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Abstract: Actually, different models characterize things in the world, particularly, animals
dependent on the microscopic level. However, there are no a mathematical subfield char-
acterizing animals or human beings ourselves in such a level globally unless local elements
such as points or spaces in classical sciences. Could we establish a mathematics describing
animal’s microscopic behaviors globally? The answer is affirmative. In fact, an animal or a
human is nothing else but a skeleton or a topological graph under the electron microscope
and generally, there always exist a universal connection between things, no matter which is
an organic or inorganic matter in philosophy. We have found a new kind of mathematical
elements, i.e., continuity flows or topological graphs G with each edge labeled by a vector
and 2 end-operators of Banach space % holding with the continuity equation at vertices
which globally characterizes the dynamic behavior of self-adaptive systems. However, the
12 meridians with treatment theory in Chinese medicine indicates that there is also a har-
monic flow model, i.e., G with L? : (v,u) € E <6) — (L(v,u), —L(v,u)), L(v,u) € & on
human body which alludes that the Euler-Lagrange dynamic equation is more rightful for
characterizing the dynamic behavior of animals in the microscopic level. In this paper, we
establish such a mathematical theory on harmonic flows with dynamics, including Banach
harmonic flow space closed under action of differential, integral operators. A few well-known
results such as those of Banach theorem, closed graph theorem and Hahn-Banach theorem
are generalized with extended Euler-Lagrange equation and balance recovery on harmonic
flows. All of these results form elementary dynamics on harmonic flows for characterizing

the behavior of self-adaptive systems, particularly, the animals or human beings.
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81. Introduction

Today, as the time passed into 21st century, a fundamental question on the function of math-
ematics is in front of scientists, i.e., what is the nature of mathematics on reality of things?

And what is its the original intension, is it just the minority’s intellectual game on notations?
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Certainly not because its original intension or nature is revealing the reality of things in the
world. However, this aim is forgotten along with the development of mathematics in depth for
many years ([24]).

As is well known, all mathematical elements came from the understanding of things by hu-
man’s 5 sensory organs such as these of hearing, sight, smell, taste or touch, and also dependent
on the observing is from macroscopic to microscopic or microscopic to macroscopic. The macro-
scopic recognizing is elementary but basic with an essential cognition in the microscopic. For
example, an animal anatomy P is shown in Fig.1 in which we know that an animal is consist-
ing of systems. For example, let p; =nervous, ue =circulatory, us =immune, 4 =endocrine,
s =digestive, ug =respiratory, uy =urinary and pg =reproductive systems with pug=epithelial

tissue.

Forelock Withers _ Diaphragm _ Colon

Muzzle

Trachea _

Lungs

L Small
intestine

Heart _ Stomach

Fig.1

Whence, an animal P is understand by

PZNlUMU"'UMg (1.1)

in the macroscopic, which is nothing else but a Smarandache multispace ([8]-[10]) or parallel
universes ([25]). But if we hold on P in the microscopic level, we know that all of its organic
systems are consisted of cells, the smallest unit of life ([30]) and a cell is consisting of cytoplasm
enclosed within a membrane that envelops the cell, regulates what moves in and out, maintains
the electric potential of this cell and furthermore, inheres in a cytoskeleton, i.e., a stable and

dynamic network of interlinking protein filaments that extend from the cell nucleus to the cell
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membrane, gives the cell’s shape and structure such as those shown in Fig.2.

Let A (u;) be the dynamic network of y; in cells at time ¢. Then, an animal P is underlying
a complex network

P = ()| JA ()| A (119) (1.2)

in the microscopic at time ¢, which is a complex network ([3], [4]).

Similarly, the divisibility of matter initiates human beings to search elementary constituting
cells of matter, i.e., elementary particles such as those of quarks, leptons with interaction
quanta including photons and other particles of mediated interactions, also with those of their
antiparticles ([26]), and unmatters between a matter and its antimatter which is partially
consisted of matter but others antimatter in the microscopic. Even though a free quark was
never found in experiments, we can also get similar equalities (1.1) and (1.2) in theory such as
those shown in Fig.3, where (a) a meson composed of a quark with an antiquark, (b) a baryon

consisted of 3 quarks and (¢) a particle composed of 5 quarks, respectively.

@
@
@)

(a) (b) (0)

Fig.3

Notice that all these known characters on a thing P can not exist in isolation no matter
which is organic or not, and the equality (1.2) is a complex network, or abstractly, a labeled
graph G* in space because they are indeed consisting of P. This fact also implies that we
should find typical labeled graphs, called continuity flows and reviews them to be mathematical
elements for revealing the reality of things ([19]) which can globally characterizes the dynamic
behavior of things in the world.

Definition 1.1([22-23]) A continuity flow (a};L,M) is an oriented embedded graph G ina
topological space # associated with a mapping L : v — L(v), (v,u) — L(v,u), 2 end-operators
Al L(v,u) — LA (v,u) and AL, : L(u,v) — LAG (u,v) on a Banach space B over a field

F such as those shown in Fig.4 following

A, L(v, u) At

Fig.4

with L(v,u) = —L(u,v), AL, (—L(v,u)) = —LA%u(v,u) for Y(v,u) € E(E')) holding with
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continuity equation
N
Z LA (v,u) = L(v) for YveV (G)

uENg(v)
and all such continuity flows are denoted by Y.

Certainly, the continuity flows is such a mathematical element that its vertex equations
maybe non-solvable ([11]-[14]). However, it indeed characterizes the reality of things, no matter
what is organic or not. In fact, an independent energy system, including automobile, aircraft and
animals is nothing else but a continuity flow, and there are monographs and papers published on
continuity flows 5’; L, o | with constraint conditions. For examples, the dynamic behavior of
complex network, i.e., A = 1y for A € o/ with a number field Z or R is discussed in monographs
[5] and [6]; an elementary 6-ﬂ0w theory, i.e., A = 1y for A € o/ is established in [15]-[17]
with applying to elementary particles; the action flows, i.e., x, is a constant v, dependent on v
with applying to n-biological systems in [20]-[23] and an elementary theory on continuity flows
is established in [22]-[23] with synchronization.
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Fig.5

However, all of these results can not immediately characterize the regulatory or recovery
mechanism of animals, particularly, the human body which means that we should furthermore
find typical continuity flows for animals. It should be noted that preserving the balance Yin
(Y~) with Yang (Y1) of a human body is the fundamental ruler, and there are 12 meridians
in a human body which which completely reflects the physical condition in traditional Chinese
medicine, i.e., the lung meridian of hand-TaiYin (LU), the large intestine meridian of hand
YangMing (LI), the stomach meridian of foot-YangMing (ST), the spleen meridian of foot-
TaiYin (SP), the heart meridian of hand-ShaoYin (HT), the small intestine meridian of hand-
TaiYang (SI), the urinary blandder meridian of foot-TaiYang (BL), the kidney meridian of
foot-ShaoYin (KI), the pericardium meridian of hand-JueYin (PC), the sanjiao meridian of
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hand-ShaoYang (SJ), the gall bladder meridian of foot-ShaoYang (GB), the liver meridian of
foot-JueYin (LR) in Standard China National Standard (GB 12346-90), i.e., the Body Model
for Both Meridian and Extraordinary Points of China, such as those in Fig.5, and similarly, the
12 meridians on animals such as the gall bladder meridian on a horse is shown in Fig.6.

By the treatment theory in the traditional Chinese medicine ([29]), if there is a point on
one of the 12 meridians in which {¥Y =, Y ¥} are imbalance, this person must be in illness, and in
turn, there must be points on the 12 meridians in which {Y =, YT} are imbalance for a patient,
and the main duties of a doctor is to find out which points on which meridians are imbalance
with Y~ more than Y or Y™ more than Y, and then by the natural ruler of the universe
in traditional Chinese culture, i.e., reducing the excess with supply the insufficient, the doctor
regulates these meridians by acupuncture or drugs so that points balance in {Y~,Y "} again.
This treatment theory naturally induced a subclass of continuity flows, called harmonic flow
labeling each edge of a topological graph G by a 2-tuple vectors (v, —v) following.

Definition 1.2 A harmonic flow (6, L,d) is an oriented embedded graph G ina topological

space & associated with a mapping L : v — (L(v),—L(v)) for v € E (6) and L : (v,u) —
(L(v,u), —L(v,u)), 2 end-operators A}, At with

AL (L(v, ), —L(v,w)) — (LAL (v, 1), — LA% (v,u)) :

AL+ (L, ), = L(v,w)) = (LA (0,0), =LA (0,0) )
L(v,u) = —L(u,v) for¥(v,u) € E (E") on a Banach space B holding with continuity equation

Z LA (v,u) = L(v)

uENg(v)

forYveV (6), and all such harmonic flows are denoted by %%
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Clearly, a harmonic flow is naturally a continuity flow because of

S o+ Y (- W) = L) - L) =0

u€Ng(v) uENg(v)

for Vv € (E’)) and in fact, it is balanced at every where on G such as those shown in Fig.7,
where a,b,c € R hold with a = b+ c.

(av _a)

(a, —a) (€.=¢) (b, ~b)

(ba _b)
Fig.7

In this paper, we always assume that all end-operators in &7 are both linear and continuous.

In this case, the result following on linear operators of Banach space is well-known.

Theorem 1.3([3]) Let %1, P> be Banach spaces over a field F with norms || - ||1 and || - ||2,
respectively. Then, a linear operator T : 81 — PBo is continuous if and only if it is bounded,

or equivalently,
IT| := sup Tl < +o0.
0#AVESR: (vl

The main purpose of this paper is to establish the dynamic theory on harmonic flows
globally, an open problem for establishing graph dynamics in [7] including Banach harmonic
flow space closed under action of differential, integral operators. A few well-known results such
as those of Banach theorem, closed graph theorem and Hahn-Banach theorem are general-
ized with extended Euler-Lagrange equation and balance recovery on harmonic flows which
is motivated by traditional Chinese medicine. We denote a continuity flow GL with L
(v,u) — (Li(v,u),La(v,u)) by G for emphasizing L? mapping edges to % x %, where
Li(v,u), La(v,u) € Z and all 2-tuple flows GL with L2 : E (5) — B X B by Y.

For terminologies and notations not mentioned here, we follow references [1] for mechanics,
[3] for functional analysis, [4] for biological mathematics, [5]-[6] for complex network, [10] for

combinatorial geometry, and [9], [27] for Smarandache systems and multispaces.

