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§1. Introduction

Let G be a non trivial finite group and S be an non-empty subset of G such that for z € S, 27! ¢
S and Ig ¢ S, then the Cayley digraph I' = Cay(G, S) of G with respect to S is defined as a
simple directed graph with vertex set G and arc set E(T') = {(g, h)|hg~! € S}. If S is inverse
closed and doesn’t contain identity then Cay(G, S) is viewed as undirected graph and is simply
the Cayley graph of G with respect to S. It easily follows that valency of Cay(G, S) is |S| and
Cay(G, S) is connected if and only if (S) = G. For an elaborate literature on Cayley graphs
one may refer [5]. A dihedral group Ds, is a group with 2n elements such that it contains an
element 'a’ of order 2 and an element ‘0’ of order n with a=tba = b=*. Thus Da,, = (a,bla® =
" =1,a"tha =b"1) = (a,bla® = b" = 1,a *ba = b*,a # 1(mod n),a® =1(mod n)).

If n = 2, then D4 is Abelian; for n > 3, Ds,, is not abelian. The elements of diheral group

can be explicitly listed as
Do, = {1,a,ab,ab?, - ,ab™ 1 b,b2 - b7 "1}

In short, its elements can be listed as a*b* where i =0,1 and £k =0,1,-- -, (n—1). It is easy to

explicitly describe the product of any two elements a’b*a’b! = a"b® as follows:
1. If j = 0 then r = i and s equals the remainder of k£ + [ modulo n.

2. If j =1, then r is the remainder of i + j modulo 2 and s is the remainder of ka + [

modulo n.
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The orders of the elements in the Dihedral group Da, are: o(1) = 1, o(ab’) = 2, where;
0<i<n-—1,0(b") =n, where; 0 < i <n — 1 and if n is even than o(b%) = 2.

Let T' be a digraph of order n with vertex set V(T') = {v1,---,v,},and arc set A(T") C
V(') x V(I'). We assume that I" does not have loops and multiple arcs, i.e.,(v;,v;) ¢ A(T") for
all i , and (v;,v;) € A(T") implies that (v;,v;) ¢ A(I"). Hence the underlying undirected graph
Gr of T is a simple graph. The skew-adjacency matrix of I' is the n x n matrix S(I") = [s;;],
where s;; = 1 whenever (v;,v;) € A(T'),s;; = —1 whenever (vj,v;) € A(T), and s;5 = 0
otherwise. Because of the assumptions on I', S(T') is indeed a skew-symmetric matrix. Hence
the eigenvalues {\1,--- , A\, } of S(T") are all purely imaginary numbers, and the singular values
of S(T") coincide with the absolute values {|\1], -, |\n|} , of its eigenvalues. Consequently, the
energy of S(I') , which is defined as the sum of its singular values [6], is also the sum of the
absolute values of its eigenvalues. For the sake of convenience, we simply refer the energy of
S(T') as the skew energy of the digraph I'. If we denote the skew energy of I' by €,(I") then,

es(T) = |Ail.
i=1

The degree of a vertex in a digraph I' is the degree of the corresponding vertex of the
underlying graph of I". Let D(T") = diag(dy,da, - - - ,dy), the diagonal matrix with vertex degrees
dy,dg, -+ ,d, of v1,va,--+ v, and S(T) be the skew adjacency matrix of a simple digraph T,
possessing n vertices and m edges. Then L(T") = D(T') — S(T') is called the Laplacian matrix of
the digraph I". If A\;,4 = 1,2,--- ,n are the eigenvalues of the Laplacian matrix L(I") then the

n

2m
skew Laplacian energy of the digraph T is defined as SLE(T') = Z [Ai — —1.
n
i=1
An n xn matrix S is said to be a circulant matrix if its entries satisfy s;; = 51 j—i4+1 , where
the subscripts are reduced modulo n and lie in the set {1,2,...,n}. In other words, ith row of S

is obtained from the first row of S by a cyclic shift of ¢ — 1 steps, and so any circulant matrix is
n

determined by its first row. It is easy to see that the eigenvalues of S are A\, = Z sljw(j_l)k,
j=1

k=0,1,--- ,n — 1. For any positive integer n, let 7, = {w* : 0 < k < n} be the set of all nth

roots of unity, where w = e = cos(%’r) +1 sin(%”) that i2 = —1. 7,, is an abelian group with

respect to multiplication. A circulant graph is a graph I" whose adjacency matrix A(T) is a
circulant matrix. More details about circulant graphs can be found in [3].

