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§1. Introduction

Azriel Rosenfeld introduced fuzzy graphs in 1975 [12]. It has been growing fast and has numer-
ous applications in various fields. A.Nagoor Gani and K.Radha [11] introduced regular fuzzy
graphs, total degree and totally regular fuzzy graphs. Alison Northup introduced Semiregular
graphs that we call it as (2, k)-regular graphs and studied some properties on (2, k)-regular
graphs [2].

N.R.Santhi Maheswari and C. Sekar introduced dz-degree of a vertex in fuzzy graphs, total
da-degree of a vertex in fuzzy graphs, (2, k)-regular fuzzy graphs and totally (2, k)-regular fuzzy
graphs [14]. Also they introduced (r, 2, k)-regular fuzzy graphs and totally (r, 2, k)-regular fuzzy
graphs [15].

Also they introduced d,,,-degree of a vertex in fuzzy graphs, total d,,-degree of a vertex in
fuzzy graphs, m-Neighbourly irregular fuzzy graphs and totally m-Neighbourly irregular fuzzy
graphs [16]. Also, they introduced (m, k)-regular fuzzy graphs and totally (m, k)-regular fuzzy
graphs [17].
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These motivate us to introduce (r,m, k)-regular fuzzy graphs and totally (r, m, k)-regular
fuzzy graphs. We make comparative study between (r,m, k)-regular fuzzy graphs and totally
(r,m, k)-regular fuzzy graphs. Then we provide a necessary and sufficient condition under which
they are equivalent. Also (r,m, k)-regularity on fuzzy graphs whose underlying crisp graph is

a cycle is studied with some specific membership functions.

§2. Preliminaries

We present some known definitions and results for ready reference to go through the work

presented in this paper.

Definition 2.1([9]) A Fuzzy graph denoted by G : (o,u) on graph G* : (V,E) is a pair
of functions (o,p) where o : V. — [0,1] is a fuzzy subset of a non empty set V and p :
V xV — [0,1] is a symmetric fuzzy relation on o such that for all u, v in V the relation
w(u,v) = pluw) < o(u) A o(v) is satisfied, where o and p are called membership function. A
fuzzy graph G is complete if p(u,v) = p(uv) = o(u) A o(v) for all u,v € V, where uv denotes
the edge between u and v. G* : (V, E) is called the underlying crisp graph of the fuzzy graph

G: (o,pn).

Definition 2.2([10]) The strength of connectedness between two vertices u and v is p*(u,v) =
sup{pF(u,v)/k = 1,2,...} where p*(u,v) = sup{p(uur) Ap(urug) A- - - Ap(ug_1v) /u, ug, ug, - - -
Ug—1,0 18 a path connecting u and v of length k}.

Definition 2.3([11]) Let G : (o,u) be a fuzzy graph. The degree of a vertex u is dg(u)

> w(uv) for uwv € E and p(uv) = 0, for uwv not in E; this is equivalent to dg(u) = > u(uv).
uFv weE

Definition 2.4([11]) Let G : (o, ) be a fuzzy graph on G* : (V,E). If d(v) = k for allv €V,
then G is said to be regqular fuzzy graph of degree k.

Definition 2.5([11]) Let G : (o, ) be a fuzzy graph on G* : (V, E). The total degree of a vertex
w is defined as td(u) = " p(u,v)+o(u) = d(u)+o(u), wv € E. If each vertex of G has the same
total degree k, then G is said to be totally reqular fuzzy graph of degree k or k-totally regular
fuzzy graph.

Definition 2.6([14]) Let G : (o,u) be a fuzzy graph. The da-degree of a vertex u in G is
do(u) = > p?(u,v), where p?(uv) = sup{p(uui)Ap(uiv) : u,uy,v is the shortest path connecting
u and v of length 2}. Also, u(uv) =0, for uv not in E.

The minimum da-degree of G is d2(G) = N{d2(v) : v € V'}.

The mazimum dg-degree of G is Aa(G) = V{da(v) : v € V'}.

Definition 2.7([14]) Let G : (o, ) be a fuzzy graph on G* : (V, E). If da(v) = k for allv €V,
then G is said to be (2, k)-reqular fuzzy graph.

Definition 2.8([14]) Let G : (o,p) be a fuzzy graph on G* : (V, E). The total da-degree of a
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vertex u € V is defined as tda(u) =Y p?(u,v) + o(u) = da(u) + o(u).
The minimum tdz-degree of G is t92(G) = A{tdz2(v) : v € V'}.
The mazimum tda-degree of G is tA2(G) = V{tdz(v) : v € V'}.

