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Abstract: A graph G with p vertices and ¢ edges is said to have a skolem difference odd
mean labeling if there exists an injective function f : V(G) — {1,2,3,---,4¢ — 1} such
that the induced map f* : E(G) — {1,3,5, -+, 2g — 1} defined by f*(uwv) = [W-‘
is a bijection. A graph that admits skolem difference odd mean labeling is called a skolem
difference odd mean graph. In this paper, we investigate skolem difference odd mean labeling

of some H-graphs.
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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on n vertices is denoted by P,. Ki ., is called a star and is denoted by S,,. The
bistar By, , is the graph obtained from K by identifying the center vertices of K ,, and K;
at the end vertices of K5 respectively. The H-graph of a path P,, denoted by H,, is the graph
obtained from two copies of P, with vertices vy,vs, -+ ,v, and ui,us, -+ ,u, by joining the
vertices Unt1 and Unt if n is odd and the vertices vz 41 and ugz if n is even. The corona of
a graph G on p vertices vy, vz, - , v, is the graph obtained from G by adding p new vertices
U1, Uz, ..., U, and the new edges u;v; for 1 < ¢ < p. The corona of G is denoted by G ® K;.
The 2-corona of a graph G, denoted by G ® S5 is a graph obtained from G by identifying the
center vertex of the star Ss at each vertex of G. The disjoint union of two graphs GG; and Gs is
the graph G7 U G with V(G1 UG2) = V(G1) UV (G2) and E(G1 UGs) = E(G1) U E(G2).

The concept of mean labeling was introduced and studied by S. Somasundaram and R.
Ponraj [5]. Some new families of mean graphs are studied by S.K. Vaidya et al. [6]. Further
some more results on mean graphs are discussed in [4,7,8]. A graph G is said to be a mean
graph if there exists an injective function f from V(G) to {0,1,2,- - , ¢} such that the induced
map f* from E(G) to {1,2,3,---,q} defined by f*(uv) = {w—‘ is a bijection.
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In [2], K. Manickam and M. Marudai introduced odd mean labeling of a graph. A graph G
is said to be odd mean if there exists an injective function f from V(G) to {0,1,2,3,---,2¢—1}
such that the induced map f* from E(G) to {1,3,5, - ,2g—1} defined by f*(uv) = [M]

is a bijection. Some more results on odd mean graphs are discussed in [9,10].

The concept of skolem difference mean labeling was introduced and studied by K. Murugan
and A. Subramanian [3]. A graph G = (V, E) with p vertices and ¢ edges is said to have skolem
difference mean labeling if it is possible to label the vertices x € V' with distinct elements f(x)
from 1,2,3,--- ,p + ¢ in such a way that for each edge e = wv, let f*(e) = [M} and
the resulting labels of the edges are distinct and are from 1,2,3,---,¢. A graph that admits a

skolem difference mean labeling is called a skolem difference mean graph.

The concept of skolem difference odd mean labeling was introduced in [11]. A graph with
p vertices and ¢ edges is said to have a skolem difference odd mean labeling if there exists an
injective function f : V(G) — {1,2,3,---,4q — 1} such that the induced map f* : E(G) —
{1,3,5,---,2¢q — 1} defined by f*(uv) = {M—‘ is a bijection. A graph that admits a

skolem difference odd mean labeling is called a skolem difference odd mean graph.

A skolem difference odd mean labeling of By 7 is shown in Figure 1.

1 47

Figure 1

In this paper, we prove that the H-graph, corona of a H-graph, 2-corona of a H-graph are
skolem difference odd mean graph. Also we prove that union of any two skolem difference odd

mean H-graphs is also a skolem difference odd mean graph.

§2. Skolem Difference Odd Mean Graphs

Theorem 2.1 The H-graph G is a skolem difference odd mean graph.

Proof Let vy,va, -+ ,v, and u,us, -+ ,u, be the vertices of the H-graph G. The graph
G has 2n vertices and 2n — 1 edges.
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Define f: V(G) — {1,2,3,--- ,4¢g — 1 = 8n — 5} as follows:

26— 1, 1 <i<nandiisodd
fu) = _ _ N
8n —2i—1, 1 <i<nandiiseven
6n —2i—1, if nisodd, 1 <7 <mn and i is odd
Flu) 2n +2i—1, if nisodd, 1 <i<n and i is even
U;) =
2n +2i — 1, if niseven, 1 <i<n and ¢ is odd
6n —21—1, if nis even, 1 <i<n and 7 is even.

