International J.Math. Combin. Vol.1(2017), 22-35

On Transformation and Summation Formulas for Some

Basic Hypergeometric Series

D.D.Somashekara!, S.L.Shalini? and K.N.Vidya!
1. Department of Studies in Mathematics, University of Mysore, Manasagangotri, Mysuru-570006, India
2. Department of Mathematics, Mysuru Royal Institute of Technology, Srirangapatna-571438, India

E-mail: dsomashekara@yahoo.com, shalinisl.maths@gmail.com, vidyaknagabhushan@gmail.com

Abstract: In this paper, we give an alternate and simple proofs for Sear’s three term
3¢2 transformation formula, Jackson’s 3¢2 transformation formula and for a nonterminating
form of the ¢-Saalschiitz sum by using g-exponential operator techniques. We also give
an alternate proof for a nonterminating form of the ¢-Vandermonde sum. We also obtain
some interesting special cases of all the three identities, some of which are analogous to the
identities stated by Ramanujan in his lost notebook.
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§1. Introduction

In 1951 Sears [15] has established the following useful three term transformation formula for

302 series.

Theorem 1.1

i a,b,c)n (ef )n _ (bye/a, fla,ef /bc)so o= (a,e/b, f/b)y
(g,e, f)n \abc (e, f,b/a,ef /abc)so = (q,aq/b,ef /bc),
4 (ae/b f/b ef/ac)e — _(be/a, fla)n .
(er frafbref fabe)on 2= Ta,bafaref fach

n=0

where |q] <1, i} <1 and as usual
abc

o0

(@)oo = (a5 9)o0 == [ [ (1 — ag™),
n=0
(@)oo . .

= (a;q)p i= ——— t
(@)n == (a;¢)n () n is an integer,
(&17 az,ag, - - 7am)n = (al)n(az)n(ag)n s (am)n, n s an integer or oo.
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Recently, Liu [9] has established (1.1) by parameter augmentation method. This formula
was used by Agarwal [1] to deduce an identity of Andrews [2, Thoerem 1] which was instrumental

in deriving sixteen partial theta function identities of Ramanujan found in his lost notebook
[4], [11].

The main objective of this paper is to give an alternate proof for (1.1) and to give proofs
for Jackson’s 3¢9 transformation formula and for a nonterminating form of the g-Saalschiitz
sum found in [5] by using g-exponential operator techniques. And also we give a simple proof
for a nonterminating form of the ¢-Vandermonde sum. Also we obtain a number of interesting

applications of these formulas.

We first list some definitions and identities that we use in the remainder of this paper. For
any function f, the g-difference operator Dy , is defined by

f(a) — f(aq)

a

Dga{f(a)} =

The g-shift operator 7, is defined by

na{f(a)} = f(ag)

and the operator 6, is given by
0o =n"'Dya.
The operator identity T'(bDg,q) [9] is defined by

oo

T(bDy.a) = Z qu’ (1.2)

n=0

and the basic identity for T'(bD,,,) operator is

T(bDW){( L }:( (absti )oe (1.3)

as, at; q)oo as, at, bs, bt; ¢) o

The Cauchy operator T'(a, b; Dy ) [6] is defined by

oo

T(a,b; Dy.c) o)™ (1.4)

The two basic identities for the Cauchy operator (1.4) are

. 1 _ (abt; @)oo
T(a,b; D) { (Ct;q)m} = Giag < (1.5)

T(a,b;Dw){ (cv; q)oo } B ((abs €V q) oo i a,cs,v/t), (1) (1.6)

(cs, ct; @)oo bs, cs, ct; q) oo o (g, cv, abs)y,
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The g-exponential operator R(bDy ) [7] is defined by

R(bDga) = Y Dy, (1.7)
= (@D
The two basic identities for R(bD, ,) are
1 (bt; @)oo
R(bD, . = 1.8
(Da.e) {(at;q)oo} (at: ¢)oo (18)
and
(GU;Q)OO o oo U/t b/a’ n
RbDae) { (at, as; q)oo )oo Z (¢,b5)n (at)" (19)

n=0

The g-binomial theorem [5, equation(I1.3), p.354] is given by

3 (@ n _ (a2)oo (1.10)
2 @7
Heine’s transformations for o¢q-series [5, equation(II1.1), (II1.2), p.359] is given by
3 (@ B _ 5’ o) Z (1.11)
— (¢ ) -
The Rogers-Fine identity [12, equation(12), p.576] is given by
= (a N 2 )
. (1.12)