§2. Banach Harmonic Flow Spaces

2.1 Commutative Rings over Graphs

Let ¢ be a closed family of graphs G under the union operation and let Z be a linear space
— o =3,
(%; +, ), or furthermore, a commutative ring (%; +, -) over a field .#. For VGL2, G'F” G2,
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define
crear - (@\@) UEnd) U@ @)"
Gr.Grt = a\—?)ﬁu(aﬂa’ L”Qu((?\a)”
and N

where A € % and

L2 (v,u) — (Li(v,u), La(v,u)), L' : (v,u) — (L'y(v,u), L's(v,u)),

L2+ L7 (v,u) — (Li(v,u) + Li(v,u), La(v,u) + L(v,u)),
L? . L (v,u) = (L1(v,u) - L (v,u), La(v,u) - Ly(v,u)),
M- L*(w,u) = (A Li(v,u), X - La(v,u))

(2.1)

(2.2)

with substituting end-operator A : (v,u) — Af, (v,u) + (A, (v,u) or A: (v,u) — Af,(v,u)-
(AN, (v,u) for (v,u) € FE (6(](?’) in GL* + G'L” or GE* - G'Y” and Ly (v,u), La(v,u),

L (v,u), Ly(v,u) € B for V(v,u) € E (5) or B ((?)

Define
Li(e), ifee B (E’k \ 61)
Li(e) = LE(e). ifee£(G\Gr) .
Li(e)oLi(e) ife€eFE (5k ﬂ@l)
and
Li(e), 1fe€E(6>k\ (61U55))
Li(e), ifeeFE (61 \ (5k UE’S))
Lg(e), ifeeE(EJ)S\ (5KU5[))
hs(e) = 0 Lyy(e), ifec B ((GiNG)\CL) |
L2 (e), ifecE ((Eik m@s) \5’1)
L. (e), 1feeE((ZflmZ:’S \ka)
Li(e)°L#(e)°L%(e) ife€ E (E% N Zﬁl ﬂ65>
where o is the operation 4+, — or - and 6k, 5’1, 5’5 €Y.

- ’
Clearly, if E’LQ, G'V* € G, with linear end-operators AF , A+

VU uv?

(2.4)

(2.5)

then GL* + G'L", GL* .

(?Lm and \- GL° € %%, i.e., Yo is closed under operations (2.1)-(2.3). Furthermore, for

— — — . . .
VG, Gy, Gs €9 calculation shows the operations “4” and “-” satisfy
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(1) commutative, i.e., G —|— GLL =Gl 4 Géi and G+ GZLZ :ﬁf? E')kk because of
cieor - (G0@) " U@ENe) U @G
- (@na@) u@ne) My (@ a)”
—12 =2 — N\ L — o \Ly-L? NI}
Grt Gt = (@n\G@) U (GxNG) UGG
- (@03 U(ENE) Y@ E)
_ gL.ge
= 1 k

L2 —)L2 —>L2 —)L2

+G)GG+GG

—L2 _)Lk —>L2

(2) associative, i.e., (6}L2 + G ) 555 = 5£ (5L2 + G ) and (aii EZL?) ‘
gL = gLk, ) (G
_

L —
and dlstrlbutlve ie., Gs* ( G

L? Ll — L2 Lk —=L? RL? . . . .
and (G + G, ) G = G —i— G- Gs if # is furthermore a commutative ring
(%;+,) because of

(@h+af)+a - (GUa)"+a - (G.Uaa.) ™
= G4 (GG = (G 1 aY),
(@i . GH). G - (@Ja)™ e - (a.Ua.Ue.)™
- G (GJa.) " =att (. ar)
and
Gr.(Gh+aH) - G (G.UG)™ = (@.(aUa))

- (G.Ue)"u(@.Ja) " =ar @ity ar an.
Similarly, we can check that (ﬁfi + 5%’3 - 6?2 = 652 5L2 + 5L2 5}L2
(3) There are a unique zero flow O, i.e., O(v,u) = {0,0} in (9%:; +) and a unique unit zero
— — .2 — .2 — 0

1,ie., 1(v,u) ={1,1} for V(v,u) € E (%) in (9g:;-) such that O + G¥ = G¥ + 0 = G*
and 1-5L2 = 5L2 -1 = E')Lz;

(4) For el € Yz there is a unique flow G~ such that GL° + G-I = O;

(5) A scalar multiplication “- defined by (2.3) associating a flow G i Y and a scalar

—

o € F with a flow a- GL” € %z in such a way that

() (a1a2) - GF° = ay(as - GL°) for a1, a8 € F;
(¢) a- (Gk’“—i—G ):a-6£i+a-5}f?fora€9;
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(d) (a1+a2)-6L2 =a1'6L2+042'5>L2 for kq1,ko € Z.

In conclusion, we know that (92, +) and (942, -) are respectively a commutative group, a
commutative semigroup with unit if % is a commutative ring, and (92, +,-) is a linear space
if # is so. We therefore get the following result.

Theorem 2.1 If¥ is a closed family of graphs under the union operation and A a linear space
(B;+,-), then, all pair flows (Yg2;+,-) is a linear space, and furthermore, a commutative ring
if B is a commutative ring (B;+,-) over a field F.

2.2 Banach Harmonic Flow Space
For VG1° e G with L?(e) = (Li(e), L2(e)), e € E (@) define

H—>L2

G

= > (L@l +IL2(e)ll) (2.6)
eEE(a)
. . =12 RL2 RL?
where 4 is a Banach space (%; +, -) over a field .# with anorm || - ||. Then, for VG*", G .*, G
€ Y we are easily know that

(1) HE')N ’ >0 and H5L2H =0 if and only if Li(e) = 0 and La(e) = 0, i.e., ar — 0.
(2) H65L2 = ¢ HE¥>L2H for any scalar £ € .Z;
() |G + @H|| < | G5 + |G| because of

+ G,

—)L2 —>L2
k 1

Yoo (ULm@l+ L@+ > (La@ll + L)

€€E(6k\6z) eeE(al\ak)

+ > (IEka(e) + L (@) + 1 Lka(e) + Lia(e)])
eGE(@kﬂal)

< Yoo k@l + L@+ > (L@l + [ Lae)l)
GEE(ak\al) GEE(al\ak)
+ > (@l + k2@ + [ La(e)] + [ Liz(e)])
8€E<6kﬂal)
- ot e
by ||vi + va|| < [|vi| + ||v2]| for Vvi,ve € B. Therefore, || - | is also a norm on “ege.
2 2
Furthermore, if 4 is a Hilbert space with an inner product { - , - ), for v@ﬁk,ﬁfl € Yo,

define

(GG = 3 (La(©), Lu(@) + (Liale), Lis(e))) (2.7)
cer(TuN T

—

Clearly, (GyF UG, G ) = (G @) +(G1T, G )it B (Gh) N E (Gr) =0 and
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@fiﬁLiz, E')L2> = <5£i1 , §L2> + <5£i2,5}L2> by definition (2.9), and we are easily know
also that
(1) For el € Yoz,

(@ @) = (L1(e), La(e)) + (La(e), La(e))) = 0
()

eceE
and <E’)L2, 6L2> =0 if and only if Li(e) = 0, La(e) = 0, i.e., G =o.

—[2 =

(2) For V@fi, 5%12 € Yoo, <6£i,5}f?> = <Gl L G£i> because of

(GEGH) = S (a0, Lu@) + (Lrale), Lia(e))

a
Py
Ql
™ 2
al

(<Ll1(€)a Li1(e)) + (Lia(e), Lk2(€)>>

|

eEE(Gkﬂaz)

for (v1,va) = (va, V1), v1, vy in Hilbert space A.
N

(3) For 5?, 5%12 € Yy and \ € F, <5£i, /\ﬁlL?)> = <5£i, GZLZQ> because of

(@HaaH) = (GH @)

by definition (2.7).

(4) For GV G4 GH € 9, <g£i +5’f?,5@2> _ <5>£k GL2> n <5’f?,5’w> be-
cause of

(@i varany = ((@Ua)" )
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[
P
Ql
=5
Ql
&
~~—"
_|_
S
Ql
RN
Ql
&
~~—”"

by definition (2.9). Whence, (422; +, -) is also an inner product space and a normed space with

e

- (@)

for V@LQ S g@2.

e L7 AL} . =L AL} .
Definition 2.2 For G.*, G' € Y2, the distance between G %, G is defined by

—IL2 =12 —2 — 2 — 2 —_I2
a(Gi e = | -ar| = e+ @t

(2.8)

Clearly, (42; +, -) is also a distance space by Definition 2.2 with previous properties (1) —
(3) or (1) — (4) of Banach or Hilbert space, respectively.
2 2
Definition 2.3 A sequence v@fl,aj?, e ,5}52 in g2 is called Cauchy sequence if for any

number € > 0, there always exists an integer N(g) such that

—I2 —2
|G -ar| <

for integers k,1 > N(e).

_>L2 s =1 . .
Let {Gn"} be a Cauchy sequence of 92 and Il = |J G. Notice that ¢ is closed under
Gey

2
operation union by assumption. We know that il € ¢ is finite and embed each Efﬁn into a
.
subflows T1%* € ¥ by defining

£2(0) L2(e) if ee E (5n) ,
n €)=

{0,0} if ee E(ﬁ’\@’n)
Clearly,

G gt = |- w| - o

Il
[
&~
E
[
=
|
&
[
O
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72 72
Now, for Ve > 0 if ‘ GLi — GLi|| < ¢ for integers k,I > N(g) then there must be

szl(e)—zll(e)u < ¢ and Hikz(e) ~ (e

< ¢ for integers k,l > N(e), i.e., {E%} is a

Cauchy sequence for Ve € F (ﬁ), which is convergent in Z by assumption. Without loss of

generality, let lim E,Ql = (Lo1, Lo2) = L%. Then, lim E')ﬁ = lim HLn = ﬁnhmooL ﬁ)LS,
n—oo

n—oo n—oo

2
ie., {65"} is convergent in ¥z2 by definition. We therefore get the result following.

Theorem 2.4 If 9 is a closed family of graphs under the union operation and B a Banach
space (B;+,-), then, Gg= with linear operators AL, AL forV(v,u) € E ( U 6) is a Banach

Ge¥Y
space, and furthermore, if B is a Hilbert space, G2 is a Hilbert space too.

We have known that all continuity flows E’)L form a Banach or Hilbert space ¥4 respect
-, =
to that # is a Banach or Hilbert space in [24] and [25]. By definition, (GiL, GJL) € 92 for

—)L —)L . . _>L 4+ . . . . . —)L
G, G} € 9p. Notice that a harmonic flow G € ¢ is isomorphic to a continuity flow G~ €
G because flows (L4 (v, 1), —LA% (v, u)) is isomorphic to LA (v,u) for Y(v,u) € E (6)

Thus, all harmonic flows %g}f is in fact a Banach or Hilbert subspace of ¢2 by Theorem 2.4.

Theorem 2.5 If¥ is a closed family of graphs under the union operation and % a Banach space

(B;+,-), then, all harmonic flows Gz with linear operators Ay, A, for¥V(v,u) € E ( U 5)
Ge¥
under operations + and - form a Banach or Hilbert space respect to that % is a Banach or Hilbert

space with inclusions
%% - {fé C Y.