For the vertex labeling f, the induced edge labeling f* is given as follows:

o) =4n—2i—1, 1<i<n-1
fluuip) =2n—-2i—1, 1<i<n-1

I (vmum) =2n—1 if nis odd and
2 2
fr (’U%_H’U,%) =2n—1 if niseven.

Thus, f is a skolem difference odd mean labeling and hence the H-graph G is a skolem
difference odd mean graph. a

For example, a skolem difference odd mean labeling of H-graphs G; and G2 are shown in

Figure 2.
1 027
35 ® ® 13 1 > 9
5 23 27 » 19
31¢ ® 17 5 » 13
9 e ¢ 19 23 *15
G1 = H5 GQ = H4
Figure 2

Theorem 2.2 For a H-graph G, G ® K; is a skolem difference odd mean graph.

Proof By Theorem 2.1, there exists a skolem difference odd mean labeling f for G. Let



Skolem Difference Odd Mean Labeling of H-Graphs

V1,02, , U, and uq,us, - -+ ,u, be the vertices of G.

Let V(G ® K;) = V(G) U {v],v),. .. v, } U {ul,uf,
and E(G © K1) = E(G) U {vv},uu; : 1 <i<n}.

Case 1. n is odd.
Define g : V(G ® K1) — {1,2,---,16n — 5} as follows:

. _n+1
g(v2i—1) = f(v2im1), 1<i<

-2
-1
g(vei) = f(vai) +8n, 1<i< i 5
1
g(ugi—1) = flugi—1) +8n, 1<i< ";r

g(um‘) = f(u2i)

1
g(vhi 1) = glun) — 4n — 4(i — 1), 1§i§"“2L
/ . . n—1
g(vg;) = g(up—1) +4n+4i, 1<i< 5
1
glud; 1) =gun) —2n+4(i—-1), 1<i< ";’

~1
g(ub)) = glun_1) +2n—4(i—1), 1<i< =

2

For the vertex labeling g, the induced edge labeling g* is given as follows:

g (viviy1) = fH(vvip1) +4n, 1<i<n-—1

9" (wiuir1) = f*(wiuip1) +4n, 1<i<n-—1
g ) =4n+1-2i, 1<i<n
g (wui) =2n+1-2i, 1<i<n
3f

* (vn+1u )

(vn+1 Un+1) + 2.
2 2
Case 2. n is even.

Define g : V(G ® K1) — {1,2,3,--- ,16n — 5} as follows:

g(v2i—1) = f(vai—1), 1<i< g
g(vei) = f(ug;) +8n, 1<i< g

g(ugi—1) = fugi—1), 1<i< g
g(uz;) = f(uzi) + 8n, 1§i§g

g(vh_1) = glun—1) +4n+6 —4i, 1

IN
IN
|3

oy Uy

99
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g(vh;) = g(un) —4n — 2 + 44, 1§¢gg
g(uh; 1) = g(un_1) +2(n+1) —4(i — 1), 1gigg
9uhy) = glun) —2n+1) +4i, 1<i< .

For the vertex labeling g, the induced edge labeling g* is obtained as follows:

g*(Wivit1) = f*(vivig1) +4n
9" (wiviy1) = f*(wivit1) +4n
g (vv)) =4n+1—2i
g (wul) =2n+1—2i
9" (vgiug) =3/ (vg+1uy) +2

Thus, g is a skolem difference odd mean labeling and hence G ® K is a skolem difference

odd mean graph. O

For example, a skolem difference odd mean labeling of H-graphs G1,G2,G; ® K7 and
G2 ® K7 are shown in Figure 3.

