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Abstract: We have considered the β−change of Finsler metric L given by L∗ = f(L, β),

where f is any positively homogeneous function of degree one in L and β. We have ob-

tained the β−change of C−reducible Finsler spaces, S3−like Finsler spaces and T−tensor.

Particular case when bi in β is concurrent vector field has been studied.

Key Words: β−change, Finsler metric, T−tensor, C−reducible, S3−like Finsler spaces.

AMS(2010): 53B20, 53B28, 53B40, 53B18, 53C60.

§1. Introduction

Let Fn = (Mn, L) be an n−dimensional Finsler space on the differentiable manifold Mn,

equipped with the fundamental function L(x, y). B. N. Prasad and Bindu Kumari [1] and C.

Shibata [2] considered the β−change of Finsler metric given by

L∗(x, y) = f(L, β), (1.1)

where f is positively homogeneous function of degree one in L and β and β given by β(x, y) =

bi(x) y
i is a one-form on Mn. The Finsler space (Mn, L∗) obtained from Fn by the β−change

(1.1) will be denoted by F ∗n. The Homogeneity of f in (1.1) gives

Lf1 + βf2 = f, (1.2)

where the subscripts ‘1’ and ‘2’ denote the partial derivatives with respect to L and β respec-

tively.

Differentiating (1.2) with respect to L and β respectively, we get

Lf11 + βf12 = 0 and Lf12 + βf22 = 0.

Hence, we have
f11
β2

= −f12
Lβ

=
f22
L2

,
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which gives

f11 = β2ω, f22 = L2ω, f12 = −βLω,

where the Weierstrass function ω is positively homogeneous function of degree −3 in L and β.

Therefore

Lω1 + βω2 + 3ω = 0. (1.3)

Again ω2 is positively homogeneous of degree −4 in L and β, so

Lω21 + βω22 + 4ω2 = 0. (1.4)

Throughout the paper we frequently use above equations (1.2) to (1.4) without quoting

them. The concept of concurrent vector field has been given by Matsumoto and K. Eguchi [6]

and S. Tachibana [7], which is defined as follows:

The vector field bi is said to be a concurrent vector field if

(i) bi|j = − gij, (ii) bi|j = 0, (1.5)

where small and long solidus denote the h− and v−covariant derivatives respectively.

It has been proved by by Matsumoto that bi and its contravariant components bi are

functions of coordinates alone. Therefore from (1.5)(ii), we have

Cijk b
i = 0.

§2. Fundamental Quantities of F ∗n

To find the relation between fundamental quantities of Fn and F ∗n, we use the following results

∂̇iβ = bi, ∂̇iL = li, ∂̇j li = L−1hij , (2.1)

where ∂̇i stands for
∂

∂yi
and hij are components of angular metric tensor of Fn given by

hij = gij − li lj = L∂̇j ∂̇jL.

The successive differentiation of (1.1) with respect to yi and yj gives:

l∗i = f1li + f2bi, (2.2)

h∗ij =
ff1
L
hij + fL2ωmimj , (2.3)

where mi = bi − β
L li. The quantities corresponding to F ∗n will be denoted by putting star on

the top of those quantities.

From (2.2) and (2.3) we get the following relations between metric tensors of Fn and F ∗n

g∗ij =
ff1
L
gij −

pβ

L
lilj + (fL2ω + f2

2 )bibj + p(libj + ljbi), (2.4)
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where p = (f1f2 − fβLω).