2.3 Operators on Banach Harmonic Flow Space

Definition 2.7 Let T : %g}f — %% be an operator on Banach harmonic flow space %g}f over a
field #. Then, T is linear if

2 2 2 2
T (AGH 1 uGH) =1 (GH) 4 1 (GH)
=L} RL} + P . =L . .
for VG &, G € 95 and N\, € F, is continuous at G° if there always exist a number 6(c)
Ve > 0 such that
for Ve such tha o e
|z (&) -2 (E5)] <=
—>L2

if H6L2 - Gy° (¢), bounded if HT (GL )H < §HGL H for VGl e gi with a constant

¢ € [0,00) and furthermore, a contractor if

[z (6) - (@) <<k - e

for V@fi, 5%12 € 9L with £ € [0,1).
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Theorem 2.8(Fixed Harmonic Flow Theorem) If T : g; — g; is a linear continuous con-

—
tractor, then there is a uniquely harmonic flow GL e g%f such that
T(GX) =G

—>L2 + . —r2
Proof Let G~0 € 95 be a harmonic flow. We define a sequence {Gn"} by

Gri=r(cn),
Gkt (E’ff) =12 (G*),

— 772
We prove the sequence {G ﬁ"} is a Cauchy sequence in ¥ + . By assumption T is a contrac-

tor, there is a constant £ € [0,1) such that HT( L2> - (_)L2>H < g‘
VGé’“, GlLl € %Qf We therefore know that

H T <6ff:;) H <¢ HE’#M e s

—>L2 —>L2
’ for

—r2
m+1 m
HGm-i-l - Gul

2 2 2 2
- H (5’5;1;) -T (6,5;122) ’ <@|Gry -Gy

—72 —
< ...ngHGfl_GLg

where m > 1 is an integer. Applying the triangle inequality, we generally know that

Ha)ﬁj _aLi < Ha’ﬁ}_aﬁ}ll HG n— 1_—>Lfl
< (§m+§m—l ++§n—l « HGLl _ (;vL0
B IS =

_>L2
n

2
with m > n and 0 < £ < 1. Consequently, Hé’ﬁr -Gy

(e

. . 2
is a Cauchy sequence convergent to a harmonic flow G~ € {f; because of

nh_)rrgo Z Lﬁj“(v,u),— Z Lf“t‘(v,u)

uGNan (v) ueNan (v)

= [ lim Z Lﬁj“(v,u),—nliﬁngo Z Lfﬁ“(v,u) = (L(v), —L(v))

n—oo

uGNan (v) uGNan (v)
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_
for Vv e V (G) Notice that

sl sl e

@t n (@)

< HE’LQ Gl _Gr

Thus, if m — oo, we get that HE')LZ - T (Enz) H =0,ie, T (ﬁLQ) = E')Lz.
If there is another harmonic flow 5’”2 € g%f holding with T (57L’2) = E')Lz, by

)

@ - @

fr(@) (@) << -3

7 —
it is true only in the case of Gl = G’L ie., GL is unique. |

Theorem 2.9 A linear operator T : ?i — %%f is continuous if and only if it is bounded.

Proof If T is bounded, then
—>L2 —I2 —>L2
v (@) -7 (er)| - |r(cii-gr)
=L2 RL? + .- .
for a constant § € [0,00) and VG %, G,' € 9 by definition. Let d(¢) = & with £ # 0. Clearly,
— — — —
[T (Gt -Gt | <eit|cr -G

that T is bounded.
—72

Now, if T is continuous but unbounded, there must be a sequence {G ,LL"} in %%f such

<@ -ar

< d(e), i.e., T is continuous. If £ = 0 then it is obvious

2

L2 n L2
Let G*En = —Gu" . Then HGn
n

— L2
H G’Vln

1
= —, which implies that
n

o [ (01| = o[

—2L? 1 . oy
HT (G*n") H = - — 0if n — co. However, by definition

—)L2 —)L2
oy G HT )| _»[@
|z (@)= B G = aem "
o
C . L2 . . + .
a contradiction. Thus, such a sequence {G n"} can not exists in 45 and T is bounded. O

The following results generalize the Banach inverse mapping theorem, closed graph theorem

in classical Banach space to Banach harmonic flow space.

Theorem 2.10(Banach) Let T : %;1 — %;;2 be a linear continuous operator with Banach

spaces By and PBy. If T is bijective then its inverse operator T1 is continuous.

Proof Clearly, the inverse operator T~! exists by the assumption that T is bijective.
— —
For integers n € ZT, let O,, = {GL2 € %g}fl ‘HGL2 < n} and M,, = T(0,). Notice that

U On =95 i . Whence, ¥ i = U T(0,). We prove that T~ is continuous which follows by
n=1

n=1
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3 claims following.

Claim 1. there is an integer ng such that the closure of M, is closed, i.e., Cl (M) = My,
— 72
in sphere B (Gg ,r0> = {GL2 ’GL - GDL0 < ro} C %;352.
If Claim 1 is not true, there always exists a closed sphere B’,, in the interior of closed sphere
B,, of %2352 such that B, (M, = 0 for integers n > 1. Now let By be a closed sphere of %;352.
Then there is a closed sphere By C By with By (| M7 = 0. Similarly, there is a closed sphere

By C By with By [} M2 = (. Continuing this process, we get a sequence {B,,} of closed spheres
with B, D B,41.
Without loss of generality, assume the diameter Diam (B,,) — 0 with B,, # B, 1 asn — oo.
— 72
We can always choose harmonic flow G ,LI" € B, — B,,—1 and get a harmonic flow sequence
—L? + =L%2Y . —L? L2 .
{Gn"} of %@2. Clearly, {Gn"} is a Cauchy sequence for d (Gn", G,,{") < Diam (B,,) — 0

—72 —7r2
as m — oo if n > m. Thus, there is a harmonic flow Géo"o € ) B, but Ggo“’ Z U My, a
n>1 n>1

contradiction to %i = U (On).-

—=r2
Define \g = :T?) and By, ={ GF

< /\0}. By Claim 1, M; C By, .
Claim 2. CIl(M;) = M.
Clearly, if E’Lz € B,, then 650 + noaLz, 5’50 - n06L2 €eB (653,1"0). Whence, there
=L L2 .
are sequence {Gk’“} and {lek} in B,,, such that
. —>Li = Lo =2 . —;Li = Lo =12
khnoloT(Gk):GO +noG~ and klin;oT(Gk):Go +ngG™ .
Whence, we get that

— 2 —)Lz _)LQ 61‘% _aLi —>L2
T (G -G ) =200G - ie, T k) =G
n

—L? =12

Clearly, “ 9" ¢ 0,. We know that CI (M;) =
LetOi:{GI? ‘GL2 5 }autldIB%i0 {
are easily know that C1 (T (O%>) =T (Oiﬂ> in c

e

< 2%} for integers n > 1. We

3

closed sphere B, by Claim 2.

20
Pi

Claim 3. T (01) D Bx,.
2
aL? . . AL?
In fact, let G GB)\O. Notice that CZ( (O%)) :T(O%) in Bx,. Thereis G{* € O%
2
such that HGL —T( )H < 3¢, ie., el T(aff) €By. Similarly, by CI (T (O4)) =
2

T (O 212) in on we know that there is GL2 S O% such that HE')L2 -T (ﬁff) -T (_>L2)
2

<

2
;‘—g, GL2 -T (6L + G )H < 2—3. Continuing this process, we generally know that
2 2
there is a harmonic flow sequence 65 } with 65” €0 1 for integers m > 1 such that
= =L? | L2 =2 Ao
HG T(GH+ Gy 4+ G )H_2n+1 (2.9)
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by mathematical induction. Notice that

n 2 — n o—r2
We therefore know that > GlL is convergent in O;. Denoted by G&* = 3" GZL
i=1 i=1

, i.e., 5}5 S
=72 =72
O;. By the continuous assumption of T, we get immediately that G* =T (G L ) by letting
n — oo in (2.9), which implies that T (O1) O B, , i.e., O3 > T~ (BAD)
2

Z,
Now we prove T~! is bounded. Let O # GL* ¢ %; Clearly, = —’ﬁ—( 70’ we know
that
—r2 —r2
M GF M GF
Sl IR TCkan IR S R Tcka |
2| G 2|[ce
Whence we get that
7 (@) < 5, [
Ao
i.e., T~! is bounded. Applying Theorem 2.9 we know that T~ is continuous. O

Definition 2.11 Let T : %%?1 — %g}i be a linear continuous operator with Banach spaces %,
PBy. The graph of T in %%2 is defined by

GrapT = { (6L2, T (6L2)) ’ Gl ¢ %;1}
and T is closed if Cl(GrapT) = GrapT, i.e., a closed subspace.

Theorem 2.12 Let T : %g}fl — %g}i be a linear operator with Banach spaces %y, PBs. Then T
. . . . —L? + . . =L? =L

is closed if and only if for any harmonic flow sequence {Gn"} €Yy, with lim Gp" = G\ €
n—oo

@, lm T(Gi) =G v, and T(GyP) =GV,

n—oo

—L

L2 . . =L
Proof For (G ,GL ) € Cl(GrapT), there is a harmonic flow sequence { Gn”} such that
—>L2

—L? —>L2 2 .. — L2
(Gn , T ( )) — (GO , GL ) as n — oo by definition. We therefore get that G,» — G°

L —2 —)L2 —I2 —>L2
and T (Gn ) — G asn—oo. IfT (Gn") = G~ , then (GOO, G ) € GrapT. We know
that GrapT is a closed subspace, i.e., T is a closed operator.
2
Conversely, if T is a closed operator, let {65"} be a harmonic flow sequence in %ggl with

=L2 =2 . =L
(Gn ,T( )) — (G o GL ) € GrapT as n — oo by definition. Whence, T(GOO) =
. This completes the proof.

Theorem 2.13(Closed Graph Theorem) If T : %%51 — %;2 is a closed linear operator with

Banach spaces B, PBo, then T is continuous.

— - — —
Proof Notice that %%fl @%%2 with norm H GLZH + HG’L2 H for VGL* € %;351, G'Y e %%2 is
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~ — 2 — 9 — 2
also a Banach space with subspace GrapT by definition. Define T : (GL , T (GL )) — GE
for GL° ¢ %g}f . Clearly, T is bijective from GrapT to %g}f . By Theorem 4.10, we know that

1 1

T~ is continuous or bounded, i.e.,

[T (@) =l(e* (@) =[e*

+[r (@) < [==]le*

—r2 ~ —=r2
We therefore get that HT (GL )H < HT_lH HGL , i.e., T is bounded and continuous by
Theorem 2.9. a

Notice that harmonic flow spaces %ggl and ¢ ’;}2 are both labeled graph families. A har-

monic flow space %g}fl is isomorphic to %’;}2 if there is a linear continuous operator T : %;1 —
— —
g’éz of bijection with T : GL* € gL -Gt e 4% such that
b1 H2

T (A;ruv (L(U, U), —L(’U, u))a AI’L}) = (A/'UJrua (L/(U, U), —L/(’U, u))a A/:v)
for V(v,u) € E (6) The following result characterizes isomorphic harmonic flow spaces.

