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§1. Introduction

Since Tutte’s papers on enumerating planar maps in [21-23] were published in the early 1960’s,
the enumerative theory has been developed greatly up to now. Eulerian maps have played a
crucial role in enumerative map theory. In particular, Tutte’s sum-free formula [22] for the
number of eulerian planar maps, all of whose vertices are labelled and contain a distinguished
edge-end, with a given sequence of (even) vertex valencies was an essential stepin obtaining his
ground-breaking formula for counting rooted planar maps by number of edges [23]. Several new
results on the subject have been published since then (see, e.g. [1-20, 24]).

Here we deal with the enumeration of rooted nearly 2-regular loopless planar maps with
the valency of the root-face, the numbers of nonrooted vertices and inner faces as three param-
eters. Several explicit expressions of its enumerating functions are obtained and one of them is
summation-free.

A map is a connected graph cellularly embedded on a surface. A map is rooted if an edge
and a direction along that edge are distinguished. If the root is the oriented edge from u to
v, then u is the root-vertex while the face on the right side of the edge as seen by an observer
on the edge facing away from u is defined as the root-face. A map is called Eulerian if all the
valencies of its vertices are even. A nearly 2-regular map is a rooted map such that all vertices
probably except the root-vertex are of valency 2. It is clear that a nearly 2-regular map is also

an Eulerian map. In this paper, maps are always rooted and planar.
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For a set of some maps .#, the enumerating function discussed in this paper is defined as

f///(lU,y,Z): Z xl(M)yp(M)Zq(M)7 (1)
Me#

where (M), p(M) and ¢(M) are the root-face valency, the number of nonrooted vertices and
the number of inner faces of M, respectively.

Furthermore, we introduce some other enumerating functions for .# as follows:

galzy) =Y !y,

Me#

hoaly,z) =y y?M 2000,
Me#

Hal)= 3 4, @)
Me#

where (M), p(M) and q(M) are the same in (1) and n(M) is the number of edges of M, that

is

g/g(x,y) :f%(xayvy)a h//{(y,Z):f//{(l,y,Z),
Hay(y) =9.4(1,y) = ha(y,y) = fa(l,y,y) (3)

For the power series f(x), f(z,y) and f(z,y, z), we employ the following notations:

OLf(x), OLY) f(x,y) and LT f(x,y, )

to represent the coefficients of z! in f(z), z'y? in f(z,y) and 2'yP29 in f(x,y, 2), respectively.

Terminologies and notations not explained here can be found in [10].

§2. Functional Equations

In this section we will set up the functional equations satisfied by the enumerating functions
for rooted nearly 2-regular loopless planar maps.

Let & be the set of all rooted nearly 2-regular loopless planar maps with convention that
the vertex map ¥ is in & for convenience. For any M € & — 1, it is obvious that each edge of M
is contained in only one circuit. The circuit containing the root-edge is called the root circuit
of M, and denoted by C(M).

It is clear that the length of the root circuit is no more than the root-face valency, and

&=&+Jé&, (4)
i>2

where

& ={M | M € &,the length of C(M) is i} (5)
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and &) is only consist of the vertex map .

It is easy to see that the enumerating function of &y is

fg’o($,y,2) =1 (6)

For any M € & (i > 2), the root circuit divides M — C(M) into two domains, the inner
domain and outer domain. The submap of M in the outer domain is a general map in &, while
the submap of M in the inner domain does not contribute the valency of the root-face of M.
Thus, the enumerating function of &; is

f&(%yaz) = xl l_lzhfa (7)
where h = he(y, 2) = fe(l,y, 2).

Theorem 2.1 The enumerating function f = fe(x,y,z) satisfies the following equation:

where h = he(y,2) = fe(1,y, 2).

Proof By (4), (6) and (7), we have

f=1+> o'y 'zhf
i>2
22yzhf

=1
* 1—ay’

which is equivalent to the theorem. O

Let y = z in (8). Then we have

Corollary 2.1 The enumerating function g = gg(z,y) satisfies the following equation:

s- (1 ”H) )

B 1—xzy

where H = Hg(y) = g&(1,y).

Let £ =1 in (8). Then we obtain

Corollary 2.2 The enumerating function h = he(y, z) satisfies the following equation:

yzh?* + (y —1Dh—y+1=0. (10)

Further, let y = z in (10). Then we have
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Corollary 2.3 The enumerating function H = Hg(y) satisfies the following equation:

vH* 4+ (y—1)H -y +1=0. (11)

83. Enumeration

In this section we will find the explicit formulae for enumerating functions f = fg(z,y,2),9 =

ge(x,y),h = he(y,z) and H = Hg(y) by using Lagrangian inversion.