Ever since the concept of the energy of simple undirected graphs was introduced by Gutman
in [7], there has been a constant stream of papers devoted to this topic. In [1], Adiga, et al. have
studied the skew energy of digraphs. In [4], Gui-Xian Tian, gave the skew energy of orientations
of hypercubes. In this paper we introduce and investigate the skew energy of a Cayley digraphs

of cyclic groups and dihedral groups and establish sharp upper bound for the same.

82. Main Results

First we present some facts that are needed to prove our main results.

Lemma 2.1([2]) Let T is disconnected graph into the X components T'1,Ta,--- T, then
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Spec(T U Spec(T’

Lemma 2.2 Letw =¢ n = cos(2T) 4 isin(2E7) for 1 < k < n, where n is a positive integer

and i*> = —1. Then
(i) wt+w" ™t =2cos(2E) for 1 < k < n,

(i1) w' —w"™t = 2isin(2E) for 1 <k < n.

Lemma 2.3([1]) Let n be a positive integer. Then

n—1
2 2k 1
(i) sin TW = §cot%, n = 1(mod2),
k=1

n—2

d 2km T
%) in— =cot—, n=0 d2
(44) ;sm - cot —, n (mod2),

1
(#i1) Z |cos—| = CSC2L — 5= 1(mod2),
n

n—1
(iv) Z | cos —| = 2cot —, n = 0(mod4),
k=0

n—1
(iv) Z|cos—| —2csc— n = 2(mod4),

k=0

L (@2k-1
(vi) Zsinu

k=1

= csc E, n = 0(mod2),
n

n—1
k
(vid) ; sin % = cot %, n = 1(mod2),

2km T _
(viit) E | cos T' =csC o — 1, n = 1(mod2).

Lemma 2.4 Let n be a positive integer. Then
n=2
- 2km ™
(i) > |cos == | =cot — — 1, n = 0(mod4),
k=1
n=2

2 2km ™
i) > T~ esc T~ 1, n = 2(modd).
(44) 2 | cos - | = csc ~—Ln (mod4)
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Proof The proof of (i) follows directly from Lemma 2.3(iv), and (i7) is a consequence of
Lemma 2.3(v). O

Lemma 2.5 Let n be a positive integer. Then

n—1 n—1
- . 2%kr L 4k
@) S sin 28 =37 [sin —2 |, n = 1(mod2),
n n
k=0 k=0
n=2 n-2
2k z 4k
(44) sin 0~ = | sin —ﬂ-|, n = 2(mod4),
k=0 " k=0
n—2 anél
oy . 2km . 2km
(#i1) Z sin —— = 1+2 Z sin ——, n = 0(mod4),
k=1 k=1
n=2 n—4
LN Ak ~ 4k
(1v) Z | sin T| =2 Z |smT|, n = 0(mod4),
k=1 k=1
ot
4k 4
(v) sin —~ = csc — + cot —ﬁ, n = 0(mod8),
Pt n n n
7124
4k 2
(vi) sin —— = cot —W, n = 4(mod8).
Pt n n

2k 4k -1
Proof (i) Let n = 1(mod2), f(k) = sin “T and g(k) = sin —W, where k € {0,1,2,-- -, r )
n n
Then it is easy to check that
] 1@ it 0sk<[a,
g =
Sfn-2k) i) <k < 2L
This implies (7).
2k 4k -2
(i1) Let n = 2(mod4), f(k) = sin =T and g(k) = sin —— , where k € {0,1,2,---, L 5 }.
n n
Then it follows that
12k) it 1<k<

g(k) =
—f(=242k)  if  ngE <k <52

This implies (i7). Proofs of (ii4) and (iv) are similar to that of (¢) and (ii).
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(v) Let n = 0(mod8). Then n = 8m, m € N and

n—4
. dkw i o km T .37 . @2m—-Dr
sin — = sSin — = | sin — 4+ sm — 4+ - -+ +sin ——
n 2m 2m 2m 2m
k=1 k=1
.27 CAr . (2m—2)r
+|sm——+smnm—+---+simn———
2m 2m 2m

s + cot T
= ¢sc— + cot —
2m 2m

4 4
= csc— +cot — (Using Lemma?2.3(vi) and (i7)).
n n

(vi) Let n =4(mod8). Then n =8m+4, m € N and

n—4

! 4k
sin —7T E sin 2m 1
k=1
2
= cot 2(2+—’_1) = cot % (using Lemma 23(1}12)) O

Lemma 2.6 Let n be a positive integer. Then

2k
) g |sin—7r|:cot2l,n51(m0d2),
n n
2km ™
% in —|=2cot—, n=0 d2).
(44) E | sin - | cot —, n (mod2)

