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81. Introduction

The theory of pseudosymmetric manifold has been developed by many authors by two ways.
One is the Chaki sense [8], [3] and another is Deszcz sense [2], [9], [11]. In this paper we
shall study some properties of pseudosymmetric and Ricci-symmetric Lorentzian a— Sasakian
manifolds with respect to quarter-symmetric metric connection in Deszcz sense. The notion
of pseudo-symmetry is a natural generalization of semi-symmetry, along the line of spaces of
constant sectional curvature and locally symmetric space.

A Riemannian manifold (M, g) of dimension n is said to be pseudosymmetric if the Rie-

mannian curvature tensor R satisfies the conditions ([1]):

for all vector fields X, Y, U,V,W on M , whereLr € C*(M), R(X,Y)Z = Vix y1Z—|Vx,Vy]Z
and X AY is an endomorphism defined by

(XAY)Z =g(Y,2)X —g(X,2)Y (2)
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2. (R(X,Y).R)U,V,W) = R(X,Y)(R(U,V)W)—R(R(X,Y)U, V)W
—R(U,R(X,Y)V)W — R(U,V)(R(X,Y)W) (3)
3.(XAY).RUV,W) = (XAY)RUVIW) - R(X AY)U, V)W
—R(U, (X ANY)V)W = R(U,V)((X ANY)W). (4)

M is said to be pseudosymmetric of constant type if L is constant. A Riemannian manifold
(M, g) is called semi-symmetric if R.R = 0, where R.R is the derivative of R by R.

Remark 1.1 We know, the (0, k + 2) tensor fields R.T and Q(g,T) are defined by

(RT)(X1, -+, Xp; X,Y) (R(X,Y).T) (X1, , Xk)
= -T(RX,Y)Xy, -+, Xg) = =T(Xy,-- , R(X,Y)X})
Q(g, T)( X1, , Xi; X,)Y) = —(XAY)T)( Xy, , Xy)

= T(XAY)X1,-, Xp) 4+ +T(X1,--, (X AY)Xy),

where T is a (0, k) tensor field ([4],[5]).

Let S and r denote the Ricci tensor and the scalar curvature tensor of M respectively. The
operator @ and the (0,2)—tensor S? are defined by

S(X,Y) =9(QX,Y) (5)

and
S*(X,Y) = S(QX,Y) (6)
The Weyl conformal curvature operator C' is defined by

C(X,Y) = R(X,Y) — 5[

J (7)

If C =0, n > 3 then M is called conformally flat. If the tensor R.C' and Q(g,C) are linearly
dependent then M is called Weyl-pseudosymmetric. This is equivalent to

ROWU,V,W; X,Y) = Lc[(X AY).C)(U,V)W], (8)
holds on the set Uc = {& € M : C # 0 at x}, where L¢ is defined on Ug. If R.C = 0, then M

is called Weyl-semi-symmetric. If VC' = 0, then M is called conformally symmetric ([6],[10]).

§2. Preliminaries

A n-dimensional differentiable manifold M is said to be a Lorentzian a—Sasakian manifold if
it admits a (1,1)—tensor field ¢, a contravariant vector field £, a covariant vector field n and

Lorentzian metric g which satisfy the following conditions,

P> =I+n®E, (9)
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77(5) = _17 (]5520, 770¢:07 (10)
9(¢X,9Y) = g(X,Y) + n(X)n(Y), (11)
9(X, &) = n(X) (12)
and
(Vxo)(Y) = ofg(X,Y)E +n(Y) X} (13)

for VX,Y € x(M) and for smooth functions o on M, V denotes covariant differentiation
operator with respect to Lorentzian metric g ([6], [7]).

For a Lorentzian a—Sasakian manifold,it can be shown that ([6],[7]):

Vxé = a¢X, (14)
(Vxn)Y = ag(¢X,Y). (15)

Further on a Lorentzian a—Sasakian manifold, the following relations hold ([6])

N(R(X,Y)Z) = o?lg(Y,Z)n(X) - g(X, Z)n(Y)], (16)
REX)Y = o?[g(Y,2) —n(Y)X], (17)
R(X,Y)e = o’[(Y)X —n(X)Y], (18)

S X) = S(X,8=(n—1)an(X), (19)
S€¢ = —(n-1)? (20)
Q¢ = (n—1)a’. (21)

The above relations will be used in following sections.

