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Abstract: The energy of a signed graph X is defined as ¢(3¥) = Y I, |\i], where
A1, A2, -+, Ap are the eigenvalues of ¥. In this paper, we study the spectra and energy
of a class of signed graphs which satisfy pairing property. We show that it is possible to
compare the energies of a pair of bipartite and non-bipartite signed graphs on n vertices
by defining quasi-order relation in such a way that the energy is increasing. Further, we
extend the notion of extended double cover of graphs to signed graphs to find the spectra
of unbalanced signed bipartite graphs and also we construct non-cospectral equienergetic

signed bipartite graphs.
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81. Introduction

A signed graph is an ordered pair ¥ = (G,0), where G is the underlying graph of ¥ and
o: E — {+1,—1}, called signing (or a signature), is a function from the edge set E(G) of
G into the set {+1,—1}. It is said to be homogeneous if its edges are all positive or negative
otherwise heterogeneous, and a Smarandachely signed if ey —e_| > 1, where ey, e_ are
numbers of edges signed by +1 or —1 in E(G), respectively. Negation of a signed graph is the
same graph with all signs reversed. In figure, we denote positive edges with solid lines and
negative edges with dotted lines.

The adjacency matrix of a signed graph is the square matrix A(X) = (a;;) where (7, j) entry
is +1if o(v;v;) = +1 and —1if o(v;v;) = —1, 0 otherwise. The characteristic polynomial of the
signed graph ¥ is defined as ®(X : A) = det(A] — A(X)), where I is an identity matrix of order
n. The roots of the characteristic equation ®(X : \) = 0, denoted by A1, A2, -+, A, are called
the eigenvalues of signed graph . If the distinct eigenvalues of A(X) are Ay > A2 > -+ > A,

and their multiplicities are my, mo, -+, m, then the spectrum of ¥ is
A Ao oA
Spec(X) = ! ? "
mip Mo ... ... Mp
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Two signed graphs are cospectral if they have the same spectrum. The spectral criterion

for balance in signed graph is given by B. D. Acharya as follows:

Theorem 1.1([1]) A signed graph is balanced if and only if it is cospectral with the underlying
graph. i.e. Spec(X) = Spec(G).

The sign of a cycle in a signed graph is the product of the signs of its edges. Thus a cycle
is positive if and only if it contains an even number of negative edges. A signed graph is said
to be balanced if all of its cycles are positive otherwise unbalanced.

In a signed graph ¥, the degree of a vertex v is defined as sdeg(v) = d(v) = ds (v) +dy (v),
where d; (v)(dg (v)) is the number of positive(negative) edges incident with v. It is said to be
regular if all its vertices have same degree. The net degree of a vertex v of a signed graph ¥
is di (v) = df;(v) — dg (v). Tt is said to be net-regular of degree k if all its vertices have same
net-degree equal to k.

Spectra of graphs is well documented in [5] and signed graphs is discussed in [7, 8, 9, 11].
For standard terminology and notations in graph theory we follow D. B. West [15] and for
signed graphs we follow T. Zaslavsky [16].

If A, A2, , A, are the eigenvalues of X, then e(X) = >°" ; |[A\;|. Two signed graphs 3,
and Yo are said to be equienergetic if £(X1) = e(33). Naturally, cospectral signed graphs are
equienergetic. Equienergetic signed graphs are constructed in [3, 13].

The cartesian product X; X 3o of two signed graphs 31 = (V1, F1,01) and 3o = (Va, Fa, 02)
is defined as the signed graph (V4 xVa, E, o) where the edge set E is that of the Cartesian product
of the underlying unsigned graphs and the signature function o for the labeling of the edges is
defined by

oo ups = 4 T
o2(vj,vp), ifi=k

The Kronecker product of ¥ @ 32 of two signed graphs ¥ = (V4,Eq,01) and Yo =
(Va, Ea,09) is the signed graph (V3 x Vi, E, o) where the edge set E is that of the Kronecker
product of the underlying unsigned graphs and the signature function o for the labeling of the
edges is defined by o((ui, vj)(uk, v1)) = o1(us, ug)oz2(vs, vy).