. + .. . 1+ . _>L2 _;L/2 .
Theorem 2.14 A harmonic flow spaces G4 s isomorphic to Gz, with T : G* — G if

and only if 4 =9’ and B is isomorphic to Bo.

Proof Clearly, if T : 91 — 9> is an isomorphism and ¥4 = ¥’, there is an identical
mapping id : G € 4 — G € 4’. We are easily know that the operator T =T oid : ffél — 54’;}2
- ’
with T: GL° — G’ is an isomorphism between %ngl and %’%z.

: + /:t . . . . _)LZ —;L/2
Conversely, if T : 95 — 9’5 is an isomorphism with T : G* — G"* ", we know that

T (Al (L(v,u), —L(v,u)), AL) € G¥* — (A’j,uu (L’(v’,u’),—L’(vxu’)),A’j,U,) e GY,

T (A, (L), =L (0 ) AT ) € GF = (A AL(v,w), ~L(v,w)}, AL) € G
which naturally induces
T, : {L(v,u),u e Na(v)} —{L'(V,u),u € Na(v’)} ,

— —
i.e., an isomorphism T, : v' € V (G) —v' eV (G') preserving the adjacency of vertices. We

therefore know that G and G’ are isomorphic, i.e., 4 = 94'.

Notice that an isomorphism T is linear continuous. By Theorem 4.10 we know that T~*
is continuous also. Thus, T, T~ induce operators Ty, : {L(v,u) € %} — {L'(v',u) € %},
Tl {L'(v,u') € Ba} — {L(v,u) € B} for edges (v,u) € E(a)), (W,u') e E(a) and
both of them are bijective. Consequently, T, is also linear continuous with a continuously
inverse T !, i.e., preserving the topology on %; and %,. Whence, T,, is an isomorphisms

vu 0’

between Banach spaces #; and %, for (v,u) € E (E’)) by definition. |

Certainly, there maybe existed more than one norm on a harmonic flow space g;, We need

to distinguish them by the equivalence following.
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Definition 2.15 Let |- |1 and |- ||2 be two norms in 9%. If there are positive numbers K1, K»
such that
1o, <6, < x| e*
1 2

1

for GL* € 9%, then the norms |1l d - id to b wal @
7 1 and || - ||2 are said to be equivalent on 9.

Theorem 2.16 Let || - ||1, || - ||2 be norms defining Banach spaces on {f; If there is a positive
—>L2 —>L2 —>L2 + .
number K such that ’G H <K H G H for G* €95, then || -||1 and || - ||2 are equivalent.
2 1 :

Proof Denoted by %;351, %%32 the Banach spaces with norm || - ||1 or || - ||2, respectively.
+ + L2 oL? arL? + T
Define an operator I: 9, — ¢, by 1 (G ) = G" for VG € 9, . Clearly, s linear and
bijective.
oL oL OL? + : :
Now, if H G H <K HG H for G € 95 , then I is bounded. Applying Theorem 2.10
2 1
(@), <
LS

we know that I~! is continuous, i.e., bounded by Theorem 2.9. Whence,

el ete @

—1
<y

-2
ie., Gt H by definition. We get that
2

’
2

g <ller| < ke
[T 1 2=

1

— 72 —72
Notice that the far or near degree of Gf" and G lLl is measured by the sum of norms on
edges in Definition 2.2. Sometimes, we also need it to measure by the residue norms on vertices

such as the synchronization of complex networks, i.e., the conception following.

ope —L? 3L? + . —=L? 3L? . =L?
Definition 2.17 For VG /%, G|' € 95, the distance D (Gk’“, G, l) between vertices of G *

=L? . . =L? =L? RL?:  =-L? .
and G is defined by the sum of vertices norms of G,* — G, = G.*+ G, ™, ie.,

(GG = Y g
vev(GLUT)

(2.10)

)

where,

2(v) or L?(v) if v
Loy | O or ) s ev(

4 . . — L2 =L? . .
Clearly, (%gg ; D) is not a distance space because we have D (Gk’“, G" ) = 0 if the residue

. . AL} AL}
flows on vertices in G', G

_)Li
k

are a constant. However, we can measure the near degree of

— 72
and GlLl by norms on edges, i.e., it is stronger than that on vertex for harmonic flows.

—L? FL? + =L? =L} .
Theorem 2.18 For VG, *, G € 95, if all end-operators on G)* and G| are linear con-

tinuous, then there exists a constant ¢ > 0 such that

D (G4, 8) < ([art -
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Proof By Theorem 1.3 we know that there are positive constants ¢}, c2, E R such that
HLl (v, u)|| < || Li(v,u)|| and HL2 v (v, u) H < 8" || La(v, uw)|| for V(v,u) € G if the end-

operator A7 is linear continuous. Without loss of generality, let
cmax L VU 0U Val
(G ) :max{cl o5t v, ueV (G)}
— — — .
and H = G |J G;. We are easily know that

((@hE) = X Iaol= XY || ew)

vev( ) veV( )UEN—’(

> 2 Il

vev () “eNz )

—  9omax (ﬁL;ll) Z ||Ll;ll(v7u)||

(v,u)EE(ﬁ)

- e (@) (@)

IN

Lia

by the assumption. We therefore get that

$(G1, 1) <o (34 - Y

. — —\ L .
with ¢ = 2¢max (Gk U Gl) . This completes the proof. |

A linear operator T : ?{%}1 — ?{%}2 is a functional if ?{%}2 = R or C, and there is a fundamental
question on functionals should be answered, i.e., are there really linear continuous functionals
on harmonic flow spaces %g}f? Certainly, its answer is affirmative by results following.

oy } + . . . =12 L2 =12
Definition 2.19 A functional p : 95 — R is sublinear if p (G +dG ) <p (G ) +
P (5’”2) and p (a5L2> =ap (ﬁLz) for 5)L2, 57L’2 € %%f and a > 0.
We can similarly extend the Hahn-Banach theorem, i.e., the existence of functionals in a

Banach space to the harmonic flow space g%f following.

Theorem 2.20(Hahn-Banach) Let %%E be a harmonic flow subspace of %%f and let I : %%E —
C be a linear continuous functional on jf; Then, there is a linear continuous functional

F: %% — C hold with
(1) F(G¥) =F (GF) if G** e s
2) |7 = 1.

Proof The proof is consisting of claims following.
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Claim 1. If there is a linear functional F : f%f@# — R and a sublinear functional p : g; —

: ar? Yel% ar? + : : . =gt
R with F ( G <plG for G* € 9, then there exists a linear functional F': 47 — R
such that F(G1') = F (G¥) it G¥ e o and F (G¥) <p(GV) it GV e 9.

2 2
Let 65“ € YL\ AL and KL = {aﬁgo +6L2‘a 6R,5L2 Ef%’fg}, a linear space

spanned by 5’5 g and jf; For V@LQ, 5; L” ¢ j‘fgg calculation shows that
(@) P (@) = F(@0 -G <p(@0 - G)

IN

p(G¥ + 553) +p (—5”'2 - 553) :

i.e.

(-G - T) -k (@) <p (@ + TH) - P (37).
. =L L2 . . . +
Notice that G**, G are arbitrarily selected in J#. There are must be

sup {—P(—aL’Z_Eﬁé%)_F(aL”)}g inf {(6 2_‘_65%)_1;(6@2)}7

. =2
L et ey

which enables one to choose a number ¢ hold with

w (- H) r(@)) zex_ g {07 43H) (@)

Lt
and define a functional F’ by F’ (é_*’L“) =ac+ F (E')L2) for G*L™° ¢ %i@

— 72
Clearly, F’ is indeed a linear functional on %i@ because %i@ is linear spanned by G g 0

and 2. We prove
# P , —2 =2 —r2 =
F (aGO“—i—G )Sp(aGOD—i—G ), (2.11)

and without of loss of generality, assume a # 0 because the assertion is obvious if a = 0.

Now if a > 0, by
—r2 — 72
GF GT
« «

F’ (04653 + @H) <p (a@ég + E')L2> ,

we are easily know that

i.e., (2.11) is true, and if @ < 0, by

we can know that (2.11) hold also. Whence, F’ is a linear extension of F by 65 g. All such
— — —
extensions of F’ are denoted by 2 (F), i.e., F’ (GL2) =F (GLz) for GL* e A5 and all

extensions F’ of F further with F’ (ﬁﬁ) <p (Eﬁz) for GL* € € (F) are denoted by J2(F).
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We define an order < in JZ(F) by:

For Fy, Fy € #(F), if #(F)) C #(Fy) and Fy (6L2) _yoy (6L2) for GV e (),
then Fy is precedent of Fy, denoted by Fy < Fs.

Then (ﬁF}, <) is a partial order set.
Let #(F) C f(F) be with (.# (F'); <) an order subset and let

2(F) = |J #w).
Fe(F)

Notice that for G° € 9(F) there must be a 5 (F') such that GI e € (F). By this fact,
we can define a lincar functional F' on Z(F) by F (5L2) =F (5}L2) if GL* e € (F). Since
A (F) is an order set we know such a F'is a uniquely linear functional with F (6L2) <p (6L2)
on #(F). Thus, F € 2(F) and it is an upper bound of .# (F).

By Zorn’s Lemma, there is a maximal element F in j‘ﬁf/(F) with J7 (f‘) = %%f Otherwise,
let 653 € %g}f \ A (ﬁ), then we can extend F to a linear space spanned by 7 (Fv) with 5’537

contradicts to the maximality of F. We therefore know that ¢ (ﬁ) = %%f

Claim 2. If F : %@; — C is a linear continuous functional on f%f@#, then there is a
linear continuous functional F : %%f — C hold with F (EMQ) =F (E’)Lz) if ZfLZ € j‘f;; and
|7] = e

Let F (GY) = R (GF) +iF (GF) for G € 5, where Fy, By : 25 — R and
i? = 1. Notice that

i(R(GF) +iR (GF)) =iF (GF) = F (iG) = 1 (iG¥) +iR (iG7).
We know that Fj (z’a}ﬁ) = —F (6L2>. Let p (5’L2) = |F| HﬁLzH Then p (5}L2) is a

linear functional with

£ (0) < (@) <iri e

-+ (0"

on f%fg, i.e., F1 is holding with conditions of Claim 1. We know that F; can be extended to a
. ) . + . =2 =2 L2 +
linear functional Fp on ¥ with Fig (G ) <p (G ) for G* €95.

