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Abstract: A graph G = (V, E) with p vertices and ¢ edges is said to have centered tri-
angular mean labeling if it is possible to label the vertices x € V with distinct elements
f(x) from S, where S is a set of non-negative integers in such a way that for each edge
e=uwv, f*(e) = [w-‘ and the resulting edge labels are the first ¢ centered triangu-
lar numbers. A graph that admits a centered triangular mean labeling is called centered
triangular mean graph. In this paper, we prove that the graphs P,, Kin, Bm,n, coconut
tree, caterpillar S(ni,n2, ns,...,nm), St(ni,n2, ns,...,nm), Bt(n,n,...,n) and P,QPF,
_

m times
are centered triangular mean graphs.
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81. Introduction

By a graph, we mean a finite, simple and undirected one. The vertex set and the edge set of
a graph G are denoted by V(G) and E(G) respectively. For various graph theoretic notations
and terminology we follow Harary [2] and for number theory Burton[l]. A graph labeling
is an assignment of integers to the vertices or edges or both, subject to certain conditions
and a detailed survey on graph labeling is available in [3]. The concept of mean labeling was
introduced by Somasundaram et al.[6]. A graph G = (V| E)) with p vertices and ¢ edges is called
a mean graph if there is an injective function f that maps V(G) to {0,1,2,---,¢} such that
each edge uv is labeled with w if f(u)+ f(v) is even and W if f(u)+ f(v) is odd
and the resulting labels of the edges are distinct and are 0,1,2, - - - , q. Generally, if each edge uv
is labeled with w if f maps V(G) to {0,1,2,---,q,2,4,---,2¢,--- ,m,2m,4m--- ,qgqm}
such that W if f(u)+ f(v) = k(modm) the resulting labels of the edges are distinct
and are 0,1,2,---,q, such a labeling f is called a Smarandache mean m-labeling and G a

Smarandache m-mean graph, where m > 2 is an integer. Particularly, a Smarandache 2-mean
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graph is nothing else but a mean graph. Several papers have been published on mean labeling
and its variations.

Seenivasan et al.[5] introduced the concept of triangular mean labeling in 2007. A triangular
mean labeling of a graph G = (V, E) with p vertices and ¢ edges is an injection f : V(G) —
{0,1,2,3,---,T,} such that for each edge e = wv, the edge labels are defined as f*(e) =
{M—‘ such that the values of the edges are the first ¢ triangular numbers. A graph that
admits a triangular mean labeling is called triangular mean graph.

Recently, the number theory has a strong impact on graph theory. A triangular number[1]
is a number obtained by adding all positive numbers less than or equal to a given positive
integer n. If the n'" triangular number(1] is denoted by T,,, then T,, = in(n +1). A centered
triangular number is a centered figurative number that represents a triangle with a dot in the
center and all other dots surrounding the center in successive triangular layers. If the n'"
centered triangular number is denoted by T, then ¢TI}, = 1(3n? — 3n + 2). The first few
centered triangular numbers are 1, 4, 10, 19, 31, 46, 64, 85, --.

The figurative representations of the first four centered triangular numbers are shown in

Figure 1.
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Figure 1

The notion of centered triangular sum labeling was due to Murugesan et al.[4] in 2013. Mo-
tivated by the results in [4] and [5] and using the centered triangular concept in number theory
[1] we define a new labeling called centered triangular mean labeling. A graph G = (V, E) with p
vertices and ¢ edges is said to have centered triangular mean labeling if it is possible to label the
vertices € V with distinct elements f(x) from S, where S is a set of non-negative integers such

that for each edge e = uv, f*(e) = 7]((“)?'(”)

] , and the resulting labels of the edges are the
first ¢ centered triangular numbers. A graph that admits a centered triangular mean labeling is
called centered triangular mean graph. In this paper, we prove that the graph P,,, K1 n, Bmn,
coconut tree, caterpillar S(ni,na, ns,--- ,nm), St(ni,n2, nz, -+ ,Nm), Bt(n,n,---,n) and
NS

m times
P,,QP, are centered triangular mean graphs. We use the following definitions in the subse-

quent sequel.

Definition 1.1 The bistar By, , is a graph obtained from Ko by joining m pendant edges to
one end of Ko and n pendant edges to the other end of K.

Definition 1.2 A caterpillar is a tree with a path Py: vi1,v2, - ,Um, called spine with
leaves(pendant vertices) known as feet attached to the vertices of the spine by edges known

as legs. If every spine vertex v; is attached with n; number of leaves then the caterpillar is
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denoted by S(ni,ma, -+, Tum)-

Definition 1.3 The shrub St(ni,na, -+ ,nm) is a graph obtained by connecting a vertex vy to

central vertex of each of m number of stars.