Now we compute skew energy of some Cayley digraphs.

Theorem 2.7 Let G = {vy = e, v, -+ ,v,} be a group, S = {v;} C G with v; # ’U;l, v £ e
and T' = Cay(G, S) be a Cayley digraph on G with respect to S. Suppose H = (S), |H| = m,
|G : H| = A. Then

2Xcot5— if m = 1(mod2),

es(T) =
dXcot- if  m = 0(mod2).

Proof Let G = {v1 = e,va,v3,-+ ,vn}, S = {v; }, v; € G with v; 75 v_l , v; # e and suppose
H = (S), |H =m, |G : H = X If \ = 1 then G = {e,v;,v?,--- , 0" '} and hence the the

skew-adjacency matrix of I' = Cay(G, S) is a circulant matrix Its first row is [0,1,0,--- ,0,—1].

) l

So all eigenvalues of ' are A\, = wk — whn=F = Wk — =k = 2zsm2k7T k=0,1,---,n—1 where
w=e% and i? = —1. Applying Lemma 2.2(i7), we obtain Ay, = 2zszn2k” k=0,1,---,n—1.

Now by Lemma 2.6 we have

n—1 .
2k 2cot> if n=1(mod2),
E |2zsm—| =2 E |sm—7r = n ( )
4eot if n = 0(mod2).

If A > 1, then I' is disconnected graph in to the I';,4 = 1,---, A components and all
components are isomorphic with Cayley digraph I'y, = Cay(H,S) where H = (v; : v/ = 1)
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and m|n, S = {v;}. Since T' is not connected, by Lemma 2.1, its energy is the sum of the

energies of its connected components. Thus

A .
2Xcot == if = 1(mod2),
(D) = S eaT) = A (Cay(H, 5)) = o 1 m = Hmod2)
i=1 dXxcotX if  m = 0(mod2).

This completes the proof. O

Theorem 2.8 Let G = {e,b,b% --- ,b" 1} be a cyclic group of order n, and T' = Cay(G, S) be
a Cayley digraph on G with respect to S = {b*,07},0 < i,5 <n—1,i# j H=(S), |[H| = m,
and |G : H| = X. Then

(i) es(I') < 4Acot g— if m = 1(mod2),
(ii) es(T") < 8Acot I if m = 2(mod4),
(i) e5(I') < 4\(cot Z + 2csc 2E + 2 cot 22) if m = 0(mod),
(iv) e5(T) < 4X(cot Z + 2cot 22)) if m = 4(mod8).
Proof Let G = {e,b,b% --- ,b" 1} be a cyclic group of order n and I' = Cay(G, S) be a

Cayley digraph on G with respect to S = {b*,b'},0 <i,j <n—1,i # j, H=(S), |H| = m, and
|G : H| = A If A =1, then G = H and hence the the skew-adjacency matrix of I' = Cay(G, S)

is a circulant matrix. So all eigenvalues of T are\, = w* —w *F+w?* —w=2* k=0,1,--- ,n—1,
where w = e“n" and i2 = —1. Hence
2k 4k 2k 4k
M =wF —w™F T = Qisin—l + sin—r = 2i(sin—ﬂ- + szn—ﬂ-)
n n n n

fork=0,1,--- ,n—1.

(7) Suppose n = 1(mod2). Then

n—1
4k
es(l) = Z Akl = Z |24( sm— + snTﬂﬂ

4k
= Z |2( szn— + zn—w)|
n

4k
= 4Z|sm——|— in 7T|

IN

= 2k = dkm
4 in it i
(Z|sm - |+Z|sm - )
k=1 k=1

n—1 n—1

2k O~ 2k
= 4 sin—" + sin—ﬂ-) (using Lemma 2.5(7))
n n

k=1 k=1

= 4cot2i (applying Lemma 2.3(7)).
n
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Thus (¢) holds for A = 1.

