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Abstract: A graph G is said to be one modulo N graceful (where N is a positive integer)
if there is a function ¢ from the vertex set of G to {0,1, N, (N +1),2N, (2N +1),--- ,N(¢—
1), N(qg — 1) + 1}in such a way that (i) ¢ is 1 — 1 (44) ¢ induces a bijection ¢* from the edge
set of G to {1, N+1,2N+1,--- ,N(¢—1)+ 1}where ¢" (uv)=|¢(u) — ¢(v)|. In this paper we
prove that arbitrary supersubdivision of disconnected path and cycle P, UC’ is one modulo
N graceful for all positive integer N. Also we prove that the graph P — v,(cl) is one modulo

N graceful for every positive integer N.
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§1. Introduction

S. W. Golomb [3] introduced graceful labelling. Odd gracefulness was introduced by R. B.
Gnanajothi [4]. C. Sekar [11] introduced one modulo three graceful labelling. In [8,9], we
introduced the concept of one modulo N graceful where N is any positive integer. In the case
N = 2, the labelling is odd graceful and in the case N = 1 the labelling is graceful. Joseph
A. Gallian [2] surveyed numerous graph labelling methods. Recently G. Sethuraman and P.
Selvaraju [5] have introduced a new method of construction called supersubdivision of a graph.
Let G be a graph with n vertices and t edges. A graph H is said to be a supersubdivision of G
if H is obtained by replacing every edge e; of G by the complete bipartite graph Ks ,, for some
positive integer m in such a way that the ends of e; are merged with the two vertices part of
Ko, after removing the edge e; from G. A supersubdivision H of a graph G is said to be an
arbitrary supersubdivision of the graph G if every edge of G is replaced by an arbitrary Ks .,
(m may vary for each edge arbitrarily). A graph G is said to be connected if any two vertices
of G are joined by a path. Otherwise it is called disconnected graph.

G. Sethuraman and P. Selvaraju [6] proved that every connected graph has some supersub-
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division that is graceful. They pose the question as to whether some supersubdivision is valid
for disconnected graphs. [10] We proved that an arbitrary supersubdivision of disconnected
paths are graceful. Barrientos and Barrientos [1] proved that any disconnected graph has a
supersubdivision that admits an a-labeling. They also proved that every supersubdivision of a

connected graph admits an a-labeling.

In this paper we prove that arbitrary supersubdivision of disconnected path and cycle
P, UC, is one modulo N graceful for all positive integer N. When N = 1 we get an affirmative
answer for their question. Also we prove that the graph P} — ’U](Cl) is one modulo N graceful

for every positive integer N.

82. Main Results

Definition 2.1 A graph G with q edges is said to be one modulo N graceful (where N is a
positive integer) if there is a function ¢ from the vertex set of G to {0,1, N, (N +1),2N, (2N +
1),...,N(g—1),N(qg— 1) + 1} in such a way that (i) ¢ is 1 — 1 (i1) ¢ induces a bijection ¢*
from the edge set of G to {1, N +1,2N +1,...,N(q— 1) + 1}where ¢*(uv)=|d(u) — ¢p(v)|.

Definition 2.2 In the complete bipartite graph Ko ,, we call the part consisting of two vertices,
the 2-vertices part of Ko, and the part consisting of m vertices the m-vertices part of Ks ,,.Let
G be a graph with p vertices and q edges. A graph H is said to be a supersubdivision of G if
H is obtained by replacing every edge e of G by the complete bipartite graph Ko ., for some
positive integer m in such a way that the ends of e are merged with the two vertices part of

Ko m after removing the edge e from G. H is denoted by SS(G).

Definition 2.3 A supersubdivision H of a graph G is said to be an arbitrary supersubdivision
of the graph G if every edge of G is replaced by an arbitrary K, (m may vary for each edge
arbitrarily). H is denoted by ASS(G).