Definition 2.9([14]) If each vertex of G has the same total da - degree k, then G is said to be
totally (2, k)-reqular fuzzy graph.

Definition 2.10([15]) If each vertex of G has the same degree v and same dz-degree k, then G
is said to be (r,2,k)-regular fuzzy graph.

Definition 2.11([15]) If each vertex of G has the same total degree r and same total ds-degree
k, then G is said to be totally (r,2,k)-regular fuzzy graph.

Definition 2.12([16]) Let G : (o,u) be a fuzzy graph on G* : (V,E).. The dp,-degree of a
vertex u in G is dpy(u) =Y p™(uv), where p™(uv) = sup{p(uur) A plugug) A ...y p(um—1v) :
Uy Up, Uy« .., Um—1,V i8S the shortest path connecting u and v of length m}. Also, p(uv) = 0, for
uv not in E.

The minimum d,,-degree of G is 0,,(G) = Ndm(v) : v € V}.

The mazimum d,-degree of G is Ap,(G) = V{dm(v) : v € V}.

Definition 2.13([16]) Let G : (o, 1) be a fuzzy graph on G* : (V, E). The total d,-degree of a
vertex w € V is defined as tdp,(u) =Y p™(uv) + o(u) = dp(u) + o(u).

The minimum td,,-degree of G is 10, (G) = N{tdm(v) : v € V}.

The mazimum td,,-degree of G is tAn,(G) = V{td,,(v) : v € V}.

Definition 2.14([17]) Let G : (o, ) be a fuzzy graph on G* : (V, E). If d\,(v) =k for allv € V,
then G is said to be (m, k)-regular fuzzy graph.

Definition 2.15([17]) If each vertex of G has the same total d,, - degree k, then G is said to
be totally (m, k)-regular fuzzy graph.

83. (r,m,k)-Regular Fuzzy Graphs

In this section, we define (r, m, k)-Regular Fuzzy Graphs and illustrates this with (r, 3, k)-regular
graph.

Definition 3.1 Let G : (o, 1) be a fuzzy graph on G* : (V, E). If d(v) = r and dp,(v) =k, for
all v € V, then G is said to be (r,m, k)-reqular fuzzy graph. That is, if each vertex of G has the

same degree v and same d,,-degree k, then G is said to be (r,m,k)-regular fuzzy graph.

Example 3.2 Consider G* : (V, E), where V = {uy,us,us, us, us, ug, Uz, g, Ug, u1g} and
E = {ujug, ugus, usty, Uss, Usle, Ugly, Urls, Usly, UgU1p, U191 }. Define G : (o, u) by o(uq) =
0.3, o(u2) = 0.4, o(ug) = 0.5, o(us) = 0.6, o(us) = 0.7, o(ug) = 0.6,0(ur) = 0.5, o(us)
0.4,0(ug) = 0.3, o(u1o) = 0.2 and p(ujuz) = 0.3, p(ugus) = 0.4, u(usug) = 0.3, p(ugus)

)

0.4, /J,(U,5’U,6) = 0.3, O'(UGU7) = 0.4, 0'(’(1,7’(1,8) = 0.3, O'(U,g’u,g) = 0.4, U(Ugulo) = 0.3, 0'(U10U1
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0.4.

(u1) = {0.3A0.4A0.3} +{0.3A0.4A0.3} = 0.3+ 0.3 =0.6.
(ug) = {0.3A0.3A0.4} + {04 A 0.3 0.4} = 0.3+ 0.3 = 0.6.
(us) = {0.4A0.3A0.3} +{0.3A0.4A0.3} = 0.3+ 0.3 = 0.6.
(ug) = {037 04703} + {04 A 0.3 0.4} = 0.3+ 0.3 = 0.6.
ds(us) = {0.3A0.4A0.3} + {047 03704} =0.3+0.3=0.6.
(ug) = {0.4A 03704} + {0.3A 0.4 0.3} = 0.3+ 0.3 = 0.6.
(u7) = {0.3A 04703} + {04 A 0.3 0.4} = 0.3+ 0.3 = 0.6.
(us) = {0.4 A 0.3A0.3} +{0.3A0.4A 0.3} =0.3+0.3=0.6.
(ug) = {0.3A0.3A0.4} + {04 A 0.3 0.4} = 0.3+ 0.3 = 0.6.
d(u;) = {0.3+0.4} = 0.7 for i = 1,2,3,4,5,6,7,8,9,10.

