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Ordinary Differential Equations With Applications
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Abstract: Different from the system in classical mathematics, a Smarandache system is
a contradictory system in which an axiom behaves in at least two different ways within the
same system, i.e., validated and invalided, or only invalided but in multiple distinct ways.
Such systems exist extensively in the world, particularly, in our daily life. In this paper, we
discuss such a kind of Smarandache system, i.e., non-solvable ordinary differential equation
systems by a combinatorial approach, classify these systems and characterize their behaviors,
particularly, the global stability, such as those of sum-stability and prod-stability of such
linear and non-linear differential equations. Some applications of such systems to other
sciences, such as those of globally controlling of infectious diseases, establishing dynamical
equations of instable structure, particularly, the n-body problem and understanding global

stability of matters with multilateral properties can be also found.

Key Words: Global stability, non-solvable ordinary differential equation, general solution,
G-solution, sum-stability, prod-stability, asymptotic behavior, Smarandache system, inherit

graph, instable structure, dynamical equation, multilateral matter.

AMS(2010): 05C15, 34A30, 34A34, 37C75, 7T0F10, 92B05

81. Introduction

Finding the exact solution of an equation system is a main but a difficult objective unless some
special cases in classical mathematics. Contrary to this fact, what is about the non-solvable
case for an equation system? In fact, such an equation system is nothing but a contradictory
system, and characterized only by having no solution as a conclusion. But our world is overlap
and hybrid. The number of non-solvable equations is much more than that of the solvable
and such equation systems can be also applied for characterizing the behavior of things, which
reflect the real appearances of things by that their complexity in our world. It should be noted
that such non-solvable linear algebraic equation systems have been characterized recently by
the author in the reference [7]. The main purpose of this paper is to characterize the behavior

of such non-solvable ordinary differential equation systems.

1Received November 16, 2012. Accepted March 1, 2013.
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Assume m, n > 1 to be integers in this paper. Let
X = F(X) (DES™)
be an autonomous differential equation with F': R™ — R™ and F(0) = 0, particularly, let
X = AX (LDES")
be a linear differential equation system and
2™ a2 4 a2 =0 (LDE™)

a linear differential equation of order n with

a1 G2 - Gin w1 (t) fi(t, X)
" t t, X

A= | M 0 2 xo| =W F(t,X) = (6 X) ]
anl an2 Tt Ann .In(t) fn(t7X>

where all a;, a;5, 1 <14,j < n are real numbers with
y . . . N\T
X:(Ilax27"'7xn)

and f;(t) is a continuous function on an interval [a, ] for integers 0 < i < n. The following
result is well-known for the solutions of (LDES?') and (LDE™) in references.

Theorem 1.1([13]) If F(X) is continuous in
U(Xo): [t—to] <a, [|[X—=Xo]|<b (a>0,b>0)

then there exists a solution X (t) of differential equation (DES') in the interval |t — to| < h,
where h = min{a,b/M}, M = max [|1E(t, X))
(t,X)GU(t(),X[))

Theorem 1.2([13]) Let \; be the k;-fold zero of the characteristic equation
det(A — Apxn) = |A = Apxn| =0

or the characteristic equation
A4+ a N T+ tan A ta,=0

with k1 + ka + -+ + ks = n. Then the general solution of (LDES") is

n

Z cifi(t)e™,

i=1
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where, c; is a constant, B,(t) is an n-dimensional vector consisting of polynomials in t deter-
mined as follows

t11t + t12
- to1t + t22

(T VA o ey LA SRR AT
2y | mEm T eyttt

et T gt T A

By (t) =

L tn(ki+1)

t1it + ti2
to1t + too

bign—ks+1) tho—1 | ti(n—ket2) 1k —2
(e U i ) | A S T

t2(nfks+1) tks—l + t2(nfks+2) tkS—Q + + t
3 ks —1)] ks—2)! T ben
B = | O =

tn(n—ks+1) 1ks—1 bn(n—ks+2) 1he—2
S t + (Fo—2)! t + + tnn

with each ti; a real number for 1 <1i,j <n such that det([t;], ., ) # 0,

A, af 1< < kg
Ao, if k141 <0 < ks

oy =

AS, ka1+k2++k571+1§1§n
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The general solution of linear differential equation (LDE™) is

S
Z(Ciltkifl + CiztkifQ 4+ 4 Ci(ki—l)t + Ciki)eAit,
=1

with constants c;j, 1 <1 <s,1 <75 <k.

Such a vector family 3;(t)e®?, 1 < i < n of the differential equation system (LDES') and
a family theMit. 1 <1 <k;, 1 <i<s of the linear differential equation (LDE™) are called the

solution basis, denoted by
B={Bit)e*" |1<i<n} or €={teM[1<i<s,1<I<k }.

We only consider autonomous differential systems in this paper. Theorem 1.2 implies that
any linear differential equation system (LDES?) of first order and any differential equation
(LDE™) of order n with real coefficients are solvable. Thus a linear differential equation system
of first order is non-solvable only if the number of equations is more than that of variables, and
a differential equation system of order n > 2 is non-solvable only if the number of equations
is more than 2. Generally, such a contradictory system, i.e., a Smarandache system [4]-[6] is
defined following.

Definition 1.3([4]-[6]) A rule R in a mathematical system (3;R) is said to be Smarandachely
denied if it behaves in at least two different ways within the same set X, i.e., validated and
invalided, or only invalided but in multiple distinct ways.

A Smarandache system (X;R) is a mathematical system which has at least one Smaran-
dachely denied rule R.

Generally, let (X1;R1) (22;Rz2), -+, (Xm; Rm) be mathematical systems, where R; is a
rule on 3; for integers 1 < ¢ < m. If for two integers ¢,j, 1 <1,5 <m, X; # 3; or 3; = X; but
R; # R, then they are said to be different, otherwise, identical. We also know the conception
of Smarandache multi-space defined following.

Definition 1.4([4]-[6]) Let (X1;R1), (22;R2), -+, (Zm; Rm) be m > 2 mathematical spaces,

~ m ~ m
different two by two. A Smarandache multi-space X is a union |J X; with rules R = |J R; on
i=1 i=1

i, i.e., the rule R; on 3%; for integers 1 < i < m, denoted by (i,ﬁ)

A Smarandache multi-space (i, 7€> inherits a combinatorial structure, i.e., a vertex-edge
labeled graph defined following.

Definition 1.5([4]-[6]) Let (i,ﬁ) be a Smarandache multi-space with Y = U X and R =
i=1

U Ri. Its underlying graph G [i, E} is a labeled simple graph defined by
i=1

1% (G [i,}ﬂ) = {31,302, , En},

E(G [i,ﬁz]) = {(2.,%) | NS £0,1<i,5 <m}
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with an edge labeling

1P (3,%,)€E (G [§ RD S IE(D,) = w (21- ﬂzj) ,
where @ is a characteristic on ;[\ X; such that ¥; (\X; is isomorphic to X (X, if and only
if w(XiN X)) =w (SN X)) for integers 1 < i,j,k, 1 < m.
Now for integers m, n > 1, let
X =F(X), X =F(X), - ,X = F,(X) (DES})

be a differential equation system with continuous F; : R™ — R™ such that F;(0) = 0, particu-
larly, let
X=AX, - X=A4X, -, X=4,X (LDES})

be a linear ordinary differential equation system of first order and

n 0] (n— 0
I( ) _|_ a[zl]x( 1) _|_ P _|_ a[27]lx e O (LDE:;:L)

(0]

mlx(" Dyooiqar=0

a linear differential equation system of order n with

k k k
A ol ol 70
k k k
PRl R PG
Aol ol )

[k]

where each a;; is a real number for integers 0 < k< m, 1 <145 <n.

Definition 1.6 An ordinary differential equation system (DESL) or (LDES}) (or (LDET))
are called non-solvable if there are no function X (t) (or z(t)) hold with (DES}) or (LDES}))
(or (LDE)) unless the constants.

The main purpose of this paper is to find contradictory ordinary differential equation
systems, characterize the non-solvable spaces of such differential equation systems. For such
objective, we are needed to extend the conception of solution of linear differential equations in
classical mathematics following.

Definition 1.7 Let S? be the solution basis of the ith equation in (DES},). The V-solvable, \-
solvable and non-solvable spaces of differential equation system (DESL) are respectively defined

by
sy, (s? and | JS?—()5Y,
i=1 =1 =1 i=1

where S is the solution space of the ith equation in (DES}).
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According to Theorem 1.2, the general solution of the ith differential equation in (LDES})
or the ith differential equation system in (LDE!) is a linear space spanned by the elements
in the solution basis %; or %; for integers 1 < i < m. Thus we can simplify the vertex-edge
labeled graph G [i, }N%] replaced each }_; by the solution basis %; (or ¢;) and _,(1>_, by
B B; (or €;(€;) it Bi(\B; # 0 (or €;(\€; # 0) for integers 1 < i,j < m. Such a vertex-
edge labeled graph is called the basis graph of (LDES}) ((LDE")), denoted respectively by
G[LDES},] or GILDE"] and the underlying graph of G[LDES}] or G[LDE"], i.e., cleared
away all labels on G[LDES} ] or GILDE"] are denoted by G[LDES},] or GILDE"].

Notice that ﬁ SY = G 59, ie., the non-solvable space is empty only if m = 1 in

' =1

i=1 i=

(LDEq). Thus G[LDES'] ~ K; or GILDE"| ~ K; only if m = 1. But in general, the
basis graph G[LDESL] or G[LDE"] is not trivial. For example, let m = 4 and %) =
{eMt, Mot Mot} B = [eMat Mt Aot} g0 = [eMit st Ast) and B0 = [eMt st Not),
where \;, 1 < ¢ < 6 are real numbers different two by two. Then its edge-labeled graph
G[LDESL] or GILDE"] is shown in Fig.1.1.

D {et} D
@) @)

{eAlt,e)\:;t} {6)\4t,6)\5t}

Fig.1.1

If some functions F;(X), 1 < i < m are non-linear in (DES},), we can linearize these

non-linear equations X = F;(X) at the point 0, i.e., if
Fi(X) = F/(0)X + Ri(X),

where F/(0) is an n x n matrix, we replace the ith equation X = F;(X) by a linear differential

equation

in (DESL). Whence, we get a uniquely linear differential equation system (LDES} ) from
(DES},) and its basis graph G[LDES},]. Such a basis graph G[LDES}. ] of linearized differen-
tial equation system (DES})) is defined to be the linearized basis graph of (DES},) and denoted
by GIDES}].

All of these notions will contribute to the characterizing of non-solvable differential equation
systems. For terminologies and notations not mentioned here, we follow the [13] for differential
equations, [2] for linear algebra, [3]-[6], [11]-[12] for graphs and Smarandache systems, and [1],

[12] for mechanics.
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82. Non-Solvable Linear Ordinary Differential Equations

2.1 Characteristics of Non-Solvable Linear Ordinary Differential Equations

First, we know the following conclusion for non-solvable linear differential equation systems
(LDES}) or (LDE").

Theorem 2.1 The differential equation system (LDES})) is solvable if and only if
(|1A1 = Mpuxn, |42 — Mpxnl, - 5 [Am — AMpxnl|) # 1
i.e., (LDEq) is non-solvable if and only if
(IAL = Masn, [A2 = Maxal, 5 [Am — M) = 1.
Similarly, the differential equation system (LDE") is solvable if and only if
(PL(A), P2(A), -+, Pn(N)) # 1,
i.e., (LDE) is non-solvable if and only if
(Pr(A), P2(A), -+, Pm(X)) = 1,
where Py(A) = A" + ag Al GE?LA))‘ + aE?l] for integers 1 <i < m.

