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81. Introduction

In this paper, we consider only finite simple graphs without loops or multiple edges. Let G(V, E)
be a graph with the set of vertices V' and the edge set E. Total coloring x;(G) was introduced by
Vizing [7] and Behzad [1]. They both conjectured that for any graph G the following inequality
holds: A(G) +1 < x¢(G) < A(G) + 2. Tt is obvious that A(G) + 1 is the best possible lower
bound. This conjecture is proved so far for some specific classes of graphs. In general the
equitable total coloring problem is more difficult than the total coloring problem. In 1994, Fu
[4] gave the concepts of an equitable total coloring and the equitable total chromatic number
of a graph. For a simple graph G (V, E), let f be a proper k—total coloring of G

Ty — Ty <1, 4,5 =1,2,...,k.

The partition {T;} = {V; U E; : 1 <i < k} is called a k—equitable total coloring (k—ETC
of G in brief), and
Xet (G) = min {k|k — ETC of G}

is called the equitable total chromatic number [2-6, 10] of G, where Vo € T; = V; U E;, f (z) =
i, i =1,2,--- k. It is obvious that x.(G) > A + 1. Furthermore Fu presented a conjecture
concerning the equitable total chromatic number (simply denoted by ETCC)

Conjecture 1.1([4]) For any simple graph G (V, E),

Xet(G) < A(G) + 2.
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These Researchers in [2, 3, 5, 6, 8-10] have concentrated in providing the equitable total

chromatic number for specific families of graphs.
Lemma 1.2([10]) For any simple graph G (V, E),

Xet (G) > x:(G) > A(G) + 1.
Lemma 1.3([4]) For complete graph K, with order p,

D, p = 1mod 2

Xet (K ) =
g p+1, p=O0mod 2.

Lemma 1.4([3]) For n > 13 the total equitable chromatic number of Hypo-Mycielski Graph,
Xet(HM(W,,)) =n+ 2.

In [9], equitable total chromatic numbers of some join graphs were given. Gong Kun et.al
[2] proved some results on the equitable total chromatic number of W,, V K,,, F,, V K,, and
Sm V K. In 2012, Ma Gang and Ma Ming [6] proved some results concerning the equtiable
total chromatic number of P,, V S,, P, V F,, and P, V W,,.

In the present paper, we find the equitable total chromatic number x.; for the double star
graph K ., and the fan graph F,, ;.

§2. Preliminaries

Definition 2.1 A double star Ky ., is a tree obtained from the star K , by adding a new pen-
dant edge of the existing n pendant vertices. It has 2n+1 vertices and 2n edges. Let V (K1,5.p) =
{v} U{vi,va,...,on} U{us,ug,...,un} and E (K1 pnn) = {e1,€2,...,en} U{s1,52,...,8,}.

Definition 2.2 A Fan graph K,, + P, where P, is path on n vertices. All the vertices of the
fan corresponding to the path P, are labeled from m to n consecutively. The vertices in the fan

corresponding K, is labeled m + n.

§3. Equitable Total Coloring of Double Star Graphs

Theorem 3.1 For any positive integer n,
Xet (Kl,n,n) =n+1.
Proof Let V (Kinn) = {uo} U{u;:1<i <n}U{v;:1<i<n} and E(Kinn) =

{ei:1<i<n}U{s;:1<i<n}, wheree; (1 <i<n)isthe edge ugu; (1 <i<n)ands;(1 <i

< n) is the edge u;v; (1 < i < n). Now we partition the edge and vertex sets in K1 , ,, as follows.
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T, = {e1,Un,Sn—1,Vn—2}

T, = {e2,u1,8n,Un-1}

T3 = {es,ua,v,}

Ty = {es,u3, 51}

T, = {ew,ur—1,5k-3,0%-4} (5 <k <n)
Toy1 = {uo,8n—2,0n-3}

Clearly Ty,T5,T5,T4, T, and T,4; are independent sets of Kj . Also |T1| = |Ta| =
|Tk| = 4(5 <k <n)and |T3] = |T4| = |Tht1| = 3, it holds the inequality ||T;| — |T;|| < 1 for
every pair (¢,7). This implies xet (K1,n,n) < n+ 1. Since the set of edges {e1, ez, ...e,} and ug
receives distinct color, Xet (K1,n,n) > Xt (K1,n,n) > n+1. Hence xet (K1,n,n) > n+1. Therefore
Xet (K1nn) =n-+1. O

§84. Equitable Total Coloring of Fan Graphs

Theorem 4.1 For any positive integer n,m (n > m), then

A+2ifn=m

A+2ifn—m=2
A+1lifn—m=1
n+2ifn—m2>3

Xet (Fm,n) =

Proof Let V (Finp) ={ui: 1 <i<m}U{v; 11 <j<n}tand E (Fnn,) = U{e,;:1<j<n}u
i=1
{e; 11 <j<n—1}, wheree; (1 <j<n-—1)isthe edge vjv;41 (1 < j<n—1)ande,; is the
edge u;v; (1 <i<m,1<j<n). Now we partition the edge and vertex sets of F,,, in the

following cases.

