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Abstract: Let G(V, E) be a graph with p vertices and ¢ edges. A graph G is said to have
an odd mean labeling if there exists a function f : V(G) — {0,1,2,...,2q — 1} satisfying f
is 1 — 1 and the induced map f*: E(G) — {1,3,5,...,2¢ — 1} defined by

f(u);f(v) if f(u)+ f(v) is even

f () = THITL it fy) 4 f(o) ds odd

is a bijection. A graph that admits an odd mean labeling is called an odd mean graph. In
this paper, we discuss the construction of two kinds of odd mean graphs. Here we prove
that (Py;S1) for n > 1, (Pan; Sm) for m > 2,n > 1, (Pn; Cy) for n = 0(mod 4) and m > 1,
(Pr; Q3) for m > 1, [Pm; Cr] for n = 0(mod 4) and m > 1, [Pp; Q3] for m > 1 and [Ppy; C,(f)]
for n = 0(mod 4) and m > 1 are odd mean graphs.

Key Words: Labeling, Smarandache m-module labeling, odd mean labeling, odd mean
graph.
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§1. Introduction

All graphs considered here are finite, undirected and simple graph. We follow the basic notations
and terminologies of graph theory as in [3]. Given a graph G, the symbols V(G) and E(G)
denote the vertex set and the edge set of the graph G, respectively. For terminologies and
notations, we follow the reference [7] with some of them mentioned in the following.

A path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. The
graph P» X P, X P; is called a cube and is denoted by Q3.

Let C,, be a cycle with fixed vertex v and (P,,; Cy,) the graph obtained from m copies of
C,, and the path P,, : ujus - - - uy, by joining u; with the vertex v of the ith copy of C}, by means
of an edge, for 1 <i < m.

Let @3 be a cube with fixed vertex v and (Py,; Q3) the graph obtained from m copies of Q3
and the path P, : ujus - - - u,, by joining u; with the vertex v of the i*" copy of Q3 by means
of an edge, for 1 <i < m.

Let Sy, be a star with vertices vy, v1,v2, -+ , Uy and let (Pan;Sy,) be the graph obtained

1Received June 27, 2018, Accepted March 8, 2019.



New Families of Odd Mean Graphs 135

from 2n copies of S, and the path P, : ujus---ug, by joining u; with the vertex vy of the
4" copy of S, by means of an edge, for 1 < j < 2n, (P,;S;) the graph obtained from n copies
of S1 and the path P, : ujus---u, by joining u; with the vertex vy of the jth copy of S1 by

means of an edge, for 1 < j < n.

Suppose C,, : v1vg - - - v,v1 be a cycle of length n. Let [P,,; Cy] be the graph obtained from
m copies of C, with vertices v1,,v1,,+*,v1,,V2,," " ,V2,,"** ,Um, - -+, Um, and joining v;; and

v(i+1), by means of an edge, for some j and 1 <7 <m — 1.

Let Q3 be a cube and [Py,; Q3] the graph obtained from m copies of Q3 with vertices
Ulyy Ulgy * 5 Ulgs U215 V25, * s U2y *** » Umy, Umgy* * * » Umg and the path P, : ujusg - - - up, by adding

the edges v1,va,, V2,03, , Umn—1, Um, (i.€)v5, Vi41,, 1 <i<m — 1.
Let 07(12) be a friendship graph. Define [Pm; 07(12)} to be the graph obtained from m copies

of 07(12) and the path P, : uy, us,-- -, u,, by joining u; with the center vertex of the i*" copy of
C,(f) for 1 <i<m.

The graceful labelings of graphs was first introduced by Rosa in 1961 [1] and R.B. Gnana-
jothi introduced odd graceful graphs [2]. The concept of mean labeling was first introduced and
studied by S. Somasundaram and R. Ponraj [8]. Further some more results on mean graphs
are discussed in [6, 7, 10, 11]. The concept of odd mean labeling was introduced and studied
by K. Manickam and M. Marudai [4]. Some more results on odd mean graphs are discussed in
[9, 12, 13].

In [4], R. Vasuki et al. introduced the concept of even vertex odd mean labeling and
studied even vertex odd meanness of some standard graphs. In [5], some construction of even
vertex odd mean graphs are discussed and proved that (P,;S7) for n > 1, (Pay; Sy,) for m >
2,n > 1,(Py;C,) for n = 0(mod 4),m > 1, [Py,;C,] for n = 0(mod 4), m > 1 and [Pm;Cr(f)]

for n = 0(mod 4),m > 1 are even vertex odd mean graphs.