The contravariant components of the metric tensor of F ∗n will be dertived from (2.4) as

follows:

g∗ij =
L

ff1
gij +

pL3

f3f1t

(

fβ

L2
−△f2

)

lilj − L4ω

ff1t
bibj − pL2

f2f1t
(libj + ljbi), (2.5)

where we put bi = gijbj, li = gij lj , b2 = gijbibj and

t = f1 + L3ω△, △ = b2 − β2

L2
. (2.6)

Putting q = 3f2ω + f2ω, we find that

(a) ∂̇if =
f

L
li + f2mi,

(b) ∂̇if1 = −βLωmi,

(c) ∂̇if2 = L2ωmi, (2.7)

(d) ∂̇iω = −3ω

L
li + ω2mi,

(e) ∂̇ib
2 = −2C..i,

(f) ∂̇i△ = −2C..i −
2β

L2
mi

and

(a) ∂̇ip = −βLqmi,

(b) ∂̇it = −2L3ωC..i + (L3△ω2 − 3βLω)mi, (2.8)

(c) ∂̇iq = −3q

L
li + (4f2ω2 + 3ω2L2 + fω22)mi,

where ‘.’ denotes the contraction with bi, viz. C..i = Cjkib
jbk.

Differentiating (2.4) with respect to yk, using (2.1) and (2.7), we get the following relation

between the Cartan’s C−tensors (C∗
ijk = 1

2 ∂̇k g
∗
ij and Cijk = 1

2 ∂̇kgij):

C∗
ijk =

ff1
L
Cijk +

p

2L
(hijmk + hjkmi + hkimj) +

qL2

2
mimjmk. (2.9)

It is to be noted that

mil
i = 0, mim

i = △ = mib
i, hij l

j = 0, hijm
j = hijb

j = mi, (2.10)

where mi = gijmj = bi − β
L l

i.

To find C∗i
jk = g∗ihC∗

jhk we use (2.5), (2.9), (2.10), we get

C∗i
jk = Ci

jk +
p

2ff1
(hjkm

i + hi
jmk + hi

kmj) +
qL3

2ff1
mjmkm

i

− L

ft
C.jkn

i − pL△
2f2f1t

hjkn
i − 2pL+ L4△q

2f2f1t
mjmkn

i,

(2.11)

where ni = fL2ωbi + pli.
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We have the following relations corresponding to the vectors with components ni and mi:

Cijkm
i = C.jk, Cijkn

i = fL2ωC.jk, mim
i = fL2ω△. (2.12)

§3. The β−Change of C−reducible Finsler Space

Let Fn be a C−reducible Finsler space. Then [5]

Chjk =
1

n+ 1
(hhjCk + hhkCj + hjkCh), (3.1)

where Ck = Chjkg
hj.

Using equation (3.1) in equation (2.9), we get

C∗
hjk = (pkhhj + pjhhk + phhjk) +

qL2

2
mhmjmk, (3.2)

where

pk =
ff1

L(n+ 1)
Ck +

p

2L
mk. (3.3)

Using equation (2.3) in equation (3.2), we get

C∗
hjk =

L

ff1
(pkh

∗
hj + pjh

∗
hk + phh

∗
jk) + qhmjmk + qj mhmk + qk mjmh, (3.4)

where

qh =
qL2

6
mh − L3ω

f1
ph. (3.5)

Now suppose that the transformation (1.1) is such that (n+1)(f1ω2+3βLω2)mh = 6f1ωCh,

then qh = 0. So equation (3.4) reduces to

C∗
hjk =

L

ff1
(pkh

∗
hj + pjh

∗
hk + phh

∗
jk) (3.6)

which will give
C∗

k

n+ 1
=

L

ff1
pk, so that

C∗
hjk =

1

n+ 1
(C∗

kh
∗
hj + C∗

j h
∗
hk + C∗

hh
∗
jk) (3.7)

Hence F ∗n is also a C−reducible. Therefore we have the following result.

Theorem 3.1 Under the β−change of Finsler metric with the condition (n + 1)(f1ω2 +

3βLω2)mh = 6f1ωCh, the C−reducible Finsler space is transformed to a C−reducible Finsler

space.

In the theorem (3.1) we have assumed that (n+1)(f1ω2 +3βLω2)mh = 6f1ωCh. However

if this condition is not satisfied then a C−reducible Finsler space may not be transformed to
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a C−reducible Finsler space. In the following we discuss under what condition a C−reducible

Finsler space is transformed to a C−reducible Finsler space by β−change of Finsler metric.

