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Abstract: We have considered the 3—change of Finsler metric L given by L* = f(L, ),
where f is any positively homogeneous function of degree one in L and 8. We have ob-
tained the f—change of C'—reducible Finsler spaces, S3—like Finsler spaces and T —tensor.

Particular case when b; in 3 is concurrent vector field has been studied.
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81. Introduction

Let F™ = (M™,L) be an n—dimensional Finsler space on the differentiable manifold M™,
equipped with the fundamental function L(z,y). B. N. Prasad and Bindu Kumari [1] and C.
Shibata [2] considered the S—change of Finsler metric given by

L*(x,y) = f(L, B), (1.1)

where f is positively homogeneous function of degree one in L and § and ( given by S(z,y) =
bi(z) y* is a one-form on M™. The Finsler space (M", L*) obtained from F" by the 3—change
(1.1) will be denoted by F*™. The Homogeneity of f in (1.1) gives

Lfi+08f=f, (1.2)

where the subscripts ‘1’ and ‘2’ denote the partial derivatives with respect to L and 3 respec-
tively.
Differentiating (1.2) with respect to L and [ respectively, we get

Lfii+Bfi2=0 and Lfiz+ Bfa=0.

Hence, we have

i iz fa2
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which gives
fi1 = Fw, fao=L, fi2=—FLw,

where the Weierstrass function w is positively homogeneous function of degree —3 in L and f.
Therefore
Lwi + Pws + 3w = 0. (1.3)

Again ws is positively homogeneous of degree —4 in L and (3, so

Lwa1 + Bwas + 4ws = 0. (14)

Throughout the paper we frequently use above equations (1.2) to (1.4) without quoting
them. The concept of concurrent vector field has been given by Matsumoto and K. Eguchi [6]
and S. Tachibana [7], which is defined as follows:

The vector field b; is said to be a concurrent vector field if
(i) bij; = — i (i) bil; =0, (1.5)

where small and long solidus denote the h— and v—covariant derivatives respectively.

It has been proved by by Matsumoto that b; and its contravariant components b’ are

functions of coordinates alone. Therefore from (1.5)(ii), we have

Cijr b = 0.

§2. Fundamental Quantities of F*"

To find the relation between fundamental quantities of F"* and F*", we use the following results
%iB="b;,  OL=1U,  9;li=L "hy, (2.1)

: 0
where 0; stands for v and h;; are components of angular metric tensor of F™* given by
Y

hij = Ggij — li lj = LajajL

The successive differentiation of (1.1) with respect to y* and y? gives:

I7 = fili + fabs, (2:2)
hrj = %h” + fL2wmimj, (23)

where m; = b; — % l;. The quantities corresponding to F*™ will be denoted by putting star on
the top of those quantities.

From (2.2) and (2.3) we get the following relations between metric tensors of F™ and F*"

. _Ih pB

9y = 0 — T lly + (FL%w + f3)bibj + p(Libj + 13bi), (2.4)
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where p = (f1f2 — fBLw).
The contravariant components of the metric tensor of F*™ will be dertived from (2.4) as

follows:

. . 3 4w . 2 . .
o = e+ (T - O - Y - e, 9

where we put b* = g¥b;, I' = gYl;, b* = g"b;b; and

ﬁQ
t=f1+ LPwA, A =0~ = (2.6)
Putting ¢ = 3 fow + fow, we find that
(@) 8. = L1+ fam,
(b) di fr = —BLwmi,
(c) (ifg = L%wm;, (2.7)
. 3
(d) 81'0} = —wll + wamy,
(e) ;b2 = —2C i
. Qﬁ
(f) 0N = —-2C ; ﬁmi
and
(CL) = _6Lqm’u
(b) Oit = —2L3wC ; + (L3 Awy — 33Lw)m;, (2.8)
3
(C) 1(] = —fqll =+ (4f2(.«)2 =+ 3W2L2 =+ fwgz)mi,
where ‘. denotes the contraction with b%, viz. C ; = Cjx;b'bF.