83. Quarter-Symmetric Metric Connection on Lorentzian a—Sasakian Manifold

Let M be a Lorentzian a-Sasakian manifold with Levi-Civita connection V and X, Y, Z € x(M).

We define a linear connection D on M by
DxY = VxY +n(Y)$(X) (22)

where 7 is 1—form and ¢ is a tensor field of type (1,1). D is said to be quarter-symmetric

connection if T', the torsion tensor with respect to the connection D, satisfies
T(X,Y) =n(Y)pX —n(X)sY. (23)
D is said to be metric connection if
(Dxg)(Y,Z) = 0. (24)

A linear connection D is said to be quarter-symmetric metric connection if it satisfies (22), (23)
and (24).
Now we shall show the existence of the quarter-symmetric metric connection D on a

Lorentzian a—Sasakian manifold M.
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Theorem 3.1 Let X,Y,Z be any vectors fields on a Lorentzian a—Sasakian manifold M and

let a connection D is given by

29(DxY,2) = Xg(Y,Z)+Yg(Z,X) - Zg(X,Y)+g([X,Y], Z)
—9(IY, 2], X) + 9([Z, X].Y) + g(n(Y )X — n(X)eY, Z)
+9(n(X)¢Z —n(Z)pX,Y) + g(n(Y)dZ — n(Z)¢Y, X). (25)

Then D is a quarter-symmetric metric connection on M.

Proof It can be verified that D : (X,Y) — DxY satisfies the following equations:

Dx(Y+Z) = DxY +DxZ, (26)
DxiyZ = DxZ+DyZ (27)
DexY = [DxY, (28)
Dx(fY) = [f(DxY)+(Xf)Y (29)

for all X,Y,Z € x(M) and for all f, differentiable function on M.
From (26), (27), (28) and (29), we can conclude that D is a linear connection on M. From
(25) we have,

9(DxY,Z) = g(Dy X, Z) = g([X,Y], Z) + n(Y)g(¢X, Z) — n(X)g(¢Y, Z)
’ DxY = Dy X — [X,Y] = g(¥Y)6X — n(X)oY

or,

T(X,Y) =n(Y)¢X —n(X)pY (30)
Again from (25) we get,
29(DxY,Z) +29(Dx Z,Y) = 2Xg(Y, Z), or, (Dxg)(Y.Z)=0.

This shows that D is a quarter-symmetric metric connection on M. O

84. Curvature Tensor and Ricci Tensor with Respect to Quarter-Symmetric
Metric Connection D in a Lorentzian a—Sasakian Manifold

Let R(X,Y)Z and R(X,Y)Z be the curvature tensors with respect to the quarter-symmetric
metric connection D and with respect to the Riemannian connection V respectively on a
Lorentzian a— Sasakian manifold M. A relation between the curvature tensors R(X,Y)Z and
R(X,Y)Z on M is given by

R(X.Y)Z = R(X,Y)Z+alg(¢X,Z)pY
—9(8Y, 2)pX] + an(Z)[n(Y) X — n(X)Y]. (31)

Also from (31), we obtain

S(X7 Y) = S(X7 Y) +a[g(X, Y)+n77(X)77(Y)]7 (32)
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where S and S are the Ricci tensors of the connections D and V respectively.
Again
S32X,Y) = S*X,Y)—a(n—-2)S(X,Y)—a?*(n—1)g(X,Y)
+a?n(n — 1)(a — Dn(X)n(Y). (33)
Contracting (32), we get
F=r, (34)

where 7 and r are the scalar curvature with respect to the connection D and V respectively.
Let C be the conformal curvature tensors on Lorentzian a— Sasakian manifolds with
respect to the connections D. Then

C(X,Y)Z = R(X,Y)Z- L[S‘( )X —g9(X,2)QY +g(Y,Z2)QX

r

—S(X, Z)Y] + m

where @ is Ricci operator with the connection D on M and
S(X,Y) = g(QX,Y), (36)

S%(X,Y) = S(QX,Y). (37)

Now we shall prove the following theorem.

