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81. Introduction

Fixed point theory plays a very crucial role in the development of nonlinear analysis. The
Banach [2] fixed point theorem for contraction mapping has been generalized and extended in

many directions. This famous theorem can be stated as follows.

Theorem 1.1([2]) Let (X,d) be a complete metric space and T be a mapping of X into itself
satisfying:
d(Tz,Ty) < ad(z,y), Vz,y € X, (1.1)

where « is a constant in [0,1). Then T has a fized point p € X.

The Banach contraction principle with rational expressions have been expanded and some

fixed point and common fixed point theorems have been obtained in [4, 5].

Recently, Azam et al. [1] introduced the concept of complex valued metric space and estab-
lished some fixed point results for mappings satisfying a rational inequality. Complex-valued
metric space is useful in many branches of mathematics, including algebraic geometry, number
theory, applied mathematics; as well as in physics, including hydrodynamics, thermodynamics,
mechanical engineering and electrical engineering, for more details, see, [7, 8].

In this paper, we establish common fixed point results for generalized contraction involving

rational expression in the framework of complex valued metric spaces.

1Received June 24, 2016, Accepted February 12, 2017.



54 G. S. Saluja

§2. Preliminaries

Let C be the set of complex numbers and z1, z3 € C. Define a partial order = on C as follows:

z1 3 2o if and only if Re(z1) < Re(za), Im(z1) < Im(z2). It follows that z1 S 29 if one of

the following conditions is satisfied:

(i) Re(z1) = Re(z2), Im(z1) < Im(z2);

(i7) Re(z1) < Re(z2), Im(z1) = Im(z2);

(#9i) Re(z1) < Re(z2), Im(z1) < Im(z2);

(1v) Re(z1) = Re(z2), Im(z1) = Im(z2).

In particular, we will write 21 5 22 if 21 # 22 and one of (i), (ii), or (iii) is satisfied and we

will write 21 < 2o if only (iii) is satisfied. Note that
0 5 21 °<o 2o = |Zl| < |2’2|,

leZQ, Z9 < 23 = 21 < Z3.

The following definition was introduced by Azam et al. in 2011 (see, [1]).

Definition 2.1([1]) Let X be a nonempty set. Suppose that the mapping d: X x X — C

satisfies:

(C1) 0Z2d(z,y) for all z,y € X with x #y and d(z,y) =0 & x=y;
(C2) d(z,y) =d(y,z) for all x,y € X;
(C3) d(x,y) Z d(x,2) + d(z,y) for all z,y,z € X.

Then d is called a complex valued metric on X and (X,d) is called a complex valued metric

space.

Example 2.2 Let X = C, where C is the set of complex numbers. Define a mapping d: X x X —
C by d(z1, 22) = €'|z1 — 22| where 21 = (x1,91), 22 = (22,42) and t € [0, ]. Then (X,d) is a

complex valued metric space.

Example 2.3([1]) Let X = C, where C is the set of complex numbers. Define a mapping
d: X x X — C by d(21,22) = 3|21 — 22| where 21 = (z1,y1) and 22 = (22,92). Then (X, d) is

a complex valued metric space.

Example 2.4 Let X = C. Define a mapping d: X x X — C by d(z1,22) = €'®|21 — 22| where
z1 = (z1,y1), 22 = (x2,y2) and a is any real constant. Then (X, d) is a complex valued metric

space.

Definition 2.5 (i) A point x € X is called an interior point of a subset G C X whenever
there exists 0 < r € C such that

B(z,r)={ye X : d(z,y) <r} CG.
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(ii) A point x € X is called a limit of G whenever for every 0 < r € C such that

B(w,r) 0 (G = {z}) #0.

(7i1) The set G C X is called open whenever each element of G is an interior point of G.
A subset H C X 1is called closed whenever each limit point of H belongs to H.

The family F := {B(x,r) : € X,0 < r} is a sub-basis for a Hausdorff topology 7 on X.

Definition 2.6([1]) Let (X, d) be a complex valued metric space. Let {x,,} be a sequence in X
and x € X. Then

(1) {xn} is called convergent, if for every c € C, with 0 < ¢ there exists ng € N such that
for alln > ng, d(xy,z) < c. Also, {xn} converges to x (written as, x, — x orlimy,_,oo T, = )
and x is the limit of {x,}.