Proof Let Aj1, A2, -, Ain be the n solutions of equation |A; — A\, xn| = 0 and %; the
solution basis of ith differential equation in (LDES}) or (LDE") for integers 1 < i < m.
Clearly, if (LDES},) ((LDE™)) is solvable, then

m‘%)ﬁ’é@’ i.e., ﬂ{)\i17)\i27"' ,)\Zﬂ}#@
i=1

i=1
by Definition 1.5 and Theorem 1.2. Choose \g € F] { A1, Nz, -+, Ain}. Then (A — Xp) is a
common divisor of these polynomials |A; — A, xn, |§21 — Muxnl, 5 |Am — AMlpxn|. Thus
(|1A1 — Mpxn, |42 — Mpxnl, < [Am — Mpxnl) # 1.
Conversely, if
(A1 = M, [A2 = Mnxnly - [Am = Mpsn|) # 1,

let (A—Xo01), (A=Xo02), -, (A—XAg;) be all the common divisors of polynomials | A1 — A, xp, | A2 —
Moxnly 3 [Am — Mpxn|, where Ag; # Ao; if ¢ # 7 for 1 < 4,5 <. Then it is clear that

CLeMt 4 Ce?? + - -« + Che?o

is a solution of (LEDq) ((LDE?)) for constants Cy,Cs, -, Cj. O

For discussing the non-solvable space of a linear differential equation system (LEDS} ) or

(LDE) in details, we introduce the following conception.
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Definition 2.2 For two integers 1 < 1i,j < m, the differential equations

dX;
L= A X
dt
1
o (LDESY)
— = A X
dt !
in (LDESL) or
(") + agx(”fl) + et aggjx =0
[0] (0] (LDE)
(™ aj D a;,x =0

in (LDE) are parallel if B;(\ %; = 0.

Then, the following conclusion is clear.

- . . . . - 1 n
Theorem 2.3 For two integers 1 < i, j < m, two differential equations (LDES;;) (or (LDEY))
are parallel if and only if

(il = Mnxn, [Aj] = Mnxn) =1 (or (P(A), Pj(A)) = 1),

where (f(x),g(x)) is the least common divisor of f(x) and g(z), Pr(A) = A" + agcol] At

[0} )\—i—agcoi fork=1i,j.

O (n—1)

Proof By definition, two differential equations (LEDS};) in (LDES,,) are parallel if and
only if the characteristic equations

|Al — )\Ianl =0 and |AJ — )\Ianl =0

have no same roots. Thus the polynomials |A;| — AL, x» and |A;| — A%, are coprime, which
means that
(|A; = Mpsn, |45 — Mxn) = 1.
Similarly, two differential equations (LED};) in (LDE},) are parallel if and only if the
characteristic equations P;(A) = 0 and P;(\) = 0 have no same roots, i.e., (P;(A\), P;(A\)) = 1.0

Let f(x) = apx™ + a12™ L+ + @17 + @, g(x) = box™ + b1+ + by 17+ by,
with roots 1, x2,+ , &y and y1,ya, - - , Yn, respectively. A resultant R(f, g) of f(z) and g(x)
is defined by

R(f,9) = ag'bg | | (zi — yj)-

4,J

The following result is well-known in polynomial algebra.

Theorem 2.4 Let f(z) = apx™ + a12™ 1 4+ -+ + @17 + @, g(x) = boz™ + byt + .- +
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bn—1x + by, with roots r1,To, T and Y1,Y2, -+ ,Yn, respectively. Define a matriz
ag a1 N Am O e O O
0 agp ai P Qi O e O
0 0 0 ap aq Am
V(f,9) =
bo by -+ b, 0 -+ 0 0
0 by b b, O 0
0 0 0 b b by
Then

R(f,g) =detV(f,g).

We get the following result immediately by Theorem 2.3.

Corollary 2.5 (1) For two integers 1 < i,j < m, two differential equations (LDES};) are
parallel in (LDES}) if and only if

R(|Ai = Mynxnl, |45 = Mnxn|) # 0,
particularly, the homogenous equations
V(14 = Musnls |4 = Mo} X = 0
have only solution (0,0,---,0)T if |A; — Muxn| = aoA™ + a1 A"t + - + ap_1\ + a, and
-

2n
|Aj = Mpscn| = boA™ + 01X 4 - + by 1A + by
(2) For two integers 1 < i,j < m, two differential equations (LDEJ;) are parallel in
(LDE) if and only if
R(P,(N), P (V) #0,
particularly, the homogenous equations V (P;(\), P;j(X\))X = 0 have only solution (0,0,---,0)T.

——
2n

Proof Clearly, |A; — Alxn| and |A; — A, x| have no same roots if and only if
R(|Ai = Muxal, |[Aj = Mnxal) # 0,

which implies that the two differential equations (LEDS;;) are parallel in (LEDS],) and the

homogenous equations
V(JAi — Muxnl, |4 — Mpxn)X =0

have only solution (0,0,---,0)”. That is the conclusion (1). The proof for the conclusion (2)

——
2n

is similar. O
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Applying Corollary 2.5, we can determine that an edge (%;, %;) does not exist in GILDES}, |
or GILDE" ] if and only if the ith differential equation is parallel with the jth differential equa-
tion in (LDES}) or (LDE"). This fact enables one to know the following result on linear

non-solvable differential equation systems.

Corollary 2.6 A linear differential equation system (LDES}) or (LDE") is non-solvable if
G(LDES)) # K,, or G(LDE™) % K,, for integers m,n > 1.

2.2 A Combinatorial Classification of Linear Differential Equations

There is a natural relation between linear differential equations and basis graphs shown in the

following result.

Theorem 2.7 FEvery linear homogeneous differential equation system (LDES}) (or (LDE™))
uniquely determines a basis graph GILDESY | (GILDE"]) inherited in (LDES}) (orin (LDE")).
Conversely, every basis graph G uniquely determines a homogeneous differential equation system
(LDESL) (or (LDE")) such that GILDES}] ~ G (or GILDE"] ~ G).

Proof By Definition 1.4, every linear homogeneous differential equation system (LDES} )
or (LDE?) inherits a basis graph G[LDES}] or GILDE",], which is uniquely determined by
(LDESL) or (LDE™).

Now let G be a basis graph. For Vv € V(G), let the basis %, at the vertex v be B, =
{ B;(t)e™it | 1 <i < n,} with

A, if 1< <k
Ao, if ki 4+1<9 < ko

o =

AS, ka1+k2++k5,1+1§2§nv

We construct a linear homogeneous differential equation (LDES!) associated at the vertex v.
By Theorem 1.2, we know the matrix

t11r tiz - tip,
T_ tor  tog -+ top,
tnul tnv2 e tnunv

is non-degenerate. For an integer i, 1 <i <'s, let
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be a Jordan black of k; x k; and

J1 0]
Jo

S
I

N
K

(0] Js

Then we are easily know the solution basis of the linear differential equation system

dX

with X = [z1(t),22(t), -+ ,2n, (t)]7 is nothing but %, by Theorem 1.2. Notice that the Jordan
black and the matrix T are uniquely determined by 48,. Thus the linear homogeneous differen-
tial equation (LDES?) is uniquely determined by 4,. It should be noted that this construction
can be processed on each vertex v € V(G). We finally get a linear homogeneous differential
equation system (LDES} ), which is uniquely determined by the basis graph G.

Similarly, we construct the linear homogeneous differential equation system (LDE!) for
the basis graph G. In fact, for Vu € V(G), let the basis %, at the vertex u be %, = { tle®it |1 <
1 <s,1 <1<k} Noticethat )\; should be a k;-fold zero of the characteristic equation P(A) = 0
with k1 + kg + --- + ks = n. Thus P(\;) = P'(\;) = --- = P*=1()\;) = 0 but PFI()\;) # 0
for integers 1 < i < s. Define a polynomial P,(\) following

S

Py = JJr =2k

i=1

associated with the vertex u. Let its expansion be
Pu(A) = A" 4+ au A"+ a1 A+ Qun.
Now we construct a linear homogeneous differential equation
2 ™ 44 au(n_l):zr/ + aynr =0 (L"DE"™)

associated with the vertex u. Then by Theorem 1.2 we know that the basis solution of (LDE™)
is just €,. Notices that such a linear homogeneous differential equation (LDE™) is uniquely
constructed. Processing this construction for every vertex u € V(G), we get a linear homoge-
neous differential equation system (LDE?,). This completes the proof. O

Example 2.8 Let (LDE?T) be the following linear homogeneous differential equation system

-3 +2x=0
=92+ 6x =0
T—Tr+12x =0
Z—95+20x =0
Z—11z+ 30z =0
-T2+ 6x =0

(
(
(
(
(
(
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2

d
where & = Tf and & = —. Then the solution basis of equations (1) — (6) are respectively

{et,e?}, {e?, 3}, {3, et} {ett, D}, {ed,eb), {eb e'} and its basis graph is shown in
Fig.2.1.
{e'} {e}
(€5 et (€3, e*)

{65t,86t} {e5t} {64t,85t}

Fig.2.1 The basis graph H

Theorem 2.7 enables one to extend the conception of solution of linear differential equation
to the following.

Definition 2.9 A basis graph GILDES}] (or GILDE")) is called the graph solution of the
linear homogeneous differential equation system (LDESY) (or (LDE")), abbreviated to G-
solution.

The following result is an immediately conclusion of Theorem 3.1 by definition.

Theorem 2.10 Every linear homogeneous differential equation system (LDESY) (or (LDE™T))
has a unique G-solution, and for every basis graph H, there is a unique linear homogeneous

differential equation system (LDESL) (or (LDE")) with G-solution H.

Theorem 2.10 implies that one can classifies the linear homogeneous differential equation

systems by those of basis graphs.

Definition 2.11 Let (LDES}), (LDESL) (or (LDE"), (LDE")") be two linear homo-
geneous differential equation systems with G-solutions H, H'. They are called combinato-
rially equivalent if there is an isomorphism ¢ : H — H', thus there is an isomorphism
w: H — H' of graph and labelings 0, 7 on H and H' respectively such that o8(zx) = Tp(z) for
Vo € V(H)JE(H), denoted by (LDES) % (LDESL) (or (LDE™) % (LDE")).

{e—t, 6_2t} {e—2t} {€_2t, e—3t}

67315}
{6—3157 e—4t}
e—4t}

{e—5t7 e—Gt} {e—5t} {e—ﬁlﬂf7 e—5t}

Fig.2.2 The basis graph H’
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Example 2.12 Let (LDE" )’ be the following linear homogeneous differential equation system

i+3i+20=0 (1)
i+ 5%+ 6x=0 (2)
i+ TE4+122=0 (3)
(4)
(5)
(6)

6

Z+ 92+ 20x =0
2+ 11+ 30z =0

T+7+6x=0

Then its basis graph is shown in Fig.2.2.
Let ¢ : H — H’ be determined by ¢({e’it,et}) = {e~*t et} and

QD({G)‘it, e}\jt} m{ek"t, eklt}) _ {e_kit, e—>\jt} m{e_)\kt’ e—)\Lt}

for integers 1 <4,k <6 and j =i+ 1 = 6(mod6), | = k + 1 = 6(mod6). Then it is clear that
H £ H'. Thus (LDEm)Y is combinatorially equivalent to the linear homogeneous differential
equation system (LDE?,) appeared in Example 2.8.

Definition 2.13 Let G be a simple graph. A vertex-edge labeled graph 0 : G — ZT is called
integral if 0(uv) < min{d(u),0(v)} for Yuv € E(G), denoted by G'o.

