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§1. Introduction

Fixed point theory is an important part of mathematics. Moreover, its well known that the
contraction mapping principle, which is introduced by S. Banach in 1922.

During the last few decades, this theorem has undergone various generalizations either
by relaxing the condition on contractivity or withdrawing the requirement of completeness or
sometimes even both.

In 2000, Branciari [1] obtained a very interesting generalization of metric space by changing
the structure of the space. He, replaced the triangle inequality of a metric space by an inequality
involving three terms instead of two called quadrilateral inequality. He, proved the Banach fixed
point theorem in such space. Recently, many fixed point results have been established for this
interesting space ([3],[7],[8],[9]). As such, any metric space is a generalized metric space, but
the converse is not true [1].

Recently, many researchers have interested in generalizing fixed point theorems to coinci-
dence point theorems and common fixed point theorems. Choudhury and Kundu [2] established
the (¢, a, 3)-weakly contraction principal to coincidence point and common fixed point results
in partially ordered metric spaces. In a recent paper Isik and Turkoglu [3] proved common fixed

point for (¢, a, 3)-weakly contractive mappings in generalized metric spaces for two mappings.
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The aim of this paper to prove a common fixed point for (¢, a,3) -weakly contractive

mappings in generalized metric space of four self mappings.

§2. Preliminaries

Definition 2.1([1]) Let X be a non-empty set. A function d: X x X — [0,00) is said to be a

generalized metric on X if the following conditions are satisfied:
(1) d
(2) d
(3)d

The pair (X, d) is called a generalized metric space abbreviated to g.m.s .

0iffc =y for all z,y in X;
d(y,z) for all z,y in X;
< d(z,u) + d(u,v) + d(v,y) for all z,y,u,v in X.

z,

(z,9)
(z,9)
(z,9)
(

€T,

Definition 2.2([1]) Let (X,d) be a g.m.s and let (x,) be a sequence in X and x € X.

(1) (zn) is a g.m.s. convergent to x if and only if d(xp,x) — 0 as n — oo;

(2) x, is a gom.s. Cauchy sequence if and only if for each €> 0 there exists a natural
number n(e) such that d(Tn, xm) < € for alln > m > n(e);

(3) (X,d) is called a complete g.m.s if every g.m.s. Cauchy sequence is g.m.s. convergent
n X;

We denote by U the set of functions 1 : [0,00) — [0, 00) satisfying the following hypotheses:

(¥1) ¥ is continuous and monotone non decreasing;
(¥2) ¥(t) = 0 if and only if t=0.
We denote by ¢ the set of function « : [0,00) — [0, 00) satisfying the following hypotheses:

(al) « is continuous;
(a2) a(t) =0 if and only if t=0.
We denote by T the set of function (3 : [0,00) — [0,00) satisfying the following hypotheses:

(B1) B is lower semi continuous;
(82) B(t) = 0 if and only if t=0.

Definition 2.3([3]) Let A and B be mappings from a metric space (X,d) into itself. A and
B are said to be weakly compatible mapping if they commute at their coincidence point i.e,
Ax = Bx for some x in X implies ABx = BAx.

Lemma 2.1([3]) Let ay, be a sequence of non negative real numbers. If
P(ant1) < alan) - Blan) (4)
forallm € N, wherep € ¥V, a € ¢, B €T and
() —at)+ B(t) >0 for all t > 0, (B)

then the following hold:
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(1) an+1 < ap if ap > 0;

(2) an, — 0 as n — oo.

Proof (1) Let, if possible a,, < a1 for some n € N then using the monotone property of
U and from (A) we have, ¥(a,) < ¥(an+1) < a(an) — f(an), which implies that a,, = 0 by (B)
a contradiction with a,, > 0. Therefore, for all n € N, ap4+1 < ay, .

(2) By (1) the sequence a, is non-increasing, hence there is a > 0 such that a,, — a as
n — oo letting n — oo in (A), using the lower semi continuity of 8 and the continuities of ¥
and «, we obtain ¢(a) < a(a) — B(a), which by (B) implies that a = 0. O

§3. Main Results

Theorem 3.1 Let (X,d) be a Hausdorff and complete g.m.s. and let f,g,h and J be four
mappings of X into itself and f(X) C h(X), g(X) C J(X). Without loss of generality, assume

h, J are continuous, f and J, g and h both are compatible satisfying the following condition

P(d(fz,gy) < a(M(z,y)) — B(M(z,y)), (1)

where M (x,y) = max{d(Jz, hy),d(fz, Jx),d(gy, hy),d(fz,hy)} for all x,y € X, where ¢y C ¥,
a C ¢ and B C T satisfying condition (B). Then, f,g,h and J have a unique common fized
point in X.

Proof Notice that f(X) C h(X) and g(X) C J(X). Let ¢ be any point in X. Then,
there exists sequences (z,) and (y,) such that y, = fz, = htpt1 , Ynt1 = 9Tnt1 = JTnia,
n=20,1,2,3,--- . Now,

V(A(Yn, Ynt1)) = Y(d(f2n, gTni1)) < a(M(2,y)) — B(M(z,y)), (2)
where,

M(I, y) = max{d(an, hInJrl)a d(fxnv an)a d(gInJrl; thnJrl); d(fxru hanrl)}
max{d(yn—1,Yn)s A(Yn:Yn-1), AYn+1,Yn ) A(Yn, Yn) }
= max{d(yn—lvyn)vd(ynuyn—l)ad(yn-i-layn)ao}

If possible, let d(yn, yn+1) > 0 and d(yn, Yn+1) > d(Yn—1,yn). Then from (2) we get that