Define
F (E’Lz) = Fi (5’L2) +iFy (5’L2) = Fi (5’L2) Py (z'Zsz) . (2.12)

~ —
We prove F is a linear continuous functional satisfying conditions of Claim 2. For GL € %%,
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calculation shows that

F(iG")

Fio (iGY) = iR (-G¥) = Fio (iGY") +iF (iG)
i(Fo (G1) =ik (G11)) = iF (G7).
Whence, for Vo + ias € C we have

2 (QE’L2) - F ((a1 +m2)5’L2) — a1 Fio ( L2) + asFio ( L2)
= aFio (G +iasFi (GF) =aF (GV),

. = s . . + . =2 = (A2
ie., F'is a linear functional on ¢¥7. By Claim 1 we know that Fg (G ) =K (G ) and
P (GF) = o (7). i 7 (G7) = F (GF) it G2 € 1z
Clearly, F is continuous by definition. We show that Hf‘H = ||F|. Let § = arg F (5L2).
~ (=72 ~ [(—=r2
By definition, F (GL ) - HF (GL )

C

Notice that Hﬁ (ﬁLQ) H > 0 is a real number, we know that

€. Therefore,

‘ —e R (ﬁLz) =F (e—i96L2) = Fyp (e—i96L2) —1Fip (ie‘ieaL2) .

[ (@) = (e #0) < p(e-#5) = 11 [

Whence, HﬁH < ||F||. However, Hﬁ” > ||F| for 95 > 5. We get HFVH = ||F|. O

Corollary 2.21 Let %%f be harmonic flows space with O # 653 € g%f Then, there always

. . . . . =L3 —L3 4
exists a linear continuous functional F with |F|| =1 and HF (GOO) ’ = H Gyl on 9.

Proof Define jfi = {aé’“’ o€ (C} and a liner functional F (aé’ég) =« H@ga
5. Clearly, (GL )H = |o H—>L2 = H _>L2
|F|| =1 on #% with F (G “) = G Lo, By Theorem 2.20, F can be extended to 4. O

2

5)L2H if 5L2 = aE’LO We know that

ar? + ral’% ; ; . +
Corollary 2.22 For G € 95, if I (G ) = 0 hold with all linear functionals F on 9
then GL° = 0.

§3. Harmonic Flow Dynamics

3.1 Harmonic Flow Calculus

Let G&° e 42 with L? : (v,u) — (Li(v,u), La(v,u)) for (v,u) € E (6L2>. We transform L2

to L% : (v,u) — Li(v,u) +iLa(v,u), i.e., a complex vector and particularly, a complex number
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if 4 = C, where i = y/—1, which enables one to establish calculus on harmonic flows.

Definition 3.1 Let D be a boundary subset of C" = {(z1,22, - ,zn)|x; € C,1 < i <n},
B = C(D) of differentiable functions on D and all end-operators in o satisfying [A, aii] =0
for VA € o/ . Define n differential operators 0; : 92 — 92, 1 <i<mn by

aL2
Oz ,

aGY =3

dGL?
dz

—r2 =72
and denoted by if D C C for GL™ € 92 in which the integral flow of G*~ € 9% along a
curve C ={ z(t) | a <t < B } of length< +oo is defined by

/ GLldy = Glo L7z,
c

—>Li =

For G )%, G, ¢ € 92 and A, u € C, calculation shows that
0; (Aﬁii + u@f?) ) (5’2@ + 5’7“2)

o (@ @) U (@n @) U@ne) ™)
(G06) ™ U(@na) ™ U@.na)

oL3 arL?
Tk il
A ox +u Oz

=12 =L .. AL2 =L . . . .
and 0;G* — 0G,° if G — G,°, i.e., linear continuous on the boundary domain D for
integers 1 < i < n. Similarly, we can also show that the integral operator f ¢ 1s linear continuous

on the boundary domain D. We get the following result.

Theorem 3.2 All partial differential operators 0; and the integral operator fC are linear con-

tinuous on 9%, and furthermore, on %g}f for integers 1 < i < n.

Proof We have shown that each 0; is linear continuous for integers 1 < i < n. Now, we
—>L2 —>L2 2 . —>L2 2 . . . . .
prove that 9;G*", [ G* dz € 95 if G € 9, i.e., hold with the continuity equations on
—=
vertices. In fact, by assumption GL" € 92 and [A, %] =0 for VA € & there must be

+ +
Z (Lf’“‘ (v,u) + iL?’“‘ (U,u)) = Ly(v) +iLa(v)
uGN@('U)

N
for Vv e V (G ) by definition. Whence,

Y (L;“fu(v,u)ﬂfzg‘?u(v,u)): 3 (aiLfvfu(v,u)+z'al-L§‘3u(v,u))
uENg(v) u€Ng(v)

= Z (((%Ll)A:r“ (’U, U) +1 (@LQ)AL (’U, u)) = 61'.[/1 (’U) + iaiLg(U),
uENg(v)
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ie., 0;: g% — g% for integers 1 < i < n.

. —>L2 + .
Now, if G* € 9, then we are easily know that
AN (LAL (v, u) — iLA% (o, u)) = 8;L(v) — i0;L(v),
uENg(v)
ie., 0;: %%f — %%f for integers 1 < i < n.
Similarly, we can also show that the integral operators

/:?fé—ﬂ{% and /:%%f—%ﬁ%f
g o :

—
are linear continuous and hold also with the continuity equation on vertices of G. |

. — 1.2
Now, if ddG
z

exists, then L~ L2(v,u), a complex function for ¥(v,u) € E (5) also ex-

ists. Let L?(v,u)(z) = MV“(x,y) + iN"“(z,y) for (v,u) € E (6), where z = z + iy and
M(zx,y), N(x,y) € R2. Applying the Cauchy-Riemann equations in complex analysis, we are
easily know that

AP OM 0N 0N oM _OM oM _ON _oN

= o ar "oy oy or oy "oy on

By definition,

Prels _ adej — O +igy _ aGM +i85>N7
dz ox ox
daL2 —r dr? — N _ ;M 66]\] . 661\4
= G dz — G dy oy — —1 .
dz y Oy
—r2 / /
Similarly, if ddGZL = (?L 2, ie., dE')L2 = (?L 2dz, then 5L2 is called the primitive flow of

(? L and denoted by [ 6L2dz. Calculation shows that

/ O, — Qlobde _ @) L%dslp—[ L2dz| _ /E’H
c

_/5w
B

[e3

and particularly,

/ E’)dez =0
c

if C is the boundary curve of a simply connected domain on R? and furthermore,

T o

= ¢

c (—=z

5L2(Z)— 1 /6L2(C)

with z € D if G* is differentiable on D and continuous on Cl(D) = D + C by definition. We

therefore generalize a few well-known results of complex analysis to 42 following.
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Theorem 3.3 Let D C C be a domain with boundary curve C and # = C(D). Then,

(1)(C-R Equations) A flow Gl ¢ 92 or %g}f is differentiable ot x + iy = z € D if and

only if _ _ _ _
OGM B OGN und OGN _ OGM

ox dy Ox Jy

where L*(v,u)(2) = M (z,y) + iN""(z,), K*(z,), K§"(2,) € R? for (v,u) € B (G) and
both of them differentiable at (x,y);
(2)(Cauchy) If D is simply connected on R? and flow Gl e 92 or ff%f is differentiable

on D, then
B
/6L2dz:/6L2 _/6L2
° B

where z(a) and z(B) are two points on C and particularly, / Gl = O;
c

)
[e3

(3)(Cauchy Integral Formula) If Gl ¢ 92 or %%f is differentiable on D and continuous
on Cl(D) =D+ C, then

G, 2 /W(o

(Z) o o C_Z dCa

2w

where z € D.
3.2 Harmonic Flow Dynamics

A self-adaptive system is naturally a harmonic flow over its underlying skeleton or a topological
graph Zﬁ, particularly, an animal or a human, and all animals are in motion, internal, external
or both which motives the harmonic flow dynamics, i.e., harmonic flow’s status ar [t] changes
on time ¢ for fields such as those of life or social systems. For example, the differential d—)%:[t]
can be viewed as the harmonic change rate of a national economy, both in the internal and
external if one models a notional economy by harmonic flow Gr [t], which is more scientific

than that of the current rate of GDP, the gross domestic product of a country.

As it is well-known, the dynamic behavior of a self-adaptive system S, particularly, an
animal or a human consisting of subsystems can be characterized by Lagrangians with continuity
equations holds. If S is characterized by a harmonic flow Gr [t] with all subsystems by edges of
ar [t], this fact implies that Lagrangians on edges of ar [t] hold with the continuity equation
at vertices, i.e., if L? : (v,u) — L(v,u)[t] — iL(v,u)[t] for (v,u) € F (6) then GL° [t] is a

— 2 to
harmonic flow with L(v,u)[t] € R for edges (v,u) € E (5) Whence, deLt [ and I§L2dt
t1

both are existed in %Qf by Section 3.1.
Now, if

L [L2(t,x(),%(1)] : (v,u) € E (6) — L [L2(t,x(t), %(t)) (v, u)]

is a differentiable functional with [.Z, A] = 0 for A € 7, there must be G2l ex®x®)] ¢ %%,
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N
i.e., hold with the continuity equations on vertices of G, where x = (1,2, ,x,). Consider

the variational action

/ L[L7(x(0)5(0)] gy (3.1)

N
on a harmonic flow G~* [t] € 9%. By variational calculus we know that

2

s7[GF ] = / T2 x0.51)] g
t1
_ e osoln_ iz £ (- 448 onan

According to the Hamiltonian principle there must be §.J {E’)Lz [t]} =0, ie.,

/tQ 2 _do¥
th 1 8@ dt 81:1 (

i=

) Szidt = 0 (3.2)
v,u)

for (v,u) € E (5}) However, this can be only happened only if each coefficient of dz; is 0 in
(3.2), i.e

02  doZ

=0, 1<i<n (3.3)
(v,u)

for (v,u) € E (6) which results in Euler-Lagrange equations on lels [t] following.

Theorem 3.4 If L(t,x(t),%(t))(v,u) is a Lagrangian on edge (v,u) and £ [L?(t,x(t),%(t))] :
(v,u) — L [L2(t,x(t), %(t))(v,u)] is a differentiable functional on a harmonic flow el [t] for
(v, )EE(G) with [£,A] =0 for A € o, then
9G¥  dad¥
8:@» dt 8:51 - ’

Let the polynomial expansion of £ be

21 _ dZ >, 1 d"Z 2 2
LI = 2O+ qggz| Pt prggae| ) e ((@)7) 0 69)
on L? with an approximation
2] _ i d-Z 2y L "L 2ym
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of m terms. Calculation shows that

0L 4z oL? 1 ame oym—1 OL?
= = b = (L) =
Ox;  d(L?)|,_, Ox; (m —DVd(L*)™ |, _, 0x;
and
do¥ 4 £8L2+m+ 1 A"y d (Lz)mfla_ﬂ
dt 0i;  d(L?)|,_, dt di; (m — D)V d(L2)™ |, _, dt 0x; )
Whence,
04 dog _ ¥ | (9L dOL*\
8:@» dt 8:51 - d/(LQ) L—=0 8:51 dt 6:1'01-

1 dng
Yo Dla@)r

2 m—1 8L2 _ i 2 m—1 8L2 -
(e - (e g)) o

for (v,u) € E f')) and integers 1 < i < n. Particularly, if . is linear dependent on L2, we get

the following conclusion.

