our convenience
we denote S(G1,G2)(x,y) by G and vgy by the identifying the vertices x and y.

Now we compute the sum of distances between a fixed vertex to all other vertices of G.

Case 1. Let up # vgy € V(G1). Then by Lemma 2.1, for a vertex u; € V(G1), da(uk, u;) =
da, (ug,u;) and for a vertex v; € V(Gz), we have, dg(uk,v;) = dg, (ug, x) + dag, (y, v;). Thus

n1—1

(@) = Y dofuu) + Y domv)
= wy, (G1) + wy(G2) + (n2 — 1)dg, (u, ).

Case 2. Let vy # vyy € V(G2). Then by Lemma 2.1, for a vertex v; € V(Ga), da(vk, v;) =
da,(vg,vj) and for a vertex u; € V(G1), we get dg(vg, u;) = da, (Vk, ¥) + dag, (z,u;). Thus

no—1 ni
wo (@) = Y da(vk,v) + Y da(vr, us)
=1 i—1
= Wy, (GQ) + ww(Gl) + (nl - 1)dG2 ('Ukay)'

Case 3. Let vy € V(G). Then by Lemma 2.1, for a vertices u; € V(G1) and v; € V(Ga),
da(Vey, ui) = da, (z,u;) and dg(vey, vj) = dag, (y, v;) Therefore

W, (G) = we(G1) + wy(Ga).

From Cases 1 and 3, we know that

Wy, — Wy, = Wy, (G1) +wy (G2) + (n2 — 1)dg, (ug, ) — (w2 (G1) +wy(G2)) > 0.
From Cases 2 and 3, we get that

Wy, — Wy, = Wy, (G2) +we(G1) + (1 — 1)da, (vk, y) — (we(G1) + wy(Gz)) > 0.

Therefore, by the above discussion and the definition of w(G), we have that
w(G) = wy(G1) + wy(G2). m|
From [10] that the Wiener index of the splice graph of G and G5 is given by the formula
W(S(G1,G2))(x,y) = W(G1) + W(G2) + (|[V(G1)| = Dwy,, (G2) + ([V(G2)| = 1wy, (G1).

Using Theorem 2.2 and W (S(G1,G2))(z,y), we obtain the p value of splice of Gy and Ga.

Theorem 2.3 Let Gyand G2 be two graphs with ni and ny vertices. Then

2 (W(Gl) =+ W(Gz) + (n1 — 1)11}1,” (GQ) + (TLQ — 1)wvzy (Gl))

p(S(Gl, G2)(Ia y)) = (nl + nNg — 1) (wm(Gl) + ’LUU(GQ))
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§3. Link Graph

A Link of Gy and G2 by the vertices « and y, which is denoted by L(G1 ~ G2)(x,y), is defined
as the graph obtained by joining z and y by an edge in the union of G; and G2 graph, see
Figure2. The various topological indices of link graph are studied in [10].

Figure 2 Thelink of C; and Cy

The proof of the following Lemma is easily follows from the structure of link of the graphs
G1 and GQ.

Lemma 3.1 Let Gy andGs are two connected graphs with x € V(G1) and y € V(Gs). Then

(1) V(L(G1 ~ G2)(z,y))| = [V(G1)| + [V(G2)| and |E(L(G1 ~ G2)(z,y))| = |E(G1)| +
|E(G2)| +1;
(i1) If V(G1) = {u1,ug,...,un, } and V(G2) = {v1,v2,...,0n,}, then

dL(Gr~Go) (@) (Wi ug) = da, (ui,uyj),
dr(GinGa)(zy) (Wi ) = da, (ui, ) +da, (v, y) + 1,
dr(GinGa) () (Vi V) = da, (vi,v5).

Theorem 3.2 Let G; and Gy be a connected graph with ny and ny vertices. For wvertices
x € V(G1) and y € V(G2), consider L(Gy ~ G3)(x,y). Then

wm(Gl) + ’LUU(GQ) + ng, if nqy > no.
wm(Gl) + ’LUU(GQ) +nq, if ny < no.

Proof Let V(G1) = {u1,uz, - ,un, } and V(Gz) = {v1,v2,- -+ ,Un, }. For our convenience
we denote L(G1 ~ G2)(x,y) by G. We compute the sum of the distances between a fixed vertex

in G to all other vertices of G.