Let G{e and Gé’ be two integral labeled graphs. They are called identical if Gy £ Ga and
0(x) = 7(o(x)) for any graph isomorphism ¢ and Yz € V(G1)|J E(Gy), denoted by G1¢ = GL.

For example, these labeled graphs shown in Fig.2.3 are all integral on K4—e, but G{g = Gg’ ,
Gfe Gle
| F Gy

3 2 4 4 2 3 3 1 3
1 2 2 1 1 2 2 |2
4 2 3 3 2 4 4 1 4
Gl GE Gl
Fig.2.3

Let G[LDES}] (GILDE!]) be a basis graph of the linear homogeneous differential equa-
tion system (LDES}) (or (LDE")) labeled each v € V(G[LDES]) (or v € V(G[LDE"]))
by %,. We are easily get a vertex-edge labeled graph by relabeling v € V(G[LDES}]) (or
v € V(G[LDE™))) by |%,| and wv € E(GILDES})) (or wv € E(G[LDE")])) by |2y () Bo|-
Obviously, such a vertex-edge labeled graph is integral, and denoted by G![LDES!] (or
G![LDE"]). The following result completely characterizes combinatorially equivalent linear

homogeneous differential equation systems.

Theorem 2.14 Let (LDES)), (LDESL)" (or (LDE"), (LDE")’) be two linear homogeneous
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differential equation systems with integral labeled graphs H, H'. Then (LDES})) £ (LDES},)

(or (LDE™) % (LDE")') if and only if H = H'.

Proof Clearly, H = H' if (LDES!) £ (LDES.) (or (LDE") % (LDE")') by defini-
tion. We prove the converse, i.e., if H = H' then there must be (LDES}) £ (LDESL) (or
(LDE™) £ (LDE™)").

Notice that there is an objection between two finite sets Sy, So if and only if |S1| = |Sa|.
Let 7 be a 1 — 1 mapping from %, on basis graph G[LDES} ] (or basis graph G[LDE"]) to
B, on basis graph G[LDES]]’ (or basis graph GILDE"]") for v,v' € V(H'). Now if H = H’,
we can easily extend the identical isomorphism idg on graph H to a 1 — 1 mapping id}; :
G|LDES}] — G[LDES}] (or idy, : GILDE"] — G[LDE"]") with labelings § : v — %, and
0., : v — By on GILDES} ], GILDES}] (or basis graphs GI[LDE"], GILDE"]"). Then
it is an immediately to check that id}0(z) = 0'7(z) for Vo € V(G[LDES}])J E(GILDES}])
(or for Vo € V(GILDE}))J E(G[LDE))). Thus id}; is an isomorphism between basis graphs
GILDESL] and GILDESL]' (or GILDE™] and G[LDE"]"). Thus (LDES.) "2 (LDESL Y
(or (LDE) " (LDE™)). This completes the proof. O

According to Theorem 2.14, all linear homogeneous differential equation systems (LDES})

or (LDE}) can be classified by G-solutions into the following classes:
Class 1. G[LDES!]~K,, or G[LDE"] ~K,, for integers m,n > 1.

The G-solutions of differential equation systems are labeled by solution bases on K,, and
any two linear differential equations in (LDES},) or (LDET) are parallel, which characterizes

m isolated systems in this class.

For example, the following differential equation system

Z+3t+2x=0
-5+ 6x=0
T+2r—-3x=0

is of Class 1.

Class 2. G[LDES!]~ K,, or GILDE"] ~ K,, for integers m,n > 1.

The G-solutions of differential equation systems are labeled by solution bases on complete
graphs K, in this class. By Corollary 2.6, we know that G[LDES! ] ~ K,, or GILDE"] ~ K,,
if (LDES))) or (LDE™,) is solvable. In fact, this implies that

N %= [ B[ #0.

veEV (Km) u, eV (Kup)

Otherwise, (LDES},) or (LDE",) is non-solvable.

For example, the underlying graphs of linear differential equation systems (A) and (B) in
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the following

r—3t+2x=0
r—3z+2x=0
r—x=0
(A) (B) i —5x+6x=0
IT—4x+3x=0
r—4x+3x=0
I4+2t—3x=0

are respectively K4, K3. It is easily to know that (A) is solvable, but (B) is not.

Class 3. G|LDES!]~ G or G[LDE") ~ G with |G| = m but G % K,,, K, for integers
m,n > 1.

The G-solutions of differential equation systems are labeled by solution bases on G and all
linear differential equation systems (LDES},) or (LDE") are non-solvable in this class, such
as those shown in Example 2.12.

2.3 Global Stability of Linear Differential Equations

The following result on the initial problem of (LDES?') and (LDE™) are well-known for differ-
ential equations.

Lemma 2.15([13]) Fort € [0,00), there is a unique solution X (t) for the linear homogeneous

differential equation system

dd—)t( = AX (L"DES")

with X (0) = Xy and a unique solution for
2™ £ a4 fa,r=0 (L"DE™)
with £(0) = xg,2'(0) = xf,--- , 2D (0) = :C((J"*l).

Applying Lemma 2.15, we get easily a conclusion on the G-solution of (LDES}) with
X,(0) = X for Vv € V(G) or (LDE?,) with 2(0) = xo,2'(0) = 2}, --- ,2~1(0) = :C((Jn_l) by
Theorem 2.10 following.

Theorem 2.16 For t € [0,00), there is a unique G-solution for a linear homogeneous dif-
ferential equation systems (LDESL) with initial value X,(0) or (LDE) with initial values
2(0), 2,(0), -, 25" "V(0) for Vv € V(G).

For discussing the stability of linear homogeneous differential equations, we introduce the
conceptions of zero G-solution and equilibrium point of that (LDES},) or (LDE",) following.

Definition 2.17 A G-solution of a linear differential equation system (LDESL) with initial
value X, (0) or (LDE?!) with initial values x,(0), x,,(0),- - - ,x&"‘l)(o) for Yv € V(QG) is called

a zero G-solution if each label %B; of G is replaced by (0,---,0) (|%;| times) and B; (%, by
0,---,0) (1B PB;| times) for integers 1 < i,j < m.
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Definition 2.18 Let dX/dt = A, X, 2™ +ay 2 4+ 4 ay,z = 0 be differential equations
associated with vertex v and H a spanning subgraph of G[LDES}] (or G[LDE®]). A point
X* € R" is called a H-equilibrium point if A, X* =0 in (LDESL) with initial value X,(0)
or (X*)" + a1 (X*)" 1 + - + @y, X* = 0 in (LDE?) with initial values x,(0), 2, (0),- -,
xi”fl)(o) for Vv e V(H).

We consider only two kind of stabilities on the zero G-solution of linear homogeneous

differential equations in this section. One is the sum-stability. Another is the prod-stability.

2.3.1 Sum-Stability

Definition 2.19 Let H be a spanning subgraph of G[LDES}] or GILDE"] of the linear
homogeneous differential equation systems (LDES},) with initial value X,(0) or (LDE") with
initial values ,(0), 2] (0),- -, xS,”*”(o). Then G[LDES},] or GILDE"] is called sum-stable

or asymptotically sum-stable on H if for all solutions Y, (t), v € V(H) of the linear differential
equations of (LDES},) or (LDE) with |Y,(0)—X,(0)| < &, ezists for allt >0,| > Y,(t)—
veV (H)
> X,(@)| < e, or furthermore, lim | Y. Y,(t)— > X,(t)|=0.
veV (H) =0 ev(m) veV (H)
Clearly, an asymptotic sum-stability implies the sum-stability of that G[LDES},] or G[LDE®].
The next result shows the relation of sum-stability with that of classical stability.

Theorem 2.20 For a G-solution G[LDES} | of (LDES}) with initial value X,(0) (or GILDE"]
of (LDE!) with initial values x,(0), 2, (0),---, ;678"71)(0)), let H be a spanning subgraph of
G[LDES}] (or GILDE"]) and X* an equilibrium point on subgraphs H. If GILDES}] (or
G[LDE?)) is stable on any Vv € V(H), then GILDES}| (or GILDE"]) is sum-stable on H.
Furthermore, if GILDES} ] (or GILDE"]) is asymptotically sum-stable for at least one vertex
v € V(H), then GILDESL] (or GILDE")) is asymptotically sum-stable on H.

Proof Notice that

IDIEDACEND P AOE P ACEP A

veV(H) veV (H) veV (H)
and
tlg%l Z PoYu(t) — Z PuXo(t)] < Z Pv }E% Yo (1) — Xy (2)].
veV (H) veV (H) veV (H)
Then the conclusion on sum-stability follows. O

For linear homogenous differential equations (LDES?) (or (LDE™)), the following result
on stability of its solution X (¢) =0 (or z(t) = 0) is well-known.

Lemma 2.21 Let v = max{ Re\| |A — Al,,xn| = 0}. Then the stability of the trivial solution
X(t) = 0 of linear homogenous differential equations (LDES?Y) (or z(t) = 0 of (LDE™)) is

determined as follows:

(1) if v < 0, then it is asymptotically stable;
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(2) if v > 0, then it is unstable;
(3) if v = 0, then it is not asymptotically stable, and stable if and only if m'(\) = m(X)
for every A with Re\ = 0, where m(X) is the algebraic multiplicity and m/(X\) the dimension of

eigenspace of \.

By Theorem 2.20 and Lemma 2.21, the following result on the stability of zero G-solution
of (LDES},) and (LDE?",) is obtained.

Theorem 2.22 A zero G-solution of linear homogenous differential equation systems (LDES})
(or (LDE?)) is asymptotically sum-stable on a spanning subgraph H of GILDES}] (or GILDE"])
if and only if Rea, < 0 for each (3, (t)e*t € B, in (LDES!) or ReX, < 0 for each tvert € €,
in (LDE") hold for Vv € V(H).

Proof The sufficiency is an immediately conclusion of Theorem 2.20.
Conversely, if there is a vertex v € V(H) such that Rea, > 0 for 3,(t)e®! € %, in
(LDESY) or Re)\, > 0 for tlve*! € €, in (LDE?,), then we are easily knowing that

lim 3, (t)e*" — oo
t— o0

if a, > 0 or B, (t) #constant, and
lim t'vetv!

t—oo

— 00

if A, > 0 or I, > 0, which implies that the zero G-solution of linear homogenous differential

equation systems (LDES?') or (LDE™) is not asymptotically sum-stable on H. O

The following result of Hurwitz on real number of eigenvalue of a characteristic polynomial
is useful for determining the asymptotically stability of the zero G-solution of (LDES}) and
(LDE).

Lemma 2.23 Let P(\) = A" +a; A"t 4 -+ a,_ 1\ +a, be a polynomial with real coefficients
a;, 1 <i<n and

a; 1 0 0
as a9 aq 0 0
aq 1
A1=|a1|, AQZ ,"'An: as a4 as a9 aq 0 0
az a2
0 [o2%

Then ReX < 0 for all roots A of P(A) if and only if A; > 0 for integers 1 <1i < n.

Thus, we get the following result by Theorem 2.22 and lemma 2.23.

Corollary 2.24 Let A}, AY,--- | AY be the associated determinants with characteristic polyno-
mials determined in Lemma 4.8 for Vv € V(G[LDES}L)) or V(G[LDE?)]). Then for a spanning
subgraph H < G[LDES}] or G[LDE"], the zero G-solutions of (LDES}) and (LDEY,) is
asymptotically sum-stable on H if A} > 0,Ay >0,--- , AV >0 for Vv € V(H).
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Particularly, if n = 2, we are easily knowing that ReA < 0 for all roots A of P(}) if and
only if a; > 0 and as > 0 by Lemma 2.23. We get the following result.