Suppose A > 1. Then T is disconnected graph in to the I';,7 = 1,--- ;A components and all
components are isomorphic with Cayley digraph I'y,, = Cay(H, S) where H = (v; : v/" = 1) and
m|n, S = {v;}. Since T is not connected, its energy is the sum of the energies of its connected

components. Thus
T
s(Ti)Aes(Cay(H, S)) < 4 cot —.
Za es(Cay( ) cot 5
Now we shall prove (i),(i7i) and (iv) only for A = 1. For A > 1, proofs are similar to that
of (7).
(i1) If n = 2(mod4), then

n—1
4k
es(T) = Z|/\k Z|2z szn——|— n—ﬂ-)|

n

4k
= Z|2z sm——i— in 7T)|

n

4k
E |szn T 4 sin - |

n—2
= 2km 2 4k
4 . 2km 4km
( g |sin - | + ];:1 |sin - )

<
n—2
2 2 2k
= Z sm— + n—) (using Lemma 2.5(4))
k=1
= Scot~
Here we used the Lemma 2.3(i4).
(792) If n = 0(mod8), then
= 2km 4km
sy = 4 — in—
es() Z|szn —i—sznn |
e e
2km 4km
< 4 in <t in =
< (Z|sm - |+Z|sm - b
n 2
= 4(2 sm— +2 Z m— (using Lemma 2.5(iv))
k=1

4 4
= 4cot— + 8050— + 800t—7r

To get the last equality we have used Lemma 2.3(4¢) and 2.5(v).
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(iv) If n = 4(mod8), then

n—2

- 2k 4k
es(l) < (Z |sm—7T| + Z |sm ﬂ-

k=1
n 2

= 4(2 sm— +2 Z m— (using Lemma 2.5(iv))
k=1

= 4(cot— + 200t2—))

B n n’’

To get the last equality we have used Lemma 2.3(i7) and 2.5(vi). O

Lemma 2.9 Let G = (b:b" = 1) be a cyclic group and T’ = Cay(G,S,), t € {1,---, [ 251]},be
a Cayley digraph on G with respect to Sy = {b',b% -+ b} where l € U(n) = {r: 1 <r <
n,ged(n,r) = 1}. Then the eigenvalues of T are

[Stl

A = Z 2zsm

where i = —1.

Proof The proof directly follows from the definition of cyclic group and is similar to that
of Theorem 2.7. O

Lemma 2.10 Let G = (b: b = 1) be a cyclic group and T’ = Cay(G, S;), t € {1,---, |25}, be
a Cayley digraph on G with respect to Sy = {b',b*,--- bt} where | € U(n) = {r : 1 <r <
n, ged(n,r) = 1}. Also suppose €4(I'), SLE(T") denote the skew energy and the skew Laplacian
energy of T' respectively. Then e4(T') = SLE(T).

Proof The proof directly follows from the definition of the skew energy and the skew
Laplacian energy. O

Lemma 2.11 Let n be a positive integer. Then

n—1 n

-1
d 4k - 2km

) — = —,n=1 d2

(1) 2 cos — 321 cos ——, (mod2),

7172

(i1) Z | cos —| = csc — —1, n = 2(mod4),
k=1
n—2
Z 4km
(4i7) cos — = —1, n = 0(mod4).
n
k=1

2k 4km -1
Proof (i) Let n = 1(mod2), f(k) = cos —W, g(k) = cos —, where k € {1,2,--- r
n n
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It is easy to verify that

~
—~
)
=
~—
-
=
—
IN
>~
IN
—
i
-
—

g(k) = ', B

~
—
S
|
)
7~
S~—
-
=
—
‘3
Ll
—
| E—
A
o
IN
i
—

This implies (7).

