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Abstract: In this paper, we find the acyclic chromatic number , for the central graph of
sunlet graph C(Sy), line graph of sunlet graph L(S,), middle graph of sunlet graph M (Sy)
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§1. Introduction

Let G be a finite graph and let H < G be a subgraph of G. A Smarandachely vertex coloring
respect to a subgraph H < G by colors in € is a mapping ¢p : € — FE(G) such that pg(er) #
v (e2) if e; and eg are edges of a subgraph isomorphic to H in G. Particularly, let H = G.
Then, such a Smarandachely vertex coloring is clearly the usual proper vertex coloring (or
proper coloring) of G, i.e., a coloring ¢: V. — NT on G such that if v and u are adjacent
vertices, then ¢(v) # ¢(u). The chromatic number of a graph G is the minimum number
of colors required in any proper coloring of G. Generally, The notion of acyclic coloring was
introduced by Branko Griinbaum in 1973. An acyclic coloring of a graph G is a proper vertex
coloring such that the induced subgraph of any two color classes is acyclic, i.e., disjoint collection
of trees. The minimum number of colors needed to acyclically color the vertices of a graph G

is called as acyclic chromatic number and is denoted by x.(G).

82. Preliminaries

A sunlet graph on 2n vertices is obtained by attaching n pendant edges to the cycle C,, and
denoted by S,.
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For a given graph G = (V, E)) we do an operation on G by subdividing each edge exactly
once and joining all the non-adjacent vertices of G. The graph obtained by this process is called
central graph [5] of G denoted by C(G).

A line graph [1, 4] of a graph G, denoted by L(G), is a graph whose vertices are the edges
of G, and if u,v € E(G) then wv € E(L(Q)) if u and v share a vertex in G.

A middle graph [3] of G, is defined with the vertex set V(G)U E(G) where two vertices are
adjacent iff they are either adjacent edges of G or one is the vertex and the other is an edge
incident with it and it is denoted by M (G).

The total graph [1 ,3, 4] of G has vertex set V(G) U E(G), and edges joining all elements
of this vertex set which are adjacent or incident in G.

Additional graph theory terminology used in this paper can be found in [1, 4].

In the following sections we find the acyclic chromatic number for the central graph of
sunlet graph C(Sy,), line graph of sunlet graph L(S,,), middle graph of sunlet graph M (S,,) and
the total graph of sunlet graph T'(S,,).

Definition 2.1([2]) An ayclic coloring of a graph G is a proper coloring such that the union

of any two color classes induces a forest.

83. Acyclic Coloring on Central Graph of Sunlet Graph

Theorem 3.1 Let S, be a sunlet graph with 2n vertices, then

Xa(O(Sn)) =n, Vn Z 3.

Proof Let V(S,) = {u1,uz, - ,un}tUJ{v1,v2,--- ,0,} and E(S,) = {e;: 1 <i<n}U
{e}:1<i<n}, where ¢; is the edge v;v;41(1 < i < n —1), e, is the edge v,v1 and €} is the
edge v;u;(1 <4 < n). For 1 <i < n, u; is the pendant vertex and v; is the adjacent vertex
to u;. By the definition of central graph V(C(S,)) = V(Sn) U E(Sn) = {u;:1<i<n}
{vi:1<i<n} U {v,:1<i<n}U{u,:1<i<n}, where v, and u} represents the edge e;
and e}, (1 < i <n) respectively.

Assign the following coloring for C(S,,) as acyclic:

(1) For 1 < i < n assign the color ¢; to u;, v;;
(2) For 1 <4 <n —1 assign the color ¢;11 to u}; and ¢1 to ul;

(3) For 1 <4 <n —1 assign the color ¢; to v and ¢, to v].

Thus, x(C(Sn)) = n, for if x,(C(S,)) < n, say n—1. A contradiction to proper coloring since,
Vn, {u; : 1 <i < n} forms a clique of order n. Hence, xo(C(Sy)) = n,¥n > 3. m

84. Acyclic Coloring on Line Graph of Sunlet Graph

Theorem 4.1 Let n > 3 be a positive integer, then xqo(L(Sn)) = 3.
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Proof Let V(S,) = {ui,uz, - ,un}J{vi,v2,- - ,0n} and E(S,) = {e;:1< i<n}
U {e} :1<i<n}, where e; is the edge v;v;41(1 < i < n —1), e, is the edge v,v1 and
e} is the edge vu;(1 < i < n). By the definition of line graph V(L(S,)) = E(S,) =
{uj:1<i<n}U{v):1<i<n—-1}J{v,} where v and u] represents the edge e; and e,
(1 <i < n) respectively.