Definition 1.4 The banana tree Bt(ni,na, -+ ,Ny) is a graph obtained by connecting a vertex

vy to one leaf of each of m number of stars.

Definition 1.5 The graph P,,QP, is obtained from P, and m copies of P, by identifying one
pendant vertex of the i'" copy of P, with i*" vertex of P,, where P,, is a path of length of m— 1.

§2. Centered Triangular Mean Graphs

Theorem 2.1 The path P,(n > 1) is a centered triangular mean graph.
Proof Let v1,vs,- -+ ,v, be the vertices of the path P,. Define f: V(P,) — S as follows:
f(Ul) =0,
f(’Uj) = 2(0Tj,1 — CTj,Q + CTj,3 — 4 (—1)jCT1) for 2 g‘] § n.

Let e; = vivi41(1 < i < n— 1) be the edges of P,. For each vertex label f, the induced
edge label f* is defined to be f*(e;) = ¢T; for 1 < i < n—1. Then f is a centered triangular

mean labeling. Hence P, is a centered triangular mean graph. O

The centered triangular mean labeling of Ps is given in Figure 2.
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Figure 2

Theorem 2.2 The star graph K1 ,(n > 1) admits centered triangular mean labeling.

Proof Let v be the apex vertex and let vy, v, -+ ,v, be the pendant vertices of the star
K1 . Define f: V(K1 ,) — S tobe f(v) =0, f(v;)=2cT;forl<j<mn.

For each vertex label f, the induced edge label f* is defined to be f*(vv;) = T for1 < j <
n. Then the induced edge labels are the centered triangular numbers ¢Ty, c¢T», c¢I5,--- ,cT,.

Hence K, is a centered triangular mean graph. O

The centered triangular mean labeling of K g is shown in Figure 3.
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Theorem 2.3 The bistar By, ,(m > 1, n > 1)is a centered triangular mean graph.

Proof Let V(Bun) = {u,v,u;,v; : 1 <i<m, 1<j<n}and E(Byn) = {uv, uu;, vv; :
1<i<m,1<j<n} Define f:V(By,,) — S as follows:

fu) =0, f(v) =2,

flu;) =2¢Tiqq for 1 <i<m,

fvj) =2(cThtjs1 — 1) for 1 < j <n.

For each vertex label f, the induced edge label f* is defined as follows:

fH(uw) = 11,

fH(uw;) = cTipq for 1 <i <

f*(vvj) = cTppjpr for 1 < j < n.

Then the induced edge labels are the first m +n + 1 centered triangular numbers. Hence B,;, »,

m,

is a centered triangular mean graph. a

The centered triangular labeling of By 5 is given in Figure 4.
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Figure 4

Theorem 2.4 The coconut tree T'(n,m), obtained by identifying the central vertex of the star

Ky, with a pendant vertex of a path P,, is a centered triangular mean graph.

Proof Let ug,u1,us, -+ ,u, be the vertices of a path, having path length n(n > 1) and
V1, V2, , Uy be the pendant vertices being adjacent with wg. Define f : V(T(n,m)) — S as
follows:

f(uo) =0,

f(ul) = 2CTm+1,
flv) =2cT; for 1 < i < m,
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flu;) =2(cTimtj — Tmyj—1+ Tmij2 — ...+ (=17, 4q) for 2 < j < n.
For each vertex label f, the induced edge label f* is defined as follows:
f*(uov;) = Ty for 1 < i < m,

[ (uour) = Ty,
fr(ujujp1) = cTmqjpr for 1 <j<n—1.

Then the induced edge labels are the first m + n centered triangular numbers. Hence, coconut

tree admits centered triangular mean labeling. O

The centered triangular mean labeling of T'(3,7) is given in Figure 5.

38
20 P62
8 92
2
28
0

170

48

224

Figure 5
Theorem 2.5 The caterpillar S(ni,na,...,ny) is a centered triangular mean graph.
Proof Let vi,vs,- -+ , v, be the vertices of the path P, and Uf(l <1< ny,

1 < j < m) be the pendant vertices joined with v;(1 < j < m) by an edge. Then

V(S(ni,na, - ,nm)) = {Uj,vf 01 < i<n; 1<j<m}
E(S(nl,nQ,. .. ,nm)) = {Ut’UtJrl,’UJ 01 <t<m— 1, 1 <1 < nj, 1 §j < m}
We define f: V(S(ni,n2,...,nm)) — S as follows:
f(’Ul) = 0, f(vj) = 2(CTJ‘,1 — CTJ;Q + Cijg — ot ( )JCTl) for 2 j m,
f}) =2¢T—14i for 1 <i < ny,
F@]) = 26T 14y gnat iy i + (—1)7712(cTy = Ty + €T — -+ + (=1)7cTy 1) for

I1<i<njand2<j<m.
For the vertex label f, the induced edge label f* is defined as follows:
ffvjujpr) =cljfor 1<j<m—1,
fr(eh) = cTy—14i for 1 <i <y,
f*(e]-) = T 14ni4nottn;_1+i for 1 <j<njand 2 < j<m.