It is noted that, each vertex has the same ds-degree 0.6 and each vertex has the same

degree 0.7. Hence G is (0.7, 3, 0.6)-regular fuzzy graph.

Example 3.3 Cousider G* : (V, E), where V = {u,v,w, z,y, 2z} and

E = {uwv,vw, wz, xy, yz, zu}.

u(0.4)

x(0.4)
Figure 1

= Sup{0.3A0.310.3,0.3A0.3A0.3} = Sup{0.3,0.3} = 0.3.

ds(u)
ds(v) = Sup{0.3 A 0.3A0.3,0.3 A 0.3 0.3} = Sup{0.3,0.3} = 0.3.
(w)

ds(w) = Sup{0.3A 0.3 A0.3,0.3A0.3 A 0.3} = Sup{0.3,0.3} = 0.3.
ds(z) = Sup{0.3 A 0.3A0.3,0.30.3A0.3} = Sup{0.3,0.3} = 0.3.
ds(y) = Sup{0.3A 0.3 1 0.3,0.3A0.3 A 0.3} = Sup{0.3,0.3} = 0.3.
ds(z) = Sup{0.3A 0.3 A 0.3,0.3A0.3 A 0.3} = Sup{0.3,0.3} = 0.3.

In Figure 1, d(u) = 0.3+ 0.3 = 0.6, d(v) = 0.6, d(w) = 0.6,d(z) = 0.6, d(y) = 0.6, d(z) =
0.6. Each vertex has the same d3-degree 0.3 and each vertex has the same degree 0.3. Hence G
is a (0.6, 3,0.3)-regular fuzzy graph.

Example 3.4 Non regular fuzzy graphs which is (m, k)-regular



22 N.R.Santhimaheswari and C.Sekar

1. Let G : (o,u) be a fuzzy graph such that G* : (V, E), a path on 2m vertices. Let all

the edges of G have the same membership value ¢. Then, for i =1,2,3,4,5,--- ,m,

din(vi) = {plei) A pleirr) A{p(eire) -+ A plem—144)}
={cAcAc---Nc}=c.
i (Vi) = {p(ei) A pleirr)} + {nleir2) -+ A plem—14i)}
={cAcAc---Nc}=c.
dm(v) = ¢, forallveV.

Hence G : (o, ) is (m, ¢)-regular fuzzy graph.
Fori=2,3,4,5,---,2m — 1,

d(vi) = {p(ei-1) + ples) = 2c.
{u(en)} =c.

d(vam) = pleam—1) = c.

QU
—~
<

[y
~
Il

d(vy) # d(v;) # d(vay,) for ¢ = 2,4,5,--- ,2m — 1. Hence G is non- regular fuzzy graph which
is (m, ¢)-regular.

Example 3.5 Let G : (o,u) be a fuzzy graph on G* : (V, E), a cycle of length > 2m + 1. Let

c1 if 1 is odd
ple) = . o .
membership value x > ¢; if 4 is even, where z is not constant and
dm(v) = min{c1, z} + min{z,c1} =1 + 1 = 2¢1
for all v € V.

Case 1. Let G : (0, 1) be a fuzzy graph on G* : (V, E) an even cycle of length < 2m + 2. Then
d(v;) = x4+ ¢, for i =1,2,4,5,--- . 2m + 1. So, G : (o, u) is non-regular (m, k)-regular fuzzy
graph, since x is not constant.

Case 2 Let G : (0, ) be a fuzzy graph on G* : (V| E) a odd cycle of length < 2m+1. Hence G :
(o, ) is (m, 2¢1)-regular fuzzy graph and d(vy) = 2¢1, d(v;) = x+¢; fori =2,4,5,--- ,2m+1.
So, G : (o, 1) is non-regular (m, k)-regular fuzzy graph since x is not constant.

§4. Totally (r,m, k)-Regular Fuzzy Graphs

In this section, we introduce totally (r, m, k)-regular fuzzy graph and the necessary and sufficient
condition under which (r, m, k)-regular fuzzy graph and totally (r, m, k)-regular fuzzy graph are

equivalent is provided.