Differentiating (2.4) with respect to y*, using (2.1) and (2.7), we get the following relation

between the Cartan’s C—tensors (C};

ik = 10y, g;; and Cijp, = $01,9i5):

~ _The h h h aL? 2.9
ik = T, ik + 2L( ig Mk + Njpms + kzm;)"‘Tmlmymk (2.9)

It is to be noted that
’I?’LllZ = O, mimi =A= mibi, hijlj = 0, hijmj = hijbj = my, (210)

where m’ = g¥m; = b — Eli.
To find C} = g*”‘C* we We use (2.5), (2.9), (2.10), we get

J*,z = C 2ff — kai + hj—mk + h};mj) 2ff m]mkm
2.11
_gclni_&h‘ni_wmmi -
A YR of2fit

where n' = fL2wb® + pl’.
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We have the following relations corresponding to the vectors with components n’ and m?:

Cijkmi = C,jk, Cijkni = fL2wC,jk, mimi = fL2wA. (2.12)

83. The f—Change of C—reducible Finsler Space
Let F™ be a C'—reducible Finsler space. Then [5]

Chjr = (hinjCr + huiCj + hjpCh), (3.1)

n+1

where C}, = Chjkghj.
Using equation (3.1) in equation (2.9), we get

L2
Chjr = (Pkhng + pjhnk + prhjr) + (JT MR M, (3.2)
where T
1 p
= —Ck + —mp. 3.3
Pk Tin+1) k+2Lmk (3.3)

Using equation (2.3) in equation (3.2), we get

* L * * *
Chjr = E(pkhhj + pihhk + prbjy) + qnmime + g mpmy + g mimp, (3.4)
where
qL? L3w (3.5)
h = ——Mp — ——DPh- :
q 6 A p

Now suppose that the transformation (1.1) is such that (n+1)(fiws+38Lw?)my, = 6 fLwCh,
then g, = 0. So equation (3.4) reduces to

* L * * *
Chjk = I (pehy; + pibhy + prhiy) (3.6)
Cx L
hich will gi ko — that
which wi glven_|_1 fflpk,so a
* 1 * 7% * 7 % %7 %
Chik = nrl 1(Ckhhj + Cihpy + Chhj) (3.7)

Hence F*" is also a C'—reducible. Therefore we have the following result.

Theorem 3.1 Under the 3—change of Finsler metric with the condition (n + 1)(fiws +
3B8Lw?)my, = 6f1wC, the C—reducible Finsler space is transformed to a C—reducible Finsler
space.

In the theorem (3.1) we have assumed that (n+ 1)(fiws + 38Lw?)my, = 6 f1wC},. However

if this condition is not satisfied then a C'—reducible Finsler space may not be transformed to
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a C'—reducible Finsler space. In the following we discuss under what condition a C'—reducible

Finsler space is transformed to a C—reducible Finsler space by §—change of Finsler metric.

In both the spaces F™ and F*" are C'—reducible then from (3.1) and its corresponding
equation for F*" we find, on using (2.9), that

Lw
! — [(@umymy. + Qjmumy, + Qrmymn) = fi(Conhjk + C.jhn
+C khjn)] = <% — %) (hjkmp + hpymy + hrgm;) (3.8)

L2
+ <q7 — 3fL2w7") MpM; M,

where Q, = tC), — L3wC' , and r = (n — 2)pt + f1(3p + L3¢/\). Thus, we have the following
result.

Theorem 3.2 A C—reducible Finsler space is transformed to a C—reducible Finsler space by
a B—change of Finsler metric if and only if (3.8) holds.

The condition (3.8) of theorem (3.2) is too complicated to study any geometrical concept
of Finsler space. So we consider that our 8 in f—change of Finsler metric is such that b; is a
concurrent vector field [6] so that C'; = 0, C.; = 0. Hence equation (3.8) reduces to

fLQw(C'hmjmk + ijhmk + Ckmjmh) _ <£ o ffr

5L oL ) (hjkmh + hhjmk

qu 2
+ hppm;) + -5 = 3fwr | mpmymy,.

Contracting this equation with ¢?*, we find
2fL3wAC, = {(n+1)(p — ffir) + (¢L® — 6 f*Lwr) A}y my,.

Hence we have the following result.

Theorem 3.3 If a C—reducible Finsler space is transformed to a C—reducible Finsler space
by a concurrent B—change of Finsler metric, then the vector Cy, is along the direction of the

vector my,.

