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Abstract: An edge magic total labeling of a graph G(V, E) with p vertices and q edges is
a bijection f: V(G)UE(G) — {1,2,--- ,p+ ¢} such that f(u) + f(v) + f(uv) is a constant
k for any edge uv € E(G). If there exist two constants k1 and k2 such that the above sum
is either k1 or ko, it is said to be an edge bimagic total labeling. A total edge magic (edge
bimagic) graph is called a super edge magic (super edge bimagic) if f(V(G)) ={1,2,--- ,p}
and it is called superior edge magic(bimagic) if f(F(G)) = {1,2,---,q}. In this paper, we

investigate and exhibit super and superior edge bimagic labeling for some classes of graphs.
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81. Introduction

All graphs considered in this article are finite, simple and undirected. A labeling of a graph G is
an assignment of labels to either the vertices or the edges, or both subject to certain conditions.
Labeled graphs are becoming an increasingly useful family of mathematical models from a
broad range of applications such as coding theory, X-ray, Crystallography, radar, astronomy,
circuit design, communication networks and data base management. Graph labeling was first
introduced in the late 1960s. A useful survey on graph labeling by Gallian (2012) can be found
in [4]. We follow the notation and terminology of [5].

A graph G = (V, E) with p vertices and q edges is called total edge magic if there is
a bijection f : V(G)U E(G) — {1,2,--- ,p + ¢} such that f(u) + f(v) + f(uww) = k for
any edge uv € F(G). The original concept of total edge-magic graph is due to Kotzig and
Rosa [6] who called it magic graph. A total edge-magic graph is called a super edge-magic if
fvi(@) =1{1,2,--- . p}.

Wallis [7] called super edge-magic as strongly edge-magic. The notion of edge bimagic
labeling was introduced by Baskar Babujee [1]. A graph G with p vertices and q edges is called
total edge bimagic if there exists a bijection f : V(G) U E(G) — {1,2,---,p + ¢} and two
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constants k1 and ko such that f(u)+ f(v) + f(uv) is either k1 or ko for any edge wv € E(G). A
total edge-bimagic graph is called super edge-bimagic if f(V(G)) ={1,2,---,p}and it is called
superior edge bimagic if f(E(G)) = {1,2,---,q}. In this article, C,, 6 C;}, C,, e C;} , C,, 0 C,, ,
Cp € Cp, (K1m+ K1) 0 Cl and G 6 (P2 + mK;) are shown to admit super and superior edge

bimagic labeling.

Definition 1.1([2]) A bijection f: V(G) UE(G) — {1,2,3, -+ ,p+q} is said to be super edge
bimagic total labeling of G if there exist two constants k1 and ko such that f(u)+ f(v) + f(uv)
is either k1 or ke for any edge wv € E(G) and f(V(G)) ={1,2,---,p}.

Definition 1.2([8]) A graph G with p vertices and q edges is called superior edge magic if there
is a bijection f : V(G)UE(G) — {1,2,3,--- ,p+q} such that f(u)+ f(v)+ f(uv) is a constant
for any edge uv € E(G), where f(E(G) ={1,2,--- ,q}. If f(u) + f(v) + f(uv) are all distinct
for all uv € E(G), then the graph is called superior edge antimagic total labeling.

Definition 1.3([3]) If Gi(p1,q1) and Ga(p2,q2) are two connected graphs then the graph ob-
tained by superimposing any selected vertex of Ga on any selected vertex of Gy is denoted by
G1 0 Go. The resultant graph G = G1 6 G4 contains p1 +p2 - 1 vertices and q1 + q2 edges. In
general, there are p1ps possibilities of getting from G1 and Gs.

Definition 1.4 Gy é G2 is obtained from Gy and Go by introducing an edge between an
arbitrary vertex of G1 and an arbitrary vertex of Ga. If G1(p1,q1) has p1 vertices and q1 edges
and Ga(p2,q2) has pay vertices and go edges then G1 é Gy will have (p1 + pa2) vertices and
(g1 + g2+ 1) edges. If Gy = K1m, G2 = P,.

Interesting graph structures K ,,€P, is obtained respectively using our operation defined

above and we prove the following results.

§2. Main Results

In this section, we obtain super and superior edge bimagic labeling from connected magic

graphs.

Theorem 2.1 There exists at least one graph G from the class Cr,6C,5, (n > 3) when n is odd

that admits super edge bimagic labeling.