The Sears’ transformation for g¢o-series [5, equation (111.9), p.359] is given by

3 de (/o 8¢/B7) 00~ (@, 6/8,6/)n [ €)™
g 8, €)n (045’7> — (e,0¢/aB7) 0o ng() (4,0,0¢/57)n (a) : (1.13)

The three-term ¢ transformation formula [5, equation (III1.31), p.363] is given by

T (@ B)n _n _ (@B2/7, 4/7)os Z 7/04 Vq/aBz)n (@)

(@M~ (@2/7, ¢/a) — (¢,vq/az)n v

n=0

__(Bua/rafes0z/a.¢/02)e S~ (06/7 50/ Dn
(’Y/‘Lﬁ‘ﬂ%Q/Oé,az/%'yq/ozz)oongo G2 (1.14)

The Jackson’s transformation [3, p. 526] is given by

oo

Z ((Z:f)):zn — O‘Z ) Z a 7/6 ( ) qn(nfl)/Q' (115)

(?)oo = (v,02,0)n

n=0
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The Ramanujan’s [10, Ch. 16] definition of the theta function is

f(a,b) = Z an D/ 2pnn=1)/2. lab| < 1.
The Jacobi’s triple product identity [8] is given by
s 2
> qv = (=2 -0/% ¢ "), 2 F0.

n=—oo

If we set ¢z = a,q/z = b in (1.17), we obtain

f(a,b) = (—a;ab)oo(—b; ab) oo (ab; ab) oo,

25

(1.16)

(1.17)

(1.18)

which is the Jacobi’s triple product identity in Ramanujan’s notation [10, Ch.16, entry 19]. It

follows from (1.16) and (1.18) that [10, Ch. 16, entry 22]

o _ N G P U I
Pl = Jlad —1+2;q (@ )(—0% )

— 3y _ - n(n+1)/2:m

¥(q) = f(a,4°) ;q G
Fa) = f-a.—a*) = D (1" 2 = (g:0)

and
X(@) = (—;6*) -
The Ramanujan’s functions are given by [4], [11]
Go(g) = (%04 (¢% %) = Y (=1)"¢* = p(—¢"),
Ho(q) = (0:6%)00 (%5 %) (0% ¢®)oe = > (=1)"¢*" 72" = f(~q,~¢")

and

J6(q) = (=3 0")oo (0% 0")oo (6% ¢*)oe = Y _ "/ = f(q.¢°).
n=0

§2. Main Theorems

In this section, we prove the main results.

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

Proof of Theorem 1.1. Setting « =b,8 =a/c,y = ¢b/c and z = ¢ in (1.14), we obtain
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= (b,a/c), o= (a,¢/b)co q/a n
,;) (@-a0/)n’ ~ (e /b Z ( )
(a/c,c/b,b)oo (c,a/b)n
~ (b/c,a/b,c) Z (q,qc/b)n (21)

On using g-binomial theorem for the first series on the right side of (2.1), we obtain

(bya/c)y a/c c/b,b)o (c;a/b)n . (a,¢/b)ss
Z qb/C (b/C G/b C)oo Z qc/b - (07 a/b)oo (22)

Divide the identity (2.2) throughout by (a/c, ¢/b,b)s to obtain

(@)oo - q"
(b,c,a/bya/c)ss (b, c/b Z “ (q, qb/c (ag™/¢) oo

o0

)nq
+ B 2 el bad 23)

Applying T'(d, e; Dg.q) to both the sides of the identity (2.3) and using (1.5) and (1.6), we
obtain

(a,de/b)o = (d,a/b,c), e\™ 1 = (D)n(deq™/¢)ooq™

(b,c,a/bya/c,e/b)so Z (¢,de/b,a), ( ) ~ (b,¢/b)oo = (g, qb/c)n(ag™/c,eq™/c) o
f S @uldeq/Da”

(€:b/¢)oc £ (4, q¢/b)n(ag™ /b, eq™ /b)oo

M

n=0

(2.4)