In both the spaces Fn and F ∗n are C−reducible then from (3.1) and its corresponding

equation for F ∗n we find, on using (2.9), that

fL2ω

t
[(Qhmjmk +Qjmhmk +Qkmjmh) − f1(C..hhjk + C..jhhk

+ C..khjh)] =

(

p

2L
− ff1r

L(n+ 1)

)

(hjkmh + hhjmk + hhkmj)

+

(

qL2

2
− 3fL2ωr

)

mhmjmk,

(3.8)

where Qh = tCh − L3ωC..h and r = (n − 2)pt + f1(3p + L3q△). Thus, we have the following

result.

Theorem 3.2 A C−reducible Finsler space is transformed to a C−reducible Finsler space by

a β−change of Finsler metric if and only if (3.8) holds.

The condition (3.8) of theorem (3.2) is too complicated to study any geometrical concept

of Finsler space. So we consider that our β in β−change of Finsler metric is such that bi is a

concurrent vector field [6] so that C.i = 0, C..i = 0. Hence equation (3.8) reduces to

fL2ω(Chmjmk + Cjmhmk + Ckmjmh) =

(

p

2L
− ff1r

2L

)

(hjkmh + hhjmk

+ hhkmj) +

(

qL2

2
− 3f2ωr

)

mhmjmk.

Contracting this equation with gjk, we find

2fL3ω△Ch = {(n+ 1)(p− ff1r) + (qL3 − 6f2Lωr)△}mh.

Hence we have the following result.

Theorem 3.3 If a C−reducible Finsler space is transformed to a C−reducible Finsler space

by a concurrent β−change of Finsler metric, then the vector Ch is along the direction of the

vector mh.

§4. The β−Change of v−Curvature Tensor

To find the v−curvature tensor of F ∗n with respect to Cartan’s connection, we use the following:

Ch
ijhhk = Cijk , hk

jh
i
k = hi

j , hijn
i = fL2ωmj . (4.1)
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The v−curvature tensors S∗
hijk of F ∗n [4] is defined as

S∗
hijk = C∗r

hkC
∗
rij − C∗r

hjC
∗
ikr . (4.2)

From (2.9), (2.10), (2.11), (2.12), (2.13) and (2.14) we get the following relation between

v−curvature tensors of Fn and F ∗n [1]:

S∗
hijk =

ff1
L
Shijk + dhjdik − dhkdij + EhkEij − EhjEik, (4.3)

where

dij = L

√

s

t
C.ij −

pf1

2L2
√
ts
hij +

2ωp− qf1

2
√
ts

Lmimj, (4.4)

Eij =
p

2L2
√
fω

hij −
pω − qf1

2f1
√
fω

Lmimj (4.5)

and s = ff1ω.

Now suppose that bi is a concurrent vector field and Fn is an S3−like Finsler space [4],

then C.ij = 0,

Shijk =
S

L2
(hhkhij − hhjhik),

where S is any scalar function of x and y.

In view of these equations, we have from (4.3)

S∗
hijk =

(

ff1S

L3
+

p2f2
1

4L4ts
− p2

4L4fω

)

(hhkhij − hhjhik)

+

{

p(pω − qf1)

4L2ff1ω
− pf1(2ωp− qf1)

4Lts

}

(hhjmimk + hikmhmj

− hhkmimj − hijmhmk).

(4.6)

Now suppose that the transformed Finsler space F ∗n is also S3−like. Then

S∗
hijk =

S∗

L∗2 (h∗hkh
∗
ij − h∗hjh

∗
ik). (4.7)

Now from (2.3), it follows that

(h∗hkh
∗
ij − h∗hjh

∗
ik) =

(

ff1
L

)2

(hhkhij − hhjhik)

+ f2f1Lω(hhkmimj + hijmhmk − hhjmkmi − hikmhmj).