Generally, quasi-order relation is used to compare the energies of bipartite graphs. In this
paper, we use quasi-order method to compare the energies of two signed graphs of order n which
are bipartite and unbalanced non-bipartite signed graphs. Fundamental question in the energy
theory is to find the maximal and minimal energy graphs over a significant class of graphs. It
is natural to find for signed graphs also. Here we give maximum energy signed graphs which
belong to the class of pairing property. Further, we study the spectra and energy of extended
double cover (EDC) of signed graphs and also construct non-cospectral equienergetic signed

bipartite graphs.

§2. Energy of Signed Graphs in A,

A graph G is a bipartite graph if and only if \; = =X, 114, for 1 <i < %(n — 1). This result
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is known as pairing theorem by Coulson and Rushbrooke [6]. But non-bipartite signed graphs
also satisfy pairing property and examples are given in [3]. The class of signed graphs satisfying

pairing property we denote it as A,,.

The following result is given by Bhat and Pirzada in [3] which gives the spectral criterion
of signed graphs on A,,.

Theorem 2.1 Let ¥ be a signed graph of order m which satisfies the pairing property. Then

the following statements are equivalent:

(1) spectrum of ¥ is symmetric about the origin;

n
2

(2) @s(N) = A" + > (=1)Fbor A" 2k where by, are mon-negative integers for all k =
k=1

1727"' ) L%J)
(3) X and —X are cospectral, where —X. is the signed graph obtained by negating sign of
each edge of ..

’_
[I—

Now it is possible to define a quasi-order relation over A,, in such a way that the energy is
increasing. Note that A,, consists of signed bipartite as well as unbalanced non-bipartite signed

graphs which satisfy pairing property.

Definition 2.2 Let 31 and Yo be two signed graphs of order n in A,. From Theorem 2.1 we

can exrpress

13]
Pu(A) = A"+ ) (=1)Fby A" 2F

0|3

k=1
where boy, are mon-negative integers for all k = 1,2, -, {%J If bar(21) < boi(32) for all k
where 1 < k < {%J then we can write $1 < Ya. Further, if bap(X1) < bor(B2) for all k where

1<k< L%J then we write 31 < Xo. Hence
21 = 22 = 5(21) < 5(22),

Y1 <Y => E(El) < 6(22),

which implies that the energy is increasing in a quasi order relation over A,,.

In [13], it is shown that Coulson’s Integral formula remains valid for signed graphs also.

Theorem 2.3([13]) If X is a signed graph then the energy of signed graph ¥ is

+oo iAG (i
CRY

Following result is the consequence of Coulson’s Integral formula for signed graphs.
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Corollary 2.4 Let X be a signed graph. Then

(%) = 1 /+OO %ln [A’“¢z(§)] dA.

— 00

Theorem 2.5 Let ¥ € A,,. Then the energy of a signed graph can be expressed as

1 [t 1 oh
(X)) == =i 1+Z Vbor(Z)AZF | dA.

T™J -0

and if ¥1,%9 € A, and X1 < X then e(X1) < e(X2).

Proof Coulson’s Integral formula can be expressed as

Since ¥ € A,,, from Theorem 2.1 we can deduce

bx (%) = (/Z\—Z) 1+ Z )*bar(Z) A%

and substituting in the above expression, we get

. [ Kl
(X)) = %/_Oo %ln i"(1+;(—1)’“b%(2)/\2’f) d\
1/+m L _1+%( Voo (Z)NZF | dA
= = in 2k
T ) oo A Pt

But % p-v. f7 )\—l n[i"]dA = 0 where p.v. is the principal value of Cauchy’s integral.

Hence (X) is a monotonically increasing function on the coefficients of bax(X). m

Now the question is which signed graphs are having maximum signed energy in A,.

Theorem 2.6([14]) Let X be a signed graph with n vertices and m edges, then

V2m -+ n(n — 1)] det(A(S)) P/ < £(5) < V2mn.