HM

Multiply the identity (2.4) throughout by (b, ¢,a/b,a/c,e/b)oo/(a,de/b)s to obtain

= (d, (d,a/b,c)n reN™ _ (c,a/be/b,de/c)s = (b,a/c,e/c)n
Z (g,de/b,a)n ( ) ~ (a,c/b,e/c,de/b) s — (q, qb/c,de/c)nq

(b,a/¢)so (c,a/b,e/b), n
(a,b/¢)oo Z (q,qc/b,de/b), 1 (2.5)

n=0

Change a to A, b to C, cto B, d to A/D and e to E in (2.5) to obtain

7;3 (Q7AaAE/CD)n <B>
_ (B,A/C,E/C,AE/BD)s ~~ (C,A/B,E/B),
" (AB/C,E/B,AE]CD)x ~ (q,Cq/B,AE/BD),"

(C.A/B)w S (B.A/C.E/C),
(4,C/B) 2= (¢, Bq/C, AE/CD),

n

q". (2.6)
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Setting « = B, 3= A/D, vy=A/C, 6§ = A and e = AE/CD in (1.13), using the resulting
identity on the left side of (2.6) and then multiplying the resulting identity throughout by
(E/B,AE/CD)x/(E,AE/BCD); change A to e, B to b, C to a, D to ¢ and E to f in the
resulting identity, we obtain (1.1). O

Remark 1. The identity (2.3) can be used to prove Lemma 2.1 of Somashekara, Narasimha
Murthy and Shalini [13], which played a key role in giving a unified approach to the proofs of

the reciprocity theorem of Ramanujan and its generalizations.

Remark 2. The identity (2.3) can also be used to prove Theorem 2.2 of Somashekara, Kim,
Kwon and Shalini [14], which played a key role in giving proofs for ten identities of Ramanujan

found in his lost notebook [4].

Theorem 2.1([5, equation II1.5, p. 359]) We have

s (a,b)n ,,  (abz/c)os > (a,e/b,0)n

2. T T 0200 & (aiccqfbe)n
(a,bz,¢/b)xo > (z,abz/c,0), 7
(¢,2,¢/b2)o0 = (q,b2,b2q/C)n

Proof Applying R(dDy,,) to both the sides of the identity (2.3) and using (1.8), (1.9), we
obtain

(d/c)os (b,d/a), fa\® 1 = (Dn(dg"/)es
(b,c,a/¢)00 Z (g,d/c)n ( ) (b, ¢/b)ss = (¢,bq/¢)n(aq™/ )

L 5y (@udg"/D)e
i (¢;b/¢)so z;) (q,cq/b)n(aqn/b)mq . (2.8)

Multiply the identity (2.8) throughout by (b, ¢,a/¢)s/(d/¢)s to obtain

= (b,d/a)n [N (€)oo - (b,a/c,0), n

2 (g,d/c)n (b)  (¢/b)o = (g,a/c,dfc)y
(bya/c,d/b)os ~= (c,a/b,0),
(a/bvb/cvd/c)oo "0 (unQ/bvd/b)n

q". (2.9)

Change a to az, b to a, ¢ to abz/c and d to abz in (2.9) to obtain (2.7). m

Theorem 2.2([5, equation I1.23, p. 356]) We have

= (a,b)n (¢/c,a,b)o0 > (aq/c,bq/c)n n_ (q/c,abq/c)ss 7
Z q + (¢/q,aq/c,bq/c)oo 7;3 (4, ¢%/)n qa = (ag/c,bg/c)m (2.97)

n=0



28 D.D.Somashekara, S.L.Shalini and K.N.Vidya

Proof Change lower case letters to upper case letters in (2.2) and then change B to a,
A/C to b and Bq/C to ¢ to obtain (2.9%). O

Theorem 2.3([5, equation I1.24, p. 356]) We have

(a,b,c)n (q/e,a,b,c,qf /€)oo (aq/e,bq/e,cq/e)n ,
Z @.e)n’ " (e/g,aqfe.baje,cale, ] ; (¢.¢%/e.af [
_ (q/e,f/a,f/b,f/c)oo
= (aafebafe.cafe, o’ (210

where ef = abcq.
Proof Divide (2.3) throughout by (a) to obtain
1 > (0)nq"
(b,c,a/bya/c)s (b, c/b g (q,qb/c)n(ag™/c,a)so
= (c)ng"

e b/c 2 G aelDlaq o) (2.11)