Casel. n=m

T = {ei1i}U{ean,es5n-1,€6n-2,--.,ma}U{vs}

T, = {eiz,e21tU{esn,€6n-1,€7.n-2,---s€ms}U{vs}

T35 = {eis,e22,e31}U{€6n,€7n-1,€8n-2,...,€me}U{vs}
Taa = {e1n-2,€2n-3,...,€m—21}U{v,}

Ta-z = {e1n—1,€2n-2,. -, €m—11}
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Ta—e = {e1n,€2n-1,---3m1}
Ta-1 = {ezn,€3m-1,---,ema} U{v1}
Tan = {esm,eamn—1,---,em3tU{v2}
Tatyr = {62i31§i§LnT_1J}U{U2i111§i§[g-‘}

-1
Tar2 = {62i111§i§ PLT—‘}U{um!lSiS {gJ}

Clearly Th,T%,T5, . . . Ta42 are independent sets of F), ,,. It holds the inequality ||T;| — |T5|] <
1 for every pair (4,7). This implies Xet (Fmn) < A+ 2. Each edge vjvj41 (1 <j<n-—1)is
adjacent with 2m + 2 edges and incident with two vertices,it forms a triangle with atleast one
vertex of {u; : 1 <i <m}. Therefore equitable total coloring needs A + 2 colors.xet (Fm.n)
> xt (Fn) > A+ 2. Hence xet (Fin,n) > A+ 2. Therefore xet (Fn) = A+ 2.

Case 2. n—m=2

T = {eii}U{ean,e3n-1,€1n-2,...,€ma}U{vs}
T, = {eiz,ea1tU{esn;an-1,€5n-2,...,m5}U{va}
T3 = {ei,e22,e31}U{esn,e5n-1,€6n-2,---,€me} U{vs}
Ta—2 = {e1n-2,€2n-3,...,em1}U{v,}
TAfl - {el,nflv 62,7172; sy em,2} U {'Ul}
Tn = {ein,€2n-1,.--;m3} U{va}
-1 -1
TaArr = {u2i1 1<ZSVLTJ}U{€21'11SZ'§{”2 J}
-2 -1
TaAr2 = {um 1§i§Ln2 J}U{emlllﬁiﬁ[%—‘}

Clearly Th,T5,T5, . .. Tat2 are independent sets of F), ,,. It holds the inequality ||T;| — |T5|] <
1 for every pair (4, j). This implies Xet (Fin,n) < A+ 2. Since each edge vjvj41 (1 <j<n-—1)
is adjacent with 2m + 2 edges and incident with two vertices,it forms a triangle with atleast one
vertex of {u; : 1 < i < m}. Therefore equitable total coloring needs A + 2 colors. et (Finn) >
Xt (Fin) > A+ 2. Hence xei (Fn,n) > A+ 2. Therefore xet (Finpn) = A+ 2.

Case3. n—m=1

T {e11}U{ean,e3n-1,€4n-2,...,em 3} U{va}

T, = {eig,e21tU{e3n;an-1,€5n-2,...,ma}U{vs}
T3 = {eis,ez2,e31}U{ean,e5n-1,€6n-2,---,€ms5} U {va}



Ta—2
ThA—1

N

Tayr =

Clearly Tl, Tg, Tg, .
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{e1,n-1,€2n-2,...,€m 1} U{v,}

{el,n; €2 n—1y---, em,Q} U {1)1}

e
e ]

.Ta+1 areindependent sets of F,, ,,. It holds the inequality ||T;| — |T5|] <

1 for every pair (1,j). This implies Xet (Fm,n) < A+ 1. Since at each vertex v; (2 <j <n-—1)

there exist A mutually adjacent edges and v; (2 < j < n — 1) needs one more color. Xet (Fmn) >
Xt (Fin) > A+ 1. Hence xet (Fn,n) > A+ 1. Therefore xet (Finpn) = A+ 1.

Case 4. n—m >3

T =
T, =
Ty =

Th o =
Tnfl =
T, =

Tn+1 -

Tn+2 -

Clearly Tl, Tg, Tg, ce

{e11} U{ean,e3n-1,€4n-2,...,€ma} U{vs}
{e12,e21} U{€3ns€an-1,€5n—-2,---sm,5} U{vsa}
{e13,€22,e31t U{€an,5n—1,€6,n—2,---,me} I {vs}
{e1,n—2,€2.n—3,. . em1} U{vn}

{e1n-1,€2n-2,. .- ema2}t U{v1}
{e1n,€2n—1,---,em 3t U{v2}

{u2i1:1§ig[%1}u{em:1gig V;IJ}
{u2i:1§i§ {%J}u{emlqgig VT_IH

T,+2 are independent sets of Fy,, ,,. It holds the inequality ||T;| — |T;]| <

1 for every pair (i,7). This implies xet (Fm,n) < n + 2. Since at each vertex u; (1 <i <m)

there exist n mutually adjacent edges and wu; (1 < ¢ < m) needs one more color. Xet (F.n)
Xt (Fmn) > n+ 2. Hence Xet (Fin) > n + 2. Therefore xer (Fin) =n + 2.
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