Theorem 4.1 Let M be a Lorentzian a—Sasakian manifold with respect to the quarter-

symmetric metric connection D, then the following relations hold:

R(EX)Y = o[g(X,Y)E—n(YV)X]+ an(Y)[X +n(X)E], (38)
n(R(X,Y)Z) = o?[g(Y, Z)n(X) — g(X, Z)n(Y)], (39)
R(X,Y), = (o —a)n(Y)X —n(X)Y], (40)
S(X,6) = S X)=(n—-1)(* —a)n(X), (41)
S*(X,8) = 5% X)=a*(n—1)%(a—1)*n(X), (42)
56¢) = —(n—1)(a®—-a), (43)

OX = QX —a(m—-1)X, (44)

Q¢ = (n—1)(® - a). (45)

Proof Since M is a Lorentzian a—Sasakian manifold with respect to the quarter-symmetric
metric connection D, then replacing X = ¢ in (31) and using (10) and (17) we get (38). Using
(10) and (16), from (31) we get (39). To prove (40), we put Z = £ in (31) and then we use
(18). Replacing Y = ¢ in (32) and using (19) we get (41). Putting Y = £ in (33) and using (6)
and (19) we get (42). Again putting X =Y = ¢ in (32) and using (20) we get (43). Using (36)
and (41) we get (44). Then putting X = & in (44) we get (45). O
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85. Lorentzian a—Sasakian Manifold with Respect to the Quarter-Symmetric
Metric Connection D Satisfying the Condition C.S = 0.

In this section we shall find out the characterization of Lorentzian av—Sasakian manifold with
respect to the quarter-symmetric metric connection D satisfying the condition C.S = 0. We
define C.S = 0 on M by

(C(X,Y).8)(Z,W)=-S(C(X,Y)Z,W) - 8(Z,C(X,Y)W), (46)
where X, Y, Z, W € x(M).

Theorem 5.1 Let M be an n—dimensional Lorentzian a— Sasakian manifold with respect to

the quarter-symmetric metric connection D. If C.S = 0, then

I & _ a? — o <
ST = [0 —a) 4 g IS Y)
S la(n D@ —n+1) - 7lg(X.Y)
—a(n —1)(a® — a)n(X)n(Y). (47)

Proof Let us consider M be an m-dimensional Lorentzian a—Sasakian manifold with
respect the quarter-symmetric metric connection D satisfying the condition C.S = 0. Then
from (46), we get

S(C(X,Y)Z,W)+ S(Z,C(X,Y)W) =0, (48)

where X, Y, Z W € x(M). Now putting X = ¢ in (48), we get
S(C(&X)Y,Z2)+ S(Y,C(¢, X)Z) = 0. (49)

Using (35), (37), (38) and (41), we have

_ B (n—1)(a? — ) 7
SEEX)Y.2) = (= 1)(0® - a)la? - O 4 (Z)0(X.Y)
(n—1)(a? - ) d -
+a—a® + — - (n_l)(n_Q)]n(Y)S(X,Z)
+a(e® — a)(n—1)n(X)n(Y)n(Z)
sl = 1)(0? — )(Z)S(X,Y) ~ §(X, Z)n(Y) (50)
and
SY.CEX)Z) = (n-1)(e® - a)a? — PZDO"=0) T n(Y)e(X.2)
T n—2 (n—1)(n—2) ’
5 (n— 1)(@2 —a) 7 _
+la —a® + p— —(n_l)(n_2)]n(Z)S(Y,X)
+a(a? = a)(n — D)n(X)n(Y)n(Z)
— L= 1)(0® = a)n(V)8(X, 2) — SX, YV)n(2). (51)
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Using (50) and (51) in (49), we get