Applying T'(dDy,,) to both the sides of the identity (2.11) and using (1.3), we obtain

(ad/he)ec 3 (b)n(adq™ /) n
(b,c,a/b,afc,d/b,d/c)os (b c/b ; (q,bq/c)n(aq™/c,a,dgm/c,d)so q
3 (¢)n(adq" /b)oo .
" (Cv b/c)oo Z (q, C]C/b)n(aq”/b7 a, dq"/b, d)oo q . (2.12)

n=0

Multiply the identity (2.12) throughout by (a,b,d,a/c,c/b,d/c)so/(ad/c)oo to obtain

i (ba/c,d/c)ng”  (c/b,b,a/c,d/c,ad/b)ss ~= (c,a/b,d/b)nq"
= (q,bq/c,ad/c)n ~ (b/c,c,a/b,d[b,ad/c)sc = (q,qc/b,ad/b)n
_ (¢/b,ad/be,d, )
~ (c,a/b,d/b,ad/c)s

(2.13)

Change lower case letters to upper case letters in (2.13) and then change B to a, A/C to
b, D/C to ¢, Bq/C to e and AD/C to f to obtain (2.10). O

83. Some Applications of Main Results

In this section, we derive some interesting special cases of the main identities. These special
cases are found to be analogues to some identities of Ramanujan found in his lost notebook [4],
[11].
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Setting a = C,b= B/A,c=D and z = A in (2.7), we obtain

n

i CB/A (BC/D)s ~~ (C,AD/B),
A= B/D). & W.D.aD/B),"

(B,C,AD/B)s ~=~ (A,BC/D),
(A,D,D/B) Z (¢, B,qB/D),

n=0

q". (3.1)

Change B to 3, C to 7, D to 7q and then let A — 0 in (3.1) to obtain

i nﬁn n(n— 1)/2 ﬂ/q()o Z q"
v n(l=7¢")  (B/70)s0 = (¢:Dn Tq2/ﬂ) (1—7q")
(1- 5/(1)( )oo q"
+ . 3.2
(ra/B)os M@mwmmmw> 32
Change ¢ to ¢% and set 7 = —1 and 8 = —¢® in (3.2) to obtain
o0 n 249n ( ¢ q oo q2n
nz_% Ju(l+¢) (qq) Z (¢ @)2n—1(1 — ¢*)
2n+1
q q 0o
Z 1 _ q4n+2) (33)
Use (1.22) to obtain
i n 242n _ X(q) i q2n
= (% P)n-1(1—q*")  x(— q) = (4:9)2n—1(1 = ¢*)
St 2n+1
z:: (¢ @)2n (1 — ¢*n+2)’
Setting « = B/A,8 =C,v =D and z = A in (1.11), we obtain
ZBMC —E wZA%?c. (3.4)
n=0 n=0 4

Using (3.4) in (3.1) and then multiplying the resulting identity throughout by (A, D)so /(B, C) oo,

we obtain

oo

- D/O A _ (A,D,BC/D)« (C,AD/B),,
Z ~ (B,C,B/D)w Z (¢. D, Dq/B),!
(AD/B)os s~ (4, BC/D),
(B/D)ss = (¢,B.qB/D)x

n

n=0

q". (3.5)

Change ¢ to ¢° and set A = t,B = —aq®,C = —a and D = —ag? in (3.5) and then let
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t — 0; divide the resulting identity throughout by (1 + ag), we obtain

e 2n
z:: 1 + ag®")
0 2n+1

Z (45 @)2n+1(1 + ag?+1)’

> &

= (—aq; ¢ )n41

(3.6)

In Rogers-Fine identity, change ¢ to ¢%, set @ = 0,8 = —aq® and z = —a; multiply the
resulting identity throughout by 1/(1 + ag) to obtain

i _ i 2nq2n +n _ i 2nq2n +n
= (—aq; Pty = (P )nra(—aq; Phner = (-0 Q)2n2
_ a2nq2n2+n((1 + aq2n+1) _ aq2n+1)