1 ?13
1° »27
439 p 31
359 P13
5 23 0 / 1
39 027
31°? *17
9 e ¢ 21
) R 23
G1 = Hs Gy =
ATe—1 13735
39 11 67y—49

49—191 79+—61

35 5 63 53 /

53 M— 75p———65
45— 71 17¢—23

39e—9 21¢——27

G160 K, G2 © K,

Figure 3



Theorem 2.3 For a H-graph G, G ® Ss is a skolem difference odd mean graph.
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Proof By Theorem 2.1, there exists a skolem difference odd mean labeling f for G. Let

V1,02, ",

! 7vn7

ul,u27...

v, and up, ug, -+ - -

ul, and uf, uf), -

together with {v;v}, vv!, wul, wu : 1 <i<n}.

Case 1.

Define g : V(G ® S2) — {1,2,3,---

For the vertex labeling g, the induced edge labeling ¢g* is given as follows:

Case 2.

n is odd.

n is even.

,24n — 5} as follows:

g(v2i—1) = fvzi1), 1<i< n;— 1
g(va;) = fug) +16n, 1<i< i ; !
g(ugi—1) = flugi—1) +16n, 1<i< n—2i— 1
g(ug) = flug), 1<i< ”; 1
g(vy; ) = glun) —4n —12(i — 1), 1<i< ";L 1
g(Wh) = g(tn_1) +dn—4+12i, 1<i< ”; !
o) = glvhi) —4, 1<i<"E
o) = glh) +4, 1<i< 1
gy 1) = glun) —6n+12(i—1), 1<i< ”;L !
g(uly) = glun_y) +4n +18 —12i, 1<i< ; !
gluy; 1) = gluy; 1) +4, 1<i< n—2|— !
o) = glus) —4, 1<i< 2

g*(vivit1) = fH(vivig1) +8n, 1 <i<n-—1
9" (wiviv1) = f*(uinig1) +8n, 1<i<n-—1
g (vv)) =8n+3—4i, 1<i<n
(o) =8n+1—4i, 1<i<n
g (uul) =4n+3—-4i, 1<i<n
g (wu)=4n+1—-4i, 1<i<n

o (vagrap) =/

(’UH_HUH_H) +4.
2 2

, Uy, be the vertices of G. Let V(G) together with v, v5, - - -
,ulr form the vertex set of G® .Sy and the edge set is E(G)

avna

" "
V1,0,
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Define g : V(G ® S2) — {1,2,3,---,24n — 5} as follows:

. n
9(vaim1) = f(vaima), 1<isg
n
9(vai) = f(vai) +16n, 1<i< g
n
g(ugi—1) = fugi—1), 1<i< 5
gluz) = fluz) +16n, 1<i< 3
gy 1) = g(un_1) +12n+14—12i, 1<i< g
g(vh) = glun) — 120 — 6 +12i, 1<i< g
on
glvg; 1) =glvg; 1) —4, 1<i< 3
n
g(vy;) = g(vy;) +4, 1<i< 5
gy ) = glun_1)+6n+14—12i, 1<i< g
g(ub;) = glun) —6n—6+12i, 1<i< g
n
g(uy; 1) = gluy 1) —4, 1<i< 5
g(uy;) = g(uy;) +4, 1<i< g
1 [ ] P 51
67 ¢ » 21 1 * 17
5¢ 0 47 59 ® » 13
63 ¢ * 25 5 ¢ » 21
9 43 55 ¢ » 39
50 e ¢ 29 g ® 95
139 » 39 51® > 35
55 ¢ ® 33 13 e ¢ 29
17 ° [ ] 35 47 [ 031
Gl = H9 GQ = Hg

Figure 4
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For the vertex labeling g, the induced edge labeling ¢g* is obtained as follows:

g (viviy1) = ff(vivig1) +8n, 1<i<n-—1
g (wivir1) = f*(uiuip1) +8n, 1<i<n-—1
g (vv)) =8n+3—4i, 1<i<n
g (wv!)=8n+1—4i, 1<i<n
g (uui) =4n+3—4i, 1<i<n
g (wul)=4n+1—-4i, 1<i<n
g (Un+1Un)=5 (vn+1u%)+4

Thus, f is a skolem difference odd mean labeling and hence the graph G ® S3 is a skolem
difference odd mean graph. a

For example, a skolem difference odd mean labeling of H-graphs G1,G2, Gy ® S and
G2 ® Sy are shown in Figures 4 and 5.

