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§1. Introduction

In 1971 Matsumoto [5] introduced the transformation of Finsler metric
L(z,y) — L(z,y) + biy’ (1.1)

and obtain the relation between the imbedding class numbers of a tangent Riemannian spaces
to (M™, L) and a Finsler space (M™, L) which is obtained by the transformation of the Finsler
metric L by the relation given by in the equation (1.1). Since a concurrent vector field is a func-
tion of (z) i.e., position only, assuming b;(x) as a concurrent vector field, Matsumoto [6] studied
the R3-likeness of Finsler spaces (M™, L) and (M™, L). Singh and Prasad [14,11] generalized
the concept of concurrent vector field and introduced the semi-parallel and concircular vector
fields which are functions of (x) only. Assuming b;(z) as a concicular vector field, Prasad, Singh
and Singh [11] studied the R3-likeness of (M™, L) and (M™, L).

If L(z,y) is a metric function of Riemannian space then L(z,y) reduces to the metric
function of Rander’s space. Such a Finsler metric was first introduced by G. Randers [13]from
the standpoint of general theory of relativity and applied to the theory of the electron microscope
by R. S. Ingarden [3] who first named it us Randers space. The geometrical properties of this
space have been studied by various workers [2, 7, 9, 12, 15].. In 1970 Numata [10] has studied
the properties of (M™, L) which is obtained from Minkowski space (M", L) by transformation
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(1.1). In all those works the function b;(z) are assumed to be functions of (x) only.

In 1980, Izumi [4] while studying the conformal transformation of Finsler spaces, introduced
the h-vector b; which is v-covariantly constant with respect to Cartan’s connection CT' and
satisfies the relation

LCliby, = phi

Thus the h-vector b; is not only a function of (x) but it is also a function of directional arguments
satisfying L('?jbi = ph;;. The purpose of the present paper is to obtain the relation between
imbedding class numbers of tangent Riemannian spaces to (M™, L) and (M™, L*) where L*(x,

y) is obtained from the transformation of L(x, y) is given by

L*(x,y) — L(z,y) + B(z,y), (1.2)

where 3(z,y) = bi(x,y)y’, i.e. bi(x,y) is the function of position and direction both.

§2. An h-Vector in (M™, L)

Let b; be a vector field in the Finsler space (M™, L). If b;(z,y) satisfies the conditions
bil; =0, (2.1)

LClby, = phij, (2.2)

then the vector field b; is called an h-vector [4]. Here |; denotes the v-covariant derivative with
respect to y* in the case of Cartan’s connection CT, Clhj is the cartan’s C-tensor, h;; is the

angular metric tensor and p is given by

LC;

P (2.3)

where C7 is the torsion tensor given by C?; g7%.

Lemma 2.1([4]) If b; is an h-vector then the function p and are independent of y.

Since The v-covariant derivation of b = ¢%b;b; and the fact that ¢*/ is v-covariantly
constant yield
bOb = g bib; |-

In the view of (2.1) we have
b = 0.

Thus we have

Lemma 2.2 The magnitude b of an h-vector is independent of y.

From (2.1), Ricci identity [8] and the fact that Sipj, = gnrSiy is skew-symmetric in h and
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7 we have
bilj |k — bilkl; = —Sibn = 0.

Thus we have

Lemma 2.3 For an h-vector b; we have S’hijkbh = 0, where Shsji are components of v-curvature

tensor of Cartan’s connection CT.

The concept of concurrent vector field in (M™, L) has been introduced by Tachibana [16]
and its properties have been studied by Matsumoto [6]. A vector field b; in (M™, L) is said to

be concurrent if it satisfies the condition (2.1) and

bijj = =945 (24)

where |; denotes h-covariant differentiation with respect to x% in the sense of Cartan’s connection

CT.
Applying Ricci Identity [8]

biljlk = bilr; = —bn Pl — biinCli — biln Py,
and using (2.1) and (2.4) we have
Pi];‘kbh + Cijk =0.

Since Pim i = gthi’;k is skew-symmetric in 7 and m, contraction of above equation with

b’ = g'b; gives Ci;ib' = 0. Hence we have the following

Lemma 2.4 An h-vector b; with p # 0 is not a concurrent vector field.

83. Properties of the h-Randers Finsler Space

Let b; be an h-vector in the Finsler space (M™, L) and (M™, L*) be another Finsler space whose
fundamental function L*(x,y) is given by (1.2).

Since b; is an h-vector, from (2.1) and (2.2), we get
8jb1 = Lilphij, (31)
which after using the indicatory property of h;; yields (%ﬂ =b;.