(i1) {xn} is called a Cauchy sequence in X, if for every ¢ € C, with 0 < c¢ there exists
ng € N such that for all n > ng, d(Tn, Tnitm) < c. If every Cauchy sequence converges in X,

then X is called a complete complex valued metric space.

Definition 2.7([6]) Two families of self-mappings {T;}7, and {S;}7_, are said to be pairwise
commuting if

(u) S S =SSk, k,l € {1,2, s ,n};

(#i) T;Sk = SiTi, i € {1,2,...,m} and k € {1,2,--- ,n}.

Lemma 2.8([1]) Let (X,d) be a complex valued metric space and let {x,} be a sequence in X.

Then {xn} converges to x if and only if lim, o |d(xy, z)| = 0.

Lemma 2.9([1]) Let (X,d) be a complex valued metric space and let {x,} be a sequence in X.

Then {xyn} is a Cauchy sequence if and only if lim, o |d(Zn, Tnim)| = 0.

83. Main Results

In this section we shall prove some common fixed point results under generalized contraction

involving rational expression in the framework of complex valued metric spaces.

Theorem 3.1 Let (X, d) be a complete complex valued metric space. Suppose that the mappings
S, T: X — X satisfy:

(x, Sz)d(x, Ty) + d(y, Ty)d(y, Sz)
d(z,Ty) + d(y, Sx)
+vyd(z,Sz) + §d(y, Ty)
]

+A[d(z, Ty) + d(y, Sz)

d(Se.Ty) 3 adley)+ 8]

~

(3.1)

for all x,y € X, where o, 3, v, §, A are nonnegative reals with a + B3 +~v+d+2X < 1. Then S



56

G. S. Saluja

and T have a unique common fized point in X.

Proof Let z¢ be an arbitrary point in X and define

Togt+1 = STok, Topyo = TTopy1, K=0,1,2,---.

Then from (3.1), we have

d(T2k+1, T2k+2)

This implies that

d(Szok, Txor+1)

[ON

ad(Tok, Takt1)

43 [d(wzm Szop)d(xor, Txor+1) + d(2r+1, Tx2k+1)d(T2k41, ST2k)
d(zok, Tror+1) + d(T2r+1, STok)

+vd(z2r, Stor) + 0 d(x2k+1, TT2k+1)

A [d(xor, TToky1) + d(T2k+1, STok)]

= ad(rok, Takt1)
d(x2k, Takt+1)d(T2k, Tont2) + d(T2kt1, Takt2)d(T2k+1, T2k41)
6 ]
d(xok, Tort+2) + d(T2k41, Takt+1)
+yd(zok, Tornt+1) + 0 d(Tak+1, Takt2)

A [d(xok, Tort2) + d(T2k41, T2r41)]

(a4 B+ v)d(z2k, 2r+1) + 0 d(T2k+1, T2k+2)

[ON

+A[d(z2k, Tak+1) + d(T2kt1, Tar+2)]

= (a+B+v+ Nd(@ok, Tar+1) + (6 + N)d(T2r+1, T2k+2). (3.2)

a+B+7+A

1 — 5 — )\ ) d(ZEQk, I2k+1). (33)

d(@apt1, Topt2) I (

Similarly, we have

d(x2k+2, Tort3)

A

LA

d(Szort1, Tx2k+2)

ad(Tart1, Tariz)

43 [d(x2k+1y Stopt1)d(xort1, Troky2) + d(T2k+t2, TTokr2)d(Tan+2, S$2k+1)}
d(zok+1, TTok42) + d(T2kt2, STok+1)

+v d(z2r+1, STok+1) + 0 d(x2r+2, TTok+2)

+A [d(z2n41, To2p42) + d(T2k42, ST2k11)]

ad(Tok+1, Tak+2)
d(x2k41, Tok+2)d(Tak41, Takt3) + d(Takt2, Tort3)d(Takt2, Takt2)
+3
d(T2k+1, T2k+3) + d(T2k+2, T2k+2)
+v d(T2k+1, Tokt2) + 0 d(T2k+t2, T2k+3)

