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§1. Introduction

The first paper on harmonious graph coloring was published in 1982 by Frank Harary and

M.J.Plantholt [2]. However, the proper definition of this notion is due to J.E.Hopcroft and

M.S. Krishnamoorthy [5] in 1983. It was shown by Hopcroft and Krishnamoorthy that the

problem of determining the harmonious chromatic number of a graph is NP-hard.

A harmonious coloring [1, 2, 3, 5, 6, 9] of a simple graph G is proper vertex coloring such

that each pair of colors appears together on at most one edge. The harmonious chromatic

number χH(G) is the least number of colors in such a coloring.

The concept of harmonious coloring of graphs has been studied extensively by several

authors; see [8, 11] for surveys. If G has m edges and G has a harmonious coloring with k

colors, then clearly,

(
k

2

)
≥ m. Let k(G) be the smallest integer satisfying the inequality. This

number can be expressed as a function of m, namely

k(G) =

⌈
1 +

√
8m + 1

2

⌉
.

Paths are among the first graphs whose harmonious chromatic numbers have been estab-

lished. Let Pn denote the path of order n. The following fact has been proved [2].

If k(Pn) is odd or if k(Pn) is even and n − 1 = k(k − 1)/2− j, j = k/2− 1, k/2, · · · , k − 2,

where k = k(Pn), then χH(Pn) = k(Pn). Otherwise, χH(Pn) = k(Pn) + 1.

In this present paper, we find the harmonious chromatic number on Mycielskian graph of

cycle, path, complete graph and complete bipartite graph.
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§2. Mycielskian Graph

We consider only finite, loopless graphs without multiple edges. For a given graph G on the

vertex set V (G) = {v1, . . . , vn}, we define its Mycielskian µ(G) [4, 7, 10] as follows:

The vertex set of µ(G) is V (µ(G)) = {X, Y, z} = {x1, · · · , xn, y1, · · · , yn, z} for a total of

2n + 1 vertices. As for adjacency, we put

• xi ∼ xj in µ(G) if and only if vi ∼ vj in G,

• xi ∼ yj in µ(G) if and only if vi ∼ vj in G,

• and yi ∼ z in µ(G) for all i ∈ {1, 2, · · · , n}.

§3. Harmonious Coloring on Myceilskian Graph of Cycles

Theorem 3.1 Let n be a positive integer, then

χH(µ(Cn)) = 2n + 1.

Proof For any cycle Cn with the vertex set V (Cn) = {v1, . . . , vn}, we define its Mycielskian

µ(Cn) as follows. The vertex set of µ(Cn) is V (µ(Cn)) = {X, Y, z} = {x1, . . . , xn, y1, . . . , yn, z}
for a total of 2n + 1 vertices. As for adjacency, we put

• xi ∼ xj in µ(Cn) if and only if vi ∼ vj in Cn,

• xi ∼ yj in µ(Cn) if and only if vi ∼ vj in Cn,

• and yi ∼ z in µ(Cn) for all i ∈ {1, 2, . . . , n}.
The number of edges in µ(Cn) is 4n and all the vertices z, xi, yi are mutually at a distance

at least 2 and deg(z) = n, deg(xi) = 4, deg(yi) = 3, and so all must have distinct colors. Thus

we have, χH(µ(Cn)) ≥ 2n + 1.

Now consider the vertex set V (µ(Cn)) and assign a proper harmonious coloring to V (µ(Cn))

as follows:

For (1 ≤ i ≤ n), assign the color ci+1 for yi and assign the color c1 to z. For (1 ≤ i ≤ n),

assign the color cn+1+i for xi. Therefore, χH(µ(Cn)) ≤ 2n +1. Hence, χH(µ(Cn)) = 2n +1. 2
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Figure 1 Mycielskian graph of C5 with χH(µ(C5)) = 11
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§4. Harmonious Coloring on Myceilskian Graph of Paths

Theorem 4.1 Let n be a positive integer, then

χH(µ(Pn)) = 2n − 1, ∀n > 2.

Proof For any path Pn with the vertex set V (Pn) = {v1, . . . , vn}, we define its Mycielskian

µ(Pn) as follows. The vertex set of µ(Pn) is V (µ(Pn)) = {X, Y, z} = {x1, . . . , xn, y1, . . . , yn, z}
for a total of 2n + 1 vertices. As for adjacency, we put

• xi ∼ xj in µ(Pn) if and only if vi ∼ vj in Pn,

• xi ∼ yj in µ(Pn) if and only if vi ∼ vj in Pn,

• and yi ∼ z in µ(Pn) for all i ∈ {1, 2, . . . , n}.
The number of edges in µ(Pn) is 4n − 3 and all the vertices z, xi, yi are mutually at a

distance at least 2 and deg(z) = n, 2 ≤ deg(xi) ≤ 4, deg(yi) = 3, and so all must have distinct

colors. Thus we have, χH(µ(Pn)) ≥ 2n− 1, ∀n > 2.