Definition 3.1 Let M™ be an n-dimensional differentiable manifold and F™ be a Finsler space
equipped with a fundamental function L(z,y), (y* = @*) of M™. A change in the fundamental
function L by the equation (1.2) on the same manifold M™ is called h-Randers change. A space

equipped with fundamental metric L* is called h-Randers changed Finsler space F*™.
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Now differentiating (1.2) with respect to y* we have
l:-‘ =1; + b;, (3.2)

where l; = §;L is the normalized supporting element in (M™, L) and I} = d;L* is the normalized
element of support in (M™, L*). The quantities of (M™, L*) will be denoted by starred letter.
Now differentiating (3.2) with respect to y’ then the angular metric tensor hi; = (’%lf is given
by

hi; = ohij, (3.3)

where 0 = LL™1(1 + p). Hence we have
95 = 09i5 + (1 — o)l + (Libj + 1;bi) + biby. (3.4)

From (3.4) the relation between the contravariant components of the fundamental tensors

can be derived as follows
g =0t — (14 p*)o 3 (1 = b* — o)l — (1 + p)o 2(I'Y + 17bY), (3.5)
where b is the magnitude of the vector b;.

From the lemma (2.1) and (3.2) we have

l;. (3.7)

p
i=bi——
" L
Now differentiating (3.3) with respect to * (3.2), (3.6), (3.3) and the fact

3khij = 2Cijk - L_l(hiklj + hjkli)a

we have B h h
* i Mk kT kiTlj
Ciie = 0Cijn + (1 + p)— J2L L. (3.8)

From the definition of m;, it is evident that

(a) m;l?, (b) m;bt = b? — g—z =m'm, (3.9)

(C) hijmi = hijbi = my, (d) Cgmh = L_lphij. '
From (2.1), (3.5), (3.8) and (3.9) we have

o - (hijmT + h;’I”I’LZ + h:m]) 1
¢ = O+ 5L - E[{P
L 32 L ,
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Proposition 3.1 Let F*™ = (M™,L*) be an n-dimensional Finsler space obtained from the
h-Randers change of the Finsler space F™ = (M™, L), then the normalized supporting element
l¥, angular metric tensor hj;, fundamental metric tensor g;; and (h)hv-torsion tensor Chik of

F*" are given by (3.2), (3.3), (3.4) and (3.8) respectively.

Proposition 3.2 Let F*™ = (M™, L*) be an n-dimensional Finsler space obtained from the
h-Randers change of the Finsler space F™ = (M™, L), then the reciprocal of the fundamental
metric tensor g;; is given by (3.5).

The curvature tensor Sp;ji of (M™, L*) is given by
Sltijk = Oltkmci*jm - O;{jm :km (3-11)
From the equation (3.8) and (3.10), we have

(1+p)
2L
(1+p)
4LL*
+2hpmimg + higmgmy, + hipmgmy, + hjpmgmy,

—I—hjhmimk}, (3.12)

C;;kmC;*jm = aOhkmC{? + Ozhijhhk + {C’ijkmh + Chjkmi

+Chikmj + Chijmy} + {2h;;mpmy,

where a = % 2 (b% - g—z) Thus from (3.11) we have

Shijk = 0Shijk + hijdnk + hardi; — higdjn — hnjdir, (3.13)

1
where dij = %hij + J—Lﬂmlm]

If we define the tensor A;; and B;; as

hi; +d;; hii —d;;
Ai‘ _ My 1] , B1 _ ) , 3.14
J \/5 J \/5 ( )
then S,tijk is written as
Shiji = 0Shijk — (AnjAix — AnrAij) + (BnjBir, — BniBij)- (3.15)

Thus we have

Proposition 3.3 Let F** = (M™, L*) be an n-dimensional Finsler space obtained from the
h-Randers change of the Finsler space F™ = (M™, L), then the curvature tensor S,tijk 18 given
by (3.15).

If |; denotes v-covariant differentiation with respect to y7 in (M™, L*) then we have

(hijli = hil;)

hijle — hixlj = 7 ; (3.16)
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(mily —myl;)

mi|j - mj|i = 7 y (317)
diily — digl;
dij|k—dik|j:7( JkL kj). (3.18)
Hence from (3.14), (3.16) and (3.18), we get
(Bijlk — Bikly)
Aijle — Airlj = —7 (3.19)
Al — Akl
Bijlk — Bikl; = (Aighe — Auly) (3.20)

L
§4. Imbedding Class Numbers of Tangent Riemannian Space to (M", L) and (M™, L*)

The tangent vector space M to M™ at every point z is regarded as n-dimensional Riemannian
space (M}, g,) with Riemannian metric g, = gij(z,y)dy’dy’. Thus the component C; of
Cartan’s C-tensor are the Christoffel symbols associated with g, i.e.

i1 : :
ik =39 "(-O0kgjn + O;gnk + Ongjn)-

Hence C;k defines the Riemannian connection on M. It is observed from the definition if Sz
that the curvature tensor of the Riemannian space (M}, g,) at a point . The space (M}, g;)

equipped with such a Riemannian connection will be called the tangent Riemannian space.