Case 1. Let up # x € V(G1). Then by Lemma 3.1, for a vertex u; € V(G1), dg(ug,u;) =
da, (ug,u;) and for a vertex v; € V(Gs),da(uk,v;) = da, (ug, ) + da, (y,v;) + 1. Hence

nlfl

wu, (G) =Y da(uk,u) + i de(uk, vj) = wy, (G1) + wy(G2) + na(de, (uk, ) + 1).
=1

Jj=1
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Case 2. Let z € V(G1). Then by Lemma 3.1, for a vertex u; € V(G1), da(x,u;) = da, (%, u;)
and for a vertex v; € V(G2),d(x,v;) = dg,(y,v;) + 1. Thus

ni—1 na
we(G) = Z de(z,u;) + ng(ac,vj) = wy(G1) + wy(G2) + na.
i=1 j=1

Case 3. Let vy # y € V(G2). Then by Lemma 3.1, then for a vertex v; € V(Gs), dg (v, v;) =
da,(vg,v;) and for a vertex u; € V(G1),dg(vk, w;) = da, (i, y) + da, (z,w;) + 1. Hence

Wy, (G) = Wy (GQ) + wI(Gl) + nl(dcz (Ukv y) + 1)

Case 4. Let y € V(G2). Then by Lemma 3.1, for a vertex v; € V(Gs), da(y,v;) = da, (y,vj)
and for a vertex u; € V(G1),d(y,u;) = da, (z,u;) + 1. Thus

na—1 n1
wy(G) = > daly,vy) + Y da(y, u) = wy(G2) + we(G1) + na.
j=1 i=1
From Cases 1 and 2, we obtain:
Wy, (G) = wa(G) = wy, (G1) + wy(G2) + n2(da, (uk, x) + 1) = (we (G1) + wy(G2) + n2) >0
and

Wy, (G) = wy(G) = wy, (Ga) + wa(G1) + na(da, (vr,y) + 1) = (we(G1) + wy(G2) +n1) > 0.

From the above discussion and the definition of w(G), we have

wWe (G1) + wy(G2) + ng, if n1 > na.
wWe (G1) + wy(G2) + n1, if n1 < no.

This completes the proof. O
Recall [10] from that the Wiener index of the link of Gy and G5 is given by the formula

W(L(G1 ~ G2)(w,y)) = W(G1)+W(G2)+|V(G1)| wy (G2)+ |V (G2)| we (G1)+|V (G1)] [V (G2)] -

Using Theorem3.2 and W(L(G1 ~ G2))(z,y), we obtain the p value of the link graph of
G1 and GQ.

Theorem 3.3 Let G; be a graph with n; vertices, i = 1,2. Then

2(W(G1)+W(G2)+n1wy(G2)+n2wI(G1)+n1n2)
, if ng > no.

(n1+n2) (wx (G1)+wy(G2)+n2)
p(L(Gy ~ Ga))(z,y) =
2(W(Gl)+W(Gg)+n1wy(Gg)+n2wm(G1)+n1n2

R if n1 < no.
(n1+mn2) (wm (Gl)+wy(G2)+"1)
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84. Rooted Product

The rooted product G1 {G2}, is obtained by taking one copy of Gyand |V (G1)| copies of a rooted
graph Gy and by identifying the root vertex v; of the it” copy of Gy with the it" vertex of Gy,
i =1,2,---,|V(Gy)|, one can observe that |E(G1 {G2})| = |E(G1)| + |V(G1)||E(G2)|, and
V(G {G2})| = [V(G1)||V(G2)], see Figure 3 for details. The i*" copy of G is denoted by

Gs,;. The various topological indices of the rooted product are studied in [11].

GOOVQ

Figure 3 Therooted graph Ps {Cy}

The proof of the following lemma is easily follows from the structure of the rooted product
of the graphs G; and Gs.