Definition 2.4 Let vy, v, ..., v, be the vertices of a path of length n and ’U;l), vél), ceey v,(ll) be
the pendant vertices attached with vy,vs, ..., v, respectively. The removal of a pendant vertex

v,(cl) where 1 < k <n from Pl yields the graph Pf — v,(gl).

Theorem 2.5 Arbitrary supersubdivision of disconnected path and cycle P, UC,. is one modulo
N graceful provided the arbitrary supersubdivision is obtained by replacing each edge of G by
Koy with m > 2.

Proof Let P, be a path with successive vertices vy, va, -+ ,v, and let ¢; (1 <i<n—1)
denote the edge v;v;11 of P,. Let C, be a cycle with successive vertices v,4+1, Un+2, s Untr
and let ¢;(n + 1 <i <n+r) denote the edge v;v;11.

Let H be an arbitrary supersubdivision of the disconnected graph P, UC, where each edge
e; of P, U, is replaced by a complete bipartite graph Ks,,, with m; > 2 for 1 <i<n -1
and n 4+ 1 <4 < n + 7. Here the edge vy 4,vn41 is replaced by ko ,.—1. We observe that H has
M=2(mi+mo+--+mp_1+Mpt1+ -+ mpyy,) edges.
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Figure 1 Supersubdivision of P3 U Cjs
Define
(b(l}z):N(Z—l), 7;:152735"'5”7
¢(v;))=N(i), i=n+1,n+2,n+3,--- ,n+r, and for k=1,2,3,...,m,,
N(M-2k+1)+1 ifi=1
NM-2+9)+1-2N(mi+me+---+mi1+k—1) ifi=23,...n—1
qﬁ(vi’jﬁl)— NM—-14i)+1—=2N(mi+mo+-4+mu_1+k—1) fi=n+1

NM—-14i)4+1=2N[(m1+ma+ -+ mpu_1)+
(Mpg1+-+mi—1)+k—1] fi=n+2n+3,...n+r—1

and for k =1,2,3,- - My, (b(vgfznnﬂ) =Nn+r—k+mpy)+1
From the definition of ¢ it is clear that

{d(vi),i=1,2,--- ,n+r} U{¢(U$)+1),i=1,2,--- ,n+r—1and
k=1,2,3 m} o), 1) k=123 m}

={0,N.2N,--- ,Nin—1)} | {N(n+1),N(n+2),--- ,N(n+r)}

H{NIM = 26+ 1] + 1, N[M — 2m] + 1, N[M — 2my — 2] +1---,

N[M —2(mq +ma) + 2] + 1, N[M — 2(mq + ma) + 1] + 1,

N[M —2(my +m2) — 1]+ 1,...,N[M — 2(m1 + ma +m3) + 3] + 1,

o NIM =3+n—2(mi+mo+---+mu_2)] +1,
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N
N

—1+n—2(m1+m2+ +mn—1+mn+l)]+17"'7
M+3+n—2(mi+ma+ - +mu_1+Mps1 + Mug2)] + 1,

=

M4+2+n—2(mi+mo+- -+ Mmpu_1+mMpt1 +Mmpi2)] + 1,
M+n—2(m1+ma~+ -+ Mp_1+ Mpi1 + Mpi2)] +1,...,
M+44+n—2(m1+ma+--+Mp_1+Mpt1 + Mpt2 + Mprs)] + 1,
M—-24+n+r—2(mi+ma+--+mp_1+ Mpi1+ Mpy2)] + 1,

=2 =2 =

N

NIM—44+n+r—=2[(mi+ma+-+mu_1)+ (Mpt1 +Mny2+ -+ Mpir_2)]] + 1,
SNIM+n+r—=2[(m1+me+ - +mp_1)+ (Mpt1 +Mpyo+ -+ Mppr1)]] +1}

U{N(n—i—r—1+mn+r)+1,N(n+r—2+mn+T)+1,--- ,Nn+r)+1}

M-24+n+r—=2[(mi+mo+--+mu_1)+ (Mpt1 +Mpt2+ -+ mppr—2)]] + 1,

(M
[
[
[
[
[
[
[

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1. We compute
the edge labels as follows:

For k= 1,2, ,my1, ¢*(0o1) = () = ¢(v1) | = N(M = 2k + 1) + 1, ¢* (v Jv,) =|
o(v") = d(va) | = N(M - 2k) + 1.

