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81. Introduction

Involute-evolute curve couple was originally defined by Christian Huygens in 1668. In the
theory of curves in Euclidean space, one of the important and interesting problems is the
characterizations of a regular curve. In particular, the involute of a given curve is a well known
concept in the classical differential geometry (for the details see [7]). For classical and basic
treatments of Involute-evolute curve couple, we refer to [1], [5], [7-9] and [13].

The relationships between the Frenet frames of the involute-evolute curve couple have been
found as depend on the angle between binormal vector B and Darboux vector W of evolute
curve, [1]. In the light of the existing literature, similar studies have been constructed on
Lorentz and Dual Lorentz space,[2-4, 10-12].

In this paper, The relationships between dual Frenet frame and Darboux vectors of these

curves have been found. Additionally, some important results concerning these curves are given.

82. Preliminaries

Dual numbers were introduced by W.K. Clifford (1849-79) as a tool for his geometrical investi-
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gations. The set ID = {A =a+e¢ea* | a,a*elR, &% = O} is called dual numbers set. On this

set product and addition operations are described as

(a+eca*)+ (b+eb*) = (a+b)+e(a*+b"),
(a+ea”).(b+¢eb*) = ab+e(ab” +a'd),
respectively. The elements of the set ID3 = Z | Z =a+ ac?* , E, c:;‘ elR?} are called dual

vectors. On this set, addition and scalar product operations are described as
® : ID’xID®—1ID?, A®B= (Z+3> —|—e(a*+b*>,
© : IDxID?*—ID?, X@Z:)\E—l—e()\a*—f—)\*a) :

respectively. Algebraic construction (I D3 ®.ID,+, .,@) is a modul. This modul is called
ID-Modul.

The inner product and vectorel product of dual vectors A, BeID?3 are defined by respec-

(,) : ID*<ID®—1ID <Z,73>_<E,F>+s<<3,bj>+<;*i>>

A : ID?xID*—1ID®, ANB= (ZAZ)H(Z/\bwa*/\Z).

tively,

For Z # 0, the norm HZ of Z =a+ ac?“ is defined by

—
*

3] = J(3.3) =[] +eXprL . 7] 20

The angle between unit dual vectors E and E P = p + ep* is called dual angle and this
angle is denoted by ([6])

—

A, B> = cos® = cosp — ep*sing
Let

a : ICIR—ID?

s — a(s)=al(s)+ea*(s)

be differential unit speed dual curve in dual space ID3. Denote by {T, N, B} the moving dual
Frenet frame along the dual space curve o (s) in the dual space ID3. Then T, N and B are the
dual tangent, the dual principal normal and the dual binormal vector fields, respectively. The

function & (s) = ki + ek} and 7 (s) = ko + k3 are called dual curvature and dual torsion of a,
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respectively. Then for the dual curve a the Frenet formulae are given by,

T (s) = r(s)N(s)
N'(s) = —k(s)T(s)+7(s)B(s) (2.1)
B'(s) = —7(s)N(s)

The formulae (2.1) are called the Frenet formulae of dual curve. In this palace curvature

and torsion are calculated by,
det (T, T T”)
5(5) = (T T)  7(8) = ey

If « is not unit speed curve, then curvature and torsion are calculated by

B Ho/ (s) A (S)H B det (a/ (s),a" (s),a” (s))
VT Twer YT T e e e .

By separating formulas (2.1) into real and dual part, we obtain

t(s) = kin
n(s) = —kit+kob (2.4)
b (s) = —kon
' (s) = kin*+kin
n* (s) = —kit* — kit + kob® + kb (2.5)
b (s) = —ken* —kin

83. Some Characterizations Involute of Dual Curves

Definition 3.1 Let a : I — ID? and B : I — ID? be dual unit speed curves. If the tangent
lines of the dual curve & is orthogonal to the tangent lines of the dual curve B , the dual curve
B is called involute of the dual curve & or the dual curve & is called evolute of the dual curve B
(see Fig.1). According to this definition, if the tangent of the dual curve & is denoted by T and

the tangent of the dual curve E is denoted by T, we can write

<T,I_“> —0 (3.1)

Theorem 3.1 Let a and E be dual curves. If the dual curve B involute of the dual curve a, we

can write

B(s)=a(s)+[(c1 —s)+eco]T(s) , c1,c2elR.
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Proof Then by the definition we can assume that

B(s)=a(s) AT (s) . A(s) = p(s) + e (s) (3.2)

for some function A (s). By taking derivative of the equation (3.2) with respect to s and applying

the Frenet formulae (2.1) we have

g A

where s and s* are arc parameter of the dual curves a and 5 , respectively. It follows that

—ds* dX
T =(1+— )T+ AN 3.3
ds ( + ds) A (8:3)
the inner product of (3.3) with T is
ds* - dX
— <T,T> = (1 + E) (T, T+ \ (T, N) (3.4)

From the definition of the involute-evolute curve couple, we can write

<ij> ~0

By substituting the last equation in (3.4) we get

1+ % ~0 and % (1(s) + en” () = —1 (3.5)

Straightforward computation gives
@ (s)=—1 and p* (s)=0
integrating last equation, we get
w(s)=c1—s and p*(s) =co (3.6)
By substituting (3.6) in (3.2), we get
B(s)—a(s)=[(c1 — 8) +eca) T (s). (3.7)

This completes the proof. O

Corollary 3.1 The distance between the dual curves B and @ is ¢y — s| Feca.