Corollary 2.25 Let H < GILDES}] or GILDE"Y] be a spanning subgraph. If the characteristic
polynomials are N2 + a¥\ + a3 for v € V(H) in (LDESL) (or (L"DE2))), then the zero G-
solutions of (LDES}) and (LDE?)) is asymptotically sum-stable on H if ay > 0, a3 > 0 for
Vv e V(H).

2.3.2 Prod-Stability

Definition 2.26 Let H be a spanning subgraph of G[LDES}] or GILDE"] of the linear
homogeneous differential equation systems (LDES})) with initial value X,(0) or (LDE",) with
initial values x,(0), x, (0),- -, xS,”*”(o). Then GILDES}] or G[LDE"] is called prod-stable
or asymptotically prod-stable on H if for all solutions Y,(t), v € V(H) of the linear differential
equations of (LDESY)) or (LDE™) with |Y,(0)—X,(0)| < 8, exists for allt >0,| [ Yu.(t)—
veV (H)
[T Xu.(®)| <e, or furthermore, lim| [] Y,(t)— [ Xu.(t)]=0.

VeV (H) =0 yev(m) veV (H)

We know the following result on the prod-stability of linear differential equation system
(LDES)) and (LDE™).

Theorem 2.27 A zero G-solution of linear homogenous differential equation systems (LDES})
(or (LDE?) ) is asymptotically prod-stable on a spanning subgraph H of GILDES}| (or GILDE"])

if and only if Y. Rea, < 0 for each B,(t)e*! € B, in (LDES') or Y. Re\, <0 for
vEV (H) veV(H)
each tvert € €, in (LDE™M).

Proof Applying Theorem 1.2, we know that a solution X, (¢) at the vertex v has the form

X,(t) = Z cif3, (t)e™?.
i=1

Whence,
II x| = | II DB, (e
VeV (H) veV (H) i=1
= Z [1 cButet| = Z T eB]eson™
i=1 veV(H) i=1 veV (H)

Whence, the zero G-solution of homogenous (LDES)) (or (LDE")) is asymptotically sum-

stable on subgraph H if and only if > Rea, < 0 for V3,(t)e®! € %, in (LDES') or
veV(H)
> Re), <0 for Vtlvert € €, in (LDER,). O
veV (H)

Applying Theorem 2.22, the following conclusion is a corollary of Theorem 2.27.

Corollary 2.28 A zero G-solution of linear homogenous differential equation systems (LDES})



Global Stability of Non-Solvable Ordinary Differential Equations With Applications 19

(or (LDET)) is asymptotically prod-stable if it is asymptotically sum-stable on a spanning
subgraph H of G[LDES},] (or GILDE")]). Particularly, it is asymptotically prod-stable if the

zero solution 0 is stable on Vv € V(H).

Example 2.29 Let a G-solution of (LDES}) or (LDE",) be the basis graph shown in Fig.2.4,
where vy = {e 2,3, ¢}, vy = {e ¥, e 1), vy = {e e, ¢, vy = {e e, ),
vy = {e e 5} vg = {et e, e 8} Then the zero G-solution is sum-stable on the triangle

V4U5Vg, but it is not on the triangle vivovs. In fact, it is prod-stable on the triangle v;vovs.

v {e7?'} U1
e G
Vs {67815} {eBt} V2
{e—Gt {e—4t}
Vg {e=5}  wv3

Fig.2.4 A basis graph

83. Global Stability of Non-Solvable Non-Linear Differential Equations

For differential equation system (DES.), we consider the stability of its zero G-solution of

linearized differential equation system (LDES},) in this section.

3.1 Global Stability of Non-Solvable Differential Equations

Definition 3.1 Let H be a spanning subgraph of GIDES} ] of the linearized differential equation
systems (DESL) with initial value X,(0). A point X* € R" is called a H -equilibrium point of
differential equation system (DESL) if f,(X*) =0 for Vv € V(H).

Clearly, 0 is a H-equilibrium point for any spanning subgraph H of G[DES},] by definition.
Whence, its zero G-solution of linearized differential equation system (LDES}) is a solution
of (DES)).

Definition 3.2 Let H be a spanning subgraph of GIDES} ] of the linearized differential equation
systems (DESL ) with initial value X,(0). Then G[DES}] is called sum-stable or asymptoti-
cally sum-stable on H if for all solutions Y, (t), v € V(H) of (DESL) with ||Y,(0) — X, (0)|| < d,
exists for all t > 0,

> v - Y x| <e

veV (H) veV (H)

or furthermore,
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lim|l > Yo() = Y Xu(®)|| =0,

veV (H) veV (H)

and prod-stable or asymptotically prod-stable on H if for all solutions Y,(t), v € V(H) of
(DES})) with ||Y,(0) — X, (0)|| < &, exists for all t >0,

I1 vo- II x|<-

veV (H) veV (H)

or furthermore,

lim | J[ v.)- [] X.0|=o0.

t—0
veV(H) veV(H)

Clearly, the asymptotically sum-stability or prod-stability implies respectively that the
sum-stability or prod-stability.

Then we get the following result on the sum-stability and prod-stability of the zero G-
solution of (DES})).

Theorem 3.3 For a G-solution G[DESL] of differential equation systems (DES},) with initial
value X,,(0), let Hy, Hy be spanning subgraphs of G[DES} . If the zero G-solution of (DES}))
is sum-stable or asymptotically sum-stable on Hy and Ho, then the zero G-solution of (DES})
is sum-stable or asymptotically sum-stable on Hy|J Hs.

Similarly, if the zero G-solution of (DESY)) is prod-stable or asymptotically prod-stable on
Hy and X,(t) is bounded for Yv € V(Ha), then the zero G-solution of (DESY),)) is prod-stable
or asymptotically prod-stable on Hy|J Ho.

Proof Notice that
X1+ X < [ Xaf + [|X2] and X2 X[l < [[ X[ Xa|l

in R™. We know that

S x| = X+ Y, X
veV(H1)J V(H2) veEV (Hy) veEV (H2)
< | DD X+ DD X
’UGV(Hl) ’UGV(Hz)

and

H X, (t) = H Xy (t) H Xy (t)

veV(Hy)J V(H2) veV (Hy) vEV (Hz)

IN
—

I
—

I
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Whence,
> Xo(t)]| <e or lim > X, ()| =0

veV(H1)U V(H2) veV(Hy)J V(H2)
if € = €1 + €5 with

Yo X <a and | Y X,()|[<e

vEV (Hy) veV (Hz)

or

lim || Y X,(t)|| =0 and lim > Xu@) =0

t—0

This is the conclusion (1). For the conclusion (2), notice that

11 xo|<| I x| ] X.0|<Me

veV(H1)U V(Hz) vEV(H1) vEV (Hz)
if
II x| <e and I x| <M
vEV (Hy) veV (Hz)
Consequently, the zero G-solution of (DES},) is prod-stable or asymptotically prod-stable on
H, | Hs. O

Theorem 3.3 enables one to get the following conclusion which establishes the relation of

stability of differential equations at vertices with that of sum-stability and prod-stability.

Corollary 3.4 For a G-solution GIDES}] of differential equation system (DES},) with initial
value X,(0), let H be a spanning subgraph of G[DESL]. If the zero solution is stable or
asymptotically stable at each vertex v € V(H), then it is sum-stable, or asymptotically sum-
stable and if the zero solution is stable or asymptotically stable in a vertex uw € V(H) and X,(t)
is bounded for Yv € V(H) \ {u}, then it is prod-stable, or asymptotically prod-stable on H.

It should be noted that the converse of Theorem 3.3 is not always true. For example, let

Y Xy <ateand | > X,()| <-a+te
vEV (Hy) veV (Hz)

Then the zero G-solution G[DES},] of differential equation system (DES} ) is not sum-stable
on subgraphs H; and Hs, but

Yoooxe| <] DY xO|+| DY X®)| =

veV(H1 U Hs) veEV (Hy) vEV (Hz2)

Thus the zero G-solution G[DES} ] of differential equation system (DES},) is sum-stable on
subgraphs Hy |J Ha. Similarly, let
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I x@ gtir and | Y X)) <t

veEV (Hy) veV (Hz)
for a real number r. Then the zero G-solution G[DES} ] of (DES}) is not prod-stable on

subgraphs Hy and X, (¢) is not bounded for v € V(Hs) if » > 0. However, it is prod-stable on
subgraphs Hy |J Hs for

I xo|<| I xo I[I x.®|)=-
)

veV(H | H2) veV (Hy) veV (Ha

3.2 Linearized Differential Equations

Applying these conclusions on linear differential equation systems in the previous section, we
can find conditions on F;(X), 1 < i < m for the sum-stability and prod-stability at 0 following.
For this objective, we need the following useful result.

Lemma 3.5([13]) Let X = AX + B(X) be a non-linear differential equation, where A is a
constant n x n matriz and ReX; < 0 for all eigenvalues \; of A and B(X) is continuous defined
ont>0, | X| <a with
B
im
Ixii—o || X1|

Then there exist constants ¢ >0, 8 >0 and §, 0 < § < « such that

0
IX(O)| <& < o implies that | X (1)]| < cee™/2.
C

Theorem 3.6 Let (DES))) be a non-linear differential equation system, H a spanning subgraph
of GIDES}] and

Fy(X) =F}(0) X + Ry(X)
such that

L IR0

=0
Ix—o [ X]]

for Yv € V(H). Then the zero G-solution of (DES},) is asymptotically sum-stable or asymp-
totically prod-stable on H if Rea,, < 0 for each f3,(t)e®*t € B,, v € V(H) in (DES}).

Proof Define ¢ = max{c,, v € V(H)}, ¢ = min{e,, v € V(H)} and f = min{s,, v €
V(H)}. Applying Lemma 3.5, we know that for Vv € V(H),

5
1. (0)]| < & < o implies that [.X,(1)] < cee P2,



Global Stability of Non-Solvable Ordinary Differential Equations With Applications 23

Whence,
Z X)) < Z | X, (t)]| < |H|cee Pt/
veV(H) veV (H)
[T x@|< JI 1X@l < cflelfletmsez,
veV(H) veV (H)
Consequently,
vev(H) veV(H)

Thus the zero G-solution (DES}) is asymptotically sum-stable or asymptotically prod-stable
on H by definition. O

3.3 Liapunov Functions on G-Solutions

We have know Liapunov functions associated with differential equations. Similarly, we introduce
Liapunov functions for determining the sum-stability or prod-stability of (DES},) following.

Definition 3.7 Let (DESL) be a differential equation system, H < G[DES},] a spanning
subgraph and a H -equilibrium point X* of (DESL). A differentiable function L : 6 — R

defined on an open subset © C R"™ is called a Liapunov sum-function on X* for H if

veV( veV (H)

(1) L(X*) =0 andL( ZH) Xv(t)> >0if S X, (1) # X*;

(2)L( > Xv(f)>§0f0r >, Xo(t) # X7,

veV(H) veV(H)
and a Liapunov prod-function on X* for H if

(1) L(X*)anndL( 11 Xv(t)>>0if I Xo(t) #X*;

veV (H) veV(H)

<2>L( T Xv@))swor [T X.(t) # X"

veV (H) veV (H)

Then, the following conclusions on the sum-stable and prod-stable of zero G-solutions of

differential equations holds.

Theorem 3.8 For a G-solution G[DESL] of a differential equation system (DESL) with
initial value X,(0), let H be a spanning subgraph of GIDESL] and X* an equilibrium point of
(DES})) on H.