84. The f—Change of v—Curvature Tensor

To find the v—curvature tensor of F*™ with respect to Cartan’s connection, we use the following:

Cljhnk = Cigny - Wi = hj, hign' = fL2wm;. (4.1)
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The v—curvature tensors Sy, ., of F*™ [4] is defined as

Shije = CrkCrij — G Cilgr- (4.2)

1]

From (2.9), (2.10), (2.11), (2.12), (2.13) and (2.14) we get the following relation between

v—curvature tensors of F" and F*™ [1]:

_Ih

Shijk = TShijk + dnjdir — dnidi; + Eng By — EnjEi, (4.3)
where
s pf1 2wp —qf1
dii = Ly =-C ;i — hi; + Lm;m;, 4.4
J t J 2L2\/E J 2\/5 J ( )
p pw —qf1

E,;=———+—hj — ———— Lm;m; 4.5
YN R T T (45)

and s = f fiw.

Now suppose that b; is a concurrent vector field and F™ is an S3—like Finsler space [4],
then C,ij = O,

S
Shijr = Iz (hnkhi; — hinjhix),
where S is any scalar function of z and y.

In view of these equations, we have from (4.3)
S 2 £2 2
_ <ff1 L Pf p

St = - hihii — hiih
hijk I3 | 4L%s 4L4fw>( nihig = onghir)

plpw —qf1)  pfi(2wp —qfi) (4.6)
— hpim; h; ;
+{ AL f frw iLts (hngmmamm + Ragmam;
— hhkmimj — hijmhmk).
Now suppose that the transformed Finsler space F*™ is also S3—like. Then
* S* * * * *
Shijk = T2 ( hkhij - hhjhik)' (4-7)
Now from (2.3), it follows that
e Y
(hhihi; — hrhiy) = <T (hnkhi; — hijhik) (48)
+ f2f1Lw(hhkmimj + hijmhmk — hhjmkml- — hikmhmj).
In view of (4.6), (4.7) and (4.8), we have
fhS P S
— - hnehi; — huih;
< 7 Tiths T iife T 12 (nhi; = Pnghir)
(4.9)

N {p(pw —af1)  pfi(2wp—qfi)

ALZf 1w ALts -5 1Lw}(h"’“m”mj

+ hijmhmk — hhjmimk - hikmhmj) =0.
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Contracting (4.9) by g"g"*, we get

- - —1)(n—2
2 Tirhs T A T I2 >(" Jn=2)

n 2{p(pw —qfi)  phwp—qfi)
4L2f frw 4Lts

(fflS P*fi P’ S*fi
(4.10)

Hence, we have the following result.

Theorem 4.1 If a S3—like Finsler space is transformed to a S3—like Finsler space under the
concurrent B— change, then equation (4.10) holds.

85. The f—Change of T—Tensor

The T—tensor of Finsler space F™ is defined by [3]:

Thijk = LChijli + nCijk + 1iChjk + 1jChik + lChijs (5.1)
where 50
Chijilr = th” — CrijChy, = ChrjCh — Chin Oy (5.2)

To find the T'—tensor of F*", first of all we find

*

C* _ aOhZJ C* C*r C* *7 C* *7
hij”k_ ayk — YrigYhk T YhrjYik T YhirYiks

where || denotes v—covariant derivative in F*". The derivatives of m; and h;; with respect to
y* are given by

B
—ﬁhik - Elimlw

. 1
8k(h”) = QOijk — E(llhjk =+ ljhkz)

3kmi =
(5.3)

From (2.7), (2.8), (2.9) and (5.3), we get

9C; _ JJ10Chi;
Oyk L Oy*

_ P8 P
2L3 212

+ hrrlimg + higlpmy + hjglimp, + hiplymy + hijlpmyg + higlimy

+ %(C}n’jmk + Cijemp + Cingmi + Cinpgmyj)

(hijhnk + hnjhie + hinhji) + (hjrlnm; + hpklim;

+ hihljmk + hijlkmh =+ hjhlkmi + hhilkmj) — %(hijmhmk (54)

+ hjpmimi + hpimimy + higmimy, + hjpmamy, + hppgmm;)

qL
— 7(limjmhmk + Lmpmamy, + lymymgmy + lemgmgmy,)
2

+ 7(4f2w2 + 3L°%wW? + fwon) MMM M.
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From equation (2.9), (2.10), (2.11) and (2.12), we have

fh

Crij Ok = 7~ CrigChx + 57 P (Chjwmi + Cragmj + Chigmi,

fflL2

2L

+ Cijemn) + %(C.ijhhk + Chrhij) — ——C4;C pi

2 2
p*A L*(qf1 — 2pw)
P2 b+ 2L 2P
toappy et 2t
p(p + L3 qA) p?
PP 2 92) i, hagmmam;) + ——
Lfr aamemmn S+ hamim;) + o

+ hhkmimj + hjkml-mk + hjkml-mh + hihmjmk + hikmjmh)

L2{2pqt + (¢f1 = 2pw)(2p + LPqA)}
Af fit

(Ciympmy + C pmimy)
(5.5)

(hijmemy,

mimmpmmg.