Corollary 2.7 £(X) = v/2mn = ny/7 if and only if 27X = (£)2 = rl,,, where r is the mazimum
degree of ¥ and I, is the identity matriz of order n.

Proof Notice that £(X) = n+/7r if and only if there exists a constant ¢ such that |\;|> = ¢ for
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all i and ¥ is an r-regular signed graph. Hence equality holds if and only if £7% = (¥)2 = tI
and t =r. |

The following two examples are given by the present author in [12, 14].

Example 2.8 Following unbalanced signed cycle, we denote it as (C ).

U1 7U2

V4 JI-’Ug

Fig.1 Signed cycle with maximum signed energy

0 1 0 1

_ 1 0 -1 0
A(C4 ) = L o0 1
1 0 1 0

The characteristic polynomial is ¢(C; ) = A* —4\? +4 and Spec (C; )={(v/2)2, (—V2)?}€
A,. Hence £(C; ) = 4v/2 = ny/7.

Example 2.9 Following unbalanced signed complete graph, we denote it as (Kg ).

Fig.2 Signed Complete graph with maximum signed energy

0 1 1 -1 1 -1
1 0 1 1 -1 -1
AKD) = 1 1 0o -1 -1 1
-1 1 -1 0 -1 -1
1 -1 -1 -1 0 -1
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which is a symmetric conference matrix having the characteristic polynomial ¢(Kz) = N> —
1503 + 75\ — 125 and Spec A(K; )={(V/5)%,(=v5)3}€ A,. The signed energy of e(K; ) =
6v/5 = ny/r.

Lemma 2.10([3, 8]) Let X1 and 3o be two signed graphs with eigenvalues A1, Aa, -+, A\p, and
M1y 2,005 g - Then

(1) the eigenvalues of £1 X ¥g = X\j + pj, for alli=1,2,--- ,n1,j =1,2,--- ,ng;

(2) the eigenvalues of X1 Q Xo = Aipj, foralli =1,2,--- ny,j =1,2,--- ,ng.

Theorem 2.11 There exists an infinite family of signed graphs having mazimum signed enerqy
m A,

Proof Let X1,%5 be two signed graphs in A,, with orders n; and ns having maximum
energies n1./71, N24/T2 respectively. The Kronecker product of ¥; Q) o is a symmetric matrix
of order niny. From Lemma 2.10, 31 Q) Y2 has maximum energy ning./rirs. O

Here we note that maximum energy signed graphs belong to the class of A,,.

83. Spectra of Signed Biparitite Graphs in A,,.

In [2], N. Alon introduced the concept of extended double cover of a graph. Here we extend this
notion to signed graphs in order to establish the spectrum of various signed bipartite graphs.

The ordinary spectrum of EDC of graph is given by Z. Chen in [4].

Lemma 3.1([4]) Let A\, Az, -+, Ay be the eignenvalues of the graph G. Then the eigenvalues
of extended double cover of graph are £(A1 +1),£(Xa+ 1), -+, £(Ay +1).

Now we define extended double cover of signed graph ¥ as follows:

Definition 3.2 Let ¥ be a signed graph with vertex set {vi,ve, - ,v,}. Let ¥* be a signed
bipartite graph with V(X*) = {v1,ve, -+ ,Up,u1,us, -+ ,Un } where,

1) v; is adjacent to u; and either o(viu;) = +1 or o(vu;) = —1;
2) v; is adjacent to u; if v; is adjacent to v; in X;

3) o(vius) = +1 if o(vv;) = +1 and o(viu,) = —1 if o(vv;) = —1.
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us

Fig.3 Extended double covers of signed graph X.

Then ¥* is known as extended double cover of signed graph of signed graph ¥ and in short we
write it as EDC of ¥. Since we get two EDCs of signed graph, we denote it as X7 if o(v;u;) = +1
and 33 if o(vu;) = —1.

We need the following Lemma from [10] for further investigation.

Ay A
Lemma 3.3([10]) Let A = AO Al be a symmetric 2 X 2 block matriz. Then the
1 Ao

spectrum of A is the union of the spectra of Ag + A1 and Ag — Ay.