Now consider the vertex set V (µ(Pn)) and assign a proper harmonious coloring to V (µ(Pn))

as follows:

For (1 ≤ i ≤ n), assign the color ci+1 for yi and assign the color c1 to z. For (1 ≤ i ≤ n),

assign the color cn+i for xi. Therefore, χH(µ(Pn)) ≤ 2n − 1, ∀n > 2. Hence, χH(µ(Pn)) =

2n − 1, ∀n > 2. 2
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Figure 2 Mycielskian graph of P5 with χH(µ(P5)) = 9

b

y3
4b

y2
3b

y1
2 b

y4
5 b

y5
6

b

x3

8
b

x2

7
b

x1
6 b

x4

9
b

x5

2

§5. Harmonious Coloring on Myceilskian Graph of Complete Graphs

Theorem 5.1 Let n be a positive integer, then

χH(µ(Kn)) = 2n + 1 for n 6= 2.
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Proof For any complete graph Kn with the vertex set V (Kn) = {v1, . . . , vn}, we de-

fine its Mycielskian µ(Kn) as follows. The vertex set of µ(Kn) is V (µ(Kn)) = {X, Y, z} =

{x1, . . . , xn, y1, . . . , yn, z} for a total of 2n + 1 vertices. As for adjacency, we put

• xi ∼ xj in µ(Kn) if and only if vi ∼ vj in Kn,

• xi ∼ yj in µ(Kn) if and only if vi ∼ vj in Kn,

• and yi ∼ z in µ(Kn) for all i ∈ {1, 2, . . . , n}.

The number of edges in µ(Kn) is
3n2 − n

2
and all the vertices z, xi, yi are mutually at a

distance at least 2 and deg(z) = n, deg(xi) = n + 1, deg(yi) = 3, and so all must have distinct

colors. Thus we have, χH(µ(Kn)) ≥ 2n + 1, for n 6= 2.

Now consider the vertex set V (µ(Kn)) and assign a proper harmonious coloring to V (µ(Kn))

as follows:

For (1 ≤ i ≤ n), assign the color ci+1 for yi and assign the color c1 to z. For (1 ≤ i ≤ n),

assign the color cn+1+i for xi. Therefore, χH(µ(Kn)) ≤ 2n+1, for n 6= 2. Hence, χH(µ(Kn)) =

2n + 1, for n 6= 2. 2
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Figure 3 Mycielskian graph of K5 with χH(µ(K5)) = 11
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§6. Harmonious Coloring on Myceilskian Graph of Complete Bipartite Graphs

Theorem 6.1 Let n and m be a positive integers, then

χH(µ(Km,n)) = 2(m + n) + 1.

Proof For any complete bipartite graph Km,n with the vertex set V (Km,n) = {v1, . . . , vn}∪
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{u1, · · · , un}, we define its Mycielskian µ(Km,n) as follows. The vertex set of µ(Km,n) is

V (µ(Km,n)) = {X, X ′, Y, Y ′, z} = {x1, . . . , xn, x′
1, · · · , x′

m, y1, . . . , yn, y′
1, · · · , y′

m, z}

for a total of 2n + 2m + 1 vertices. As for adjacency, we put

• xi ∼ xj in µ(Km,n) if and only if vi ∼ vj in Km,n,

• x′
i ∼ x′

j in µ(Km,n) if and only if ui ∼ uj in Km,n,

• xi ∼ yj in µ(Km,n) if and only if vi ∼ vj in Km,n,

• x′
i ∼ y′

j in µ(Km,n) if and only if ui ∼ uj in Km,n,

• and yi ∼ z in µ(Km,n) for all i ∈ {1, 2, . . . , n}.
The number of edges in µ(Km,n) is m2 +n2 +mn+m+n and all the vertices z, xi, x

′
i, yi, y

′
i

are mutually at a distance at least 2 and deg(z) = n, deg(xi) = 2m,deg(x′
i) = 2n, deg(yi) =

4,deg(y′
i) = 4 and so all must have distinct colors. Thus we have χH(µ(Km,n)) ≥ 2(m + n)+ 1.

Now consider the vertex set V (µ(Km,n)) and assign a proper harmonious coloring to

V (µ(Km,n)) as follows: For (1 ≤ i ≤ n), assign the color ci+1 for yi and assign the color c1 to z.

For (1 ≤ i ≤ m), assign the color cn+1+i for y′
i. For (1 ≤ i ≤ m), assign the color cn+m+1+i for

y′
i. For (1 ≤ i ≤ n), assign the color c2m+n+1+i for xi Therefore, χH(µ(Km,n)) ≤ 2(m +n) + 1.

Hence, χH(µ(Km,n)) = 2(m + n) + 1. 2
Case 1
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Figure 4 Mycielskian Graph of K3,3 with χH(µ(K3,3)) = 13
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Case 2
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Figure 5 Mycielskian Graph of K2,3 with χH(µ(K2,3)) = 11
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§7. Main Theorem

Theorem 7.1 Let G be any graph without pendant vertices, then

χH(µ(G)) = 2(V (µ(G))) + 1.
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