Proof By taking the norm of the equation (3.7) we get

d (a (s) ,B(s)) =|c1 — 8| Feco (3.8)
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This completes the proof. O

(o)

Fig.1

Theorem 3.2 Let &,5 be dual curves. If the dual curve B involute of the dual curve a, then

the relationships between the dual Frenet vectors of the dual curves a and 5

= N
—cosPT + sin®B

W=
[l

= sin®T + cos®B

Proof By differentiating the equation (3.2) with respect to s we obtain

B (s) =X (s)N(s) , A= (c1 —s) +eco (3.9)

Thus, the tangent vector of B is found

and

B (9)|| = w (s)

i—‘:

T =N (s) (3.10)
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By differentiating the equation (3.9) with respect to s we obtain
3" = 2T + (m’ — m) N + AwrB

If the cross product B’ A Bﬁ is calculated we have

B'AB" = XNk2rT + \2K°B (3.11)

The norm of vector B’ A 5” is found

FAg H = A2k2\/R2 1 12 (3.12)

For the dual binormal vector of the dual curve B we can write

pag
CNCE

é:

By substituting (3.11) and (3.12) in the last equation we get

T K
T+ B 3.13
VEE+72 VR2 472 (3.13)

E:

For the dual principal normal vector of the dual curve B we can write
N=BAT
and
n L (3.14)

];] = — T +
VK2 + 72 VK2 + 72
Let @ (CI) =ptep*, 2= O) be dual angle between the dual Darboux vector W of a and

dual unit binormal vector B in this situation we can write
T K
sin = ———, cos®=——- 3.15
I<J2 + 7—2 :‘<62 + 7—2 ( )

By substituting (3.15) in (3.12) and (3.13) the proof is completed. O

The real and dual parts of T, ];], B are

T = N
];] = —cos®T + sin®B
B = sin®T + cos®B

is separated into the real and dual part, we can obtain
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|
Il

n?
n = —cosyt + singb,
b o= singt + cospb

*

t = n

_k

n = —cospt® 4 singpb® 4+ ¢* (sinpt + cospb)
Uk

b = sinpt" + cospb® + ¢* (cospt — singb)

On the way
sin® = sin (¢ + ep*) = sing + ep*cosy
cos® = cos (¢ + ep*) = cosp — ep*sing

If the equation

is separated into the real and dual part, we can obtain

p ka

110 P

LA Ty

oy FEH RS = 2hikoki — 2k

o (k3 +k3)?

If the equation
="
cosd =
K% + 72

is separated into the real and dual part, we can obtain

COS = kl
LAy
dng TR 2hukoks - kK — KK

o (k3 +k3)?

Theorem 3.3 Let a,B be dual curves. If the dual curve B involute of the dual curve a

curvature and torsion of the dual curve 3 are

2 B+ ()

=R eRee YT

(3.16)

Proof By the definition of involute we can write

B(s)=a(s)+ T (s) (3.17)
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By differentiating the equation (3.17) with respect to s we obtain

dB ds* /
W = TN TE NN,
47 ds*
DA () =T () + PR ()N (3),
T (s) Cﬁf; — Mk (s) N (s). (3.18)

Since the direction of T (s) is coincident with N (s) we have
T(s)=N{(s). (3.19)

Taking the inner product of (3.18) with T and necessary operation are made we get

ds*

e A (8)| K (s). (3.20)

By taking derivative of (3.19) and applying the Frenet formulae ( 2.1) we have

T(s)=N(s)=T (s) Cf; = —kT +7B. (3.21)
From (3.20) and (3.21), we have
= —xT + 7B
T ()= —c——
EAYOIE
From the last equation we can write
— = —kT' + 1B
N(s)= 2177,
B A YOIRTE)

Taking the inner product the last equation with each other we have

- _ 3 — /KT +7B —kT+7B .
<H(5)N(s),/@(s)N(S)> = <|)\(s)|f$(8)7 |)\(s)|f<a(8)>
Thus, we find
EELACELO)
A2 (s) k2 (s)

We know that
B AB" = NK27T + N2 B.

Taking the norm the last equation, we get

=r*\* (112 + 7'2) .