By (10) we have

Let

0

mv =n(l —0n). (13)

y:

By substituting (13) into (12), one may find that

1
= 14
—on (14)
y (13) and (14), we have the following parametric expression of h = he(y, 2):
0
y=1yg ==n1-0n),
1
h = 15
T—on (15)
and from which we get
1
—7 0 1—26n
A _ | 1+6 — L 16
(0,m) 11,29977 (1 + 9)(1 _ 9,'7) ( )
—0n

Theorem 3.1 The enumerating function h = hg(y, z) has the following explicit expression:

(p—1)! P ,4q
‘”ZZ RS e "

p>1q= 1

Proof By employing Lagrangian inversion with two parameters, from (15) and (16) one
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may find that

B (n.q) (L 6)P~1 (1 — 26
he(y.z) =Y 94 (1 — On)a+2 '

p,q>0
) (1+0)P~ (p-1.g-1) (L + 0P
_1+z[ 0 L gty v LD ]
®. ) ( +2 (8,m) _ +2
pq>1 K o) K (1 —0On)a
- 1!

=1+ ap UL+ o)1yl =1+ yPz4,
which is just the theorem. O

In what follows we present a corollary of Theorem 3.1.

Corollary 3.1 The enumerating function H = Hg(y) has the following explicit expression:

)l (n—q—1)!
=1+ Y. (18)
,;z:: '(n—2q)!(q—1)!
Proof 1t follows immediately from (17) by putting y = z and n = p + gq. |
Now, let
£(1+9)
T 10 (19)

By substituting (15) and (19) into Equ. (8), one may find that

1

f= 1 _ &m0
1+E0

(20)

By (15), (19) and (20), we have the parametric expression of the function f = fg(z,y, 2)

as follows:

_&(1+0) 0

T1re VT it
1

=n(l—0n), [f= W- (21)
1+£60

According to (21), we have
1 * 0
R - 142)59 i . 1—26n (22)
€8m) = T+ T A+ +0)1 o)
O * 1—207]

1—6n
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Theorem 3.2 The enumerating function f = fe(x,y,z) has the following explicit expression:

p ptq min{[%],q}
k(2g—k—-—1\/l—-k—-1
VSRS Wb D VI T [ Paen

p>1q=11=2 —max x{1, [l+q7p-‘}

p—Il+k—-1 L pq
X(p—q—l+2k x'yPza. (23)

Proof By using Lagrangian inversion with three variables, from (21) and (22) one may find
that

Z 6(222‘1)) 1+§9)l 1(1+9)p - 1(1_2977) lypzq
n

(2,9, 2
L,p,q>0 (1 — On)at? {1 _ 52977(1+9)]

(1+£6)
min{| £].p,q} —k—
-y j{qu 8@—2&p—kﬂ—k)(14_§9y M
et (€,0,m) (1 — fn)atl
x (1+ 9)p_l+k_1 (1 — 20m)xlyP21

pt+q min{|$],q} l—k—1
ey > ()

p,¢>11=2 k=max{1,l—p}

(p—l+k,q—k) (1 + e)p—l-i-k—l(l — 2977)
(0.m) (1 — n)a+t

p+q min{|L].q} I—k—1
ey ()

p,q>1 1=2 k=max{1,l—p}

(p—l+k,q—k) (1+ 9>p7l+k71
X 3(9 -
\1) (1 — 977)¢Z+1

(p—I+k—1,q—k—1) (1+9)P*l+kfl o
_26(0777) W Ty z

p ptq min{|$],q}

B 2 —k—1)k (1—k—1
yyy Y EEEE()

p>1g=11=2 k=max{1, |'l+q7p-|}
% ag—q—l+2k(1+9)p I+k— 1xlypzq

p ptq min{| £ ],q}

2¢—k—1)k (l—k—1
3y > S ()

p21q=11=2 p—max{1,[ 427}
—l+k-1
y P + xlypzq,
p—q—1+2k

which is what we wanted. O

x 0

lypzq

Finally, we give a corollary of Theorem 3.2.
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Corollary 3.2 The enumerating function g = gg(x,y) has the following explicit expression:

n Lz min{| § J,q}

e =1+ Y30 S0

n221=2 ¢=1 p=max{1,[ *2="1}

n—qg—Il+k-1\ ,
" 24
X(n—2q—l—|—2k vy (24)
Proof Tt follows soon from (23) by putting y = z and n = p + q. O
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