The following Lemma gives the relation between the spectrum of a signed graph and its
EDC of signed graph.

Lemma 3.4 Let A1, A2, -+, A\, be the eigenvalues of a signed graph then the spectrum of EDCs
of signed graph is

(1) Spee(=D) = { £ +1). Qo +1), - £ +1D) |
(2) Spec(zz) = { :I:(Al - 1)5 i(AQ - 1)5 e 7:|:(An - 1) }
Proof Let the adjacency matrix of the signed graph ¥ be A. Then the adjacency matrix of
. . 0 A+1 0 A-1T i . .
EDC of signed graph of X is or , where [ is an identity
A+1 0 A-1T 0

matrix.
From Lemma 3.3, it is clear that the eigenvalues of ¥* are +(\; + 1) if o(v;u;) = +1 and
+(\; — 1) if o(v;u;) = —1 for each eigenvalue X of X. |

Theorem 3.5 Let ¥ be a connected signed graph. Then X7, X5 and (X x K3) are co-spectral
if and only if ¥ belongs to the class of A,.

Proof Let A1, Aa,---, A, be the eigenvalues of a signed graph ¥ then
@) Spee(®) = { £u+1), £Oo+1), - EOa+1) }
@) Spee(z3) = { £ —1). £Oe—1), - QA1) |
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(iii) Spee(Sx Ko) = { (M £1), (1), ... (n£D) }
So, Spec(X%) = Spec(Xs) = Spec(X x K3) if and only if \; = —Xpq1-4, fori=1,2,--- n.
Hence the proof. O

Now we give spectra of various signed bipartite graphs.

Proposition 3.6 Let (P,)} and (P,)3 be the extended double covers of signed path P,. Then
the spectrum is
+(2cos =t + 1)

(1) Spee(P)i = nH Cimleen
n

+(2cos-Tt — 1
@ Spee(p)s = [ FEOWTTD ) iog
n
Remark 3.7 If ¥ is a signed path then EDCs of signed paths are balanced. Hence EDCs of
signed paths are having same energy as underlying graph.

Proposition 3.8 Let C;f (C,) be the positive(negative) signed cycles on C,,. Then the spectrum
of EDCs are respectively

(1) If n is odd, then Spec(C;)i = [£(2c0s2Z +1),i=1,2,--- ,n] and Spec(C}); =
[1(2005% —-1),i=1,2,--- ,n} ;

(2) Ifn is even, then (i)Spec(C, )i = [i(2cosw +1),i=1,2,--- ,n} and Spec(C,,); =
[1(2005% —-1),i=1,2,--- ,n].
If the signed graph is +K,, then EDCs of + K, are (K,,)} = + K, and (K,)5. Spec(K,, »)

= {#£n,0?"~?}. Following result gives the spectrum of (K, )3 which is an unbalanced net-regular

signed complete bipartite graph.
Proposition 3.9 Let (K,)5 be the EDC of +K,,. Then the spectrum of (Ky)5 is

. 2k k2
Spec(Ky,)5 = ,
n—1 1 1 n—-1

where k = d*(K,)5 =n — 2.
Remark 3.10 From above Proposition 3.9, e(K,)5 = 2(3n — 8).

Theorem 3.11([13]) The spectrum of heterogeneous unbalanced signed complete graph (K°")

18

5—n 14 4cos(2x
Spec(K") = &) ,i=1,--- ,n—1
1 1

where (K') is a net reqular signed complete graph defined on +K,.
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Proposition 3.12 If (K“'); and (K"'); are the net-reqular signed complete bipartite graphs
of EDCs of K'®*. Then the spectrum is

(1)
+k (2 + 4 cos(2Z
Spec(K); = ( ) ,i=1,---,(n—-1),
1 n—1
where k = (6 —n) gives net reqularity of (Kt);.
(2)
+k  £(1+ 4cos(EL))
1 n—1

Spec(K")5 =

where k = (4 —n) gives net reqularity of (K"")3.

From the above Propositions, we are having the following result.