(1) If there is a Liapunov sum-function L : € — R on X*, then the zero G-solution
G[DES} ) is sum-stable on X* for H. Furthermore, if
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for > X,(t) # X*, then the zero G-solution G[DESY ] is asymptotically sum-stable on X*
veV(H)
for H.

(2) If there is a Liapunov prod-function L : € — R on X* for H, then the zero G-solution
G[DES} ] is prod-stable on X* for H. Furthermore, if

L HX <0

veV (H)

for Tl X.(t) # X*, then the zero G-solution GIDES} ] is asymptotically prod-stable on X*
veV(H)
for H.

Proof Let ¢ > 0 be a so small number that the closed ball B.(X*) centered at X* with
radius € lies entirely in ¢ and w the minimum value of L on the boundary of B.(X*), i.e.,

the sphere S.(X*). Clearly, w > 0 by assumption. Define U = {X € B.(X*)|L(X) < w}.
Notice that X* € U and L is non-increasing on > X, (¢) by definition. Whence, there are

veV(H)
no solutions X,(t), v € V(H) starting in U such that Y X, (¢) meet the sphere S¢(X™*).
veV (H)
Thus all solutions X, (t), v € V(H) starting in U enable Y, X, (¢) included in ball B.(X*).
veV(H)

Consequently, the zero G-solution G[DES},] is sum-stable on H by definition.

Now assume that

L{ Y X,(|<o0

veV (H)
for > X,(t) # X*. Thus L is strictly decreasing on > X, (¢). If X, (¢), v € V(H) are
veV(H) veV (H)
solutions starting in U — X* such that > X,(t,) — Y™ for n — oo with Y* € B.(X™),
veV (H)

then it must be Y* = X*. Otherwise, since

L{ Y X)) >LE™)

veV (H)

LI Y X@]<o
veV (H)

forall > X,(t)# X* and
L Xo(tn) | — L(Y™)
veV (H)

veV (H)
by the continuity of L, if Y* £ X*, let Y, (¢),v € V(H) be the solutions starting at Y*. Then

for any n > 0,
Yo(n) | <L(Y™).
UEV(H)

by the assumption
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But then there is a contradiction

L{ Y Xyltn+m) | <LY™)
veV (H)
yields by letting Y, (0) = > X, (t,) for sufficiently large n. Thus, there must be Y, = X*.
veV (H)
Whence, the zero G-solution G[DES},] is asymptotically sum-stable on H by definition. This
is the conclusion (1).

Similarly, we can prove the conclusion (2). 0

The following result shows the combination of Liapunov sum-functions or prod-functions.

Theorem 3.9 For a G-solution G[DESL] of a differential equation system (DES}) with
initial value X,(0), let Hy, Hy be spanning subgraphs of GIDESL], X* an equilibrium point of
(DES},) on Hy\JHs and
Rf(z,y)= Y aija'y’
i>0,j>0
be a polynomial with a; ; > 0 for integers i,j > 0. Then R* (L1, L) is a Liapunov sum-function
or Liapunov prod-function on X* for Hy|J Ha with conventions for integers i,j,k,1 > 0 that

ai; Li L} S X | +auLbL > X
veV(H, J V(Ha) veV (H1 [ V(Hz2)
=ali | Y XL Y X0
veV (Hy) veV (H2)

‘ol [ Y X, | Ly D Xv(t))

veV (Hy) veV (Hz)

if L1, Lo are Liapunov sum-functions and

ai; Ly L, H X, (t) | +anLhL} X, (t)
vEV(H1 | V(Hz) veV(H: U V(Hz)
—ayli | I %@ )5 I X0
veV (Hy) vEV (Hz)

ol | J] x| L5 I X

'UEV(Hl) ’UGV(Hz)

if L1, Lo are Liapunov prod-functions on X* for Hy and Hs, respectively. Particularly, if
there is a Liapunov sum-function (Liapunov prod-function) L on Hy and Hs, then L is also a

Liapunov sum-function (Liapunov prod-function) on Hy|J Ha.
Proof Notice that
d (a2 L3)

L —ay (iUflLlL;’ + jLﬁL{*ng)
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if 4,7 > 1. Whence,

ai L L} > X, )| >0
’UEV(Hl U V(Hg)
if
Li| Y Xu)|=0and Ly [ > X,(t)| >0
veV (Hy) vEV (Ha)
and
d(ai; L} L})
— i) X, )| <
) Y
’UEV(Hl U V(Hg)
if

L

sy

Y X)) <0 and Ly | Y X, ()| <o0.

veV (Hy) vEV (Hz)

Thus R (L1, Ls) is a Liapunov sum-function on X* for H; | Ho.
Similarly, we can know that R (L1, Ls) is a Liapunov prod-function on X* for H; |J Hs if
L1, Ly are Liapunov prod-functions on X* for H; and Hs. ]

Theorem 3.9 enables one easily to get the stability of the zero G-solutions of (DES}).

Corollary 3.10 For a differential equation system (DES}L), let H < GIDES}] be a spanning
subgraph. If L, is a Liapunov function on vertex v for Yv € V(H), then the functions

L7 = Z L, and L% = H L,
veV (H) veV (H)

are respectively Liapunov sum-function and Liapunov prod-function on graph H. Particularly,
if L =L, for¥v € V(H), then L is both a Liapunov sum-function and a Liapunov prod-function
on H.

Example 3.11 Let (DES})) be determined by

dIl/dt: )\11{E1 dCCl/dt: )\21171 dCCl/dt: )\nlxl
dxg/dt = )\121‘2 dl‘g/dﬁ = )\22$2 dl‘g/dﬁ = )\n2$2
dx, /dt = Mpxy, dxy, /dt = Aopxy, dxy, /dt = Apny,

where all A\j;, 1 <i<m,1 < j < narereal and N, # Aij, if j1 # j2 for integers 1 < i < m.
Let L =22 + 234 --- +22. Then

for integers 1 < ¢ < m. Whence, it is a Liapunov function for the ¢th differential equation if
Aij < 0 for integers 1 < j < n. Now let H < G[LDES},] be a spanning subgraph of GILDES},].
Then L is both a Liapunov sum-function and a Liapunov prod-function on H if \,; < 0 for
Yv € V(H) by Corollaries 3.10.
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Theorem 3.12 Let L : 0 — R be a differentiable function with L(0) = 0 and L < > X) >
veV (H)

0 always holds in an area of its e-neighborhood U(e) of 0 for € > 0, denoted by Ut (0,¢) such

area of e-neighborhood of 0 with L > X | >0and H< G[DES}] be a spanning subgraph.
veV (H)

(1) If

L Z X|ll<Mm
veV(H)

with M a positive number and

LI > Xx]>o0

veV (H)

in UT(0,€), and for Ve > 0, there exists a positive number c1,ca such that

L Z X | >c1 >0 implies L Z X >c>0,
veV (H) vEV (H)
then the zero G-solution G[DESL] is not sum-stable on H. Such a function L : € — R is

called a non-Liapunov sum-function on H.

(2) If

L{ J[ x|~
veV(H)
with N a positive number and
L{ J] x]>o0
veV (H)

in UT(0,€), and for Ye > 0, there exists positive numbers dy,ds such that

L H X | >dy >0 implies L H X | >ds >0,
vEV (H) veV (H)
then the zero G-solution G[DESL) is not prod-stable on H. Such a function L : 0 — R is

called a non-Liapunov prod-function on H.

Proof Generally, if | L(X)]| is bounded and L (X) > 0 in Ut (0, €), and for Ve > 0, there
exists positive numbers c1, ¢o such that if L (X) > ¢; > 0, then L (X) > c2 > 0, we prove that
there exists t; > to such that || X (¢1,t0)| > eo for a number ¢y > 0, where X (¢1,to) denotes
the solution of (DES?,) passing through X (o). Otherwise, there must be || X (¢1,%0)]| < €o for
t > to. By L(X) > 0 we know that L(X(t)) > L(X(ty)) > 0 for t > t;. Combining this fact
with the condition L (X) > ¢y > 0, we get that

L(X (1)) = L(X(to)) + / %S(S)) > L(X (to)) + ea(t = to).
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Thus L(X(t)) — +oo if t — 400, a contradiction to the assumption that L(X) is bounded.
Whence, there exists t; > ty such that

| X (t1,20)]| > eo-

Applying this conclusion, we immediately know that the zero G-solution G[DES} ] is not sum-
stable or prod-stable on H by conditions in (1) or (2). O

Similar to Theorem 3.9, we know results for non-Liapunov sum-function or prod-function

by Theorem 3.12 following.

Theorem 3.13 For a G-solution GIDES}] of a differential equation system (DES}) with
initial value X,(0), let Hy, Hy be spanning subgraphs of G[DESL], 0 an equilibrium point of
(DES},) on Hy|JHa. Then RY(Li,Ls) is a non-Liapunov sum-function or non-Liapunov
prod-function on 0 for Hy|J Hs with conventions for

a; LiL > X,(t) | +aw LA L, > X, (1)
veV (H1J V(Hz2) veV(H,J V(Ha2)
and
ai Li L) 11 X,(t) | +amLiL, II X,(t)
veEV(H | V(H2) veV (H1 | V(Hz)

the same as in Theorem 3.9 if L1, Lo are non-Liapunov sum-functions or non-Liapunov prod-
functions on 0 for Hy and H, respectively. Particularly, if there is a non-Liapunov sum-
function (non-Liapunov prod-function) L on Hy and Ha, then L is also a non-Liapunov sum-

function (non-Liapunov prod-function) on Hy|J Ha.

Proof Similarly, we can show that R*(Lj, Lo) satisfies these conditions on Hy |J Hz for
non-Liapunov sum-functions or non-Liapunov prod-functions in Theorem 3.12 if Lq, Lo are
non-Liapunov sum-functions or non-Liapunov prod-functions on 0 for H; and H,, respectively.

Thus R* (L1, Ly) is a non-Liapunov sum-function or non-Liapunov prod-function on 0. O

Corollary 3.14 For a differential equation system (DES}L), let H < GIDES}] be a spanning

subgraph. If L, is a non-Liapunov function on vertex v for Yv € V(H), then the functions

L7 = Z L, and L% = H L,

veV (H) veV (H)

are respectively non-Liapunov sum-function and non-Liapunov prod-function on graph H. Par-
ticularly, if L = L, for Yv € V(H), then L is both a non-Liapunov sum-function and a non-
Liapunov prod-function on H.

Example 3.15 Let (DES)) be

il = )\11‘% — )\11‘% ig = )\2,@% — )\21‘% il = )\mJJ% — )\m,T%
A1 . A2 o . Am

Tg = —X1T2 Tg = —X1T2 Tg = —— X172

2 2 2
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with constants \; > 0 for integers 1 < i < m and L(z1,72) = 27 — 223. Then L(xl,xg) =
4X\;jx1L(x1,m2) for the i-th equation in (DES},). Calculation shows that L(zi,x2) > 0 if
1 > V2x9 or 11 < —v/2x5 and L(xl,xg) > 4¢3 for L(z1,x2) > cin the area of L(x1,x2) > 0.
Applying Theorem 3.12, we know the zero solution of (DES} ) is not stable for the i-th equation
for any integer 1 < ¢ < m. Applying Corollary 3.14, we know that L is a non-Liapunov sum-
function and non-Liapunov prod-function on any spanning subgraph H < G[DES} ].

84. Global Stability of Shifted Non-Solvable Differential Equations

The differential equation systems (DES} ) discussed in previous sections are all in a same
Euclidean space R™. We consider the case that they are not in a same space R", i.e., shifted
differential equation systems in this section. These differential equation systems and their
non-solvability are defined in the following.