Proof Let the graph G is obtained by superimposing a vertex of C,, on a pendant vertex
of C;t is denoted by C, 6 C;t . We define that the vertex set V(G) = {v],v};1 < j <
nyU{ub;1 <k <n—1} and edge set E(G) = E; U E, U E3 U E, where Ey = {v]v];1 < j <n}
By = {0dol™h1 < j <n—1}, By = {ubuft1 <k <n—2}, By = {vdod, vlul, ofu 1Y
Define a bijective function f: V(G) U E(G) — {1,2,3,--- ,6n — 1} is as follows:

on —j
-5
fhod™) =3n+4j—1.

For j = 1ton, let f(v]) =n—1+7; For j = 1 ton, when j = 1(mod 2), let f(v3)
L ln—j—1
B 2

_bn—j

and when j = 0(mod 2), let f(v%) =
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For k = 1ton — 2, let f(ufut™) = 6n — k; For k = 1 to n-1 ; when k = 1(mod 2), let

fuk) = ntk and when k = 0(mod 2), let f(uf) = k

5"

Let f(ulvl) = bn, f(vdvd) =4n —1, f(viul ™) =50+ 1.

In the following cases, it is justified that the above assignment results in the required
labeling.

Case 1 For edges in E1, when j = 1(mod 2), we have
C BSn—j 10n—j—1
-1
n +7+ 5 + 2
1 —3
= k1
2

F@l) + F(d) + fviv

S~—
|

and when j = 0(mod 2), we have

; ; P . bn—73 9In-—-75-1
F) + flog) + flogeg) = n—1+j+———+——
17n —3
= = k.
5 1
Case 2 For edges in FEy, when j = 1(mod 2), we have
Sn—j 6n—j—1
Fd) + S+ d™) = T T a1
17n —
_ ™m 3:k1
2
and when j = 0(mod 2), we have
6bn—j53 OSn—j5—1
Fed)+ 1)+ fdd™) = S a1
17 —3
= =k;.
5 1

Case 3 For edges in E5, when k = 1(mod 2), we have

kE kE+1
PO+ FE) + bty = TEE T en—k
1
_ 3n+1:k2
2

and when k = 0(mod 2), we have

(=

kE+1
Fb) + f Y 4 fabattly = Dy PEETL e g

3n+1
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Case 4 For the edges in F4, we have

n—1 1"n—3
n _

FB) + fvd) + flugvy) = 2n + +4n—1= 5 =k,
+1 13n+1
Fh) + f(o}) + flulo}) = 5= +n+5n= = =k,
- - ~1 13n+ 1
fvi) + fo} 1)—|—f(v%u’f 1):n+nT+5n+1: n2 = ke,

We observe that there are two constants k1 and ko such that for each edge uwv € E(G),
17n -3

2

. Hence the resultant graph admits super edge bimagic labeling. O

f(u)+ f(v)+ f(uv) is either ky or ko. From the above cases we have two constants k; =
13n+1

and ko =

Illustration 1 The graph Cy6Cy is given in Figure 1. It is super edge bimagic labelling is

also indicated in the same figure.

1

Figure 1 k1 =75 ky =159

Theorem 2.2 There exists at least one graph G from the class Cr,éC;r, (n > 3), when n is odd

that admits super edge bimagic total labeling.

Proof Let the graph G is obtained by introducing an edge between a vertex of C),, and
a pendant vertex of C,I is denoted by C, é C,;7 . We define that the vertex set V(G) =
{ui, vj,w;;1 <4,5 <n} and edge set E(G) = E1 U Ey U E3 U Ey where By = {uu;41;1 <1 <
n—1}, By = {vjw;;1 < j < n}, B3 = {wjwjy1;1 < j <n-—1}, By = {uituy, v1Un, wiw, }.
Define a bijective function f : V(G) | F(G) — {1,2,3,--- ,6n — 1} is as follows:

For it = 1 ton —1, let f(uu;41) = 6n —i+ 1; For i = 1 to n, when i = 1(mod 2),
L+ 1 L+ 1
let f(u;) = i and when i = 0(mod 2), let f(u;) = % For j = 1ton—1, let
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on—j+2
fwjwjt1) = 3n+ j; For j = 1 to n, when j = 1(mod 2), let f(w;) = % and when
6n—j+2
Jj =0(mod 2), let f(w;) = % For j =1 to n, when j = 1(mod 2), let f(v;)=n+7j,
10n —j5+1 19n —j5+1
flwjv;) = On-jtl and when j = 0(mod 2), let f(v;) =n+j, f(wjv;) = nfﬁ Let
fluruy) =6n+1, f(viuy) =5n+1 and f(wiw,) = 4n.

In the following cases, it is justified that the above assignment results in the required
labeling.