"0 (—a;q)2n+2

s 2n 2n +n o 2n+1 2n2%4+3n+1 o n(n+1)/2
§ T Y- § . (3.7)
— (—a;q)2n+1 ne0 —a;q)2n+2 0 —@;q)nt1

Use (3.7) in (3.6) and also use (1.21) to obtain

2n

( Z 1 + ag®")

n=0

n(n+1)/2

0o
y e
n=0 q n+l

2 2n+1

(=) & q
f(=q) z:: (¢ @)2n+1(1 + ag®" 1)

(3.8)
Change q to ¢%, set A =1, B = aq®,C = —aq and D = —aq® in (3.5) and let t — 0 in the

resulting identity; multiply the resulting identity throughout by 1/(1 — aq) and also use (1.21)
to obtain on some simplifications

oo
g aq7

In Rogers-Fine identity, replace g by ¢2, set & = 0, 8 = aq® and z = —aq and then multiply

_q2) o0 q2n
~0) 2 T = A 39

n+1

the resulting identity throughout by 1/(1 — ag) to obtain

o nnn Oo(l)n2n2n+2n

> PO e

"0 (aq; ¢*)n+1 _n:() (@*¢?; q")nt

(3.10)

Use (3.10) in (3.9) to obtain

o ( 1)77, on 2n%+2n 2n

a"q >
Z ; 1 — a2qint2)’ (3.11)

= (@ q )

Change ¢ to ¢2, set A = t,B = a¢®>,C = —aq and D = —ag® in (3.5) and multiply the
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resulting identity throughout by 1/(1 — ag) to obtain

i () i (~t:¢%)ng™
— (aq;¢*)n+1 2(—q2;q2)oo < (¢% 4)n(1+aq2"+1)

e 2n

Set a = —1 and ¢t = ¢ in (3.12) to obtain

oo

= (" (60D (=4 *)ng™"
,;) (~:¢n+1 2(=a%¢%)o0 2= Z ¢ (¢*q*)n (1 — ¢ F1)

N (—4:0%) o i(q (4 ¢*)ng®™

2(=4%¢%)oo Y )n(l+ g th)

Z q4,q nl aq?"“)'

31

(3.12)

(3.13)

In Rogers-Fine identity, replace ¢ by ¢2, set @ = z = g and 8 = —¢>; multiply the resulting

identity throughout by 1/(1 + ¢) to obtain

0 . n o
Z (((L'q 271(1 _ Z(_l)nq2n(n+l)'

= (6P =

Use (3.14) in (3.13) and also use (1.19), (1.20) and (1.21) to obtain

= _1\n,2n(n+1) _ f(_q) - ( a4; 4 )
QZ( D f(=q) z:: (q4,q4)n(1—q2"“)
>

(4:4*)ng

(q47 )n(l +q2n+1)'

n (3.5), set A=¢q,B = —aq,C =7 and D = a?q to obtain

i aq/T N T/aq,aqoo
- (- 1/ a,—aq, T (g, a2
1/a Z —agq, —q/a T
In Rogers-Fine identity, set a = a%q/7, 3 = —aq and z = T to obtain

2 2n+1

i (@®¢/T)n_n _ i (-1)"(a%q/T)na"q"™ (1 — a®¢*+!)

(T)n-l-l

(3.14)

(3.15)

(3.16)

(3.17)
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Use (3.17) in (3.16) and then let 7 — 0 in the resulting identity to obtain

n

a3n n(3n+1)/2(1 _ 42,201y — (QQQ)oon(—Q) s q
Z (1=a*™) f aq71/a) Z “ (¢,0*q)n

(
(

1/a Z aq,—q/a

Set a = 1 in (3.18) to obtain

’ﬂ

Z qn(3n+l)/2(1 _ q2n+1
n=0

l\D|P—‘

wh L

In (1.11), set ¥ = 2 = ¢ and then o = 0,8 = 0 to obtain

— i — n n n+1)/2
nz:;) (@)% z::