A [d(x2k+1, Tok+s) + d(Tokt2, Tart2)]
(o + B+ v)d(zor+t1, Tort2) + 0 d(T2r+2, T2k+3)
+A[d(z2k+1, Tar+2) + d(T2r+t2, Tort3)]

(a4 B4+~ + Nd(x2r+1, Tart2) + (6 + N)d(T2r+2, T2r+3)- (3.4)
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This implies that

a+B+y+A
d(2op12, Topt3) 3 (&7_7)\) d(T2py1, Takt2)- (3.5)

Putting
a+B+y+A
h=————).
)

Asa+B+~v+d+2X <1, it follows that 0 < h < 1, we have
(L1, Tnio) I hd(@n, 2ni1) 3 -+ 3" d(20, 21). (3.6)

Let m,n > 1 and m > n, we have

d(xna xn—i—l) + d(xn—i-la xn+2) + d($n+27 xn+3)
+-- d(Inerflv xm)
,j [hn + hn+1 4 hn+2 Lt hn+m71]d($1,xo)

{1h—nh}d(xl’x°>

A

A(Zp, Tim)

LA

and so

=

ld(n, Tm)| < 1—h

} |d(x1,z0)] — 0 as m,n — occ.
This implies that {z,} is a Cauchy sequence. Since X is complete, there exists w € X such
that x, — w as n — oo. It follows that w = Sw, otherwise d(w, Sw) = z > 0 and we would

then have

d(w, Tapt2) + d(x2nt2, Sw) 3 d(w, Tapi2) + d(Sw, Txon41)

LA A

d(w, Tapt2) + ad(w, Topy1)
8 [d(w, Sw)d(w, Txont1) + d(x2nt1, Txont1)d(Tant1, Sw)}
d(w, T$2n+1) + d($2n+1 5 S’w)
+yd(w, Sw) + § d(x2n+1, TTon+1) + A |d(w, Txant1) + d(xont1, Sw)]
= d(w,Zont2) + ad(w, xant1)
5 [d(w, Sw)d(w, Tant2) + d(Tont1, Tont2)d(Tant1, Sw)}
d(w, ,’E2n+2) + d($2n+1, Sw)
+yd(w, Sw) + § d(x2n+1, Tant2) + A [d(w, X2nt2) + d(T2n41, Sw)].

This implies that

2| < Jd(w,xoni2)| + al|d(w, zani1)]
48 {|z||d(w, Tong2)| + [d(T2nt1, Tang2)||d(22n 41, Sw)
|d(w, T2n42)| + |d(z2n41, Sw)|
+7 |2 + 0 |d(@2nt1, Z2nt2)| + A[ld(w, T2ns2)| + |d(@2n41, Sw)]].
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Letting n — oo, it follows that
2l < (v + Nzl < (@ + B+7+0+2M)[z] <2

which is a contradiction and so |z| = 0, that is, w = Sw.

In an exactly the same way, we can prove that w = Tw. Hence Sw = Tw = w. This shows
that w is a common fixed point of S and T'.

We now show that S and T have a unique common fixed point. For this, assume that w*

is another common fixed point of S and T, that is, Sw* = Tw* = w* such that w # w*. Then

dlw,w*) = d(Sw,Tw")

A

. d(w, Sw)d(w, Tw*) + d(w*, Tw*)d(w*, Sw)
avd(w, w”) + 5 [ d(w, Tw*) + d(w*, Sw) ]
+yd(w, Sw) + § d(w*, Tw*) + A [d(w, Tw*) + d(w*, Sw)]

. d(w, w)d(w, w*) + d(w*, w*)d(w*, w)
ovd(w, w )+6[ d(w, w*) + d(w*, w) ]
+yd(w,w) + 6 d(w*, w*) + A [d(w, w*) + d(w*, w)]

= (a+2))(w,w")

So that |d(w,w*)| < (a + 2A)(w,w*) < |d(w,w*)], since 0 < (a + 2A\) < 1, which is a
contradiction and hence d(w,w*) = 0. Thus w = w*. This shows that S and T have a unique

common fixed point in X. This completes the proof. O

Putting S = T in Theorem 3.1, we have the following result.