Case 1 For edges in Eq, when i = 1(mod 2), we obtain

i+1 n+i+?2 ,
flui) + fluigr) + fuiuipr) = 5 + > +6n—1+1

13n+5
=

ky

and when ¢ = 0(mod 2), we have

i+l it2 .
Flui) + f(uigr) + fluguip) = L ; +Z2 +6n—i+1

1Bn+5
5 =

k1.

Case 2 For edges in Ey, when j = 1(mod 2), we obtain

m—j+2 10n—-3+2 10n—j+1
n—j n n—j n n—j

Fg) + flwy) + flojw) = ntj+——7 5 5
1
_ ™m+3 — &
2
and when j = 0(mod 2), we obtain
. bn—734+2 9n-—75+1
Fs) + fw)) + fojwy) = ntj+ —F——+——
1"n+3
= :k .
5 2
Case 3 For edges in E5, when j = 1(mod 2), we obtain
Sn—j+2 6n—7+1 .
flwg) + f(wjn) + flwjwje) = g Ty T3n
17n +3
= :k
5 2

and when j = 0(mod 2), we have

6n—j34+2 bSn—j5+1 .
f(wy) + flwjt1) + f(wjwjpa) = + +3n+j

1Tn+3

ko.
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Case 4 For the edges in F4, we have,

Flun) + Flmn) + Flmun) =14 5 pgn g1 = P20E2 g
Flon) + flun) + floun) =n+ 14 T sn g1 = B0E2 g
Flun) + flawn) + flwnwn) =20+ 14+ 252 4 gn = TOES g,
We observe that there are two constants k; and ke such that for each edge uwv € E(G),
f(u)+ f(v)+ f(uv) is either k; or k2. From the above cases we have two constants k1 = 13n2—|— b

17 3
and ko = nt

. Hence the graph C,,éC;t, (n > 3) admits super edge bimagic labeling. O

Illustration 2 The graph C11éCY] is given in Figure 2. It is super edge bimagic labelling is
also indicated in the same figure.

Figure 2 k1 =74 ks =95

Theorem 2.3 There exists at least one graph G from the class C,,0C,,, (n > 3) when n is odd
that admits superior edge bimagic total labeling.

Proof Let the graph G is obtained by superimposing a vertex of C,, on a vertex of the
same copy denoted by C, 6 C, . Now, we define that the vertex set V(G) = {u;,v;;1 <
1 <n}1<j<n-1} and edge set E(G) = E1 U Fy U E3 where E; = {ujuit1;1 < i <
n—1}, By = {vjvj41;1 < j < n—2}, B3 = {wiuy,, vitn, unvp_1}. A bijective function
f:VIGUEG) —{1,2,3,--- ,4n — 1} is given bellow:

For i = 1 ton —1, let f(uuiy1) = 6n — i+ 1; For i = 1 to n, when i = 1(mod 2),
L+ 1 L+ 1
let f(u;) = i and when i = 0(mod 2), let f(u;) = % Fori =1ton—1, let
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T — i
f(ujuig1) = 4; For i = 1 to n, when i = 1(mod 2), let f(u;) = n2 * and when i = 0(mod 2),

8n — g
let f(u;) = n2 . For j = 1ton—2,let f(vjoj41) = n+2+j; For j =1ton—1,
omn —j 6n —j
when j = 1(mod 2), let f(v;) = %, when j = 0(mod 2), let f(v;) = n2 I Let
on + 1

flop_1) = 5 flupvp—1) =n+1, f(viun) =n+2, f(uru,) = n.

The above assigned labels are justified in the following cases.
Case 1 For edges in Eq, when ¢ = 1(mod 2), we obtain

m—1 8n—1—1

Jlui) + f(uivr) + fuivipr) = 5 + 5 +1
_ 15n2— -

and when ¢ = 0(mod 2), we obtain

qn—1 Tn—1-—1

Jui) + f(uivr) + fuivitr) = > + 5 +1
_ 15n2— -

Case 2 For edges in Ey, when j = 1(mod 2), we obtain

m—j 6bn—j5—1

FO) + f00) + fjoi01) = —5 =+ ——F—+n+2+]
13n+3
92 25

when j = 0(mod 2), we obtain

6bn—j53 oSn—j5-—1

fi) + fujs1) + flojuj41) = 5+ 5 +n+247
13n+3
= = ko.
5 2

Case 3 For the edges in F3, we have

™m—1 15n —1
flur) + fun) + fluruy,) = n2 +3n+4+n= n2 =k,
5n —1 13n 43
for1) + fun) + f(viu,) = " +3n4+n+2= n2 = ko,
5n+1 13n+3
fun) + f(on—1) + fluyun—1) =3n+ i In+l= n2 — ko.
15n —1
Therefore, when we observe from the above cases, we have the constant ky = 5 and
13 3
ko = nr . Hence the graph G = C,, 6 C,,, (n > 3) admits superior edge bimagic total
labeling. O

Theorem 2.4 There exists at least one graph G from the class Cy,, é Cy, (n > 3) when n is



56 A.Amara Jothi, N.G.David and J.Baskar Babujee

odd that admits super edge bimagic total labeling.