For k=1,2,--- ,m; and i =2,3,--- ,n—1, ¢*(v$)+10i) =] ¢(Usz)+1) —é(v;) | = N(M —
2k+1)—2N(mi+mo—+---+m;_1)+1, ¢*(U§§)+1Ui+1) =| ¢(v§,’§’+1) = ¢(vit1) | = N(M —2k) —
2N(m1—|—m2—|——|—m1,1)+1

Rnk:Lz-'mML¢%ﬁﬁnmwﬂJa¢wﬁmwa—¢wmn|:NM4—%+M—
N (my +ma+ -+ Ma1) + 1, 0 (007 iotnra) = 6O 1 ia) = SVnsz) | = N(M — 2k) —
2N(my+mg+ -+ my_1)+ 1.

For k=1,2,....m;and j=n+2,n+3,--- ,n+7r, ¢*(v ”HUZ) =| ¢(v Z(Ij)ﬂ) o(vi) | =
N(M =2k+1)=2N{(my+ma+- +mn_1)+ (g1 +mniat - +mi) 1, 67 (015 i) =]
S(0*) )= d(vit1) | = N(M—=2k)=2N{(my+mot- - +1mp_1)+ (g1 +masot--—+mi_1)}+1.

* k k
For k=1,2,--- ,mp4r, ¢ (Uv(l-znn-',-lvn-i-r) =| ¢(U7(142r,n+1) = ¢(Vntr) | = N(mpgr — k) + 1,
* k k
" (VL 10n41) =| @O 1) = BWni1) | = Ny +7 =k = 1) + 1.

It is clear from the above labelling that the m;+2 vertices of K5 ,,, have distinct labels
and the 2m; edges of K3 ,,, also have distinct labels for 1 <i<n—-landn+1<i<n+r-—1.
Therefore the vertices of each K3 ;,,1 <7 <n—-1andn+1<4¢<n+r—1in the arbitrary
supersubdivision H of P, UC, have distinct labels and also the edges of each K5 ,,,,1 <i <n-—1
and n+1<i<n+r—1in the arbitrary supersubdivision graph H of P, U C, have distinct
labels. Clearly H is one modulo N graceful. Hence arbitrary supersubdivisions of disconnected
path and cycle P, U C, is one modulo N graceful, for every positive integer V.

Consequently, every disconnected graph has some supersubdivision that is one modulo NV

graceful. O

Example 2.6 A odd graceful labelling of ASS(Ps U Cjy) is shown in Figure 2.
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Example 2.7 A graceful labelling of ASS(P; U C3) is shown in Figure 3.
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Figure 3

Theorem 2.8 For any pendant vertex v,(cl) € V(PF), the graph P — v,(cl) s one modulo N

graceful for every positive integer N.
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Proof Let vi,v9,--- ,v, be the vertices of a path of length n and ’U; ) vél), e ,’U7(11) the
pendant vertices attached with vy, v, - - - , v, respectively. Consider the graph P, — ’U](Cl), where

1< k < n. It has 2n — 1 vertices and 2n — 2 edges.
Case 1. nis even and k is even
Define

N@n—3)+1-2N(i—1) fori=1,2,--

P(v2i-1) = N@n—3)+1-2N(5 -1) - N —2N(i —(

(b(mi):N(Qi—l) fori=1,2,--- 7%,

(1) 2N(n—2)+1-2N(i—1) fori=1,2,---,5—1
¢(U2z) . . i ' . . )
2N(n—2)+1-2N(£ -2)—3N —2N(i— (£ +1)) fori=5+1,5+2,...,2