(4.8)

In view of (4.6), (4.7) and (4.8), we have

(

ff1S

L3
+

p2f2
1

4L4ts
− p2

4L4fω
− S∗f2

1

L2

)

(hhkhij − hhjhik)

+

{

p(pω − qf1)

4L2ff1ω
− pf1(2ωp− qf1)

4Lts
− S∗f1Lω

}

(hhkmimj

+ hijmhmk − hhjmimk − hikmhmj) = 0.

(4.9)
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Contracting (4.9) by gijghk, we get

(

ff1S

L3
+

p2f2
1

4L4ts
− p2

4L4fω
− S∗f2

1

L2

)

(n− 1)(n− 2)

+ 2

{

p(pω − qf1)

4L2ff1ω
− pf1(2ωp− qf1)

4Lts
− S∗f1Lω

}

△ = 0.

(4.10)

Hence, we have the following result.

Theorem 4.1 If a S3−like Finsler space is transformed to a S3−like Finsler space under the

concurrent β−change, then equation (4.10) holds.

§5. The β−Change of T−Tensor

The T−tensor of Finsler space Fn is defined by [3]:

Thijk = LChij |k + lhCijk + liChjk + ljChik + lkChij , (5.1)

where

Chijk|k =
∂Chij

∂yk
− CrijC

r
hk − ChrjC

r
ik − ChirC

r
jk. (5.2)

To find the T−tensor of F ∗n, first of all we find

C∗
hij ||k =

∂C∗
hij

∂yk
− C∗

rijC
∗r
hk − C∗

hrjC
∗r
ik − C∗

hirC
∗r
jk ,

where || denotes v−covariant derivative in F ∗n. The derivatives of mi and hij with respect to

yk are given by

∂̇kmi = − β

L2
hik − 1

L
limk,

∂̇k(hij) = 2Cijk − 1

L
(lihjk + ljhki).

(5.3)

From (2.7), (2.8), (2.9) and (5.3), we get

∂C∗
hij

∂yk
=
ff1
L

∂Chij

∂yk
+
p

L
(Chijmk + Cijkmh + Cjhkmi + Cihkmj)

− pβ

2L3
(hijhhk + hhjhik + hihhjk) +

p

2L2
(hjklhmi + hhkljmi

+ hhklimj + hiklhmj + hjklimh + hikljmh + hij lhmk + hhj limk

+ hihljmk + hij lkmh + hjhlkmi + hhilkmj) −
βq

2
(hijmhmk

+ hjhmimk + hhimjmk + hikmjmh + hjkmimh + hhkmimj)

− qL

2
(limjmhmk + ljmhmimk + lhmimjmk + lkmimjmh)

+
L2

2
(4f2ω2 + 3L2ω2 + fω22)mimjmhmk.

(5.4)



The β−Change of Special Finsler Spaces 85

From equation (2.9), (2.10), (2.11) and (2.12), we have

C∗
rij C

∗r
hk =

ff1
L
CrijC

r
hk +

p

2L
(Chjkmi + Chikmj + Chijmk

+ Cijkmh) +
f1p

2Lt
(C.ijhhk + C.hkhij) −

ff1L
2ω

t
C.ijC.hk

+
p2△
4fLt

hijhhk +
L2(qf1 − 2pω)

2t
(C.ijmhmk + C.hkmimj)

+
p(p+ L3q△)

4Lft
(hijmkmh + hhkmimj) +

p2

4Lff1
(hijmkmh

+ hhkmimj + hjkmimk + hjkmimh + hihmjmk + hikmjmh)

+
L2{2pqt+ (qf1 − 2pω)(2p+ L3q△)}

4ff1t
mimjmhmk.