Faf|
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By substituting these equations in (2.3), we get

0 KA 0
—K2\ (k\) KTA
_ (—I€2)\)/ —K (FL)\)/ —K3N+ (m)\)” — K72\ (FL)\), T+ (IiT)\),
T = — ,
’ 6/ /\ /8//
- KT — KT
T ——
KA (k2 +72)
This completes the proof. O

If the equation (3.16) is separated into the real and dual part, we can obtain

o _ VETR

pki
P T (WPRD) (2kakT + 2koks) — (2kikip?) (KT 4 K3)
! 23k3 /2 + k2 ’
— kyky — kok,
ke = e oy
pky (Kf + k3)
o (klk;* Vo — Kk —kgk’{‘)
ky =

(uk + k1k3p)

[2 (k1K + heak) R (K + k) (ko + Rapet)] (ki — hak, )
(k3 + kk3p)®

Theorem 3.4 Let &,E be dual curves and the dual curve E involute of the dual curve o . If

W and W are Darbouz vectors of the dual curves & and B we can write

W= A—lﬁ (W + <I>/N) (3.22)

Proof Since W is Darboux vector of 3 (s) we can write
Wi(s)=71(s)T(s)+ k(s)B(s) (3.23)

By substituting 7, 7_”, K, B in the last equation, we get

!’ !’
- KT — KT K2 + 72

W (s) = W (s) + W (sin®T + cos®PB) . (3.24)
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By substituting (3.15) in (3.24), we get

_ /_ / 3 5 T B
W(S):&N(Sﬂ_v’i*”' TLERBY
A7) P \ViET e

The necessary operation are made, we get

’

- 7T + kB KT — KT

w = N
== AN )

- 1 KT — KT

W(s)=— (T4 KB+ ———N
=W (T TRt T )

and

’

" 1 (%)
W(S):m W+I<;2—|—T2N

Furthermore, Since
sin® 7,/ VK24 72
cos® k/VEZ+ 12

T_ tan®.
K

By taking derivative of the last equation, we have

<I>/se02<1> = (Z) .
K

By a straightforward calculation, we get

¥ =(3) i
ﬁ/(s):ﬁ(wwbzv),

which completes the proof.

If the equation (3.22) is separated into the real and dual part, we can obtain

— w—l—cp,n
w o= ——
k1
. k1 (w* +<ﬂ’n+</>’*n) — (ki + k) (w+eﬁln)
w = .

p2k?
If the equation (3.24) is separated into the real and dual part, we can obtain

- V2 + k32
w = VA (singt + cospbd) ,
pka
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— k%+k§ . * * * o
o = T(sm(pt + cospb™ + @™ (cospt — singb))
1
kv (ki k* kok®) — k2 ]{52 ke * o
ke (kikT + kok3) ( i+ 2) (uki + p"k1) (singt + cospb) -
ki + k3p2kt

Theorem 3.5 Let a, B be dual curves and the dual curve E involute of the dual curve a . If C
and C are unit vectors of the direction of W and W, respectively

_ q)’ /2 2
C=—— Nt YT ¢ (3.25)
(I)2+1432+7'2 (I)2+Iﬁ}2+7'2

Proof Since 5 the dual angle between W and B we can write

C(s)= sinBT (s) + cosBB (s).

In here, we want to find the statements sinB and COSB, we know that

3 ki : (3.26)

Similarly,
~ RZ 1 12
cosf = # (3.27)
VO'? 4 K2+ 72

Thus we find ,
_ ) _ m

C = T+
VO'2 + k2 + 72 V&2 + k24 72

which completes the proof.

If the equation (3.25) is separated into the real and dual part, we can obtain

- <p,n—|— VE+ k%cj
Vo k2 + k3
¢’n(\/k§+k§)c<¢’¢’*+k1k;+k2k;)

! % ” 2 2 % k1k]+kak3
n* + n+ ki +ksc* + c—
¥ ® L2 N> Vo +k2+k3

C =
NN
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If the equation (3.26) and (3.27) are separated into the real and dual part, we can obtain

/

sinp = —P
R
B (<I>/2 R 72) " — 0o 4 kiki + kokiy
cosp = )

;7 ((I)’Q_FKIQ_'_TQ)%

- k} + k3
cosp = o2 k2 4 g2’
o +ki+k;

roo* 2
(G Rkt k) VETERE = (7 KRB (k] + Rak)
sing = )

_* 3
© (P24 rK2+72)2 ki + k3

Corollary 3.2 Let &,B be dual curves and the dual curve B involute of the dual curve a . If

evolute curve o is helix,

(1) The vectors W and B of the involute curve B are linearly dependent;
(2) C=C;
(3) 3 is planar.
Proof (1) If the evolute curve & is helix, then we have
T ’
— =tan® =consor ® =0
K

and then we have

sind = 0,
cosd = 1.
Thus, we get
o = 0. (3.28)

(2) Substituting by the equation (3.28) into the equation (3.25), we have

Cc=C.
(3) For being is a helix , then we have

% = cons, (%) =0. (3.29)



Some Characterizations for the Involute Curves in Dual Space 125

On the other hand, from the equation (3.16), we can write

/ ’ /

i _ )\I{(l{;Jr‘r_?) _ (%) K2 . (3 30)
K (”2“'2)% (n2+72)% '
AK
Substituting by the equation (3.29) into the equation (3.30), then we find
7 =0,
which completes the proof. O
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