(n —1)(c? —a)+ T

=1 - afa? - OO Y 2)
+9(X, Z)n(Y)] +2a(a® — a)(n — 1)n(X)n(Y)n(Z)
s (=12 —a) ; i i
Haar EOZY L SN, 2) + ()50, X)]
L= 1)(0? ~ ) Z)S(X,Y) +n(V)S(X, 2)}
—{S*(X, Z)n(Y) + S*(X,Y)n(Z)}] = 0. (52)
Replacing Z = £ in (52) and using (41) and (42), we get
I _ 2 r 5
—5XY) = —04)+m]5( Y)
a? —a
+n_2[ a(n—1)(a—n+1)-7lg(X,Y)
—a(n —1)(a® = a)n(X)n(Y). O

An n—dimensional Lorentzian a—Sasakian manifold M with the quarter-symmetric metric

connection D is said to be n—Einstein if its Ricci tensor S is of the form
S(X,Y) = Ag(X,Y) + Bn(X)n(Y), (53)

where A, B are smooth functions of M. Now putting X =Y =e¢;,i=1,2,--- ,n in (53) and
taking summation for 1 < i < n we get

An— B =T. (54)
Again replacing X =Y = £ in (53) we have
A—B=(n—-1)(a®-a). (55)

Solving (54) and (55) we obtain

A=" —(a®* —a) and B =
n—1 n—

—n(a? - a).

Thus the Ricci tensor of an n—Einstein manifold with the quarter-symmetric metric connection
D is given by

—(a® = a)]g(X,Y) +[

S’(X,Y):[n_l —

—n(a® = a)ln(X)n(Y). (56)

86. n—Einstein Lorentzian a—Sasakian Manifold with Respect to the
Quarter-Symmetric Metric Connection D Satisfying the Condition C.S =

Theorem 6.1 Let M be an n— Einstein Lorentzian a— Sasakian manifold of dimension. Then
C.S=0iff
no — 2a

55 NBX,Y)Z)n(W) +n(R(X,Y)W)n(Z)] =0,
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where X, Y, Z, W € x(M).

Proof Let M be an n—Einstein Lorentzian a—Sasakian manifold with respect to the

quarter-symmetric metric connection D satisfying C.S = 0. Using (56) in (48), we get
n(C(X,Y)Z)n(W) +n(C(X,Y)W)n(Z) =0,

or

RO 20 (R(X,Y)Z)n(W) + n(ROX, Y)W)n(Z)] = 0.

no? — 2«

Conversely, using (56) we have

(COLY)SNZW) = —[—— —n(a? = a)[(C(X,Y)Z)n(W) + n(CX, Y)W )(Z)]
= O R ) Z)(W) + a(REE YW n(Z)] = 0. O

87. Ricci Pseudosymmetric Lorentzian a—Sasakian Manifolds with

Quarter-Symmetric Metric Connection D

Theorem 7.1 A Ricci pseudosymmetric Lorentzian - Sasakian manifolds M with quarter-
symmetric metric connection D with restriction Y = W = £ and L = 1 is an n—Einstein

manifold.

Proof Lorentzian a—Sasakian manifolds M with quarter-symmetric metric connection D

is called a Ricci pseudosymmetric Lorentzian a—Sasakian manifolds if
(R(X,Y).5)(Z, W) = Lg[(X AY).S)(Z, W], (57)

or

S(RIX,Y)Z, W)+ S(Z, R(X,Y)W) = Lg[S(X AY)Z,W) + S(Z,(X NY)W)]. (58)
Putting Y =W = ¢ in (58) and using (2), (38) and (41), we have

L5[S(X, Z) - (n — 1)(a® — a)g(X, Z)]
= (0® — )5(X, 2) - a*(a — a)(n — 1)g(X, Z) - a(a® — a)(n — Lin(X)n(Z). (59)

Then for Ly =1,
(0 —a—1)S(X,Z) = (o — a)(n - D[(a® = 1)g(X, Z) + an(X)n(Z)].
Thus M is an n—Einstein manifold. 0

Corollary 7.1 A Ricci semisymmetric Lorentzian a-Sasakian manifold M with quarter-symmetric

metric connection D with restriction Y = W = £ is an n— Einstein manifold.