Corollary 3.2 Let (X,d) be a complete complex valued metric space. Suppose that the mapping
T: X — X satisfies:

d(Tz,Ty) 3 ad(z,y)+p

~

d(z, Tz)d(z, Ty) + d(y, Ty)d (y,TI)}
d(z,Ty) + d(y, Tx)
+yd(z, Tx) +0d(y, Ty) + Xd(z, Ty) + d(y, Tz)) (3.7)

for all z,y € X, where a, 8, v, 0, A are nonnegative reals with o+ 3 +~v+d+2 < 1. Then T
has a unique fized point in X.

Corollary 3.3 Let (X,d) be a complete complex valued metric space. Suppose that the mapping
T: X — X satisfies (for fixzed n):

d(z, T"z)d(z, T"y) + d(y, T"y)d(y, T"x)
d(z, Try) + d(y, T"x)
+yd(z, T"x) + 6 d(y, T"™y) + Nd(z, T"y) + d(y, T"x)] (3.8)

d(T"x, T"y) 3 ad(z,y)+ 5

for all x,y € X, where o, 3, v, 6, A are nonnegative reals with a +8+v+§+2X < 1. Then T
has a unique fized point in X.
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Proof By Corollary 3.2, there exists ¢ € X such that T"g = ¢q. Then

d(Tq,q) = d(TT"q,T"q)=d(T"Tq,T"q)
ad(Tq,q)
5 [d(T q,T"Tq)d(Tq,T"q) + d(q,T"q)d(q, T"TQ)}
d(Tq,T™q) + d(q, T"Tq)
+vd(Tq, T"Tq) +dd(q, T"q) + A [d(T'q,T"q) + d(q, T"T'q)]
= «ad(Tq,q)
5 [d(Tq, I'1T"q)d(Tq,T"q) + d(g, T"q)d(q, TT"q)}
d(Tq,T"q) + d(q, TT"q)
+vd(Tq, TT"q) +dd(q, T"q) + A [d(T'q, T"q) + d(q, TT"q)]
= «ad(Tq,q)
5 [d(Tq, T'q)d(Tq,q) + d(g, 9)d(q; TQ)]
d(Tq,q) + d(q,Tq)
+vd(Tq,Tq) +d(q,q) + Xd(Tq,q) + d(g,Tq)]
= (a+2)\)d(Tq,q).

A

So that |d(T'q,q)| < (a + 2X)|d(Tq,q)| < |d(Tq,q)|, since 0 < (o + 2)\) < 1, which is a

contradiction and hence d(Tq,q) = 0. Thus T'q = ¢q. This shows that T has a unique fixed
point in X. This completes the proof. O

As an application of Theorem 3.1, we prove the following theorem for two finite families of

mappings.

Theorem 3.4 If {T;}™, and {S;}7_, are two finite pairwise commuting finite families of self-
mappings defined on a complete complex valued metric space (X,d) such that S and T (with
T=TTs Ty and S = 5152 ---S,) satisfy the condition (3.1), then the component maps of

the two families {T;}, and {S;}"_, have a unique common fized point.

Proof In view of Theorem 3.1 one can conclude that 7" and S have a unique common fixed
point g, that is, T'(g) = S(g9) = g. Now we are required to show that g is a common fixed
point of all the components maps of both the families. In view of pairwise commutativity of
the families {T;}7, and {5}, (for every 1 < k < m) we can write

Ti(9) = TeS(g) = STk(g9) and Ti(g) = TuT(g) = TTk(g)

which show that Tj(g) (for every k) is also a common fixed point of T and S. By using the
uniqueness of common fixed point, we can write Ty (g) = g (for every k) which shows that g is
a common fixed point of the family {7;},. Using the same arguments as above, one can also
show that (for every 1 <k <mn) Sik(g) = g. This completes the proof. m

By taking Th =T =--- =T, =G and S = So =--- =8, = F, in Theorem 3.4, we

derive the following result involving iterates of mappings.
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Corollary 3.5 If F and G are two commuting self-mappings defined on a complete complex

valued metric space (X,d) satisfying the condition

d(z, F"z)d(z, G"y) + d(y, G"y)d(y, F"x)
d(x, G™y) + d(y, Frx)
+vyd(z, F"x) + 6 d(y, G™y) + A[d(x, G™y) + d(y, F"x)] (3.9)

d(F"z,G"y) 2 ad(z,y)+

for all x,y € X, where o, (3, v, d, A are nonnegative reals with o+ 3+ v+ 0 + 2A < 1. Then

F and G have a unique common fized point in X.