(5.5)

From equation (5.4) and (5.5), we get

C∗
hij ||k =

ff1
L
Chij |k − p

2L
(Chijmk + Cijkmh + Chjkmi + Cihkmj)

− p(2fβt+ L2p△)

4fL3t
(hijhhk + hhjhik + hihhjk) −

(

βq

2

+
f1p

2 + f1L
3pq△ + 3p2

4Lff1t

)

(hijmkmh + hhkmimj + hjhmimk

+ hikmjmh + hhimjmk + hjkmimh) − p

2L2

{

lh(hjkmi

+ hijmk + hikmj) + lj(hhkmi + hikmh + hihmk) + li(hhkmj

+ hjkmh + hhjmk) + lk(hijmh + hjhmi + hhimj)
}

− qL

2
(limjmhmk

+ ljmhmimk + lhmimjmk + lkmimjmh) − f1p

2Lt
(C.ijhhk + C.hjhik

+ C.hkhij + C.ikhhj + C.hihjk + C.jkhhi) +
ff1L

2ω

t
(C.ijC.hk

+ C.hjC.ik + C.hiC.jk) − L2(qf1 − 2pω)

2t
(C.ijmkmh + C.hkmimj

+ C.hjmimk + C.ikmjmh + C.himjmk + C.jkmhmi)

(5.6)

+

[

L2

2
(4f2ω2 + 3L2ω2 + fω22)

−3L2{2pqt+ (qf1 − 2pω)(2p+ L3q△)}
4ff1t

]

mimjmhmk.

Using equations (2.2), (2.9) and (5.6), we get the following relation between T−tensors of
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Finsler spaces Fn and F ∗n:

T ∗
hijk =

f2f1
L2

Thijk +
f(f1f2 + fβLω)

2L
(Chijmk + Cijkmh + Chjkmi

+ Cihkmj) +
f2L2f1ω

t
(C.ijC.hk + C.hjC.ik + C.hiC.jk) − ff1p

2Lt

(C.ijhhk + C.hkhij + C.hjhik + C.ikhhj + C.hihjk + C.jkhhi)

− fL2(qf1 − 2pω)

2t
(C.ijmkmh + C.hkmimj + C.hjmimk

+ C.ikmjmh + C.himjmk + C.jkmhmi) −
p(2fβt+ L2p△)

4L3t
(hijhhk

+ hhjhik + hihhjk) −
(

fβq

2
+
f1p

2 + f1L
3pq△ + 3p2

4Lf1t
− pf2

L

)

(hijmkmh + hhkmimj + hjhmimk + hikmjmh + hhimjmk

+ hjkmimh) +

[

fL2

2
(4f2ω2 + 3L2ω2 + fω22) +

4L2f2q

2

− 3L2{2pqt+ (qf1 − 2pω)(2p+ L3q△)}
4f1t

]

mimjmhmk.

(5.7)

If bi is a concurrent vector field in Fn, then C.ij = 0. Therefore from (5.7), we have

T ∗
hijk =

f2f1
L2

Thijk − p(2fβt+ L2p△)

4L3t
(hijhhk + hhjhik + hihhjk)

−
(

fβq

2
+
f1p

2 + f1L
3pq△ + 3p2

4Lf1t
− pf2

L

)

(hijmkmh + hhkmimj + hjhmimk + hikmjmh + hhimjmk

+ hjkmimh) +

[

fL2

2
(4f2ω2 + 3L2ω2 + fω22) +

4L2f2q

2

− 3L2{2pqt+ (qf1 − 2pω)(2p+ L3q△)}
4f1t

]

mimjmhmk.

(5.8)

If bi is a concurrent vector field in Fn, with vanishing T−tensor then T−tensor of F ∗n is

given by

T ∗
hijk = −p(2fβt+ L2p△)

4L3t
(hijhhk + hhjhik + hihhjk)

−
(

fβq

2
+
f1p

2 + f1L
3pq△ + 3p2

4Lf1t
− pf2

L

)

(hijmkmh + hhkmimj + hjhmimk + hikmjmh + hhimjmk

+ hjkmimh) +

[

fL2

2
(4f2ω2 + 3L2ω2 + fω22) +

4L2f2q

2

− 3L2{2pqt+ (qf1 − 2pω)(2p+ L3q△)}
4f1t

]

mimjmhmk.

(5.9)
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