Use (3.20) in (3.19) and also use (1.20) to obtain

e

n n feav(=9) 1 g
Zq 3+1)/2 2+1) +§Z

In (3.16), let 7 — 0 to obtain

n a2n n(n+1)/2

 (16%)x ¢
B (—1/a, —aq)oo 2 (¢,0%q)n

n=0

2=

n=0

l/a Z —aq, —q/a

Set @ =1 in (3.21) to obtain

0 n q" (n+1)/2 f3(_q) 0 q" 1 0 q"
= + =
Z_: f(1,9) nz:% (@7 2 ,;) (—a)7
The left side of (3.22) yields
q" n+1)/2 n(2n+1) (n+1)(2n+1)

9]
n=0 n=0 -4 q 2n+1

— q
Z QQ2n Z
oo

_ q (2n+1)((1 + q2n+1) _ q2n+1) 00 qn(2n+1)
n=0 (=& @)2nt1

n=

0 (—Q;Q)2n+1'

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Use (3.23) in (3.22) to obtain

N R A Gt R L
ne0 (—¢;Q)2nt1 f(1,q) HZ:O (q)2 + ) 7;0 (—q)2 (3.24)
Use (3.20) in (3.24) to obtain
) qn(2n+1) B fS(_q) 0 o ntsn)2 1 00 "
Z (=¢;Q2nt1  f(1,q) Z( " + 2 Z (—q)2" (3.25)

n=0 n=0 n=0 n

Use the definition of 1 to obtain

S ) f(gp(—g) | T
Z ) 52::

—4q; q 2n+1

In (3.5), replace q by ¢%, set A = ¢?, B = —aq®,C = 7 and D = a?¢?; multiply the resulting
identity throughout by 1/(1 + aq) to obtain

o0
/Tq n (q GQ7_qT/aq [e%e] 2n
Z Lt = Z T
—= (—ag;¢?) (= aq,T—Q/aq (¢, 0¢*: ¢*)
- . .
q/a 7?) /a 7?) ( aq; q )nJrl

In Rogers-Fine identity, replace q by ¢2, set a = a?¢?/7, 3 = —aq®, z = 7 and then multiply
the resulting identity throughout by 1/(1 + aq) to obtain

aziq T+ ) ()t

i (( 2/7_ q _ i 2/7_ q )nT anq2n(n+1)(1 _ a2q4n+2)' (327)

n=0

Use (3.27) in (3.26) and then let 7 — 0 to obtain

oo
Zaan 3n2 F2(] gl = (%, 0%¢% ¢*) Z "
(—q/a, —ag; q2)oo < (¢, 0%¢% ¢%)n
2n
93 ) - (3.28)
q/a 7?) —aq;q n+1( ?/a;¢*)n

In (3.5), replace q to ¢2, set A = ¢*>, B = —¢3, D = ¢* and then let C — 0; multiply the
resulting identity throughout by 1/(1 + ¢) to obtain

nnJrn 2n

i _ (@)% i 14 i (3.29)
(—a:¢*)% = (% ¢%)x = (

n+1 "+1
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In (2.10), replace ¢ by ¢°, set a = q,b = ¢*,¢ = ¢?,e = ¢®and f = ¢” to obtain

(%444 (@*,q% 4% %q n+1(q ¢%)ng®+3

z:% (43,45 ¢5) (1 — ¢On+1) - (¢, 45 ¢°) Z 6) 11 (¢5; ¢%)n (1 — gb7H4)
o (@5%)3(6% ¢%) s

= e () (3:30)

Use (1.21), (1.23) and (1.24) to obtain on some simplifications

- 0*¢9nd™ (=) o~ (46%)n+1(%5¢%)ng" TP

nz% q?’, 1q%)n (1 — g% +h)  He(q) ,;) (4% ¢%)n+1(¢% ¢%)n (1 — ¢o7 1)

_ Gi(9)HE(9) f(=4%)

=D S o ) (331
n (2.10), replace ¢ by ¢3, set a = c = —q,b = e = —¢? and f = ¢> to obtain

- Hn(qq (a%4%)% qqi(f"“

,;) i (q,q HZO i1

:(—q;q) ( 0*1¢°)3. (4% %)% (3.32)

(9% a*)2. (6% ¢*)%

Use (1.25) to obtain

i (—¢:q )nq3n+( ¢:4¢°) q °)% Z (% a)na’™ T @) (@:d))3
= (@) (q )% ot (6056334
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