A graph G with p vertices and ¢ edges is said to have an even vertex odd mean labeling
if there exists an injective function f : V(G) — {0,2,4,---,2q — 2,2q} such that the induced
map f*: E(G) — {1,3,5,--- ,2q — 1} defined by

f(uw) + f(v)

INCOEEESS:

is a bijection. A graph that admits an even vertex odd mean labeling is called an even vertex odd
mean graph. Generally, if there exists an injective function f : V(G) — {0,m,2m,--- ,mq —
m,mq} such that the induced map f*: E(G) — {m —1,2m —1,3m —1,--- ;mq — 1} defined
by
(g — L0+ 1)
m
is a bijection, G is said to have a Smarandache m-module labeling, where m > 1 is an integer.

Clearly, a Smarandache 2-module labeling is an even vertex odd mean labeling on G.

A graph G is said to have an odd mean labeling if there exists a function f : V(G) —
{0,1,2,---,2q — 1} satisfying f is 1 — 1 and the induced map f* : E(G) — {1,3,5,--- ,2¢— 1}
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defined by
Fuw) = 2 . if f(u) + f(v) is even
JOITS@IEL - if f(u) + f(v) is odd

is a bijection. A graph that admits an odd mean labeling is called an odd mean graph [4]. An
odd mean labeling of K3 5 is given in Figure 1.

In this paper, we prove that, the graphs (P,;S1) for n > 1, (Pay;Sy) for m > 2,n > 1,
(Pi; Cy) for n = 0(mod 4) and m > 1, (Pp; Q3) for m > 1, [Py,; Cy] for n = 0(mod 4) and
m > 1, [Py; Q3] for m > 1 and [Pm; C,(f)] for n = 0(mod 4) and m > 1 are odd mean graphs.

2 6 10 14 18

Figure 1

§2. Odd Mean Graphs (P,;;G)

Let G be a graph with fixed vertex v and let (P,,; G) be the graph obtained from m copies of
G and the path P, : ujus - - - u,, by joining u; with the vertex v of the i*” copy of G by means
of an edge, for 1 < i < m. For example, (Py; C4) is shown in Figure 2.

00O C

Figure 2

Theorem 2.1 (Pay;Sy) is an odd mean graph, m > 2,n > 1.

Proof Let w1, us,- -+ ,us, be the vertices of Ps,. Let v0,,V1;,V2;, "+ ,Um; be the vertices

of the j** copy of S,,, where vo; is the center vertex, 1 < j < 2n. Define f : V(Pa,; Sim) —
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{0,1,2,---,2¢— 2,2¢g — 1 = 4n(m + 2) — 3} as follows:

@2m+4)(j—1)+2, 1<j<2nand jis odd

fuy) = _ , N
m — 4, <7< 2n an 1S even
(2m+4)j—4 1<j5<2 dj
Foo) (2m+4)(j—1), 1<j<2nandjisodd
1)0]. =
2m+4)7 —3 1 <j <2nand jis even
( )i =3, J J
Fon) Cm4+4)(G—1)+4i+2, 1<i<m,1<j<2nandjisodd
Ui]. =

(2m +4)(j — 2) + 44, 1<i<m,1<j<2nandjis even.

For the vertex labeling f, the induced edge labeling f* is obtained as follows:

[ (ujujpr) = (2m+4)j—1, 1<j<2n-1

4 ) Cm+4)(F—-1)+1, 1<j<2nandjis odd

U'Uoj =

’ (2m +4)j — 3, 1 <j<2nandjis even
Cm+4)(j—-1)+2i+1, 1<i<m,1<j<2n

[ (vo,vi;) = and j is odd
Cm+4)(Fj—-1)+2i—1, 1<i<m,1<j<2nandjis even.

It can be verified that f is an odd mean labeling and hence (Pxy,; Sy, ) is an odd mean graph
for n > 1 and m > 2. For example, an odd mean labeling of (FPgs;S4) is shown in Figure 3. O

A b A A A

10 14 12 16 30 34 38 42 28 32 36 40 54 58 62 66 52 56 60 64

Figure 3

Theorem 2.2 The graph (P,;S1) n > 1 is an odd mean graph.