Definition 4.1 A shifted differential equation system (SDESL)) is such a differential equation

system

X1 = Fi(X1), Xo = F(Xa), -+, Xon = Fu(X) (SDES,,)
with

X1 = (@1, 22, , 21, T1(141), T1(142)> " > Tin),

Xo = (z1,%2, ", T1, Ta(141), T2(142)5 " "+ » T2n),

Xm = (T1,%2, 2L T (141) s Tm(142)> " * > Tmn)s
where x1,T2, -+, 21, Ti45), 1 < <m,1 < j < n-—1 are distinct variables and Fs : R" — R"

is continuous such that Fs(0) =0 for integers 1 < s < m.

A shifted differential equation system (SDES},) is non-solvable if there are integersi, j, 1 <
1,7 <m and an integer k, 1 < k <1 such that xE:] (t) # xggj] (t), where xE:] (t), xggj] (t) are solutions
2k (t) of the i-th and j-th equations in (SDES},), respectively.

The number dim(SDES},) of variables 1, za, - - - ST Ti4g), L <1 <m,1 < j<n-—1lin
Definition 4.1 is uniquely determined by (SDES}), i.e., dim(SDES}) = mn — (m — 1)l. For
classifying and finding the stability of these differential equations, we similarly introduce the
linearized basis graphs G[SDES}, ] of a shifted differential equation system to that of (DES}.),
i.e., a vertex-edge labeled graph with

V(GISDESL]) = {%;]1 < i < m},
E(G[SDES,,]) = {(%:, %;)|%:(%; # 0,1 <i,j < m},

where 4; is the solution basis of the i-th linearized differential equation X; = F!(0)X; for
integers 1 < i < m, called such a vertex-edge labeled graph G[SDES}] the G-solution of
(SDES},)) and its zero G-solution replaced %; by (0,---,0) (|%;| times) and %; () %; by
0,---,0) (|%:( %;| times) for integers 1 < 7,5 < m.

Let (LDES}), (LDES}.)" be linearized differential equation systems of shifted differential
equation systems (SDES} ) and (SDES}) with G-solutions H, H’. Similarly, they are called
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combinatorially equivalent if there is an isomorphism ¢ : H — H’ of graph and labelings
0, 7 on H and H’ respectively such that ¢f(z) = 7¢(x) for Vo € V(H)|J E(H), denoted by
(SDES!) £ (SDESL). Notice that if we remove these superfluous variables from G[SDES. ],
then we get nothing but the same vertex-edge labeled graph of (LDES} ) in R!. Thus we can
classify shifted differential similarly to (LDESL) in R!. The following result can be proved
similarly to Theorem 2.14.

Theorem 4.2 Let (LDES}), (LDES))) be linearized differential equation systems of two
shifted differential equation systems (SDESY), (SDESL)" with integral labeled graphs H, H'.
Then (SDESL) £ (SDESL )Y if and only if H = H'.

The stability of these shifted differential equation systems (SDES} ) is also similarly to
that of (DES},). For example, we know the results on the stability of (SDES},) similar to
Theorems 2.22, 2.27 and 3.6 following.

Theorem 4.3 Let (LDES))) be a shifted linear differential equation systems and H < G[LDES}]
a spanning subgraph. A zero G-solution of (LDESY,)) is asymptotically sum-stable on H if and
only if Rea,, < 0 for each B,(t)e®t € B, in (LDES") hold for Yv € V(H) and it is asymptot-
ically prod-stable on H if and only if Y. Rea, <0 for each B,(t)e*t € B, in (LDES').

veV (H)
Theorem 4.4 Let (SDES)) be a shifted differential equation system, H < G[SDESL] a
spanning subgraph and

Fy(X) =F}(0) X + Ry(X)

such that . 1Ry ()] L

Ixj—o X
for Vv € V(H). Then the zero G-solution of (SDES}) is asymptotically sum-stable or asymp-
totically prod-stable on H if Reaw, < 0 for each B,(t)e®* € #,, v € V(H) in (SDES}).

For the Liapunov sum-function or Liapunov prod-function of a shifted differential equation
system (SDES},), we choose it to be a differentiable function L : & C RAm(SDES,) _, R with

conditions in Definition 3.7 hold. Then we know the following result similar to Theorem 3.8.

Theorem 4.5 For a G-solution G[SDESL] of a shifted differential equation system (SDES})
with initial value X,(0), let H be a spanning subgraph of G[DESL] and X* an equilibrium
point of (SDES),) on H.

(1) If there is a Liapunov sum-function L : € C RAm(SDES,) _, R on X*, then the zero
G-solution G[SDES}] is sum-stable on X* for H, and furthermore, if

L > X, <o0

veV (H)

for > X,(t) # X*, then the zero G-solution G[SDES}] is asymptotically sum-stable on
veV (H)
X* for H.
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(2) If there is a Liapunov prod-function L : O C R4m(SDES,) _ R on X* for H, then
the zero G-solution G[SDESL] is prod-stable on X* for H, and furthermore, if

L{ I Xx®|<o
veV (H)
for T] X,(t) # X*, then the zero G-solution G[SDES}] is asymptotically prod-stable on

veV (H)
X* for H.

85. Applications

5.1 Global Control of Infectious Diseases

An immediate application of non-solvable differential equations is the globally control of infec-
tious diseases with more than one infectious virus in an area. Assume that there are three kind
groups in persons at time ¢, i.e., infected I(t), susceptible S(¢) and recovered R(t), and the

total population is constant in that area. We consider two cases of virus for infectious diseases:

Case 1 There are m known virus 71, %o, - , Vmm with infected rate k;, heal rate h; for integers

1 <i <m and an person infected a virus ¥; will never infects other viruses ¥; for j # i.

Case 2 There are m varying 71, Vo, , Vm from a virus ¥ with infected rate k;, heal rate h;

for integers 1 < i < m such as those shown in Fig.5.1.

D= — @

Fig.5.1

We are easily to establish a non-solvable differential model for the spread of infectious

viruses by applying the SIR model of one infectious disease following;:

S = —k ST S = —kySI S = —k,SI
I =k ST —hI I =kySI—hol - I = kST — hpI (DES})
R=hI R = hol R=hyI

Notice that the total population is constant by assumption, i.e., S + I + R is constant.

Thus we only need to consider the following simplified system

S = —k ST S = —koST S = —k,SI

, . . (DES;,)
[=kST— I [ =koST — hol [ = kmST = hopl

The equilibrium points of this system are I = 0, the S-axis with linearization at equilibrium



32 Linfan Mao

points

S=—kS S = —kyS S =—kn,S
. . . (LDES},)
I=kS—h I = ksS — ho I =knS—hp

Calculation shows that the eigenvalues of the ith equation are 0 and k;S — h;, which is negative,
i.e., stable if 0 < S < h;/k; for integers 1 < i < m. For any spanning subgraph H < G[LDES}. ],
we know that its zero G-solution is asymptotically sum-stable on H if 0 < S < h,/k, for
v € V(H) by Theorem 2.22; and it is asymptotically sum-stable on H if

> (kS—hy) <0 ie, 0<S< he [ ke

veV (H) veV (H) veV(H)
by Theorem 2.27. Notice that if I;(¢), S;(t) are probability functions for infectious viruses
¥, 1 <i < m in an area, then [] I;(¢) and [] S;(¢) are just the probability functions for
. L

1= 1=
all these infectious viruses. This fact enables one to get the conclusion following for globally
control of infectious diseases.

Conclusion 5.1 For m infectious viruses %1, Va, -+ , Vm in an area with infected rate k;, heal

rate h; for integers 1 <1i < m, then they decline to 0 finally if

0<S<ihi ikl’
=1 =1

i.e., these infectious viruses are globally controlled. Particularly, they are globally controlled if

each of them is controlled in this area.
5.2 Dynamical Equations of Instable Structure

There are two kind of engineering structures, i.e., stable and instable. An engineering structure
is instable if its state moving further away and the equilibrium is upset after being moved

slightly. For example, the structure (a) is engineering stable but (b) is not shown in Fig.5.2,

A C

@) @ B
(a) (b)

Fig.5.2

where each edge is a rigid body and each vertex denotes a hinged connection. The motion of
a stable structure can be characterized similarly as a rigid body. But such a way can not be

applied for instable structures for their internal deformations such as those shown in Fig.5.3.
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A B
© ®
C D
Fig.5.3
Furthermore, let &y, %, --- , &,, be m particles in R? with some relations, for instance,

the gravitation between particles &2; and &; for 1 < i, 7 < m. Thus we get an instable structure
underlying a graph G with

V(G) :{'92173227"' 732771};

E(G) = {(Z%, Z;)|there exists a relation between &; and Z;}.

For example, the underlying graph in Fig.5.4 is Cy. Assume the dynamical behavior of particle

P; at time t has been completely characterized by the differential equations X = F;(X,t),

where X = (z1,29,x3). Then we get a non-solvable differential equation system
X=F(X,t), 1<i<m

underlying the graph G. Particularly, if all differential equations are autonomous, i.e., depend

on X alone, not on time ¢, we get a non-solvable autonomous differential equation system
X =F(X), 1<i<m.

All of these differential equation systems particularly answer a question presented in [3] for
establishing the graph dynamics, and if they satisfy conditions in Theorems 2.22, 2.27 or 3.6,
then they are sum-stable or prod-stable. For example, let the motion equations of 4 members
in Fig.5.3 be respectively

AB:XABZO; CD:XCDZO, AC:XAC:GAC', BC:XBC:ch,

where Xap, Xop, Xac and Xpc denote central positions of members AB,CD, AC, BC' and
aAc,ape are constants. Solving these equations enable one to get

Xap =capt+dap, Xac =aact®+cact+dac,

Xcp =cept+dep, Xpe = apct® + cpet + dpe,

where cap,cac,ccp,cBc,dap,dac,dop,dpe are constants. Thus we get a non-solvable dif-

ferential equation system

X=0, X=0, X=asc, X =agpc,
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or a non-solvable algebraic equation system

X =capt+dap, X :aAct2 + cact + dac,
X =copt+dep, X = chtQ + cget + dpe

for characterizing the behavior of the instable structure in Fig.5.3 if constants cap, cac, cop, csc,
dap,dac,dep,dpc are different.

Now let X1, Xa,- -, X, be the respectively positions in R? with initial values X, X9, --- X9,
X?, XS, e ,X% and My, My, --- , M,, the masses of particles &, Ps,--- , Pp,. If m = 2, then

from Newton’s law of gravitation we get that

Xo — X4
X2 — X1

X1 —Xo

X1 - Xaf

X, = GM,
where G is the gravitational constant. Let X = X5 — X7 = (z1, x2, 23). Calculation shows that

. X
X =-G(M;+ M) —.
W+ M) s

Such an equation can be completely solved by introducing the spherical polar coordinates

1 = rcos¢cosb
ZTo = T COS P cosb

r3 = rsind

with » > 0,0 < ¢ < 7,0 < 0 < 27, where r = || X||, ¢ = £Xo02,0 = £X'ox with X’
the projection of X in the plane xoy are parameters with r = «/(1 + ecos¢) hold for some

constants «a, e. Whence,

%0 - 6, [ ( / %dt) i X0) = G, ( / %dg ”

Notice the additivity of gravitation between particles. The gravitational action of particles
P, Py, -+, P oon P can be regarded as the respective actions of &1, Py, -+ | P, on P,

such as those shown in Fig.5.4.