Assign the coloring o as acyclic as follows:

(1) For 1 < < 3, assign the vertices v, as o(v}) = ¢;, and for 4 < i < n, let o(v}) = 1 if
i=1mod 3, o(v)) = ¢ if i =2 mod 3, o(v}) = ¢3 if i = 0 mod 3;

(2) For 1 < i < n, assign the vertices u} with colors c1, ¢z, cs such that o(u}) # o(vi_;)
and o(u}) # o(v}), where v, = vl,.
Thus, x(L(S,)) = 3, Vn > 3.

To the contrary, let x,(L(S,)) < 3, say 2. A contradiction to proper coloring, since, for
{1<i<n-1}, {vg,u’iﬂ,vgﬂ} is a complete graph Ks3. Hence, x.(L(S,)) = 3,Vn > 3. |

85. Acyclic Coloring on Middle Graph of Sunlet Graph

Theorem 5.1 Let n > 3 be a positive integer, then xqo(M(Sy)) = 4.

Proof Let V(Sy,) = {u1,u2, -+ ,un}tJ{v1,v2, -+ ,vn} and E(S,) = {e; : 1 <i <n}|J{e}:
1 <i<n}, where e; is the edge vvi41(1 < ¢ < n — 1), e, is the edge v,v; and €} is
the edge v;u;(1 < i < n). By definition of middle graph V(M(S,)) = V(S,)UE(S,) =
{wi:1<i<n}U{vi:1<i<npU{vi:1<i<n}U{u}:1<i<n}, where v and u} repre-
sents the edge e; and e}, (1 <i < n) respectively.

Define the mapping o such that o(V(M(S,))) — ¢; for 1 < i < 4 as follows:

(1) For 1 <i < n, assign the vertices v} as
(vf) = {c1cacs  cicacs - crcacs} if n=0mod 3,
o(v]) = {cicacs ci1cacs - -cieacs o} if n=1mod 3,
(v)) ={c1cacs crcac3 - -creacs  cice} if n =2 mod 3;
(2) Assign o(u;) = o(v;) = ¢4 for 1 <i < n;
(
1 <4 < n where v}, = v),.
Thus, x.(M(S,)) =4, Vn > 3.
To the contrary, let x,(M(S,)) < 4, say 3. A contradiction to proper coloring, since Vn,

3) Assign the vertices u} with ¢1, co, cg such that o(u}) # o(vi_;) and o(u}) # o(v}) for

{vi_y, vl v, u}}, where vy = v}, forms a clique of order 4. Thus o is a proper acyclic coloring

and hence x,(M(S,)) = 3,Vn > 3. m|

86. Acyclic Coloring on Total Graph of Sunlet Graph

Theorem 6.1 Let S, be a sunlet graph with 2n vertices then for n > 3, x(T(Sn)) = 6.
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Proof Let V(Sy,) = {u1,u2, -+ ,un}tJ{v1,v2, -+ ,v,} and E(S,) = {e; : 1 <i <n}|J{e}:
1 <4 <n}, where e; is the edge v;v;11(1 < i < n — 1), e, is the edge v,v; and €} is
the edge vu;(1 < ¢ < n). By the definition of total graph V(T'(S,)) = V(S,) U E(Sn) =
{ui:1<i<n}U{vi:1<i<npYU{vi:1<i<n}U{u,:1<i<n}, where v, and u} repre-
sents the edge e; and €}, (1 <14 < n) respectively.

Define the mapping o such that o(V(T'(S,))) — ¢; for 1 <i <6 as follows:

(1) For 1 <i <3, let 0(v}) = ¢; and for 4 <i <n, let
(v}) =¢1 if i =1 mod 3,

o(v)) = ¢ if i =2 mod 3,
(vf)

(2) For 1 <4 <3, let 0(v;) = cit3 and for 4 < i <, let

o(v;) = ¢4 if i =1 mod 3,

(vi)
o(v;) = cs if i =2 mod 3,
(vi)

Q

v;) = cg if 1 = 0 mod 3;
(3) Let o(u) =o(v)) + 1 for 1 <i < mn;
(4) For 1 <i < n,let o(u;) =o(v;) + 1 and o(u;) = ¢1 if o(v;) = cs.
Thus, X4(T(Sy)) =6 for n > 3.
For 1 < ¢ < 6, the union of any two color classes ¢;—1 and ¢; induces subgraph whose

components are trees, hence by Definition 1.1, o is a proper acyclic coloring and x,(7'(S,)) = 6
for n > 3. O
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