3

(b(”éi)l) =2N(i—1)fori=1,2,---
From the definition of ¢ it is clear that

’ 2

{¢(U2i—1)7 1= 1727 e 7%}U{¢(U2i)7 1= 1727 e 7%}

. k k k n
U{¢v21 z:1,27-..75—1,5—1-1,5_1_27...,5}

U{¢U21 1 121727"'72}

={N2n-3)+1,N2n—5)+1,--- ,N2n—k—1)+1,N2n—k—2)+1,
N@2n—k—4)+1,...,Nn+1} [ J{N,3N,--- ,N(n— 1)}
UeNn-2)+1,2N(n-3)+1,--- ,N@2n—k)+ 1,N@n—k—3) +1
N@n—k=5)+1,--- ,N(n—1)+1} [ J{0,.2N,...,N(n—2)}

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1. We compute
the edge labels as follows.

Fori=1,2, % ¢"(vai_102)=| $(v2i1) — d(va:) |[= N(2n — 4i) + 1, ¢* (vai_r08)) ) =
| ¢(v2i—1) — (vgZ 1) |— N@2n—4i+1)+1.

For i = 15 27 Tty 5_15 Qb* (v2i+1v2i) :| ¢(02i+1)—¢(’02i) |: ]\7(2’fL—4’L—2)—|—17 (b*(véi)vQZ) =
| ¢(Ug)) d(v2;) |= N(2n —4i— 1)+ 1.

Fori = §+1,5+2- 5 ¢ (vsi1vai)=]| $lozi) - #vz) |= N(2n — 4i+ 1) + 1,
0" (vai-105;1)=| G(vai1) = S(vy,Ly) |= N2 —4i +2) + 1, 6" (v vai)=| 9(05;)) — d(v2i) |=
N(2n — 4i) + 1.

Fori=%+1,542 % -1, ¢ (v2ir1v2)=| ¢(vair1) — ¢(vai) | = N(2n — 4i — 1) + 1.

This show that the edges have the distinct labels {1, N +1,2N +1,---, N(¢ — 1) + 1},
where ¢ = 2n — 2. Hence for every positive integer N, PT — v,(cl) is one modulo N graceful if n

is even and k is even.
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Example 2.9 A one modulo 10 graceful labelling of P;f, — Uél) is shown in Figure 4.

171 10 151 30 131 50 121 70 101 9.0
0 161 20 141 40 60 111 80 91
Figure 4

Case 2. nis even and k is odd

Define

b(021) N(2i—1) fori=1,2,--- 51
V2i) =
N(k_2)+N+2N(i_((k;1))) fOTi:%,k—QS,---,%

(b(vgl,l):N(Qn—3)+1—2]\7(z—1) fori:1,2,-~-,%,

sy = VG- fori=L2 kgt
' 2N (E5E — 1) + 3N + 2N (i — (5£3)) fori= ki3 k5 ... 0

G(S)) =2N(n—2) +1-2N@i—1) fori=1,2,---, 2.

The proof is similar to that of Case 1. Hence for every positive integer N, P — U](cl) is one

modulo N graceful if n is even and k is odd.

Example 2.10 A one modulo 4 graceful labelling of P}, — vél) is shown in Figure 5.