Corollary 3.5 If.Z is linear dependent on L?, then

9G"” 4 aG"

=0, 1<i<n.

Corollary 3.5 enables one to define the Lagrangian of a harmonic flow Gr [t] by & [5’L2 [t]} :
(v,u) — L(v,u) — iL(v,u) for Y(v,u) € E (6) which is generally dependent on L(v,u),
(v,u) € E (5) in Theorem 3.4. If it is independent on L(v,u), (v,u) € E (6), we get

an interesting result following.

Corollary 3.6(Euler-Lagrange) If the Lagrangian £ [6L2 [t]} of a harmonic flow Gar [t] is
independent on (v,u), i.e., all Lagrangians L*(t,x(t),x(t))(v,u), (v,u) € E (5) are synchro-

—
nized, then the dynamic behavior of GL’ [t] can be characterized by n equations

0L  dOL _

0, 1<i<n, (3.6)

— —
which are essentially equivalent to the Fuler-Lagrange equations of bouquet BlL2 € Blz, i.e,

dynamic equations on a particle P.

For example, let

n

L Lt x(), %) (v,u)] = eid? — Y cyming,

i=1 1<i,j<n
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which is independent on (v,u) €€ E (5’) Then

02 _dog
6:51- dt 6:1'01-

= 2Cijxj — QCZ.IZ
We get a system of n differential equations

lel:'l — Z Cl; Ty = 0,
§#1

CQiQ - Z Co5T5 = 0,
772

for harmonic flow G*° [t] by Corollary 3.6. The solvability of equations (3.4) is answered in
results following.

Theorem 3.7 Let G € 9 and n > 1 be an integer. A Cauchy problem

X X _9°X -
f(X’X’a_zl’.“’m’ax1312’.“)_0’ (37)

— ;0 °
X|xy = GF

is solvable in a boundary domain D C %étn if and only if the Cauchy problem

Xy Xy  0° X _
f(X,Xvu, dzy 0 Oxn ’8118902"”) =0, UENg(U),
At At Al )
Xl + X2 4+ X p(v) _ L(v), u; € Ng(v), 1 <i< p(v),

v (v) (3.8)

XUui X0 = LO(U,UZ'), 1 S Z S p(’U),

A At Af,
Ly (v,u1) + Ly "2 (v,u2) + - - + Ly 7O (p, up(v))) = Lo(v)

is solvable in D|, for Vv € V (5), where D, p(v) denote respectively the domain of D con-

straint on the closure neighborhood N (v) \U{v} and the valency of v in 6, and particularly, if
the solution of

(3.9)

2
F (X, )(vu7 a)('uu aXvu 0 Xvu ) -0

8(171 v 817" 781718.%27“.
. . L =1 . _>L2 +

is linearly dependent on the initial value Lo(v,u) for V(v,u) € E (G) with G0 € Y5, and
[;—xi,A] =0 for A€ o, then (3.7) is solvable on D C 93,.

Proof Clearly, if (3.7) is solvable in D C gcim without loss of generality, let the solution
be 5’L2, then G holds with (3.8). Conversely, if (3.8) is solvable in D, for Yv € V (5)),

then there are solutions X, on edges (v,u) € F (6), hold with the continuity equations on

. —>L2
vertices of G* .
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Now, if the solution X, of

2
F (x, Xous 0 X OXvu 0" Xou ) =0

8171 ’ ’ 8In 78:1718$27

is linearly dependent on the initial value Lo (v, u) for V(v,u) € E (6), there is a linear functional
H such that X = H (x, Lo(v,u)) holds with (3.9).
Notice that G6 € @z, and [aa—xi, A] =0 for A € & by assumption. We know that

S LA (wu) = L)

uENGo(v)

forveV (E’)) by definition. Whence,

HLow) =8| S 2% ww| = Y (HL0w)""

uENG((v) uENGo(v)
i.e., hold with the continuity equation at vertex v for v € V (E’)) Therefore, if we define
L?:v— H (Ly(v)) forveV (5’) and L? : (v,u) — H (x, Lo(v,u)) for (v,u) € E (6), we get
a harmonic flow G-° € %2, which holds with (3.7). i
Theorem 3.7 enables one to extend solutions of differential equations in a domain D C C"

to %éi if the solution is linearly dependent on initial values. For example, we have know the
solution of the heat equation

is linearly dependent on the initial values X (x,t9) = ¢(x) in R™ x R if ¢(x) is continuous and

bounded in R™, where c is a non-zero constant in. We get the conclusion following.

Val Ly L2 + : )
Corollary 3.8 Let G € 4 with G*0 € 9. p and n > 1 be an integer. If [5-,A] =0 for
A € o, then the Cauchy problem

with X|i=¢, = Gt e ff;,t is solvable on a domain D C 93, 5 if Lo(v,u) is continuous and
bounded in R™ for (v,u) € E (6)

84. Balance Recovery

N
A flow GL° maybe not continuity. Even it is, it maybe not harmonic. How to transform a
non-continuity or non-harmonic flow to a continuity or harmonic flow, i.e., balance recovery?
We consider this problem in the following.
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Definition 4.1 Let G- be a flow with L*(v,u) = (L1 (v,u), La(v,u)), Li(v,u), La(v,u) € B
— —

for¥(v,u) € E (G) andv € V [ G). Define an action operations O on v, i.e., input or output

an additional flow A at vertex v with O(v) = (A, A), where A € B such as those shown in Fig.8

following.
O(v): Input Operation O(v): Output Operation
Fig.8
Observation 4.2 If a continuity flow E')L is influenced externally by Ay, As, - -+ , A, respectively

— —
on vertices v; € V ( G ) , 1 < i < s which results in an imbalanced flow G, we can offset
—
inputs —A;, —As,---, —As on vertices v; € V (G) , 1 <i < s and obtain the continuity flow
—
G immediately.

—

Denoted by w (GL) the number of acted vertices by O and o (5L) the number of con-

servation vertices in G ~. Then Observation 4.2 implies the following result.
— — —
Proposition 4.3 w(GL) —l—o(GL) = ‘G‘

— —
A continuity flow GL’ maybe not a harmonic flow even for the circuit C' such as those

shown in Fig.9,

(a,)

U1 V2
(a,b (a,b)
Ty T R CROB

Fig.9

where a # —b, which naturally brings about the following problem.

Problem 4.4 Can a flow el (continuity or not) be transformed to a harmonic flow, i.e.,
—
balanced at everywhere by input and output operations O on vertices of G ? And generally, if a
—
flow GL’ [t] evolves on the time t, can it be transformed to a harmonic flow by action O within

interval [t1,t2] of times?

The answer of this problem is affirmative, which in fact consists of the foundation of

traditional Chinese medicine theory.
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Theorem 4.5 For a flow Gr (continuity or not) over a Banach space B with [A, %] =0
and {A, fto } =0 for A € o, there are input or output operations O on vertices of G which

— —

transforms G to a harmonic flow, i.e., balanced on everywhere, and generally, if Gr’ [t] is
—

continuous on time t holding with a harmonic flow G L [0], then there are input or output

— —
operations O on vertices of G which transforms GL [t] to a harmonic flow on time t.

Proof Notice that L? : (v,u) — (L1 (v,u), La(v,u)) with Li(v,u), La(v,u) € A. First, it
—
is clear that a non-continuity flow G L* can be transferred to a continuity flow. Without loos
—
of generality, let v € V (G ) be such a vertex with

Z L’f”“(v,u);é Z L’f‘””(w,v), or Z Lf”“(v,u);ﬁ Z L‘;w”(w,v).

uev (@) wev (@) uev (@) wev (@)
Then, we can let O act on v by input O(v) = (S1, S2) with

5= Y - Y ),

uev (@) wev (@)
Sy = Z L (v,u) — Z L (w, v).
uev (@) wev (@)

Clearly, v becomes a conservation vertex after such an action. Notice that such action can

. . .= L2 . . - .2
be acted on all non-conservation vertices in G* and get a continuity flow G* finally.

— — — o —
Second, there exists a labeled graph G~ on G such that G + G % is a harmonic flow.
—
Define a labeling L' on G by
(_Ll(v,u) + Lg(v,u), _Ll(v, u) + Lg(v,u)> i ue N,
L': (v,u) — 2 2
(0,0) otherwise.

Then, calculation shows that

L*+L': (v,u) — (Ll(v,u) _Liww ; LQ(U’U), Lo(v,u) — La(w,w) —; LQ(U’U))
_ (Ll(v, u) — La(v,u)  Li(v,u) — Lg(v,u))
2 ’ 2 ’

— —
i.e., the flows on the edge (v,u) are in balance which implies that GL” + G is harmonic.

For Vv e V (6) let

v — Z L (w, v) 4+ Li" (w, v) B Z L (v, u) + L5 (v, u)

B 2 2
weN ~(v) u€N*(v)
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and define O(v) = (V,, V,) on the vertex v with allocation

<_ Li(v,u) + La(v,u)  Lyi(v,u) + La(v, u)> 7

2 ’ 2
( Li(w,v) + La(w,v)  Li(w,v) + La(w, v))
2 ’ 2

respective on edges (v, u) for u € N~ (v) and (w,v) for w € N*(v). Clearly, O transforms el

(Ll(v,u) — Lo(v,u)  Li(v,u) — Lg(’U,U))

to a flow with

2 ’ 2

on edges (v, u) for V(v,u) € E (5’) Whence, we get a harmonic flow.