(79) Let n = 2(mod4). Then n = 4m + 2 for some m € N. We have

2m

i|cos4kﬂ- = i|cos4k—w|—2|

= Z | cos 2k | = cse T —1 (using Lemma 2.3(vii7)
— 2m + 1 2(2m+1)
= csct—1.
n

(#i7) Suppose n = 4m,m € N. Then

n—2

2 Al 2m—1 2m—1
COos —— Z cos— = cos — —|— Z cos— + Z cos—.
k=1 k=m-+1
n—2
— 4k
Changing k to k + m in the last summation we get Z cos — = =—-1 O
k=1

Theorem 2.12 Let G = (b: b" = 1) be a cyclic group and T' = Cay(G,S),be a Cayley digraph
on G with respect to S = {b'} where I € U(n) = {r: 1 < r < n,ged(n,r) = 1} and Cs(T') be
the skew-adjacency matriz of T, D(T') = diag(dy,ds,- - ,dy), the diagonal matriz with vertex
degrees dy,da, -+ ,dp of e,b,b% - "1, Suppose L(T') = D(T') — Cs(T) and py,--- ,pn are

eigenvalues of L(T'). We define a(T') = Zuf Then

(1) a(') < 2n+ 2cscq- if n = 1(mod2),
(i1) o(I') <2(n —1) +4csc T if n = 2(mod4),

(i31) a(T) =2(n — 2) if n = 4(mod0).

Proof Let G = (b: b™ = 1) be a cyclic group and I' = Cay(G, S),be a Cayley digraph
on G with respect to S = {b'} where | € U(n) = {r : 1 < r < n,ged(n,r) = 1} and Cs(T)
be the skew-adjacency matrix of I'. Note that underlying graph of I' is a 2—regular graph.
Hence D(T') = diag(2,2, - ,2). Suppose L(I") = D(T') — Cs(I") then L(T') is a circulant matrix
and its first row is [2,—1,0,---,0,1]. This implies that the eigenvalues of L(T") are pr =
2 —wk 4wk =9 ok 4k —2—(w —w” )=2 2151112’€7T k=0,1,--- ,n — 1 where
w=en and i? = —1.
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If n = 1(mod2), then

a(l)

IN

If n = 0(mod2), then

a(T)

n—1
> oui
k=0
= 2k = 2k
2(2 - 2zsmT) =4+ 2(2 — 2isin T)
k=0 k=1
n—1
< 2k — 2k
4  9r i 2NN 2 i AT o
+Z(2 2i sin - )+ Z (2 — 2isin - )
k=1 k:"_ﬂ
n-1 nl
2
4+ (2—2zsm— Z2—|—2zsm—)
k=1 k=1
o 2km 1 2k
4—1—2 (4 — 4sin? —)—4 8( 5 )—SZsm -
k=1 k=1
1 1 4k
4+ — 5 cos Tﬂ)
n-1
n—1 . .
44 4( ) (using Lemma 2.11(7))
k=1
4+
-1 1 1
44 4(n )+ 4(5 cse % - 5) (using Lemma 2.3(47))
2n +2csc -
2n
n—1
>k
k=0
— 2k = 2k
2(2 - 2zsmT) =4+ 2(2 - 2zsmT)
k=0 k=1
3 (
2km 2(%) — 2km
4 i 22 or D) B 2R
+Z(2 2i sin - )* 4+ (2 — 2isin Z (2 — 2isin )
k=1 fo—= n+2
n=2 n=2
2
8+ (2—2zsm— Z2—|—2zsm—)
k=1 k=1
3 :
2k
8+ 2(4—dsin?= ") =4 2 200
k=1
n—2

69
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If n = 2(mod4), then

(')

IN

4—|—4 —|—4Z|cos

-1
4 + 4( 5 )+ 4(csc — —1) (using Lemma2.11(i7))
n
= 2(n-1) +desc o
n

This completes the proof of (i).
If n = 0(mod4), then

a(T) 44

= 4+ 4(T2) +4(—1) (using Lemma2.11(4i3))
2(n —2).

This completes the proof of (ii).

Lemma 2.13 Let n be a positive integer. Then

Lo 6km 3 3= 1
(i) E | cos T' =g oSy + 5 = 3(mod6),

n—1
6km - 2km
%) — = — =1 d6
(i1) E | cos | E:1|cos - [, n = 1(mod6),

n—1

(#i1) Z | cos 6k—7T| = i | cos 2]€—7T| n = 5(mod6)
:1 n ) )

n—2
= 6k
(1v) coS = 0, n = 0(mod6),
n
k=1
n=2 n—2
2 6km 2 2km
('U) COS T = Z COS T, n = Q(modﬁ),
k=1 k=1
n=2 n—2
e 6k > 2km
('UZ) COS T = Z COS T, n = 4(m0d6),
k=1 k=1
n=1 n-1
= 8km 2 4km o
vii) c0s —— = Z cos——, n = 1(mod2),
k=1 k=1
n=2 n—2