Then the edge labels are the centered triangular numbers

CTlu CT27 T 7CTm—17 CTmu T 7CTm—1+n1+n2,---+nm
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and also the vertex labels are different. Hence S(ni,na, - ,ny,) is a centered triangular mean

graph.

O

The centered triangular mean labeling of S(3, 5,4, 6) is shown in Figure 6.
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Figure 6
Theorem 2.6 The shrub St(ni,na,..

.y Mun) 18 a centered triangular mean graph.

Proof let vo,vj,ug(l < j < m, 1 < i < ny) be the vertices of St(ni,na, -+, Mm).
Then E(St(ni,n2, -+ ,nm)) = {vovj, vjug for 1 < i< mjand1 < j < m}. Define f :
V(St(ny,n2,- -+ ,nm)) — S as follows:

f(’Uo) =0,

fvj) =2cT; for1<j<m,

flul) = 2(cT sy 4notiny_1+i — Ty) for 1 <i<njand 1 < j <m.

Let eg = vjug for 1 <i < njand 1 < j < m. For each vertex label f, the induced edge

label f* is defined as follows:

f*(quj) =cT;for1<j<m,

f*(el) = gy +notgn;_14i for 1 < j <mand 1 <i < ny.

Then f is a centered triangular mean labeling of St(ni,ng,: -, 7m). |

The centered triangular mean labeling of St(4,5,4) is shown in Figure 7.
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Theorem 2.7 The banana tree Bt(n,n,...,n) is a centered triangular mean graph.
———

m times

Proof Let vo,vj,ug(l < j < m, 1 <i< n) be the vertices of Bt(n,n,---,n). Then
—_————

m times
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E(Bt(n,n,...,n)) = {voul,viu! for1 <i <nand1<j<m}. Define f : V(Bt(n,n,...,n)) —
SN——— N——

m times m times
S as follows:

fwo) =0, f(vj) =2(cTmyj — cT;) for 1< j<m,

flul) = 2¢T; for 1 < j < m,

f(uf) 2(cToms (j—1)(n—1)+i-1 — Tmyj + ;) for 2 <i<nand 1 < j < m.

Let el = vju J for 1 <i<nandl<j< m. Foreach vertex label f, the induced edge
label f* is deﬁned as follows:

(o)) = Ty for 1 < j < m,
FH(jul) = Ty for 1 <j < m,

w
f*(e ) oy (—1)(n—1)+(i—1) for 1 <j<mand 2 < i < n.

Therefore f is a centered triangular mean labeling of Bt(n,n,--- ,n). O
—_——
m times
The centered triangular mean labeling of Bt(3,3,--- ,3) is shown in Figure 8.
——
8 times
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Theorem 2.8 The graph P,,QP, is a centered triangular mean graph.

proof Let {vj,u;-, 1<i<n, 1< j<m} be the vertices of P,QP,, with v; = u}, (1<
j < m). Then E(P,QP,,) = { vjvj_kl,u]u Hlo1<ji<m=-1,1<i<n- 1}. Define

j
f:V(P,QP,,) — S as follows:

flup) =0, f(u})=2(cTj1 —cTjo+cTj3—...+ (=1)7cTy) for 2 < j < m,
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fW?) =2cT, f(u})=2(cTmyj1—cTj_14cTj o — ...+ (=1)77 ) for 2 < j <m,

f(uz) = 2(CT(i71)m+jfl - CT(z%Q)erjfl + CT(i—B)erj—l -
—l—(—l)i_lCTm.H‘_l) + (—1)i_12(CTj_1 — CTj_2 + CTj_3 — ...+ (—1)jCT1)

for 1 < j < m, 3 <1 < n. For each vertex label f, the induced edge label f* is defined as

follows:

f*(vjvj41) = T for 1 <

j<m—1
[H(utu?) = Ty jq for 1 <
1

3

U5 Jsm,
I (u3u3+1)—chZ+J 1fori<j<mand2<i<n—1.
Therefore f is a centered triangular labeling of P,QPF,,. O

The centered triangular mean labeling of Py@QP; is shown in Figure 9.
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