Y(A(Yns Ynt1)) < a(d(Yn, Yn+1)) — BA(Yn, Ynt1))- (3)

By Lemma 2.1, each number in the sequence y, is non negative and real. Hence there
exists a > 0 such that y,, — a as n — oo in (3). Using the lower semi continuity of 5 and the
continuities of ¢ and a, we obtain ¢(a) < a(a) — f(a). However, (B) implies a = 0, which is a

contradiction. So d(Yn, Ynt+1) < d(Yn—1,Yn)-
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From (2) we get that

’@[J(d(ynu yn+1)) < a(d(yn—luyn)) - ﬁ(d(yn—la yn))

According to Lemma 2.1 we know that ¢ (an+1) < a(an) — B(ay) for all n € N, where ¢ C U,
a C ¢and f C T and ¢(t) — a(t) + B(t) > 0 for all ¢ > 0. Thus, ap+1 < ay if a, > 0 and

an, — oo. Therefore,

d(YnsYnt1) < d(Yn-1,yn) and nlggo d(Yn>Yn+1) = 0. (4)

Now, we prove that y, is a g.m.s Cauchy sequence. If y, is not a g.m.s Cauchy sequence,
then there exists € > 0, for which we can find a sub sequence y,, and y,,, of y, with my > ny > k
such that

d(Yny,> Ymy,) > € (5)

and corresponding to ng, we can choose my in such a way that it is the smallest integer with
my, > ny satisfying (4) and
d(ynk ’ ymk—l) < €. (6)

Applying (5) and (6) and the rectangular inequality, we get that

€ < dYny> Ymr) < AYnpr Yni_y) + A Wny_y s Ymi_y) + AYmy_y > Yy, )- (7)

Applying (4) we get that
€ S d(ynk71 9 ymk—l) (8)

and
d(ynk,1 ’ ymk,l) S d(ynk,1 I ynk) + d(ynk I ymk) + d(ymk ) ymk,l)-

By (4) and (6) we have that
AYni_y Ymi_y) S €. (9)

From (8) and (9) we know that
A(Ynye— 1 Ymy—y) = €. (10)

Applying (4) and (10) in (7) we get that
€ < dYni, Ym,.) < € Le, d(Yn,, Ym,) = €. (11)

Now,
V(dYny, ymi)) = V(A fn,, gom,)) < (M (z,y)) — B(M (z,y)),
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where,

M(;E? y) = max{d(ank ) hxmk)v d(fx"lk ) ank)’ d(gmmk ) hxmk)v d(fx’ﬂk ) hxmk)}

= max{d(Yn,, Ymy)> A Yny> Yrx_1)s A Ymp Ymy)> AYny > Yy )}
= max{e0,0,e} (by (11) and (4)).

we therefore get that ¢ (e) < a(e) — S(e) and € = 0 by lemma 2.1, which is a contradiction as
we assume that € > 0. Then it follows that y, is a g.m.s Cauchy sequence and hence y,, is

convergent in the complete g.m.s space (X, d). Let lim,—ooyn = 2, 1€,

lim fx, = limn—ooh®ni1 = liMn—oogTnt1 = liMp— oo Tnia = 2. (12)

n—oo

Notice that J is a continuous function, we know that
V(d(f Tz, gni1)) < a(M(z,y)) — B(M(z,y)), (13)
where,
M(z,y) = max{d(JJxy, hxnt1),d(J fxn, JTxy), d(gxni1, henit), d(J fo,, heni1)}
Let n — oo in the above. We get that

M(z,y) = max{d(Jz,z2),d(Jz,Jz),d(z,2),d(Jz,2)}
= max{d(Jz,2),0,0,d(Jz,2)}
d(Jz, z).

Let n — oo on both sides in (12). We know that ¢(d(Jz, z)) < a(d(Jz, z)) — B(d(Jz, 2)).
By Lemma 2.1 we have d(Jz,2) =0, i.e.,

Jz =z (14)

Now,
(d(fz,97n41)) < a(M(z,y)) — B(M(z,y)), (15)

where,
M(.I, y) = Inax{d(Jz, hInJrl)a d(fZ, JZ)? d(g$n+15 hInJrl)v d(fZ, hInJrl)}

by (1) and (14). Now, taking n — oo on above we get that

M(z,y) = max{d(z,z2),d(z,2),d(z,z2),d(fz 2)}
= max{0,0,0,d(fz,2)} =d(fz, z).

Similarly, let n — oo in (14) on both sides we get that

P(d(fz,2)) < ald(fz,2)) = B(d(fz, 2)).
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Applying Lemma 2.1 we get that d(fz,z) =0, i.e.,
fz==z (16)
So, from (14) and (16) we know that
Jz=fz=z. (17)
Similarly as h is continuous in X we can prove
hz =gz = z. (18)
From (17) and (18) we get that
Jz=fz=hz=gz=z. (19)

So z is a common fixed point of f, g, h and J.

Now, we prove that z is unique. If w(# z) is another fixed point. Notice that

Y(d(z,w) = P(d(fz, gw)) < a(M(z,y)) — BM(2,y)), (20)
where,

M(z,y) = max{d(Jz, hw),d(fz, Jz),d(gw, hw),d(fz, hw)}
= max{d(z,w),d(z,z),d(w,w),d(z,w)} = maz(d(z,w),0,0,d(z,w)),

which enables us to get that ¥ (d(z,w) < a(d(z,w)) — B(d(z,w)) from (20). By Lemma 2.1 we
get d(z,w) =0, i.e., z = w. Thus the fixed point z is unique. O

84. Conclusion

The main result is an extension of the result [3] to the set of generalized metric space. This

paper is also a generalization of many existing results in this literature.
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