- k - 4k
(vid) cos Skm _ E cos —~ 2(mod4),
n n
k=1 k=1

w
S
Il
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—2
(viii)
k=1

n—2

(i)

k=1

n—2
2

()

k=1

== i 9
Z | cos 8—ﬂ-| =—142csc —W, n = 4(mod8),
n n
2 8k 4
Z |cos—7T| =-1 —|—4cot—7r, n = 0(modl6),
n n

8k 4
Z | cos —W| =—1+44csc —W, n = 8(modl6) and n = 2 or 4(mod6).
n n

Proof (i) Suppose n = 6m + 3, then

n—1
> 6km
E | cos —
n
k=1

(73) Let n =6m+ 1, f(k) = cos ——, g(k)

we have

This implies (i).

g(k)

3m—+1

2km
Z | cos 5 1|
k=1 m+
2m 3m—+1
2km 2km
Z | cos | + Z | cos |
Pt 2m+1 e 2m+1

2m

2km 2km

m
E | cos | + E | cos |
Pt 2m+1 P 2m+1

71

(changing k to k + (2m + 1) in the last summation)

3 3

1
—csc — + = (using Lemma 2.3(vii7), (441)).

2 2n 2

2km

£(3k) it 1<k<m,
f(n—3k) it m<k<2m,
f(Bk—mn) it 2m <k <3m.

k
:cosG—W , where k € {1,2,--- |
n

n —

2

1
}. Then

The proofs of (ii%), (iv), (v), (vi), (vii) and (viii) are similar to the proof of (i).

Suppose n = 4m then

2

n=2
Z | cos
k=1

8k

|

2m—1

2km
= Z | cos —|
k=1 m

m—1 s 2m—1
= 1 kil
+ ; | cos — |+

>

k=m+1

2km
| cos —|
m

m—1 m—1
2km 2km
= 1+2 ——|=-14+2 —
+ ,;,1 | cos - | + kio | cos -
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—1+2csc 5 if m = 1(mod2)
— —1+4cot Z if m = 0(mod4)
—1+4cscl if m = 2(mod4)

—1+2csc 2 if n=4(
= (-1+4cot?™ if n=0(modl6),
—1+4esciE if n=8(

This completes the proof of (viii),(iz),(x). O

Theorem 2.14 Let G = (b: b" = 1) be a cyclic group and T = Cay(G, S),be a Cayley digraph
on G with respect to S = {b',b%'} where | € U(n) = {r: 1 <r < n,ged(n,r) =1} and Cs(T') be
the skew-adjacency matriz of T, D(T') = diag(dy,da, - ,dy), the diagonal matriz with vertex
degrees dy,da, -+ ,dy, of e,b,b% -+ b1, Suppose L(T') = D(T') — C(T') and 1, , pin are

eigenvalues of L(I"). Define a(') = Z u2. Then

(i) a(l') <4(3n+2) —12csc 3= if n = 3(mod6).
(ii) (') <4(3n+2) —4cscq- if n=1 or5(mod6).
(iii) o(T') <4(3n—2)+16cscZ  if n = 2(modd) and n = 0(mod6).
4(3n —2) +24csct if n=2(modd)and n =2 or 4(modb).
4(3n —2) +8cot Z +8csc 2X if n = 4(mod8) and n = 0(mod6).

)
)

4(3n —4) + 16 cot T + 8csc 2X if n = 4(mod8) and n =2 or 4(mod6).
)

(viii) (') <2(n—8)+16cot Z + 16cot X if n = 0(modl6) and n =2 or 4(mod6).

)<
) <
) <

(vii) a(I') < 4(3n —2) +8cot T + 16 cot 47” if n=0(modl6), and n = 0(mod6).
)
) <4(3n—2)+8cot Z +16csc i if n = 8(modl6) and n = 0(mod6).
)

<4(3n—4)+16cot Z +16csc 2™ if n=8(modl6) and n =2 or 4(mod6).