125
1 195(11:::::
,//////'129

143

139
79

E— st
117

83

It
137

141
71 73

127

\

$211 91 17

123

131 69

A

5 191 87 171

Y

121
67

127

VY
N

89 115
207 25 6 :::::223'5 21 6
93 111
149 129
119 81 16 (:::::::
9 187 153 :::::::’183 133
115 59 85 95
101 :7 203 29 < - 103 :7- 9 25.<:51
105 99
107 161 gq 141
:::::2>>'13 183 - :::::j:>"179 163 s
103 & 97 43
113 :7« 199 33 < 91 :7 13 29 ‘<:
117 43 87 39
95:::::;;517 179 <:::::::173 105:::::::,175 159&:::::::153
91 177 109 157
G1© S G2 © Sy
Figure 5

Theorem 2.4 If Gy and Gs are skolem difference odd mean H-graphs, then Gy U G4 is also a

skolem difference odd mean graph.
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Proof Let V(G1) = {us,v; : 1 <i<n}and V(G2) = {s;,t; : 1 < j < m} be the vertices
of the H-graphs G; and G5 respectively. Then the graph G; U G2 has 2(n 4+ m) vertices and
2(n+m—1) edges. Let f:V(G1) — {1,2,3,--- ,8n—5}and g : V(G2) — {1,2,3,--- ,8m —5}
be a skolem difference odd mean labeling of G; and G5 respectively.

Define h: V(G1 UG3) — {1,2,3,--- ,4¢— 1 =8(n+m) — 9} as follows:

For1<i<nandn>1,

fuy) if ¢ is odd
h(ui) =
flu;) +8m —4 if ¢ is even
flu;)+8m—4 if n is odd and ¢ is odd
flv) if n is odd and 7 is even
h(vi) =
f(vi) if n is even and i is odd
flo;)+8m—4 if n is even and i is even.

For the vertex labeling h, the induced edge labeling h* is given as follows:
For1<i<n—-1landn>1,

h*(uiqu) = *(uiqu) + 4dm — 2

f
h*(vivit1) = f*(vivig1) +4m — 2
(un+1v ) fr (UnTHUnTH)+4m_2 if n is odd and
) =1

(u%+1v% * (u%+1v%) +4m —2 if nis even.

Fori<j<m-landm>1,

h*(sjs541) = 9" (558541)
h*(tjtjy1) = 9" (titj41)

h* (sm+1tm+1) =g (s%t%) if m is odd

h* (smiqtm) =g* (S%Ht%) if m is even.

Thus, & is a skolem difference odd mean labeling of G; U G2 and hence the graph G; U Gs

is a skolem difference odd mean graph. O

For example, a skolem difference odd mean labeling of G; U Gy where G; = Hj3; Go =
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Hs, Gy = Hs; Gy = Hg, Gy = Hy; Go = Hg and G1 = H4; Go = H, are shown in Figures 6-9

following.

1 P27 3 P29
35P P13 37 °15
1 15 1 51
5 23 7 25
19 9 55 9
31 17 339 19
5 11 5 47
G1 = H; g *19 11¢ *21
Go = Hpy Gi UGy = H3 U Hy
Figure 6
1r P13 3°r P15
1 »27 43 p31 1 *71 45 » 33
35P P13 5 :/'17 9P P13 7 :/'19
5 23 39 $27 5 67 41 $29
31% 17 9 21 759 17 119 23
g e 19 35 *93 g e 063 37 * 25
G1 = Hsy Go = Hg G1UG9 = H5 U Hg
Figure 7
1 » 113 3 P '15
43 *31 45 » 33

1 9 5 -/-17 1e 19 7 -/-19
27-/19 39 $27 71 / 63 41 $29
9 9 113 9¢ 21 5 13 11¢ 23

23 ¢ ¢15 35 *93 67 59 37+ 25
Gi1=Hy G2 = Hg G1 UGy = H4UHg

Figure 8
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1 9 1 9 1 9 3 11
27'/‘19 27'/19 55'/47 29'/‘ 21
X l13 5. 113 5 -13 74 ' 15
23 ¢ 15 23 *15 51¢ 43 25°¢ 17
G1=H,y Go = Hy GiUGy=H4UH,
Figure 9
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