54 C.Patra and A.Bhattacharyya

Proof Sine M is Ricci semisymmetric Lorentzian a-Sasakian manifolds with quarter-

symmetric metric connection D, then L = 0. Putting Ls = 0 in (59) we get

S(X,Z)=a*(n—-1)g(X,2) + a(n — 1)n(X)n(Z). d

88. Pseudosymmetric Lorentzian a—Sasakian Manifold and Weyl-pseudosymmetric

Lorentzian a—Sasakian Manifold with Quarter-Symmetric Metric Connection

In the present section we shall give the definition of pseudosymmetric Lorentzian a—Sasakian
manifold and Weyl-pseudosymmetric Lorentzian a—Sasakian manifold with quarter-symmetric

metric connection and discuss some properties on it.

Definition 8.1 A Lorentzian a—Sasakian manifold M with quarter-symmetric metric connec-
tion D is said to be pseudosymmetric Lorentzian a—Sasakian manifold with quarter-symmetric

metric connection if the curvature tensorR of M with respect to D satisfies the conditions

(R(X,Y).R)(U,V,W) = La[(X A Y).R)(U,V,W)], (60)
where
(R(X, Y).R)(U, V,Ww) = R(X, Y)(R(U, VW) — R(R(X, WU, V)W
—~R(U, R(X,Y)V)W — R(U,V)(R(X,Y)W), (61)
and

(X AY)(R(U, V)W) — R(X AY)U, V)W
—R(U,(X AY)V)W = R(U,V)((X NY)W). (62)

(X AY).R)(U,V, W)

Definition 8.2 A Lorentzian a—Sasakian manifold M with quarter-symmetric metric con-
nection D is said to be Weyl- pseudosymmetric Lorentzian a—Sasakian manifold with quarter-

symmetric metric connection if the curvature tensorR of M with respect to D satisfies the

conditions
(R(X,Y).C)(U,V,W) = Le[(X AY).C) (U, V,W)], (63)
where
(R(X,Y).C)(U,V,W) = R(X,Y)CUV)W)-CR(X, YU VW
—C(U,R(X,Y)V)W —C(U,V)(R(X,Y)W) (64)
and
(X AY).O)NUV, W) = (XAY)CUV)W)-C(XAYU V)W
—CU, (X AY)VIW —C(U,V)(X AY)W). (65)

Theorem 8.1 LetM be an n dimensional Lorentzian a—Sasakian manifold. If M is Weyl-

pseudosymmetric then M is either conformally flat and M is n— Einstein manifold or Ls = o?.
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Proof Let M be an Weyl-pseudosymmetric Lorentzian a—Sasakian manifold and X,V
U, V,WW € x(M). Then using (64) and (65) in (63), we have

R(X,Y)(C(U, V)W) = C(R(X,Y)U, V)W

—C(U,R(X, Y)V)W — C(U,V)(R(X,Y)W)
= Le[(X AY)(C(U V)W) - C((X Y)Uv viw (66)
—C(U, (X A\YYVW = C(U,V)(X AY)W)]. (67)

Replacing X with £ in (66) we obtain

R(&Y)(C(U. V)W) = C(R(§,Y)U, V)W
W —C(U,V)(R(EY)W)

_C(Ua R({, Y) )
= Lo[EAY)(CU V)W) = C(ENY)U, V)W
—CU,(ENY)V)W = C(UV)(EAY)W)]. (68)

Using (2), (38) in (67) and taking inner product of (67) with £, we get

?[=C(U,V,W,Y) = n(C(U, VIW)n(Y) = g(Y,U)n(C(&, V)W)
N(U)n(CY, V)W) = g(Y,V)n(CU,EW) + n(V)n(C(U,Y)W)

+

+n(W)n(C(U, V)Y)] = aln(U)n(C(¢*Y, V)W)