Proof Let G = (b:b™ = 1) be a cyclic group and ' = Cay(G, S),be a Cayley digraph on
G with respect to S = {b!,b%} where l € U(n) = {r : 1 <r < n,gcd(n,r) = 1} and C,(T) be
the skew-adjacency matrix of I'. Note that underlying graph of I' is a 4—regular graph. Hence
D(T) = diag(4,4,--- ,4). Suppose L(I') = D(T") — C5(T") then L(T') is circulant matrix and its
first row is [4,—1,—1,---,0,1,1]. This implies that the eigenvalues of L(T') are

2km 4k
pr =4 — Wb —w* w4k _4—2z(sm—+'n—7r) k=0,1,---
n n

27i

where w = e™

and i2 = —1. It is clear that

2km 4k
P =4+ Zz(sm— —|—sin—) and pg + pin—r = 8
n
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-1
fork:1,2,---,LnTJ.So
Pt tip_y = 64— 2pppn i
2km 4km 2km 4k
= 64—2(4— 22(sm—+s ))(4+22(sm—+ n—ﬂ-))
n n
2k 4k
= 64—2(16+4(51n—+sin77r))
2km 4km 6k 8k
= 24—8COS—+4COS——8C —+4 T
n n n
n—1
for k=1,2,---,| 5 |. Let n = 1(mod2), then
n—1
al) = > 4
k=0

n—1
= m+I_ N

k=1

no1

= 16+ ) (ui+pay)

k=1
n=1
2k 4k km k
= 16+Z(24—800s—7r+4cos—7r—8c 6——|—4 87T)
P n n n

n—1 n—1 n—1 n—1
- 2kr X 4kt & 6kr <~ 8km
= 4(3n+1)—38 =4y - -3 =244 -
(Bn+1) ; cos - + ]; cos - ; cos - + ]; cos -

= 4(8n+1) 82005—4—42 OS——SZ 05——}—42 os—

(using Lemma2 11(2), 2. 13(1}12))

6k
= 4(8n+1) SZCOS—<4 SZ|COS—7T| (2.1)
(i) If n = 3(mod6) then using Lemma 2.13(i) in above inequelity, we get

3 3 1 3
al) <4(Bn+1) — 8(5 cse % - 5) =4(3n+2) — 12csc %

This completes the proof of (7).

(79) If n = 1 or 5(mod6) and using Lemma 2.13(i¢) and (i47), we get

2k
al) < 4(3n+1) 82|cos 7T

T 1
= 4(3n+1) —8(§csc% —3)=4(3n+2) —4050%.
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Let n = 0(mod2). Then

n—1 — 2
al) = > i =pp+uk+ Z i =164+16+ > (i + 15 _y)
k=0 LA k=1
n—2
N 2k 4k 6k [ 8k
= 32+ (24—SCOS—W+4COS—W—SC 2T 1 4co 7T)
n n n n

k=1

n—2 n—22 n—2 n—2
: 2km - 4km : 6km - 8km
= 4(3 2)—8 —+4 — =38 —+4 —. (2.2
(3n+2) 321 cos — + 321 cos — 321 cos — + 321 cos — (2.2)

If n = 2(mod 4), then employing Lemma 2.13(viii) in (2.2), we get

n—2 n—2 n—2 n—2
- 2 <« 4k < 6k - 4k
all) = 4(3”+2)—8ZCOST7T+4ZCOSTW—SZCOSTW—Flll;COS—W
= Gk
= 4(3n+2) —82003——1—82 os——SZ cos — (2.3)

(#31) If n = 2(mod4) and n = 0(mod 6), then using Lemma 2.13(iv) in (2.3) we deduce
that

7172 n2

4k

al) < 4(3n+2) +8Z|COS—|+8Z|COS 7T|
k=1 k=1

= 4(3n+2)+ 16(csc% —1)=4(3n—2) + 16 csc%
by using Lemma 2.4(4i) and 2.11(4%).

(iv) If n = 2(mod4) and n = 2 or 4(mod6), then using Lemma 2.13(v) and (vi) in (2.3) we
see that

al) = 4(3n+2) —SZCOS—+SZCOS——SZ s—ﬂ
77,72 'n. 2
4km
< 4(3n+2) +16Z|cos—|+82|cos |
k=1

< 4(3n+2)+ 24(csc ——1)=4(3n—2)+24csc T
n n
Similarly we can prove (v) to (). O

We give few interesting results on the skew energy of Cayley digraphs on dihedral groups
Day,,.