. _)L2 . . . . . . _)L2 .
Now, if G~ [t] is continuous on time ¢ holding with a harmonic flow G* [0], we consider

the differential flow p
d =12 =
dt (G [t]) =G

S

(£214)

and apply the method of the previous. For Vv € V (5) we define

, (L, 0)) + & (L w,0)11)
VU - wENZ(v) 2

4 (L (v, u)[t]) + & (L5 (v, w)[t]
_ Z d ( ! )2 d ( 2 )7

u€N+(v)

ie, V,in & (5L2 [t]) and let O’ (v) = (V,, V./) on vertex v with allocation

(_ 4 (L) + & Lawwll) & (La(o,0)]) + 4 (Lz(v,u)[t]))
2 ’ 2 ’

a (La(w,0)[t]) + & (La(w,v)[t]) - g (La(w,0)[t]) + & (Lz(wav)[t])>

2 ’ 2

respective on edges (v,u) for u € N~ (v) and (w,v) for w € NT(v) in this case. Clearly,
O :veV (5’) — O'(v) transforms 4 (5’L2 [t]) to a flow with

(% (L, u)[t]) = & (Lo, w)t]) & (La(w,u)lt]) — & <L2<v,u>m>>
2 ’ 2

on edges (v, u) for V(v,u) € E (5’) Now, considering the integral flow

/

s _,jt‘%(Lz[t])dt
L — 0
7 (G [t]) dt =G ,

&.|Q.
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_
we immediately get a harmonic flow on time ¢ by that GL’ [0] is a such one. O

Theorem 4.5 implies that for any continuity flow Gr [t] with

d]0 m [uf ]

N

for A € & there are always input or output operations O on vertices vy, vs, -+ ,vs of G which
— —

transforms a G L’ [t] to a harmonic flow if G£°[0] is a harmonic flow, and these vertices do not

=72
dependent on G [t] is variable or not.
Definition 4.6 A vertexv eV (5L2 [t]) is zero-acted on time t if O(v) = 0.

=72 =72
Theorem 4.7 Let G [t] be a continuity flow on time t. Then, all vertices of G [t] are

zero-acted.

Proof By the proof of Theorem 4.5, a vertex v € V (6L2 [t]) is zero-acted, i.e., O(v) =0
if and only if

LAwe (w,v)[t] + Litwe (w, v)][t] LA (v, u)[t] + Lt (v, u)t]
Z 1 2 _ Z 1 2 _
weN ~(v) 2 u€N+(v) 2

Notice that

Z L (w, v) Z Lt (v, u)]t], (4.1)

weN ~(v) uweENt(v)
Z L (w, v) Z L (v, u)]t] (4.2)
weN ~(v) weENT(v)

by definition. We naturally know that

3 Ly (w,v)[t] + Ly (w, 0)[t] _ 3 L, w)lt] + Ly (v, w)lt].
weN ~(v) 2 u€EN*(v) 2

Adding (4.1) with (4.2) and divided the sum by 2, we get the result. O

Notice that O(v) = 0 does not implies there are not needed action O onv € V (aLQ [t]) for

— —

transforming G ©* [t] to a harmonic flow, for instance the continuity flow C 7LL2 shown in Fig.9.
But, how to hold on a zero-action O?7 In fact, we can not realize O just one input or output
action on v. In this case, O is decomposed into 2 actions, i.e., O = O1 + Oy with

Oy —— Y Aol It wol] o,y Bl L el
weN~ (v) wENT (v)

and each O; or O3 action on v allocates respectively

<_ Lyt (w, )[t] + L3 (w,0)[] L3 (w, v)[t] + L (w, v)[t])
2 ’ 2
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on edges (w,v), w € N~ (v) and

(wa (v, w)[t] + Ly (v, w)[t] L (v, w)[t] + Ly (v, u)[t])
2 ’ 2

on edges (v,u), u € N*(v), such as those shown in Fig.10.

01 Ol

|

0, Oy

Fig.10

=72 =72
However, a calculation immediately enables one getting the numbers w (P L ) and w (C L ) .

) dt
Aed, thenw (1—D>7L12 [t]) =1andw (852 [t]) =11if 1_D>,Ll2 [0] and 852 [0] are harmonic.

Theorem 4.8 If 1—D>52 [t] and 852 [t] are continuity flows with [A, 4] = 0, [A,fto ] =0 for

Proof This fact is an immediate conclusion by calculation. Assuming flows of ?’),Lf [t] shown

in Fig.11 in time ¢ with a; # —b; for integers 1 < i < n,

(_ Avjvg(@1)F+Avivp(01)  Avjug(ai)+Av; vy (b) )
2 ? 2

(al,bl) (ag,bg) (an—2abn—2xan—labn—l)

U1 Vg U3 Un—2 Un—1 Un,

Fig.11

we can calculate flows on its edges by an input action

O(’Ul) = (_ A'UI'U2 (al) _2|' A'UI'U2 (bl) 7 _Av1v2 (al) _2|' Av1v2 (bl))

on vertex vy. In fact, the flow on edge (v, v9) is

a_a1+b1b_CL1+b1 _ al—bl _CLl—bl
1 2 s V1 2 2 ) 92 .

Then, we can determine flows on edges (va,v3), -+ , (Un—2,Vn—1), (Un—1, Un) by the conservation

laws on vertices va,v3,- - ,v,—1. For example, let the flows on edge (va,v3), -+, (Vn—2,Vn, ),
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(Un—1,vn) be (ah,bh), -+, (al,_q,bl o), (al,_q1,bl 1), respectively. Then, we must know that

aiy — by

Ay, (al ;bl> = Avyus (alz) and Ay, (_ ) = Avyus (blz)a

by the conservation law on vertex va, i.e., Ayyu, (@) = —Apyus (05) or Ayyy, (@ +b5) = 0.
There must be a) = —b) by the linearity assumption on end-operators in /. Continuing this
process on vertices vs, - - - , vp—1, we finally get af = —b%,--- ,al,_o = —bl,_,andal,_; = —b,_;,

—-— — 2
i.e., a harmonic flow on P,. Whence, @ (Pﬁ [t]) =1.

— 2 =2
Similarly, we know that w (C L [t]) = 1 by a zero-action O on any vertex of C'Z". This

completes the proof. O

The proof of Theorem 4.8 enables one to know that a vertex v with of p(v) = 2 is not

needed in the calculation of w (5L2 [t]) We introduce a conception following.

Definition 4.9 If@> is a graph, the topological neighborhood NP(v) on vertex v € V (5}) 18

defined to be all vertices in G connecting v with an induced path of G. If p(v,u) is such a path

for u € NP(v), the induced subgraph { ({v} UV (p(u,v))) \{u} | w € NP(v)}), denoted by [v],
—

is called the claw graph on v in G.

— — — 2
Clearly, if all p(v,u) = Py in G, NP(v) = N(v), and if GL~ is a continuity flow with all
L2
induced paths connecting vertex v € (ﬁLz) balanced, then (Zﬁ \ {[v] p}) is also a continuity
flow by the proof of Theorem 4.8. This fact enables one to get w (E’LQ [t]) following.

Theorem 4.10 If Gar [t] is a continuity flow on a connected graph G of order> 3, then there

-
are vertices v',v?, .- vFo €V (G[t]) such that

k3

G\ {1, 00, )= (02U (U7 )U(UR). s

=1

k1 ko
where n; > 3,n; > 2,k; > 0 for integers 0 < i < 2, ko + > . n; + > nj + k3 = ‘6‘ and
i=1 j=1

w (6“ [t]) < ko + k1 + ko, which implies that
w (5“2 [t]) = min {ko + k1 + k| all triad ko, k1, ks holds with equality (4.3)}

. _>L2 . .
if G*[0] is harmonic.

— — — — 9
Proof Clearly, there are only 2 continuity graphs C'3 and P 3 if ’G ’ =3and w (GL [t]) =
— — — - =
1 by Theorem 4.8. If ‘G‘ =4, forYoeV (G), we know that G\ {[v],} = P3, Cs, the disjoint
union of Py with P or 3 isolated vertices and w (GL2 [t]) =1 or 2, i.e., the result is true for

. —
integers ‘G‘ < 4.
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Suppose the result is true for all graphs E’) with ’5” < k. We prove it is also true in the
case of ’E’)‘ < k 4+ 1. The proof is divided into 2 cases following.
—
Case 1. G is 2-connected.

In this case, for Yo € V (5) G \ {[v]p} is connected. By the induction assumption, there

: 1,2 ko iy 73
are vertices v*,v<,--- ,v" in G such that

(G\ A\ {11, [v

5{;\’
=
o
=
——
[
PR
(G
Ql
3
N——
-
(G
~l
3
_
(_\
b
ol
N——

ie.,

&\ {ul [vl],,v[vﬂp,---v[v’%],,}:(:Ul?m)U f_ﬁ U(ﬁ_ﬁ)

Applying Theorem 4.8, we immediately know that w (E’M [t]) < (ko + 1)+ k1 + k2 by the
initial condition and the result follows.

-
Case 2. G is 1-connected.

In this case, there is a cut vertex v € V (5}) such that G \ {[v]p} is a disjoint union of

s connected blocks B, Bo,---, Bs, s > 2. It is obvious that ‘Bi < k. Without of loss of
generality, assume o2 ... %o in B, such that
k1(B;) k2(B;) k3(B;)
Bi \ { |:v11:| , |:,U12:| S |:'Ulk0:| } = C"Li U P’rlj U Pl s
p p p i=1 j=1 =1

— 9 — — —
ie., @ (BlL [t]) < ik, (Bl) + k1 (Bl) + ko (Bl) by the induction assumption for integers
1 <i <'s. Whence,

I
-
Ql —
F
E
Q
3
(@
S
®
)
3
hul N————
(@
&g
Cs
T
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S — S - S =
where k1 = 3 ki (Bz-), ke =3 ks (Bi) and ks = 3 ks (Bi), ie.,
i=1 =1 =1

\ ({Mp}u (L_J{[] ] W’““]p}))
(b u(oJu(or)

k2
=1 j—

Ql

j=1

which implies that (E’LQ [t]) < (ko+ 1)+ k1 + ko by the induction assumption, Theorem 4.8

and initial condition with kg = 3 ik, (ﬁz)

i=1
Combining Cases 1 and 2, we know w (5L2 [t]) < ko + k1 + ko is true for all graphs G

and follows with

w (EﬁLz [t]) = min {ko + k1 + ks | all triad ko, k1, ks holds with equality (4.3)} .

This completes the proof.

We immediately get a corollary on the number of w (5“ [t]) by Theorem 4.9.

Corollary 4.11 Let G be _one of gmphs Sln, W1 s k(gl,n), Tk’l(V_[)/l,n), I_{)n, l_()n,m,
Knhn2 nes S > 2, P X P2 and C’ X PQ, where T* (Sl,n) is the topological subdivision
of ?Ln by subdividing k times, T* l(Wl_,n) is the graph obtained by respectively subdividing k
times on spoke edges, | times on wheel edges in W1 ,. Then, @ (5“ [t]) 18 shown in Table 1

if ar satisfies [A ,dt} =0, {A, fto ] =0 for A€ o and ar [0] is harmonic.