From equation (5.4) and (5.5), we get

. I
Criille = 222

p(2fpt + LQPA)
B 4fL3¢
fip? + f1LPpg A + 3p?
4Lf 1t

+ h; ikM;mp + thmek + h; kmlmh

th; |k (OhZJmk + O’L]kmh + Ohjkml + O’Lhkmj)

(hijhnk + Brghik + hanhgi) — <%

) (hijmemyp, + hpgmim; + hjnmamy
2L2 {In(hjrm,
+ hiymy + higm;) + Ui (hpemi + higmp, + hinmi) + L (hpemy;

L
+ hjkmh + hhjmk) + lk(hijmh + hjhmi + hhimj)} — %(limjmhmk

+ Lmpmymy + lymamgmy + lemgmmy,) — th(O’Lj huk + Cohjhik
L%w
+ C pihij + Cikhny + Chihji + Cjphpi) + fflf(c.ijc,hk

L2(qf1 — 2pw)
2t
+ Cpymimy + Cigmimy, + Cpimymy + Cjpmpm;)

+ CpiCik + CpiC1) — (C.iymemp + C pemym;
L2
+ 7(4f2w2 +3L%W? + fwas)

3L {2pgt + (qf1 — 2pw)(2p + L3qA\)}
4f fit

mim;impimyg.

Using equations (2.2), (2.9) and (5.6), we get the following relation between T'—tensors of
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Finsler spaces F™ and F*™:

2
N + fOLw
Thijk = %Thijk + W(C}n‘jmk + Cijemn + Chjrpmy;

2L2 w
+ Cinkmy) + %(C.UC.M + CniCak + CniCljk) — ggf
(Clijhnk + Cnwhig + Copjhir + Cakhing + Cnilje + C jihni)

L*(gfr —2
_ M(Cz]mkmh + C',hkmimj + C.hjmimk

2fBt + L*pA
+ Cigmimp + Cpimymy + C jpmpm;) — p(f%gtp)(hijhhk (5.7)
fBa | fin* + HLPpgA+3p*  pfe
hisha + hinhr) — 222 _bp2
+ hnjhir + hinhji) (2 + AL fit i
(higmgmp + hpgmimg + hjpmimyg + hgomimy, + hpimgme
2

L 417
+ hjkml-mh) + |:f7(4f2(.U2 + 3L2%w? + fWQQ) + 2f2q

3L*{2pqt + (qf1 — 2pw)(2p + L3qA)}
— 4f1t mimmp k.

If b; is a concurrent vector field in F™, then C;; = 0. Therefore from (5.7), we have
. 2 2108t + L2pA
Thijk = %Thijk - W(fmhhk + hnjhik + hinhik)

_ ({Ba St [ LD 307 ph
2 ALfit L

(hijmkmh + hpemimg + hjnmimy + higmimp, + hpimjmy

L? 417
+ hjkmimh) + [%(4]02&}2 +3L%w% + fwzg) + 2f2q

3L%{2pgt + (qfr — 2pw)(2p + L3qA)}
_ 4f1t mim;impmyg.

If b; is a concurrent vector field in F™, with vanishing T'—tensor then T'—tensor of F*" is
given by

. 2fpt + L?pA
Ty = _W(%hhk + hnjhik + hinhjr)

B (@ L 1p?+ filPpgd +3p° P_f2>

2 4L f1t L
(hijmkmh + hppmimg + hipmymy, + higgmgmy, + hpimgmy, (5.9)

L? 4L?
+ hjkmimh) + |:fT (4f2(.¢J2 + 3L2%w? + fu}zz) + 2f2q

3L2{2pgt + (qf1 — 2pw)(2p + L3qA)}
— 4f1t mym;mpimg.
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