Proof Let ui,uz,--- ,u, be the vertices of P,. Let vp, and vy; be the vertices. Define
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f:V(Py;51) — {0,1,2,---,2g —2,2¢ — 1 = 6n — 3} as follows:

65 — 6, 1<j<nand}jisodd
fluz) =

65 — 3, 1<j<nandjiseven
f(v()j):6j_4a 1§j§n
65 — 3, 1 <7 <nandjisodd
f(vlj)Z

65 — 17, 1 <75 <nandjis even.
The induced edge labels are obtained as follows:

ff(ujujpr) =6j—1, 1<j<n-—1

. 65 — 9, 1<j<nandjisodd
[ (ujvo;) =

65 — 3, 1 <j<nandjiseven

. 65 — 3, 1<j<nandjisodd
f (vojvlj): . . L
67 — 9, 1<j<nandjis even.

Thus, f is an odd mean labeling. Hence, (P,;S1) is an odd mean graph for any n > 1. For

example, an odd mean labeling of (Ps;S71) is shown in Figure 4. |
0 9 12 21 24 33 36 45
20 g8 e 14 ¢ 20 p 2 ® 32 38 a4
b ) Py > )
3 5 15 17 27 29 39 1
Figure 4

Theorem 2.3 (P,,;Cy,) is an odd mean graph, for n = 0(mod 4) and m > 1.

Proof Let v;,,vi,, - ,v;, be the vertices in the i*" copy of Cp,, 1 < i < m and uy,ug, -+ ,Um
be the vertices of Pp,. In (Py,; Cy,), u; is joined with v;; by an edge, for each 4,1 < i < m. Define
f:V(Pyn;Cn) — {0,1,2,--- ,2g — 1 = (2n 4+ 4)m — 3} as follows:

2(n+2)(i—1) ifiisoddand 1 <i<m

2(n+2)i—3 ifiisevenand 1 <i<m

flug) =
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and for 1 < i <m, i is odd,

An+2(i-1)+2,  1<j<i
floi;)) =9 2(n+2)i—1)+2j+3, 2+1<j<nandjisodd
2(n+2)(i — 1) + 24, 5 +2<j<nandjis even

and for 1 <i < m, i is even,

An+2i-2(j+1), 1<j<8
floi) =4 2(n+2)i—2(j+3), 2+1<j<nandjisodd
2(n+2)i—2(j + 1), 5+2<j<nandjiseven.

The induced edge labels are obtained by f*(u;u;t+1) = 2i(n+2)—1 for integers 1 < i < m—1,
and for 1 < i <m,iisodd, f*(vi,vi,) =2n+2)i—1)+n+1, f*(wv,) =2(n+2)(1—1)+1,

F (i vig ) =

and for 1 <i <m, iiseven, f*(v;,v;,) =2(n+2)i —n —3, f*(uv;,) =2(n+2)i — 3,

2n+2)i—(2j+3), 1<

[ (i vig ) =
oy 2(n+2)i — (2§ +5), <

Thus, f is an odd mean labeling and hence (P,,; C,) is an odd mean graph for n = 0(mod 4),
m > 1. For example, an odd mean labeling of (Py; Cs) and (P;; Cy) are shown in Figure 5. O

0 37 40 77

16

I
N

®

S

62 74

76

60 72
12 A 26 0 52 8 66\ 54~
(Py; Cy)
0 21 24 45 48 69 72
68
8 14 32 38 56 62 669 80
9 12 33 36 57 60 81
(Pr; Cy)
Figure 5

Theorem 2.4 (P,,;Qs3),m > 1 is an odd mean graph.
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Proof For 1 < j < 8, let v;; be the vertices in the it copy of Q3,1 < i < m and

Uy, U, - , Uy be the vertices of Py,.

The vertices of (P,; Q3) are denoted as in Figure 6.

’U27
Vag V24
’U21
ul us3 Um —1 Um
: - — — — — — r———»
u2
V1 Umq
Umo
v1 v1 Umg Umg Um
8 4 UmS 4
m
’U17 7
Figure 6

Define f : V(Py,;Q3) — {0,1,2,---,2g — 2,2¢ — 1 = 28m — 3} as follows:

281 — 28, 1 <i<mand7is odd
flu) =

281 — 3, 1 <i<m and i is even,

when ¢ is odd,

~
<

<&
I

~—

(vi,)=(28i —28)+2j, 1<i<m, j=124
(vi,) =28i—18, 1<i<m
flui,) =28i—20+2j, 1<i<m, j=568
(vi,)=28i—3, 1<i<m
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and when 7 is even,

fluo,) =28i— (2j+2), 2<i<m, 1<j<3
floi) =28i— 14, 2<i<m
flu,)=28i—(2j+10), 2<i<m, 5<j<7
f(vig) =28i—30, 2<i<m.