F, Fy F,,

@)

Fig.5.4
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Thus we can establish the differential equations two by two, i.e., &7 acts on &, H5 acts on
P, -, Py oacts on & and get a non-solvable differential equation system

X, —X

X =GM; & P4+ P, 1<i<m.

| Xi
Fortunately, each of these differential equations in this system can be solved likewise that of

m = 2. Not loss of generality, assume )A(Z(t) to be the solution of the differential equation in
the case of Z; = &, 1 <i < m. Then

N X, — X
Xt =Y Xit)=G Y Mi/</7gdt>dt
Pt P Pt P [ Xi — X

is nothing but the position of particle &2 at time ¢ in R3 under the actions of &; # &£ for
integers 1 < i < m, i.e., its position can be characterized completely by the additivity of

gravitational force.
5.3 Global Stability of Multilateral Matters

Usually, one determines the behavior of a matter by observing its appearances revealed before
one’s eyes. If a matter emerges more lateralities before one’s eyes, for instance the different
states of a multiple state matter. We have to establish different models, particularly, differential
equations for understanding that matter. In fact, each of these differential equations can be
solved but they are contradictory altogether, i.e., non-solvable in common meaning. Such a
multilateral matter is globally stable if these differential equations are sum or prod-stable in all.

Concretely, let S1,52,---,S,, be m lateral appearances of a matter .# in R? which are

respectively characterized by differential equations

where X; € R3, a 3-dimensional vector of surveying parameters for S;, 1 < i < m. Thus we get

a non-solvable differential equations
X =Hi(X,t), 1<i<m (DES)

in R3. Noticing that all these equations characterize a same matter .#, there must be equilib-

rium points X* for all these equations. Let

Hij(X,t) = HI(X")X 4+ R;(X*),

where _ _ _
MM
ML

is an n X n matrix. Consider the non-solvable linear differential equation system

X =H/(X"X, 1<i<m (LDES )
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with a basis graph G. According to Theorem 3.6, if

[R:(X)]]

/N
Ixl—x= || X

for integers 1 < ¢ < m, then the G-solution of these differential equations is asymptotically
sum-stable or asymptotically prod-stable on G if each Reagj] < 0 for all eigenvalues ag] of
matrix H/(X*), 1 <i < m. Thus we therefore determine the behavior of matter .# is globally
stable nearly enough X*. Otherwise, if there exists such an equation which is not stable at the
point X, then the matter .# is not globally stable. By such a way, if we can determine these
differential equations are stable in everywhere, then we can finally conclude that M is globally
stable.

Conversely, let .# be a globally stable matter characterized by a non-solvable differential
equation

X = H;(X,1)

for its laterality S;, 1 <1i < m. Then the differential equations
X =Hi(X,t), 1<i<m (DES)

are sum-stable or prod-stable in all by definition. Consequently, we get a sum-stable or prod-
stable non-solvable differential equation system.

Combining all of these previous discussions, we get an interesting conclusion following.

—GS
Conclusion 5.2 Let 45, . 4" be respectively the sets of globally stable multilateral matters,
non-stable multilateral matters characterized by non-solvable differential equation systems and
DE,DE the sets of sum or prod-stable non-solvable differential equation systems, not sum or

prod-stable non-solvable differential equation systems. then
(1) VY € 4% = IDES) € 92&;
@)Vt € #°° = IDESL) € T&.

Particularly, let # be a multiple state matter. If all of its states are stable, then A is
globally stable. Otherwise, it is unstable.
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Abstract: In this paper, we introduce a m'"-root Randers changed Finsler metric as

L(z,y) = L(z,y) + B(z,y),
where L = {aiyiy. i, ()y" 1y ~~~yim}% is a m-root metric and S-is one form. Further
we obtained the relation between the v- and hv- curvature tensor of m**-root Finsler space

h

and its m'"-root Randers changed Finsler space and obtained some theorems for its S3 and

S4-likeness of Finsler spaces and when this changed Finsler space will be Berwald space

h

(resp. Landsberg space). Also we obtain T-tensor for the m*"-root Randers changed Finsler

space F'".

Key Words: Randers change, m'"-root metric, Berwald space, Landsberg space, S3 and

S4-like Finsler space.
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§1. Introduction

Let F™ = (M™, L) be a n-dimensional Finsler space, whose M™ is the n-dimensional differen-
tiable manifold and L(x,y) is the Finsler fundamental function. In general, L(z,y) is a function
of point = (2%) and element of support y = (y*), and positively homogeneous of degree one

in y. In the year 1971 Matsumoto [6] introduced the transformations of Finsler metric given by

L'(z,y) = L(z,y) + B(z,y)
L (z,y) = L*(z,y) + B*(z,y),

where, 3 = b;(x)y® is a one-form [1] and b;(z) are components of covariant vector which is a
function of position alone. If L(z,y) is a Riemannian metric, then the Finsler space with a
metric L(z,y) = a(x,y) + 6(x, y) is known as Randers space which is introduced by G.Randers
[5]. In papers [3, 7, 8, 9], Randers spaces have been studied from a geometrical viewpoint and
various theorem were obtained. In 1978, Numata [10] introduced another 8-change of Finsler
metric given by L(z,y) = pu(x,y) + B(z,y) where u = {ai;(y)y'y?}? is a Minkowski metric
and (8 as above. This metric is of similar form of Randers one, but there are different tensor

1Received October 25, 2012. Accepted March 4, 2013.
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properties, because the Riemannian space with the metric « is characterized by C]l:k =0 and
on the other hand the locally Minkowski space with the metric u by Rpijrx = 0, Chijjr = 0.

In the year 1979, Shimada [4] introduced the concept of m** root metric and developed it as
an interesting example of Finsler metrics, immediately following M.Matsumoto and S.Numatas
theory of cubic metrics [2]. By introducing the regularity of the metric various fundamental
quantities as a Finsler metric could be found. In particular, the Cartan connection of a Finsler
space with m-th root metric could be discussed from the theoretical standpoint. In 1992-1993,
the m-th root metrics have begun to be applied to theoretical physics [11, 12], but the results
of the investigations are not yet ready for acceding to the demands of various applications.

th

In the present paper we introduce a m'”-root Randers changed Finsler metric as

L(z,y) = L(z,y) + B(=,y)

th_root metric. This metric is of the similar form to

h

where L = {a;,4,....,, (x)yy2 ¥} is am
the Randers one in the sense that the Riemannian metric is replaced with the m!
th

-root metric,
due to this we call this change as m'"-root Randers change of the Finsler metric. Further we
obtained the relation between the v-and hv-curvature tensor of m*"-root Finsler space and its
m!-root Randers changed Finsler space and obtained some theorems for its S3 and S4-likeness
of Finsler spaces and when this changed Finsler space will be Berwald space (resp. Landsberg

space). Also we obtain T-tensor for the m*"-root Randers changed Finsler space F™.

§2. The Fundamental Tensors of F"

We consider an n-dimensional Finsler space F” with a metric L(z,y) given by

L(z,y) = L(z,y) + bi(z)y’ (1)
where
L= {ai .., (x)yry® - .yim}% )
By putting
@M. L™ lai(z,y) = iy, (2)yy" -y 3)

i

). L™ 2ai(,y) = Gijigisin (X)Y2y" -y
(D). L™ 3aijn(x,y) = Gijrigis-in )Yy - y'™

Now differentiating equation (1) with respect to ¢, we get the normalized supporting element
L‘ = &E as
li=a; +b (4)

h_root metric. Again differen-

where a; = I; is the normalized supporting element for the m!
tiating above equation with respect to y’, the angular metric tensor ﬁij = E(i-(?ji is given

as

=3 (5)
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where h;; is the angular metric tensor of mth-root Finsler space with metric L given by [4]

hij = (m — 1)(ai; — a;a;) (6)
. L2 __
The fundamental metric tensor g;; = 0;0;—= = h;j + l;l; of Finsler space F'" are obtained from
equations (4), (5) and (6), which is given by

gij = (m - 1)TCLij + {1 - (m - 1)7’}&in + (aibj + ajbi) + blbj (7)
L _ .
where 7 = I It is easy to show that

by = D i)

(m = 2)(aijx — aijax)
L

{1 7)ai+bi)

57; )
’ L

Therefore from (7), it follows (h)hv-torsion tensor Cyji, = O, % of the Cartan’s connection CT'

are given by
2LCiy = (m—1)(m —2rags + {1 - (m - Vr}(m - 1))(a; s)
—I—ajkai + akiaj) + (m — 1)(aijbk + ajkbi + akibj) —
(m — 1)(a;a;b + ajarb; + a;arb;) + (m — 1){(2m — 1)7 — 3}a;a;ax
In view of equation (6) the equation (8) may be written as

Oijk = TCijk + ( ik J;L k J) (9)

where m; = b; — %ai and Cjjy, is the (h)hv-torsion tensor of the Cartan’s connection CT" of the

mt-root Finsler metric L given by

2LCijk = (m — 1)(m — 2){aijk — (aijak + ajra; + a;”»aj) + Qaiajak} (10)

th_root metric L has non-

Let us suppose that the intrinsic metric tensor a;;(x,y) of the m
vanishing determinant. Then the inverse matrix (a™/) of (a;;) exists. Therefore the reciprocal

metric tensor g of F™ is obtain from equation (7) which is given by
y 1 b2 -Dr—-1 ., . i+ albt
g = a" + + (m )T a'al — —(a + a’t) (11)
(m—1)T (m —1)7(1 + q)2 (m—1)7(1+q)

where a' = a”a;, b =a"b;, V> =0b'b;, q=a'b;=a;b'=p3/L.

Proposition 2.1 The normalized supporting element l;, angular metric tensor h;;, metric
tensor g;j and (h)hv-torsion tensor Ciji, of Finsler space with m'-root Randers changed metric

are given by (4), (5), (7) and (9) respectively.

§3. The v-Curvature Tensor of F"

From (6), (10) and definition of m; and a’, we get the following identities
aa; =1, ayra' =a, Cirpa' =0,  hija' =0, (12)

miai = 0, hub] = 3mi, mibi = (b2 — q2)
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To find the v-curvature tensor of F", we first find (h)hv-torsion tensor C’;k = g"Ciri

i i 1 i i i
al 1 1 ;
_ Y s e b
e ™" o2 T gt

where LCY; = LCj,ra’ = (m — 1){a};, — (0ax + 0ja; + a’a;r) + 2d'a;ay},

h;- = hjra'™ = (m — 1)(5;- —a'ay) (14)

mt =m,a” = b —qat, and az-k = a"ajm
From (12) and (14), we have the following identities

Cijrh; = ijhp,n = (m — 1)01']‘1,, CijrmT = Cijrbr, (15)

myh] = (m — 1)m;, mymt = (b2 — qz),

h”«hg = (m — 1)hij7 h“«mr = (m — 1)m1

From (9) and (13), we get after applying the identities (15)

- = T 1
CiirChp = mcijrc};k + E(Cijhmk + Cijkmn + Crjkm; + Crikm;) (16)
1 1
—————(Cijrhnk + Chyihij)b" + ——e (b — ¢*)hijh
+2(m_1)( grhnk + Chrihij) +4(m_1)LL( q)highnk

1
—l—m@hijmhmk + Qhkhmimj + hjhmimk

+hjemimy, + hinmimy + higmgmy,)

Now we shall find the v-curvature tensor S'hijk = C’ijTC_',TLk — C’ikTC_',TLj. The tensor is obtained

from (16) and given by

& T
Shijk = @(jk){mciﬁc}:k + hijmpg + hhkmij} (17)
T
= (m—1) Shijk + e(jk){hijmhk + hhkmij}
where (b2 2) ( |
1 —q m—1)-_;
i = Cz ’rbT _ hi‘ L : ) 18

and the symbol ©;){---} denotes the exchange of j, & and subtraction.