Theorem 2.15 Let D, = {(a,bla? = b" = 1,a"ba = b~ 1) the dihedral group of order 2n and
I' = Cay(Dan, S) be a Cayley digraph on Da,, with respect to S = {b'}, 1 <i<n—1, and
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H =(S), |H| =m, |Dy, : H| = X that,D,, is the commutator subgroup of Da,. Then

dXcotg= if  m = 1(mod2),

es(T) =
8AcotZ if m = 0(mod2).

Proof The proof of Theorem 2.15 directly follows from the definition of dihedral group
and Theorem 2.7. O

Theorem 2.16 Let D, = {(a,bla? = b" = 1,a"ba = b~ 1) the dihedral group of order 2n and
I' = Cay(Day, S) be a Cayley digraph on D, with respect to S = {b*, b/}, 1 <i,j <n—1,i# j,
and H = (S), |H| = m, |Dy, : H| = XA Then T' = Cay(Day, S) is a circulant digraph and its
skew energy

(i) es(I") < 8Acots= if m = 1(mod2),

(ii) es(T) < 16AcotZ if m = 2(mod4),
(i1i) e5(T) < 8A(cotZ + 2cscaZ + 2cot3Z) if m = 0(mod8),
(iv) es(T') < 8A(cotZ + 2cot2X)) if m = 4(modg).

Proof The proof of Theorem 2.16 directly follows from the definition of dihedral group
and Theorem 2.8. |

Theorem 2.17 Let Da, = {(a,bla? = b" = 1,a"ba = b~ 1) the dihedral group of order 2n and
I' = Cay(Day, S) be a Cayley digraph on Da, with respect to S = {b'} where | € U(n) = {r :
1 <r < n,gcd(n,r) = 1} and Cs(T") be the skew-adjacency matriz of T', D(T') is the n x n
matriz such that d;; = 2 whenever i = j otherwise d;; = 0. Suppose L(I') = D(T') — Cs(T") and

AL, Ay are eigenvalues of L(T). Define a(T') = Z M. Then
i=1

(i) a(l') <4n+4cscq- if n = 1(mod 2),
(ii) (') <4(n—1)+8csc? if n = 2(mod 4)
(7i1) a(T') =4(n —2) if n = 0(mod 4)

Proof The proof of Theorem 2.17 directly follows from the definition of dihedral group
and Theorem 2.12. ]

Theorem 2.18 Let Da, = {(a,bla? = b" = 1,a " tba = b~ 1) the dihedral group of order 2n and
I' = Cay(Dan,S) be a Cayley digraph on Da, with respect to S = {b',b*'} where | € U(n) =
{r:1<r<mn,gcd(n,r) =1} and Cs(T") be the skew-adjacency matriz of T' , D(T") is the n x n
matriz such that d;; = 4 whenever i = j otherwise d;; = 0. Suppose L(I') = D(T') — Cs(T") and

ALy, A are eigenvalues of L(T). Define a(T') = Z A7, Then
i=1
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(i) a(l') <8(Bn+2)—24csc3™ if n=3(mod6).
(it) (') <8(3n+2) —8csc4- if n=1 or5(mod6).
(ii1) o) < 8(3n—2)+32cscZ if n =2(modd) and n = 0(mod6).
(iv) a(I') <8(3n —2) +48cscX  if n=2(mod4)and n =2 or 4(mod6).
(v) aT) <8(3n—2)+16cot T +16csc2E if n = 4(mod8) and n = 0(mod6).
(vi) (T) <8(3n—4)+32cot T +16csc2E  if n = 4(mod8) and n =2 or 4(mod6).
(vii) a(T) < 8(3n—2) 4+ 16cot Z +32cot 2= if n = 0(mod16), and n = 0(mod6).
(viii) (') < 4(n—8)+32cot Z +32cot 4 if n = 0(modl6) and n =2 or 4(mod6).
(iz) (') <8(3n—2)+16cot = +32csc T if n = 8(modl6) and n = 0(mod6).
(z) (') <8(3n—4)+32cot = +32csc T if n =8(modl6) and n =2 or 4(mod6).

Proof The proof of Theorem 2.18 directly follows from the definition of dihedral group
and Theorem 2.14. |
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