In the theory of Riemannian space, we know that any n-dimensional Riemannian space
V™ can be imbedded isometrically in a Euclidean space of dimension @ If n + r is the
lowest dimension of the Euclidean space in which V" is imbedded isometrically then the integer
r is called imbedding class number of V™. The fundamental theorem of isometric imbedding
[1] states that the tangent Riemannian n-space (MY, g,) is locally imbedded isometrically in

an Euclidean n + r space if and only if there exist » numbers, and A = +1, r symmetric tensor
r(r—1)
2

Hp);; and covariant vector fields Hpgy; = Higpyi, @ = 1,2,3,---,r satisfying the

Gauss equations,

Shijr = SigmaX py{ H pyn; H(pyir — Hpynk H(pyij }»

where summation is given over P.

The Codazzi equations
Hpyijlk = Hpyirlj = M@ {H @i Hopk — H@inH@r)s
where summation is given over (Q and Ricci-Kuhne equations

Hpqyili = Hpg)ili + EAm) {Hrp)iH (rQ);
—Hrp)Hipg)i} + 9" {HpyniH @)k — Hipynj HQywi} = 0-
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For a special case when (M7, g,) is of imbedding class 1, the above equations reduce to
Shijk = MHpjHir, — HpHij), (4.1)
Hijli — Hi|; = 0. (4.2)
Since Shijkyk =0, from (3.21), we have
HyjHyg — HpoH;; =0
contracting above equation by 3*, we have
HyjHoo — HpoHoj = 0,

which implies that Ho; = 0 or H;; = H&)thoHoj. In the latter case we get Spijr = 0. In the
theory of spaces of imbedding class 1, [17] introduced the concept of type number ¢, which is
the rank of matrix || H;; || provided to the rank is more than 1. If the rank is 0 or 1, then
S vanishes. Therefore if (M, g,) is of imbedding class 1, the second fundamental tensor H;;
satisfies H;;47 = 0 and thus the type number t is less than n.

Again by virtue of Lemma 2.3 and equation (4.1), we get
Hy;Hyy, — HypHijb" = 0.
From this equation we have
Hpb" Hyy, — Hpb" Hijb? = 0.
This gives

Hp b Hyj b7

Hyb" =0 Hiy, = 4
hk y Oor k H i

In the latter case Shijr = 0. Thus for an imbedding class 1, Hpib* = 0. Now we shall put

H(*l)ij = \/EHZ']‘, ET =£, (43)
H(*2)ij = Aij, g5 =—1, 4.4
H(*S)ij = Bij; E§ = 1, 4.5

then from (3.15) and (4.1), we get
S}tijk = EA*P{H(*P)th(*P)ik - H(*P)hhH(*P)ij}v

where summation is varies from P = 1,2,3. Thus the above equation is noting but Gauss
equation of (M, g*).
Now we put
H(*21)z' = _H(*lz)z‘ =0, (4.6)
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H(*sl)z‘ = _H(*13)z' =0, (4.7)
* * 1
H(32)i = _H(23)i = Zli (4.8)

and using (4.2), (4.3), (3.3), Lemma 2.1 and the fat that H;o = 0, we get
H(*l)ij|7€ - H(*l)ik|j =0. (4.9)
Again in view of (4.4), (4.5), (4.6), (4.7) and (4.8), equations (3.19) and (3.20) reduce to
Hayijle = Higyirli = ZAUH ()i H @2y — HigyinH (@2);1 4.10

Hgyigle = Higyirli = BAUH ()i Higay — HigyinH (@3)5} 411
where summation is varies from Q = 1,2, 3.

The equations (4.9), (4.10) and (4.11) are the Codazzi equations of (M7, g¥). Now we have

to verify Ricci-Kuhne equations, we have from (3.10),

lilj = L hijpp-—[{p+ L") 71 (0? = 75
from which we get [;|; — [;]; = 0. Hence from (4.10), we get
H(*sz)z‘|j - H(*zs)ﬂi =0,
which are the Ricci-Kuhne equations of (M7, g*) as
Thus from above we have

Theorem 4.1 Let F** = (M™,L*) be an n-dimensional Finsler space obtained from the h-
Randers change of the Finsler space F™ = (M™, L), then if the tangent Riemannian n-space
(M2, gs) to (M™, L) is of imbedding class 1, then the tangent Riemannian n-space (M}, g,) to
(M™,L*) is at most of imbedding class 3.
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