+n(V)n(C(U, ¢*Y)W) + n(W)n(C(U, V)¢*Y)]

= Lo[-C(Y.U,V,W) = n(Y)n(C(U V)W) — g(Y,U)n(C(&§, V)W)
+n(U)n(CY, V)W) = g(Y, V)n(C(U.OW) +n(V)n(C(U,Y)W)
+n(W)n(C(U,V)Y)]. (69)

Putting Y = U, we get

[Le = o®[g(U, U)n(CE V)W) + g(U, V)n(C(U,E)W)] + an(V)n(C(6°U, V)W) = 0. (70)

Replacing U = £ in (68), we obtain

[Le = ®n(C(€, V)W) = 0. (71)

The formula (69) gives either n(C(&, V)W) =0 or Ls — a? = 0.
Now L& — a? # 0, then n(C(&, V)W) = 0, then we have M is conformally flat and which
gives

S(V,W) = Ag(V,W) + Bn(V)n(W),

where
_a2_(n—1)(a —a) r _
A= -2 - Dm-2 "
e 2(n— 1)(a? — )
_a2_ n — Oé_a T n—
B=I -2 T m-Dm-z "2

which shows that M is an 7—Einstein manifold. Now if n(C(&, V)W) # 0, then Ls = o?. O
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Theorem 8.2 LetM be an n dimensional Lorentzian a—Sasakian manifold. If M is pseu-
dosymmetric then eitherM is a space of constant curvature and ag(X,Y) = n(X)n(Y), for
a#0orLg=ca? for XY € x(M).

Proof Let M be a pseudosymmetric Lorentzian a—Sasakian manifold and X, Y, U, V. W €
X(M). Then using (61) and (62) in (60), we have

R(X,Y)(R(U, V)W) — R(R(X,Y)U, V)W

“R(U,R(X,Y)V)W — R(U,V)(R(X,Y)W)
= LA[(X AY)(RU, VW) — R(X AY)U, V)W
—R(U,(X AY)V)W — R(U, V)((X AY)W)]. (72)

Replacing X with £ in (70) we obtain
R(&Y)(R(U, V)W) — R(R(&,Y)U, V)W
—R(U,R(&,Y)V)W = R(U.V)(R(&,Y)W)
= Lpl(€ AY)(R(U. V)W) = R(EAY)U, V)W
—R(U.(ENY)V)W = R(U,V)((§ ANY)W)]. (73)
Using (2), (38) in (71) and taking inner product of (71) with £, we get
a?[=R(U,V.W.Y) = n(R(U,V)W)n(Y) — g(Y,U)n(R(§, V)W)

+n(U)n(R(Y, V)W) — g(Y, V)n(R(U, W) +n(V)n(R(U,Y)W)
+n(W)n(R(U, V)Y)] = aln(U)n(R(6*Y, V)W)

+n(V)n(R(U, 6°Y )W) + n(W)n(R(U, V)$°Y )]

= Lg[-R(Y,U,V,W) = n(Y)n(R(U, V)W) = g(Y,U)n(R(E, V)W)
+n(U)n(R(Y, V)W) — g(Y,V)n(RU,OW) +n(V)n(R(U,Y )W)
+n(W)n(R(U, V)Y)].

Putting Y = U, we get

[Lg = o®|[g(U, U)n(R(E V)W) + g(U, V)n(R(U, W)] + an(V)n(R(¢*U, V)W) = 0. (74)

Replacing U = £ in (72), we obtain

[Lr = o®In(R(E, V)W) =0. (75)

The formula (73) gives either n(R(¢, V)W) = 0 or Ly — a? = 0. Now L — a? # 0, then
n(R(&, V)W) = 0. We have M is a space of constant curvature and n(R(£, V)W) = 0 gives
ag(V,W) =n(X)n(Y) for a # 0. If n(R(¢, V)W) # 0, then we have Lg = o?. O

89. Examples

Let us consider the three dimensional manifold M = {(x1, 22, 23) € R3 : 21, 22,23 € R}, where
(71,2, 23) are the standard coordinates of R3. We consider the vector fields