Lemma 4.1 Let G1 be a simple graph and Ga be a rooted graph with wu;as its root. Then for
a vertex ug of Gy {Ga} such that uy € V(G1), we have dg,(G,} (ur) = da, (ur)dg, (ui), and for
a vertex vy, of G1{G2} such that vy & V(G1) we have §G,{G.})(vk) = da,(vo) where vo is the
corresponding vertex in Ga as v; of Ga ;. Moreover

(’L) If uy, u; € V(Gl), then d(Gl{Gg}) (uk,uj) = dGl (uk, Uj),‘

(ii) If ux € V(G), v, € V(Gayi), where i = 1,2,...,|V(G1)|, then dg,{a,y) (uk, vk;) =
da, (uk, ui) + da,, , (Ui, vr,) = da, (ur, u;) + da, (u, vo) , where u; is the root of Go ;,u is the root
of G2 and vy is the corresponding vertex in G as v, of Ga;;

(ii1) If vo,, vk, € V(Gay), wherei =1,2,...,|V(G1)|, then d(, (c.1)(vo,, Uk;) = da,(vo, vk)
,where vy and vy, are the corresponding vertices in Gz as vy, and vo, of G ;

(iv) If v, € V(Gayi),vr; € V(Gay) and 1 <i < j < |V(Gh)|, then dig,{a,y) (Vi Vk;) =
da,,, (Vk,ui) + da,; (Vk; u5) + da, (ui, ug) = da, (v, w) + day (vn, w) + da, (ui, uj), where u; is
root of Ga; and ujis the root of Ga ;. Also vy and v, are the corresponding vertices in Ga as

v, of Ga; and vy, of V(Gay), respectively.

Theorem 4.2 Let Gy be a graph with ny vertices and Go be a rooted graph on ns vertices with
root vertex v;. Then

w(G1{G2}) = now(G1) + nw(Ga).

Proof Let V(G1) = {uj,ua, -+ ,upn, } and V(G3) = {v1,v2,...,0n,}. Let v; be the root
vertex of Go. We consider the following two cases to find the sum of the distance from a fixed
vertex to all the vertices in G1 {G2}.

Case 1. Let up € V(G1). Then by Lemma 4.1, we havedg, (¢, (uk, ui) = da, (ug, us), if u; €
V(G1) and dg, (G, (uk, vk) = da, (vi, vx) if vp € V(Gax). Moreover, for v, € V(Gay),

dGl{Gz}(ukvvk) = dGl (uka ul) + dG2 (Ui,’Uk).

Hence wy, (G) = nawy, (G1) + niw,, (G2).
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Case 2. We consider 3 cases for discussion: (1) vx # v; € V(G2). In this case, by Lemma
4.1, for a vertex vs € V(G2), da, (G.} (Vk, Vs) = dag, (vk, vs). Thus w,, (G1 {G2}) = wy, (G2); (2)
ug, € V(G1). In this case, dg,{q,}(Vk; ur) = dg,(vk,vi) + da, (i, ug). Thus w,, (G1 {Ga}) =
(n1 —1)da, , (vk, vi) +wy, (G1); (3) v € V(Ga,r). In this case, dq,{q,}) (Vk, vr) = da, (Vr, vi) +
da, (Ui, ur) +dg, (vi, v). Thusw,, (G1 {G2}) = (n1—1)(n2 — 1)dg,,, (vk, vi) + (N1 — D)w,, (G2) +
(ng — Dwy, (G1).

The total contribution of vy € V(Ga) is

wy, (G1 {G2}) = wy, (G2)+wy, (G2)n2+da, , (vi, vi) {(n1—1)+(n1—1)(n2—1)} +(n1—=1Dwy, (G2).
From Cases 1 and 2 we have
wy, (G1 {G2}) — wy, (G1 {G2}) > 0.

Hence
w(G1 {G2}) = now(Gh) + niw(Gy). O

From [11] that the Wiener index of the rooted product of G and Gs is given by the formula
W(G1{G2}) = [V(G2)? W(G1) + [V(G1)| W(Ga) + ([V(G1)* = [V(G2)]) [V (Ga)| wy, (Ga),

where v; is a root-vertex of G3. Using Theorem4.2 and W (G, {G2}), we obtain the p value of
rooted product of G; and Gs.

Theorem 4.3 Let Gyand Ga be two graphs with ny and ne be a number of vertices in G1 and
Gy Then
2 (n%W(Gl) + 7’LlW(G2) + (n% — ng)nngi (Gg))

p(G1{G2}) = (n1n2) (n1w(Gs) + new(Gh))
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