85 4 712 69 20 61 28 53 32 45 40

0o 8 8 73 16 65 24 97 49 36 41

Figure 5

Case 3. nis odd and k is even

Define
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o ) N(@2n—3)+1-2N(i—1) fori=1,2,--- %
V2i—1) = )
N(@n—-3)+1-2N(E-1)-N—-2N(G— (£ +1)) fori=%+1,... 252
(b(vgi):N(Qi—l)fori:1,2,...,"7_1,
(1) 2N(n—2)+1—-2N(i—1) fori=1,2,....5-1
¢(U2z) k . & . Kk -1 5
2N(n—2)4+1-2N(5—-2)—3N —-2N(i—(5+1)) fori=5+1,---, 2=
d(wS) ) = 2N(i —1) fori = 1,2,..., 251,
From the definition of ¢ it is clear that
. n ) n—1
{p(v2i-1), i=1,2,---, ),z:1,2,~-~, 5 1
(D) = k k k - n—1
U{¢v21 ’7’_1527"'75_1a§+17§ 7/—1,27"'5 2 }

= {N(2n - )+1,N(2n—5)+1,...,N(2n—k—1)+1,N(2n—k 2) + 1,
N@n—k-4)+1,...,N(n—1)+1} | J{N,3N,...,N(n—2)}

2N —2)+1,2N(n-3)+1,....N@n—k) + L N(2n -k —3) + 1,
N@n—k=5)+1,...,Nn+1} | J{0,.2N,...,N(n—1)}

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1. We compute
the edge labels as follows:

Fori=1,2,--- % ¢*(v2i—1V2i)=| d(v2i—1) — P(v2;) | = N(2n — 43) + 1, gb*(in,lvg)_l) =
| ¢(v2i—1) — (véi) DI=N2n—-4i+1)+ 1.

Fori=1,2,--, %=1, ¢* (v2i1102:)=| ¢(v2it1)—P(v2i) | = N(2n—4i—2)+1, " (05 v2;) =
|¢(U$)) d(v2i) | = N@2n—4i—1) + 1.

Fori =%+ 17 S + 2,0, 2 9" (vgim1v2:)=] d(vaim1) — P(v2i) | = N(2n — 4i + 1) + 1,
¢ (v5; v2s) = | $(vsy)) — B(va) | = N(2n — 4i) + 1.

Fori=54+4+1,5+2 27 ¢*(vg1109) = | p(v2i41) — @(va;) | = N(2n — 4i — 1) + 1.

Fori=%+1,54+2,, 5, 6" (vai1v§) ) = | (vai1) —¢(0fi) ) | = N(2n—di+2)+1.

This show that the edges have the distinct labels {1, N +1,2N +1,---, N(¢ — 1) + 1},
(1)

where ¢ = 2n — 2. Hence for every positive integer N, P;” — v, is one modulo N graceful if n
is odd and k is even.

Example 2.11 A one modulo 3 graceful labelling of P;; — ’Uél) is shown in Figure 6.
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70 3 67 9 61 15 55 21 49 27 43 33 37

0 6 64 12 58 18 52 24 46 30 40 36
Figure 6

Case 4. nis odd and k is odd

Define

N(2i—1) fori=1,2,--- 51

2
1)

Plvzi) = N(k=2)+ N +2N(i— (5572)) fori = K1 kg8 . gl

P(v2i1) = N(@2n—3)+1—-2N(i—1) fori =1,2,..., 251,

. c k_l
2N(i—1) fori=1,2,---,%=

(ls(vg)ﬂ) =
2N (5L — 1) + 3N + 2N (i — (&2)) fori= 53 K5 o2t

G(S)) =2N(n —2) +1-2N(i— 1) fori =1,2,..., 251,

The proof is similar to that of Case 3. Hence for every positive integer N, P\ — o' is one

k

modulo N graceful if n is odd and k is odd. |
Example 2.12 A one modulo 5 graceful labelling of P} — Uél) is shown in Figure 7.
96 5 86 15 76 20 66 30 56 40 46
°
0 91 10 81 71 25 61 35 51 45

Figure 7
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§3. Conclusion

Subdivision or supersubdivision or arbitrary supersubdivision of certain graphs which are not
graceful may be graceful. The method adopted in making a graph one modulo N graceful will
provide a new approach to have graceful labelling of graphs and it will be helpful to attack

standard conjectures and unsolved open problems.
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