By setting m =n and F' = G =T in Corollary 3.5, we deduce the following result.

Corollary 3.6 Let (X,d) be a complete complex valued metric space and let the mapping
T: X — X satisfies (for fized n)

d(x, T"z)d(x, T™y) + d(y, T"y)d(y,T”x)}
d(x, T"y) + d(y, Tnx)
+yd(x, T"z) + 5d(y, T"y) + A [d(z, T"y) + d(y, T"x)] (3.10)

AT, T"y) = ad(;c,y)+ﬁ[

for all x,y € X, where o, 3, v, 6, A are nonnegative reals with a +8+v+§+2\ < 1. Then T
has a unique fized point in X.

Proof By Corollary 3.2, we obtain p € X such that T"p = p. The rest of the proof is same
as that of Corollary 3.3. This completes the proof. O

By taking « = hand 8 = =6 = XA = 0 in Corollary 3.3, we draw following corollary
which can be viewed as an extension of Bryant (see, [4]) theorem to complex valued metric

space.

Corollary 3.7 Let (X,d) be a complete complex valued metric space. Suppose that the mapping
T: X — X satisfying the condition
d(T"z,T"y) = hd(z,y)

for all z,y € X and h € [0,1) is a constant. Then T has a unique fixed point in X.

The following example demonstrates the superiority of Bryant (see, [3]) theorem over Ba-

nach contraction theorem.

Example 3.8 Let X = C, where C is the set of complex numbers. Define a mapping d: CxC —
C by d(z1,22) = |z1 — ®2| + i|ly1 — ya| where 21 = x1 4+ iy1, 22 = @2 + iy2. Then (C,d) is a
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complex valued metric space. Define T: C — C as

0, ifz,yeq,

1, if z,y € Q°,

1, ifzeQyeq,
1+i, ifzeQ,yeqQe.

T(x+iy) =

Now for z = % and y = 0, we get

1 1 A
AT(5), T(0) = d(1,0) 3 Md(75,0) = Z5.

Thus A > /2 which is a contradiction that 0 < A < 1. However, we notice that T2(z) = 0,
so that
0= d(T*(21),T%(22)) 3 Ad(1, 22),

which shows that T2 satisfies the requirement of Bryant theorem and z = 0 is a unique fixed

point of T'.

Finally, we conclude this paper with an illustrative example which satisfied all the condi-

tions of Corollary 3.2.

Example 3.9 Let X = {0, 1,2} and partial order ’ 3/ is defined as = 3 y iff z > y. Let the

complex valued metric d be given as
d(@,y) = |z — y|V2e'T = |o — yl(1 +1) for 2,y € X.
Let T: X — X be defined as follows:
1
T(0) = 0,7(;) = 0,7(2) =

Case 1. Take z =1,y =0, T(0) =0 and T(3) = 0 in Corollary 3.2, then we have

d(Tx,Ty) =0 < (%)(a—i—ﬁ—i—w—i—)\).

Thisimpliesthata:ﬁ:*y:Oansz:/\:%orazﬂzfy:%and5:/\:%satisﬁed
all the conditions of Corollary 3.2 and of course 0 is the unique fixed point of T'.

Case 2. Takez =2,y =1, T(2) = 3 and T(3) = 0 in Corollary 3.2, then we have

d(Tz,Ty) = 1;i§a'(3(17m)+6'(¥)+7'(w)
E ;” +A2(1 +1),

This implies that a = =v=0= A= % satisfied all the conditions of Corollary 3.2 and of
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course 0 is the unique fixed point of T.

Case 3. Take z =2,y =0, T(2) = 3 and T(0) = 0 in Corollary 3.2, then we have

d(Tx,Ty) = % Sa-2(1+i)+5'(W) “’(3(12“))
D)

2

This implies that a = =y = A= ﬁ and § = 0 satisfied all the conditions of Corollary 3.2
and of course 0 is the unique fixed point of T

§4.

Conclusion

In this paper, we establish common fixed point theorems using generalized contraction involving

rational expression in the setting of complex-valued metric spaces and give an example in

support of our result. Our results extend and generalize several results from the current existing

literature.
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