Proof Let the graph G is obtained by introducing an edge between a vertex of C,, and
a vertex of the same copy denoted by C,, é C,,. Now, we define that the vertex set V(G) =
{ui,v551 < i <n}1<j<n}and edge set E(G) = E1 U Ey U E5 where E1 = {uui11;1 <
i <n-—1}, By = {vjuj11;1 < j < n —1}, B3 = {u1vp, u1tn,v1v,}. A bijective function
[ VGUEG) —{1,2,3,--- ,4n+ 1} is given bellow:

For it = 1 ton—1, let f(uui41) = 3n —¢; For i = 1 to n, when i = 1(mod 2), let

2 i+ 1 3 i+ 1
ui:M;wheniEOmon,let ui:M. For j = 1ton—1, let
2 2
i+ 1
vjvj+1) = 4n + 1+ j; For j = 1 to n, when j = 1(mod 2), let f(v; :L,when
iVj+ J J J j 5
i+ 1
j =0(mod 2), let f(v;) = % Let f(uiun) = 3n, f(uiv, =3n+1), f(viv, =4n + 1).

The above assigned labels are justified in the following cases.

Case 1 For edges in Ey, when i = 1(mod2), we obtain

2n+1+1 n+i1+2 )
JFlui) + fluirr) + fuuirr) = 5 + 5 +3n—1

11
n+3:k1
2

and when ¢ = 0(mod 2), we obtain

3n+i+1 2n+i+2 ,
flui) + fluirr) + flusuipr) = > + 5 +3n—1

1In+3
= k.
5 1

Case 2 For edges in Ey, when j = 1(mod 2), we obtain

j+1 n4+j+2

fwj) + fvjr1) + f(vjuj11) = 5 + ) +4n+1—j
_ 9n2—|—5 — k.
When j = 0(mod 2), we obtain
(i) + fvjpr) + f(vjvjen) = n—l—;’—i—l —i—j;2+4n+1—j
_ 9n2—|—5 — k.
Case 3 For the dges in E3, we have
Flun) + Fun) + Flmun) =n+14 2Ly g0 < TNES g
o) + Fun) + forun) =1+ 2L pan 1= 2250 g
Flun) + ) + flum) =n+14 T2 0 pan 1= E2
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11
Therefore, k1 = nt3 and kg = On + 5. Hence the graph G = C,éC,,, (n > 3) admits

super edge bimagic total labeling. |

Theorem 2.5 There exists at least one graph G from the class GoC;t, (n > 3) , (when n is odd)
that admits super edge bimagic total labeling, where G is any graph from Ki m, + K1, (m > 2).

Proof Let the graph G’ is obtained by merging of two graphs with a vertex of above degree 2
in G and a pendant vertex of C;F. We define the graph Go6C;I with vertex set V(G) = {u;, vi;1 <
i < n}U{w YU{w); 1 < j < m} and edge set E(G) = EyUE,UE3 where By = {uv;;1 <i <n},
Ey ={vjvi11;1<i<n-—1}, B3 = {ulwg;l <j<m}u {wlwg; 1<j<m}U{uwi,viv,}. A
bijective function f: V(G)J E(G) — {1,2,3,--- ,4n + 3m + 2} is given bellow:

Fori=1ton—1,let f(v,vi1) = 2n+ 14+ m +14; For i = 1 to n, when i = 1(mod 2),

let f(v;) = ?m%él_l + m. When i = 0(mod 2), let f(v;) = w +m. For i =1 to n,
let f(u;) = m+1+1i; For i =1 to n, when i = 1(mod 2), let f(u;v;) = w When
i = 0(mod 2), let f(uv;) = % For i = 1 to n, let f(viv,) = 3n+m + 1 and for
j=1tom,let f(wl) =1+7, fluywl) = 7n2—|—1 +3m — j, fww)) = 7n2—|—3 +4m —j. Let
flw) =1, flurwr) = mtl + 3m.

In the following cases, it is justified that the above assignment results in the required
labeling.