The label of the edge u;u;y1 is 28i — 1,1 <i <m — 1 and for 1 < i < m, the label of the edge

281 — 27 if 7 is odd
UiV =
287 —3 if 7 is even

The label of the edges of the i** copy of Q3 are 28i —3,28i — 5, ...,28i — 25 if i is odd and
281 — 5,28i — 7,...,28; — 27 if ¢ is even. Thus, (P,,;Q3),m > 1 is an odd mean graph. For

example, an odd mean labeling of (Ps; Q3) is shown in Figure 7. O

32 88

26 ‘ , 42 82 ‘ 98
52 108

0 56 112

2
24 , 8 80 { 64 136 120
25 8

1 137

58 114

Figure 7

§3. Odd Mean Graphs [P,;;G]

Let G be a graph with fixed vertex v and let [P,,; G] be the graph obtained from m copies of
G by joining v;; and V(i+1), by means of an edge for some j and 1 < i < m — 1. For example,
[Ps; Cy4] is shown in Figure 8.
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00000

Figure 8

Theorem 3.1 [P,; Cy] is an odd mean graph, for n = 0(mod 4) and m > 1.

Proof Let ui,ug,--- ,um be the vertices of Pp,. Let v;,,vi,,--- ,v;, be the vertices of the

it" copy of Cp,, 1 < i < m and joining v;; (= u;) and V(i+1), (= ui+1) by means of an edge, for
some j. Define f : V([Py;Cy]) — {0,1,2,--+ ,2¢ — 2,2¢ — 1 = (2n + 2)m — 3} as follows:

for 1 <i <m and 7 is odd,

2n+1)(i-1)+2j—-2, 1<;j<2
floi) =4 2n+1)(i—-1)+2j+1, 2Z+1<j<nandjisodd
2(n+1)(i— 1)+ 25 — 2, 5+2<j<mnandjiseven
and for 1 <¢ < m and i is even,
floy)=2(n+1)i—3
floi)) =4 2(n+1)i-2(j+2), 2+1<j<nandjisodd
2(n + 1)i — 24, 5 +2<j<nandjis even.

The induced edge labels are obtained f*(vi,v(i41),) =2(n+1)i—1,1 <i <m—1 and for
1 <i<m,1iisodd,

. An+1)i—1)+2—1, 1<j<2-1
F (0iyvi40) = . . .
2(n+1)(i—1)+2j+1, $<j<n—1
fr(ivi) =2(n+1)i — (n +3)
and for 1 <i < m, 7 is even,
) on+1)i—2j—1, 1<j<2-1
f(”ijviuﬂ)): ) ) ) :
2(n+1)i — 25 — 3, 5<j<n-1

Thus, f is an odd mean labeling and hence [P,,,; Cy,] is an odd mean graph for n = 0(mod 4)

and m > 1. For example, an odd mean labeling of [Ps; Cg| is shown in Figure 9. O
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0 33 36 69 72
20 32 50 38 56 68 86 7
15 4 18 30 51 40 4 66 87 76
24 28 46 2 60 64 82 78
11 22 47 58 83
Figure 9

Theorem 3.2 [P,,;Qs] is an odd mean graph.
Proof For 1 < j < 8, Let v;; be the vertices in the ith copy of Q3,1 < ¢ < m. Then
f:V([Pn;Qs]) — {0,1,2,--- ,2¢g — 2,2¢ — 1 = 26m — 3} as follows:

when ¢ is odd,

6i+2j—28, 1<i<m, j=1,2,4

6i+2j—20, 1<i<m, j=D568
6i—3, 1<i<m,

when i is even,

(viy) =26i—3, 2<i<m

(v;,) =260 —2j, 2<i<m, 2<j<3
fvi,) =26i—12, 2<i<m

(vi;) =26i—2j—8, 2<i<m, 5<j<T7
(vig) = 260 — 28, 2 <1i<m.