Theorem 3.13 EDCSs of signed graphs are net-regular if and only if signed graph ¥ is net-

regular.

§84. Equienergetic Signed Graphs in A,

Here we construct equienergetic signed bipartite graphs on 4n vertices which are non-cospectral

and equienergetic.

Theorem 4.1 There ezists a pair of non-cospectral equienergetic signed bipartite graphs on 4n

vertices where n is odd and n > 3.

Proof Let X be a signed cycle of order n and of odd length with eigenvalues A1, Aa, -+, Ay
and let the extended double covers of signed graph ¥ be X7 and X3.

Case 1. If ¥ is balanced then

2 N

Spec(¥) = ,i=1,---,n—1.
1 n-1
By Lemma 3.4,

£3 +(N+1) )

Spec(X7) = ,i=1,--- ,n—1.
1 n—1

and

+1 +(\—1

Spec(X3) = ( ) ,i=1,---,n—1.
1 n—1

Hence X7 and X35 are non-cospectral bipartite signed graphs on 2n vertices where n is odd
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and X7 is balanced and X3 is unbalanced.

Further, let Hy, H> and K7, K5 be second iterated extended double cover signed graphs of
37 and X3 respectively. By Theorem 3.5, Spec Hy = Spec Hy and Spec K1= Spec K. Let
Spec S = Spec H; = Spec Hy and Spec T= Spec K; = Spec Ks.

+(4) £2) £(EXi+1)+1)

Spec(S) = ,i=1,--- ,n—1.
11 2(n — 1)
and
+(2) £(0) £(£(N -1 1
Spec(T) = @ ) (3 )+1) ,i=1,--- ,n—1.
11 2(n — 1)

Hence S = (X7)* and T = (X%)* are non-cospectral bipartite signed graphs on 4n vertices

where n is odd.
n—1

e(S) =2[4+2+> [N +1)+1],

saj:2p+o+githr—n+1n

i=1
If £(S) = &(T) then 4 = Z?:_llﬂ +(N -1 +1]—]£(N+1)+1]), then we know that
n—1

4= (12 = Ml + il = [ +2 = ),
i=1

n—1

4= "(h—2[— A +2)).

i=1
Since ¥ is a balanced signed cycle \; = 2003%, i=1,---,n—1,
n—1

4= Z(|20059i — 2| — |2cos; + 2|),
i=1

Since S0 A\ = —2, 50 £(S) = (7).

Case 2. If ¥ is unbalanced then

Spec(X) = yi=1,---,n—1.
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By Lemma 3.4,
+1 £\ +1
Spec(X7) = ( ) ,i=1,--- ,n—1.
1 n—1
and
+3 £\ -1
Spec(X3) = ( ) ,i=1,--- ,n—1.
1 n—1
By a similar argument as in Case 1, we get €(S) = (T"). Hence the proof. O

Example 4.2 Consider the signed graphs ¥} and 33 as shown in Fig.3. By Lemma 3.4, the

characteristic polynomials of ¥] and X5 are
#(B7) = (A +2°(A=2*A+ 1A - 1)
¢(23) = X (A +3)(A - 3)
The characteristic polynomials of (¥])*and (33)* are
G(B7)" = NXA+1)?*A=1)*A+3)*(A = 3)*(A +2)(\ - 2),
p(E3) =M+ D' A -D* A+ )N - DA +2)(A—2).
Hence Spec(X3)* # Spec(X3)* but e(X7)* = e(X3)* = 20.
Another example of equienergetic signed bipartite graphs on 4n vertices is given below.

Example 4.3 Consider the signed graphs ¥ and X3 as shown in Fig.3. By Lemma 2.10, the
characteristic polynomials of (X7 x K») and (X3 x K») are

P(E] x K2) = NN+ 12N = 1)°(A +3)*(A = 3)) (A + 2)(A — 2),
(25 x Ka) = A+ 1A = DA+ 4)(A — 4) (A +2)(A — 2).
Hence Spec(Xf x Ka) # Spec(Eh x K3) but (X% x K3) = (X5 x K») = 20.
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