Case 1 For any edge u,;v; € Eq1, when i = 1(mod 2), we obtain

3n+4—i 8n—i+3
— tmt ————+

flui) + fo) + fluwi) = m+1+i+ 5 m
6m+1In+9
= —_— = K1.
2
When i = 0(mod 2), we obtain
. o n—i1+3 .
fug) + f(ui) + fluw;) = m+1+z+T+m+2n+m+1+z
6m+1In+9
- TR g
2
Case 2 For any edge v;v;+1 € Fa, when i = 1(mod 2), we obtain
n+4—1 dn—1—3 .
f(i) + fvigr) + flovipr) = %+m+%+m+2n+m+l+z
6m+1In+9
S i A A

2
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When i = 0(mod 2), we obtain

dn+4—1 3n—i—3 ,
foi) + floin) + f(oivien) = ——F—+m+ ——F——Fm+2+m+1+i
6m+11n+4+9
= 72 Zkl.

Case 3 For the edges in F3, we have

™+ 1 8qm+Tn+7

Flun) + f(wh) + flurwh) =m+2+ 1+ + R L
f(w1)+f(w§)+f(w1w§):1+1+j+7n+3+4m_jzw:k%

Fon) + £+ For) = 252 a2 pm g a1 = S INEO
f(u1)+f(w1)+f(u1w1):m+2+1+7n+1+3m:w:k2.

We observe that there are two common counts k1 and ko such that for each edge uv €

E(G), f(u) + f(v) + f(uv) is either ki or ko. From the above cases we have two constants

6 11 9 8 7 7 /
ki = bm+ Hn+9 and ko = % Hence as per our construction G admits super

edge bimagic labeling.

Iustration 3 The graph (K 6+ K 1)66’5r is given in figure 3. It is super edge bimagic labelling

is also indicated in the same figure.

Figure 3 k1 =72 ky =59

Theorem 2.6 If G is an arbitrary graph that admits total edge magic labeling then there exists
at least one graph from the class G6(Pa + mKy) admits edge bimagic total labeling.
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Proof Let G(p, q) be total edge magic graph with the bijective function f : V(G)UE(G) —
{1,2,3,---,p+ ¢} such that f(u) + f(v) + f(uv) = k1. Let w € V(G) must be vertex whose
label f(w) = p + ¢ is the maximum value. Consider the graph (P; + mK;) with vertex set
{ug,vo,u; : 1 < i < m} and edge set E(G) = {uoui,vou; : 1 < i < m} U {upvo}. We
superimpose the vertex vy is degree more than two of the (P, + mK;) graph on the vertex
w € V(G) of G. Now we define the new graph G' = G 6 (P, + mK;) : 1 <4 <m and edge
set El(G/) = FUFE; UEyUE;5 where B = {upu; : 1 <i < m}, By = {wu; : 1 <i < m},
E3 = {uow}. Consider the bijection g: V' (G YUE (G') ={1,2,3,--- ,p+ q+ 3m + 2} defined
by g(v) = f(v) for all v € V(G) and g(uv) = f(uv) for all uv € E(G).

From our construction of new graph Gl, the labels are defined as follows:

f(w) =g(vo) = g(w) =p+4q, g(wi)) =p+q+i for 1 <i<my
g(wu;) =p+q+3m+3—i, for 1 <i<m;

gluou;) =p+q+2m+2—i, for 1 <i<m;

glug) =p+qg+m+1and glugw) =p+q+ 2m + 2.

Since the graph G is total edge magic with constant k; and implies that g(u)+g(uv)+g(v) =
ky for all uv € E'(G').

Next, we have to prove that the remaining edges w and ug joining with {u; : 1 < i < m}
have the constant ks.

For the edges in £ U Ey U E3,

g(uo) + g(uou;) +glu;)) = p+qg+m+1+p+qg+2m+2—i+p+q+i
= 3(p+tqg+tm+1) =k,

g(w) +g(uw;) + g(wu;)) = p+q+p+q+i+p+qg+3m+3—i
= 3(p+qg+m+1)=kyand

g(uo) + gluow) + g(w) = p+qg+m—+1+p+qg+p+q+2m+2

= 3p+qg+m+1)=ks.

Therefore, the resultant graph Go(P. + mK7) has two common counts k1 and ko. Hence
the graph admits edge bimagic total labeling. |

Conclusion In our present study, we have investigated super and superior edge bimagic
labeling for some special graphs. Investigating super and superior edge bimagic total labeling
for the graph from the class G10G2 and G1éG, for some arbitrary graph G; and G2 with this
conditions. This is our future plan.
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