Definition 4.1 If each vertex of G has the same total degree r and same total d,,-degree k,

then G is said to be totally (r,m, k)-reqular fuzzy graph.
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From Figure 1, it is noted that each vertex has the same total ds-degree 0.7.

td3(u) = ds(u) + o(u) = 0.3 + 0.4 = 0.7
tds(v) = ds(v) +o(v) =0.3+0.4=0.7
tds(w) = ds(w) + o(w) = 0.3+ 0.4 =0.7
tdy () = ds(z) + o(x) = 0.3+ 0.4 = 0.7
tds(y) =ds(y) +o(y) =0.3+0.4=0.7
tds(z) = ds(z) + 0(2) =03+ 04 =0.7
td(u) =d(u) +o(u) =08+04=12
td(v) =d(v) +o(v) =0.84+04=1.2
td(w) = d(w) + o(w) =0.8404=1.2
td(z) =d(z) + o(x) =08 +0.4=1.2
td(y) =d(y) +o(y) =0.84+0.4=1.2
td(z) =d(z) +0(2) =08+04=12

In Figure 1, Each vertex has the same total ds-degree 0.7 and each vertex has the same
total degree 1.2. Hence G : (o, u) is totally (1.2,3,0.7)-regular fuzzy graph.

Theorem 4.2 Let G : (o,u) be a fuzzy graph on G* : (V,E). Then o is constant function iff
the following conditions are equivalent:

(1) G : (o, ) is (r,m, k)-regular fuzzy graph;

(2) G : (o,u) is totally (r,m, k)-reqular fuzzy graph.

Proof Suppose that o is constant function. Let o(u) = ¢, constant for all u € V. Assume
that G : (o, ) is (r, m, k)-regular fuzzy graph. Then d(u) = r and d,,(u) = k, for all w € V. So

td(u) = d(u) + o(u) and td,,(u) = dp(u) + o(u) for all u € V.
= td(u) =r+cand tdy,(u) =k +cforall u e V.

Hence G : (o, 1) is totally (r + ¢, m, k + ¢)- regular fuzzy graph. Thus (1) = (2) is proved.
Now suppose G is totally (r, m, k)-regular fuzzy graph.

= tdy,(u) =k and td(u) = r for all w € V.

= dp(u) + o(u) =k and d(u) + o(u) =r for all u € V.
= dm(u) +c=kand d(u) + o(u) =r forall u € V.
=dn(u)=k—cand d(u)=r—cforallueV.

Hence G : (o, ) is (r — ¢, m, k — ¢)-regular fuzzy graph and (1) and (2) are equivalent.
Conversely assume that (1) and (2) are equivalent. Suppose o is not constant function.
Then o(u) # o(w), for at least one pair u,w € V. Let G : (o, ) be a (r,m, k)-regular fuzzy
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graph. Then, d,,(u) = dn(w) = k and d(u) = d(w) = r. So, td,(u) = dn(u) + o(u) =
k+ o(u) and tdpy(w) = dpm(w) + o(w) = k + o(w) and td(u) = d(u) + o(u) = r + o(u)
and td(w) = d(w) + o(w) = r + o(w). Since o(u) # o(w) = k + o(u) # k + o(w) and
r+o(u) #r+ow = tdy(u) # tdn(w) and td(u) # td(w). So G : (o, ) is not totally
(r,m, k)-regular fuzzy graph which is contradiction to our assumption. Let G : (o,pu) be a
totally (r,m, k)-regular fuzzy graph. Then, td,,(u) = td,,(w) and td(u) = td(w).

= dm(u) + o(u) = dp(w) + o(w) and d(u) + o(u) = d(w) + o(w)
= dp(u) — dp(w) = o(w) —o(u) # 0 and d(u) — d(w)

=o(w) —o(u) #0
= dp(u) # dp(w) and d(u) # d(w).

So G : (o, p) is not (r, m, k)-regular fuzzy graph which is a contradiction to our assumption.
Hence o is constant function. O

Theorem 4.3 If a fuzzy graph G : (o, ) is both (r,m,k)-regular and totally (r, m, k)-regular

then o is constant function.

Proof Let G be (ri,m,ki)-regular and totally (ro,m,ks)-regular fuzzy graph. Then
dm(u) = k1 and tdy,(u) = k2,d(u) = r; and td(u) = 7o, for all u € V. Now, tdy,(u) = ko
and td(u) =, for all u € V.

= dm(u) + o(u) = ko and d(u) + o(u) =rp for all u € V.
=k +o(u)=Fkrand r +o(u)=rg forallu e V.