G G n, k w<E’L2[t])
gly” g)%fn n>2 1
k(T k L?
T S1n T S1n n>3 k>2 1
— =72
Win Wi, n>3 2
k(707 k(117 L
T Win T Win n>3k<2 2
— =72
K, Ky n>3 n—2
— —72
Knm Kim m>n,n#*2 n
l_{>n,m I_()ﬁQm m=n=2 1
K : KL >3 25— 3
2, ,2(s times) 2,--+,2(s times) S S
— —72
Knl,n2,~--,ns Knl’n%...,ns 3<7’l1 < <7'Ls,5>3 ni +ne + + Ns—1

Table 1

— —
For a tree T, there is only one path u — v connecting 2 vertices u,v in T'. We can get an
— —
efficient way for getting the number w (TL2 [t]) Let V3 (T) be all vertices v of valency> 3
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connecting with a leaf by a path in T. Clearly, T'\ V3 (?) is still a tree, and we can recursively

define
1 (7) - (7).
v (T) = va(T\ v (T)),
e () = (10 (U (7)) )

m .
where m is the minimum number such that T \ (U V3 (?)) is a path P or an empty set.
i=0
. P m (T . m—1 .
Notice that if 7'\ | U V¥ (T) is not empty, there must be a vertex v € V; adjacent to
i=0
— m e
an internal vertex of P, |P| > 3. Otherwise, T \ (U Vi (T)) must be empty by definition,
o i=0
a contradiction. Denoted by V>3 = |J V¢ (T), |V>3| = n3. By Theorem 4.10, we get a result
i=0

—r2
on the number of w (TL ) following.
Corollary 4.12 Let ? be a tree with vertices of valency> 3. Then
w (T)Lz [t]) =nz+ns
. _>L2 . d 0 —)L2 . .
if T satisfies [A, E} =0, {A,ft ] =0 for A€ o/ and T*"[0] is harmonic, where

1, otherwise.

ns =

Proof Notice that ? \ V>3 is an empty set or a path, and all vertices in V>3 should be

acted by input or output operations O. Otherwise, there must be vertices of valency> 3 in

m .
T \ ( U v (?)), contradicts to the assumption on number m. Whence, we get that
i=0

w (?Lz [t]) = ns + ns. O
— . . = y y . . . . =1
Let C'), = viva - - - vpv1 be a circuit and let P, = ujub---upy, be a path disjoint with C,.

Define a graph C',, © P, by identifying v1 with uy, and if P}, = ujuy - tpy,, 1 <i < s are
—
s distinct paths and disjoint with C,, define

ZJ"Q??M (- ((C.OPL)OPL) -~ OF:).

— —. —
i.e., identifying C',, with paths Pj, one by one, each with different identified vertices on C'y,.
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Similar to Corollary 4.12 we get the following result.

Corollary 4.13 For integers n > 3,m; > 2 and s < n, there are

w <8nél_3>jn>L it = s if d(vi,vigr) > 1, i(mod s);
=1 (3] if d(vi,vitr) =1, i(mod s)

harmonic.

— —\L? — —\L? = s =, L
Corollary 4.14 w Pn X P2 [t]])=n—1,w (Cn X Pg) t])=nif| Cn O P,

L2
satisfies [A, 4] = 0, [A,fto } =0 for A€ o and (I_D)n X ﬁg) [0], (8n X

are harmonic.

Proof Clearly, there are 2(n — 2) vertices of valency 3, and 4 vertices of valency 2 in
1—D>n X 1—D>2. Notice that there are no vertices with valency> 3 in graph G \ {vt w2, wke )
i.e., any vertex of valency> 3 should be acted itself by an action O or adjacent to acted vertices
in Theorem 4.10. Whence, there are n — 2 vertices should be acted by an input or output
operation O at least. But, if there are just n — 2 such acted vertices, there are must be a vertex
of valency 3 or a circuit in the resulted subgraph by deleted these n — 2 vertices, i.e., there are
an additional vertex should be acted also. By Theorem 4.10,

w((?nxﬁz)ﬁ[t]) >n—2+1=n-1

— —
Now, let P, = vivg---v, and Po = ujus.

Case 1. If n = 0(mod 2), let O act on vertices (ve,u1), (vs, u2), (va, 1), -+, (Up—2,u1) of

— — — —

P, x Ps, then P, x PQ\{[(UQ, w)), s [(v3,u2)], s [(vayur)], s [(vnr, uz)]p} is an empty set.
— —\L? — —\ L

Whence, w ((Pn X Pg) [t]) < n—1 by Theorem 4.8. Therefore, w ((Pn X Pg) [t]) =

n — 1 in this case.

Case 2. If n = 1(mod 2), let O act on vertices (ve,u1), (vs,u2), (va,u1), -+, (Up—2,u1) of
— — — — o=
P, x Pa, then Pp x Pa\ {[(vz,u)], . (05, u2)],, (02, 0)], -+ [(0n-2,u)], } is T, e,

— — \L? — — L
w((an Pg) [t]) <n—2+1=n—1by Theorem 4.8. We getw((an Pg) [t]) =
n — 1 in this case.

Similarly, let 8,1 = V1V - - - Up U1 and I_D)g = ujus. Then, there are 2n vertices of valency 3
in 6) X ]_3)2 The action O should be acted on n vertices of 8 X ?2 at least because if O acts
on vertices less than n, then there must be an integer 7,1 < i < n such that (vz,ul) (U17u2)
both in the resulted graph G’ by deleted claw graphs on these acted vertices in C X Pg, ie.,

O must acts on (v;—1,u1), (Viy1,u1) and (v;—1,u2), (Vit1,u2) (mod n). Otherwise, one of the
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valence of (v;,u1), (v;, u2) must be 3 in 6’, i.e., there are additional vertices in G’ should be
acted also by Theorem 4.10. However, if O must acts on (v;—1,u1), (viy1,u1) and (v;—1,u2),

(vig1,u2) but not on (v, u1), (vi,us) for (mod n), there are must be 2[4] > n acted vertices,
— — \L?
ie., w ((On X Pg) [t]> > n.

Let O act on vertices (vi,u1), (ve,u1), -+, (Un—1,u1), (Un,u2) of 8n X ]_32. Then, the
— —
resulted graph C, x Ps\ {[(vl,ul)]p wayun)], s (a1 un)], [(vn,u2)]p} is a path P,_1.

Similar to the proof of Theorem 4.8 we know such a path is already harmonic after the final
—

— L? — —\ L
action O, i.e., @ nX Pa < n. We therefore get @ nX Pag =n.
tion O, i <(o P ) [t]) < n. We therefore get ((c P ) [t]> O

85 Harmonic Flow Model with Healing in Chinese Medicine

Today, we all known that a human body maybe invaded by wind, cold, hot, humidity, dry and
fire in the nature which maybe result in that a human gets sick. As we have introduced in the
first section there are 12 meridians, i.e., LU, LI, ST, SP, HT, SI, BL, KI, PC, SI, GB and LR
meridians on a human body such as those shown in Fig.12 by the Standard China National
Standard (GB 12346-90), whose combined with du meridian (DU) and ren meridian (RN) on

anterior or posterior thoracic vertebrae consist of the 14 main meridians of a human body.

STS
BL10
I 0J2Z2U SXI0
P BLlg 593811
|| GB1 |t
I STI[ L —
{ Siis o
' 1
KI27 Lu1 ST
Lr14 &
P21
BLA(
- GB1j PQo | sj1
HT9 LU11 SIl

KI1 LR1 SP1 ST45 GB44BL67
Fig.12 12 Meridians of Human Body

All of these 12 meridians are left-right symmetric with RN, DU meridians on the central
axis of a human body and run with the whole life of a human, i.e., a human s sicked if and
only if there exist acupoints on meridians of body which are imbalanced. For the recovery of
a patient, the traditional Chinese doctor applies acupuncture needles inserting in acupoints
on meridians for a while, then pulling out for constraint the ruler of reducing the excess with
supply the insufficient by quickly or slowly and the staying time for recovery of the {Y =, Y}
balance. However, it is surprised the western doctor that there are no more need of medicines

unless acupuncture needles on acupoints of body for the healing of an illness such as those
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shown in Fig.13.

Fig.13

The traditional Chinese medicine treatment theory is the recovery of the {¥Y =, Y *} balance
on a human body which is essentially equivalent a human body to nothing else but a harmonic
— —
flow GL* over a non-connected graph G as follows:

(1) Paths: LU, LI, SP, HT, SI, KI, PC and LR meridians;

(2) Trees: GB, ST and SJ meridians;

(3) C, ® Py © Pp,: BL meridian.

Certainly, the 14 meridians do not run separately but conjointly in the human body. But

how do they run? There are 2 viewpoints on this question at least in traditional Chinese

medicine:

View 1.(Inner Canon of Emperor, [29]) Hand Yin meridians: from the chest to the hand,
Hand Yang meridians: from the hand to the head and Foot Yang meridians: from the head to
the foot, Foot Yin meridians: from the foot to the chest such as those shown in Fig.14,

LU, HT, PC
V1 V2
LI, SI, SJ
SP, KI, LR
(=)
ST, BL, GB
Fig.14

where vy =chest, v =hand, v3 =head and vy =foot. Furthermore, a Taoist priest Mr.Zhu
spoke his seeing inside in one of danada breathing that all these meridians are with Yin and
Yang in pair, i.e., {LU, LI}, {ST,SP}, {HT,SI}, {BL,KI}, {PC,SJ}, {GB, LR}, but the
RN meridian and DU meridian are run respectively themselves in 2 cycles ([30]), coincident
with the requirement of Chinese Qigong for getting through the RN meridian with the DU

meridian.

View 2.(National Standard of 14 Meridian Pictures) The 12 meridians run from the chest
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to the hand, then to the head, then to the foot and then to the chest, connected respectively
the first of later meridian with the end of the former meridian such as those shown in Fig.15,

LU LI ST SP HT

SJ PC KI BL
Fig.15

where v; =chest, vo =hand, vs =head and vs =foot. Therefore, there are only 2 connected
— = —
graphs G1, G2 by View 1 and 1 connected graph G 3 by View 2 such as those shown in Fig.16.

— — — — —
P, P, Pn, Py Py,
— =
P
Py, P B, b
— — -
sz Pkg Pks
—
— 62 GB
G
Fig.16

where ]—3>k denotes the path of length k — 1 with a direction and integers k; > 4 for 1 <¢ < 7.
Notice that there is always a harmonic flow 852 [0] for a healthy human and w (E’),le [t]) =

=72
1, w (P,L, [t]) = 1 by Theorem 4.8.

. =L? =L2 = L2
Applying Theorem 4.10, we know that w (G1 ! [t]) <2, w (G2 2 [t]) <4and w (G2 2t]) <
7. Thus, we acupuncture 1 needle if the imbalance appears on LU, LI, SP, HT, SI, KI, PC or LR
meridian and 2 needles on original acupoints of a human body if the imbalance appears on GB,
ST or SJ meridian at the early of illness, but if it is on the BL meridian or it develops serious,
i.e., the imbalance is on meridians more than 3 there are needed simultaneously 3 needles on

acupoints for a while at least for a patient recovery.
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