The label of the edge vi,v(;41), is 260 — 1,1 <4 < m — 1. The label of the edges of the cube
are 267 — 3,261 — 5,- -+ ,26i — 25,1 <4 < m. For example, an odd mean labeling of [Py; Q3] is

shown in Figure 10. |
0 49 52 101
54
23 30 75 82
Figure 10

Theorem 3.3 {Pm; 07(12)] is an odd mean graph for n = 0(mod 4) and m > 1.
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Proof Let uy,us, -+ ,u;y, be the vertices of P, and each vertex u;,1 < i < m is attached
with the common vertex in the i*" copy of Cff). Let véj and ’UZ for 1 < 5 < n be the vertices in
the i*" copy of C'? in which v;, = v ,1 <i<m.Define f : V ([Pm; Cq(lQ)D —{0,1,2,...,2¢—
2,2q — 1 = (4n + 2)m — 3} as follows:

for 1 <i<m,

(4n +2)i — 2(n + j), 1<j<2
F@) (4n+2)(i—1)+2j—-6, 3<j<G+2
v ) =
’ (An+2)(i—1)+2j -3, 5+3<j<nandjisodd
(An+2)(i —1)+2j — 6, 5 +3<j<nandjis even
(An+2)i —2(n—j+2), 2<j<3
fl) =19 (An+2)i—2n+2j -1, 2+1<j<nandjisodd
(An+2)i —2(n—j+2), 5+2<j<mnandjis even.

The induced edge labels are obtained as follows:
for 1 <i < m,

Fri vl ) = (4n+2)i — (2n + 3)

i1 Vi
fr(wivl) = (4n+2)i —3(n+ 1)
dn+2)(i —1)+ 25 -5, 3< i<y
f*(vgj Ug(]”rl)) = ( A ) +2 J=3
(An+2)(i-1)+2j-3, §+2<j<n
i i+ (An+2)i —2n+25 — 1, 1<j<n

i vf) = (n+2)i — (n +3).

Thus, f is an odd mean labeling. Hence, [Pm; C,(f)] is an odd mean graph for n = 0(mod 4)

and m > 1. For example, an odd mean labeling of [P4; C§2)] is shown in Figure 11. O

27 6

1 95
22 26 56 60 9 94
20 31 54 65 88 99
18 4 52 64 86 98
16 50 84
44 48 78 82
1 0 45 3479 68 113 102
40 36 74 19 108 104
8 2

4 3 7

133

Figure 11



New Families of Odd Mean Graphs 145

References

[1] J.A.Gallian, A dynamic survey of graph labeling, The FElectronic J. Combin.,17(2010),
#DS6
[2] R.B.Gnanajothi, Topics in Graph Theory, Ph.D. thesis, Madurai Kamaraj University, In-
dia, 1991.
[3] F.Harary, Graph Theory, Addison-Wesley, Reading Mass., 1972.
[4] K.Manickam and M.Marudai, Odd mean labeling of graphs, Bulletin of Pure and Applied
Sciences, 25E(1) (2006), 149-153.
[6] G.Pooranam, R.Vasuki and S.Suganthi, On construction of even vertex odd mean graphs,
International Journal of Mathematics and its Applications, 3(2) (2015), 115-120.
[6] Selvam Avadayappan and R.Vasuki, Some results on mean graphs, Ultra Scientist of Phys-
ical Sciences, 21(1)M (2009), 273-284.
[7] Selvam Avadayappan and R.Vasuki, New families of mean graphs, International J. Math.
Combin., (2)(2010), 68-80.
[8] S.Somasundaram and R.Ponraj, Mean labelings of graphs, National Academy Science let-
ter, 26(2003), 210-213.
[9] S.Suganthi, R.Vasuki and G.Pooranam, Some results on odd mean graph, International
Journal of Mathematics and its Applications, 3(3-B) (2015), 1-8.
[10] R.Vasuki and A.Nagarajan, Meanness of the graphs P, ; and P?, International Journal of
Applied Mathematics, 22(4)(2009), 663-675.
[11] R.Vasuki and A.Nagarajan, Further results on mean graphs, Scientia Magna, 6(3)(2010),
1-14.
[12] R.Vasuki and A.Nagarajan, Odd mean labeling of the graphs P, , P2 and P2,,., Kragu-
jevac Journal of Mathematics, 36(1) (2012), 141-150.
[13] R.Vasuki and S.Arockiaraj, On odd mean graphs, Journal of Discrete Mathematical Sci-
ences and Cryptography, (To appear).
[14] R.Vasuki, A.Nagarajan and S.Arockiaraj, Even vertex odd mean labeling of graphs, SUT
Journal of Mathematics, 49(2) (2013), 79-92.