0 0
Iy’ es = e"3( and e3 = a—,

92 T 02y T

ep =€
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where « is a constant.
Clearly, {e1,e2,e3} is a set of linearly independent vectors for each point of M and hence

a basis of x(M). The Lorentzian metric g is defined by
9(61562) = (62763) =

gler,er) =

Then the form of metric becomes

—_

which is a Lorentzian metric.
Let n be the 1—form defined by n(Z) = ¢g(Z, e3) for any Z € x(M) and the (1,1)—tensor
field ¢ is defined by

pe1 = —e1, ¢ey = —ez, ¢ez =0,
From the linearity of ¢ and g, we have
n(es) = -1,
#*(X) =X +n(X)es and
9(6X, 9Y) = g(X,Y) +n(X)n(Y)
for any X € x(M). Then for e = &, the structure (¢, &, 7, g) defines a Lorentzian paracontact

structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric g. Then we have
le1,e2] =0, [e1,e3] = —aer, [e2,e3] = —aes.
Koszul’s formula is defined by

29(VxY.Z) = Xg(Y,2)+Yg(Z,X) - Zg(X,Y)
—g(X, [Y, Z]) - g(Y, [X7 Z]) +9(Z, [X7 Y])

Then from above formula we can calculate the followings,

Ve, e1 = —ae3, Ve ea =0, V. es=—ae,
Ve,e1 =0, Ve,ea=—ae3, Vg,e3 = —aes,

V8361 = 0, V6362 = 0, Veseg =0.

Hence the structure (¢, &, 7, g) is a Lorentzian a—Sasakian manifold [7].

Using (22), we find D, the quarter-symmetric metric connection on M following;:

D¢ ey = —aes, D.,ea =0, D.es=ei(l—a),
De,e1 =0, De,ea = —aes, De,es =ea(l —a),

D€361 = O, Deseg = 0, D63€3 =0.
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Using (23), the torson tensor T, with respect to quarter-symmetric metric connection D as

follows:

T(ei,e;) =0, Vi=1,2,3
T(e1,e2) =0, T(e1,e3) = e1, T(ea,e3) = eo.

Also (D.,g)(ea,e3) = (Deyg)(es,e1) = (Degg)(e1,e2) = 0. Thus M is Lorentzian a—Sasakian
manifold with quarter-symmetric metric connection D.

Now we calculate curvature tensor R and Ricci tensors S as follows:

€3 = Oa R(€1563)63 = _( - a)ela

2 5 2
ex = a’e3, R(es,e1)er = a’es,

= (® —a)ea, Rles, ez)es = —a’es,

S(e1,e1) = S(ea,ea) = —a and S(es, e3) = —2a% + (n—1)a.
Again using (2), we get

(61; 62)63 = Oa (ei A e’i)ej = 05 VZ)] = 17 25 37
(61 A 62)62 = (61 A\ 63)63 = —eq, (62 A\ 61)61 = (62 A 63)63 = —ea2,

(63 A 62)62 = (63 A 61)61 = —es.
Now,
R(el, 62)(R(63, 61)62) = 0, R(R(el, 62)63, 61)62 = 0,
R(es, R(e1,e2)er)es = —a?(a® — aes,
(R(es, e1)(R(e1, e2)ez) = 042(042 — a)es.

Therefore, (R(e1, e2).R)(e3, e1,e3) = 0.
Again,

(61 A 62)(R(€3, 61)62) =0, R((el 1A\ 62)63, 61)62 =0,

R(es, (e1 Neg)er)es = a’es, R(es,e1)((e1 Aea)es) = —a’es.
Then ((e1,e2).R)(e3, e1,e2) = 0. Thus (R(eq,e2).R)(es,e1,e2) = Lpl((e1,e2).R)(es, e, ez)] for
any function = Lz € C*°(M).

Similarly, any combination of e1,es and ez we can show (60). Hence M is a pseudosym-

metric Lorentzian a—Sasakian manifold with quarter-symmetric metric connection.
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