=o(u)=ky— ki and o(u) =ry—ry forallu e V.
Hence o is constant function. O

85. (r,m,k)- Regular Fuzzy Graph on a Cycle with
Some Specific Membership Function.

In this section, (r,m, k)-regularity on a cycle Cay,, Coppt1 is studied with some specific mem-
bership functions.

Theorem 5.1 For any m > 1, let G : (o,u) be a fuzzy graph on G* : (V. E), a cycle of
length > 2m. If u is constant function, then G : (o, ) is (r,m,k)-reqular fuzzy graph, where
r =2u(w) and k = p(uv).

Proof If 11 is constant function say p(uv) = ¢, then d,, (v) = Sup{(cAc---Ac)),(cAc---Ac}
=c, for all v € V and d(v) = ¢+ ¢ = 2¢. Hence G is (2¢,m, ¢)-regular fuzzy graph. ad

Remark 5.2 Converse of the above Theorem need not be true.

Theorem 5.3 For any m > 1, let G : (o, 1) be a fuzzy graph on G* : (V, E), a cycle of length
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>2m+ 1. If p is constant function, then G is (r,m,k)-regular fuzzy graph, where r = 2u(uv)
and k = 2p(uv).

Proof If u is constant function say p(uv) = ¢, then d,, (v) = {cAc---Act+{cAc---Nc} =
c+c=2c for all v € V and d(v) = ¢+ ¢ = 2¢. Hence G is (2¢, m, 2c)-regular fuzzy graph. O

Remark 5.4 Converse of the above Theorem need not be true.

Theorem 5.5 For any m > 1, let G : (o,u) be a fuzzy graph on G* : (V, E), an even cycle
of length > 2m + 2. If the alternate edges have the same membership values, then G : (o, ) is
(r,m, k)-regular fuzzy graph.

Proof 1If the alternate edges have the same membership values, then

cq, if 7 is odd
ples) = o
Ca, if 7 is even.

If ¢; = co, then p is constant function. So, G : (o, u) is (2¢1, m, 2¢1)-regular fuzzy graph.
If ¢; < ¢g, then d,,(v) ={c1 Aca...ci AN} +{c1Aca...c1 N2} =c1+¢1 =2¢, forallv eV
and d(v) = ¢1 + ¢co. Hence G : (o, p) is (¢1 + c2,m, 2¢1)-regular fuzzy graph.

If ¢; > cg, then d,,(v) = {c1 Aca...cr Aea} +{c1 Aca...c1 Aea} = ca+ ca = 2¢o, for all
v €V and d(v) = ¢1 + co. Hence G : (o, ) is (¢1 + ¢c2,m, 2¢co)-regular fuzzy graph. 0

Remark 5.6 Even if the alternate edges of a fuzzy graph whose underlying graph is an even
cycle of length > 2m + 2 have the same membership values, then G : (o, 1) need not be totally
(r,m, k)-regular fuzzy graph, since if ¢ is not constant function then G : (o, u) is not totally

(r,m, k)-regular fuzzy graph, for any m > 1.

Theorem 5.7 For any m > 1, let G : (o, 1) be a fuzzy graph on G* : (V, E), a cycle of length
>2m+ 1. Let
cq, if © is odd

pler) = .
co > Cq, if © is even,

then G : (o, 1) is a (m, k)-reqular fuzzy graph.

Proof Let
cq, if 7 is odd

plei) = L
co > Cq, if 7 is even

Case 1. Let G : (o, 1) be a fuzzy graph on G* : (V, E) an even cycle of length < 2m+ 2. Then
by theorem 6.3, G is (¢1 + c2,m, 2¢1)-regular fuzzy graph.

Case 2. Let G : (o,u) be a fuzzy graph on G* : (V, E) an odd cycle of length < 2m + 1. For
any m > 1, dp,(v) = 2¢q, forallv € V. But d(v1) = ¢1 + ¢1 = 2¢1 and d(v;) = ¢1 + 2, for
1 # 1. Hence G is not (r,m, k)-regular fuzzy graph. |
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Remark 5.8 Let G : (0, 1) be a fuzzy graph on G* : (V, E), an even cycle of length > 2m + 1.
Even if
c, if 7 is odd
plei) = o
> if 4 is even,
then G need not be totally (r, m, k)-regular fuzzy graph, since if ¢ is not constant function then

G is not totally (r, m, k)-regular fuzzy graph.
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