Proposition 3.1 The v-curvature tensor ghijk of m*"-root Randers changed Finsler space F™

with respect to Cartan’s connection CT is of the form (17).

It is well known [13] that the v-curvature tensor of any three-dimensional Finsler space is

of the form
L?Shije = S(hnjhik — hnihis) (19)
Owing to this fact M. Matsumoto [13] defined the S3-like Finsler space F™ (n > 3) as such a
Finsler space in which v-curvature tensor is of the form (19). The scalar S in (19) is a function

of z alone.
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The v-curvature tensor of any four-dimensional Finsler space may be written as [13]
L?Shije = O (i {hnjKri + hinKnj} (20)

where K;; is a (0, 2) type symmetric Finsler tensor field which is such that K;;47 = 0. A Finsler
space F™(n > 4) is called S4-like Finsler space [13] if its v-curvature tensor is of the form (20).
From (17), (19), (20) and (5) we have the following theorems.

Theorem 3.1 The m'"-root Randers changed S3-like or S4-like Finsler space is S4-like Finsler

space.

Theorem 3.2 If v-curvature tensor of m‘"-root Randers changed Finsler space F™ vanishes,

then the Finsler space with m*™-root metric F™ is Sj-like Finsler space.

If v-curvature tensor of Finsler space with m!-root metric F™ vanishes then equation (17)
reduces to

Shijk = hijmnk + hnemij — higmpg — hpjmay, (21)
By virtue of (21) and (11) and the Ricci tensor S;, = ghkS’hijk is of the form

- 1

Sik = (— 7_){mhi;C + (m—1)(n—3)my},

(m—1)

where m = m;;a™, which in view of (18) may be written as

Sik + Hihi, + HoCippb” = Hzmymy, (22)
where
m (n=3)(* — ¢°)

Hl = - )

(m—1)T 8(m —1)L?
H2 - (n — 3) F=R)

2(m—1)L

(n—3)

Hs=="0

From (22), we have the following

Theorem 3.3 If v-curvature tensor of m*"-root Randers changed Finsler space F™ vanishes
then there exist scalar Hy and Hsy in Finsler space with m'"-root metric F™(n > 4) such that
matriz || Sip, + Hihix + HoCig, b" || is of rank two.

§4. The (v)hv-Torsion Tensor and hv-Curvature Tensor of [

Now we concerned with (v)huv-torsion tensor P, and hv-curvature tensor Py ;. With respect
to the Cartan connection CT, Lj; =0, l;;; = 0, hy;;, = 0 hold good [13].
Taking h-covariant derivative of equation (9) and using (4) and I; = a; = 0 we have
(Rijbrin + hjrbin + hiibjig)
2L

_ biph
Cijiin = TCijxn + Tcijk +

(23)
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From equation (6) and using relation h;j;, = 0 We have

2LC k0
aijip =0, and aggn = ( i

m—1)(m — 2) (24)

The (v)hv-torsion tensor P;, and the hv-curvature tensor P, of the Cartan connection CT

are written in the form, respectively
Pijk = Cijjos (25)
Priji = Cijkin — Chijrji + Pikr Cy, — Prior C;

where the subscript ’0’ means the contraction for the supporting element y*. Therefore the
(v)hv-torsion tensor Pijk and the hv-curvature tensor Phijk of the Cartan connection CT for
the Finsler space with m!"-root Randers metric by using (10), (23), (24) and (25) we have

_ (m —1)(m — 2) bijo (hijbrjo + hjkbijo + Pribjjo)
ik = 57 Tdijklo T Tci‘k + 5L (26)
and
Priji = (m = 1)(m = 2)(2L) "' Oy (aijijn + Pitr Cjp) (27)

Definition 4.1([13]) A Finsler space is called a Berwald space (resp. Landsberg space) if
Cijiin =0 (resp. Pijr = 0) holds good.

Consequently, from (24) and (26) we have

Theorem 4.1 A Finsler space with the m'"-root Randers changed metric is a Berwald space
(resp. Landsberg space), if and only if ajpn = 0 (resp. azpjo = 0 and by, is covariently

constant.

Proposition 4.1 The v(hv)-torsion tensor and hv-curvature tensor phijk of mt"-root Randers

changed Finsler space F™ with respect to Cartan’s connection CT is of the form (26) and (27).

§5. T-Tensor of [

Now, the T-tensor is given by [11,13]

Thijk = LChijli + 1iChjk + 1;Chik + Chij + I Cijk
The above equation for m‘*-root Randers changed Finsler space F™™ is given as

Thijk = LChijlk + 1iChjk + 1;Chik + 1:Chij + 1nCijk (28)
The v-derivative of h;; and L is given by [13]

1
hij|k = —Z(hlklj + h/jkli); and L|1 = lz (29)
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Now using (29), the v-derivative of Cj;i is given as

_ Lby, — Gl - 1
LCsjkln = 77( h T 5 h)cijk + LtCijk|n — ri(hihljmk + hjnlimg (30)
+hinlemg 4+ heplyms + hiplpmg + hplimy 4 hijlnmy

-
+hjlnm; + hiilpm;) + i(hijmklh + hjrmiln + himg|n)

Using (4), (9) and (30), the T-tensor for m‘"-root Randers changed Finsler space F™ is given
by

Thij = T(Thijk + Bhijr) + == (hjemali + hixmpl; + hijmply (31)

T
2L
1
+heim;ly) + E(hhjmkbi + hjgmpb; + hipmib; + higmpb;
+hinmib; + henmib; + hiympby + hinmby + hjnmiby + hiymiby
T
+hgim;by, + hjpm;by) + §(hijmk|h + hjmiln + hrimg|n)
Lby, — Gl

+T%Cijk
where Bhijk = Bchij|k + biChjk + bjChik + bkc}”‘j + thijk. Thus, we know

Proposition 5.1 The T-tensor Thiji for mth-root Randers changed Finsler space F™ is given
by (31).
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Abstract: The object of this paper is to introduce a quarter-symmetric metric connec-
tion in a pseudosymmetric Lorentzian a-Sasakian manifold and to study of some proper-
ties of it. Also we shall discuss some properties of the Weyl-pseudosymmetric Lorentzian
a—Sasakian manifold and Ricci-pseudosymmetric Lorentzian a—Sasakian manifold with re-
spet to quarter-symmetric metric connection. We have given an example of pseudosymmetric
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81. Introduction

The theory of pseudosymmetric manifold has been developed by many authors by two ways.
One is the Chaki sense [8], [3] and another is Deszcz sense [2], [9], [11]. In this paper we
shall study some properties of pseudosymmetric and Ricci-symmetric Lorentzian a— Sasakian
manifolds with respect to quarter-symmetric metric connection in Deszcz sense. The notion
of pseudo-symmetry is a natural generalization of semi-symmetry, along the line of spaces of
constant sectional curvature and locally symmetric space.

A Riemannian manifold (M, g) of dimension n is said to be pseudosymmetric if the Rie-

mannian curvature tensor R satisfies the conditions ([1]):

for all vector fields X, Y, U,V,W on M , whereLr € C*(M), R(X,Y)Z = Vix y1Z—|Vx,Vy]Z
and X AY is an endomorphism defined by

(XAY)Z =g(Y,2)X —g(X,2)Y (2)

1Received October 6, 2012. Accepted March 6, 2013.
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2. (R(X,Y).R)U,V,W) = R(X,Y)(R(U,V)W)—R(R(X,Y)U, V)W
—R(U,R(X,Y)V)W — R(U,V)(R(X,Y)W) (3)
3.(XAY).RUV,W) = (XAY)RUVIW) - R(X AY)U, V)W
—R(U, (X ANY)V)W = R(U,V)((X ANY)W). (4)

M is said to be pseudosymmetric of constant type if L is constant. A Riemannian manifold
(M, g) is called semi-symmetric if R.R = 0, where R.R is the derivative of R by R.

Remark 1.1 We know, the (0, k + 2) tensor fields R.T and Q(g,T) are defined by

(RT)(X1, -+, Xp; X,Y) (R(X,Y).T) (X1, , Xk)
= -T(RX,Y)Xy, -+, Xg) = =T(Xy,-- , R(X,Y)X})
Q(g, T)( X1, , Xi; X,)Y) = —(XAY)T)( Xy, , Xy)

= T(XAY)X1,-, Xp) 4+ +T(X1,--, (X AY)Xy),

where T is a (0, k) tensor field ([4],[5]).

Let S and r denote the Ricci tensor and the scalar curvature tensor of M respectively. The
operator @ and the (0,2)—tensor S? are defined by

S(X,Y) =9(QX,Y) (5)

and
S*(X,Y) = S(QX,Y) (6)
The Weyl conformal curvature operator C' is defined by

C(X,Y) = R(X,Y) — 5[

J (7)

If C =0, n > 3 then M is called conformally flat. If the tensor R.C' and Q(g,C) are linearly
dependent then M is called Weyl-pseudosymmetric. This is equivalent to

ROWU,V,W; X,Y) = Lc[(X AY).C)(U,V)W], (8)
holds on the set Uc = {& € M : C # 0 at x}, where L¢ is defined on Ug. If R.C = 0, then M

is called Weyl-semi-symmetric. If VC' = 0, then M is called conformally symmetric ([6],[10]).

§2. Preliminaries

A n-dimensional differentiable manifold M is said to be a Lorentzian a—Sasakian manifold if
it admits a (1,1)—tensor field ¢, a contravariant vector field £, a covariant vector field n and

Lorentzian metric g which satisfy the following conditions,

P> =I+n®E, (9)
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77(5) = _17 (]5520, 770¢:07 (10)
9(¢X,9Y) = g(X,Y) + n(X)n(Y), (11)
9(X, &) = n(X) (12)
and
(Vxo)(Y) = ofg(X,Y)E +n(Y) X} (13)

for VX,Y € x(M) and for smooth functions o on M, V denotes covariant differentiation
operator with respect to Lorentzian metric g ([6], [7]).

For a Lorentzian a—Sasakian manifold,it can be shown that ([6],[7]):

Vxé = a¢X, (14)
(Vxn)Y = ag(¢X,Y). (15)

Further on a Lorentzian a—Sasakian manifold, the following relations hold ([6])

N(R(X,Y)Z) = o?lg(Y,Z)n(X) - g(X, Z)n(Y)], (16)
REX)Y = o?[g(Y,2) —n(Y)X], (17)
R(X,Y)e = o’[(Y)X —n(X)Y], (18)

S X) = S(X,8=(n—1)an(X), (19)
S€¢ = —(n-1)? (20)
Q¢ = (n—1)a’. (21)

The above relations will be used in following sections.

83. Quarter-Symmetric Metric Connection on Lorentzian a—Sasakian Manifold

Let M be a Lorentzian a-Sasakian manifold with Levi-Civita connection V and X, Y, Z € x(M).

We define a linear connection D on M by
DxY = VxY +n(Y)$(X) (22)

where 7 is 1—form and ¢ is a tensor field of type (1,1). D is said to be quarter-symmetric

connection if T', the torsion tensor with respect to the connection D, satisfies
T(X,Y) =n(Y)pX —n(X)sY. (23)
D is said to be metric connection if
(Dxg)(Y,Z) = 0. (24)

A linear connection D is said to be quarter-symmetric metric connection if it satisfies (22), (23)
and (24).
Now we shall show the existence of the quarter-symmetric metric connection D on a

Lorentzian a—Sasakian manifold M.
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Theorem 3.1 Let X,Y,Z be any vectors fields on a Lorentzian a—Sasakian manifold M and

let a connection D is given by

29(DxY,2) = Xg(Y,Z)+Yg(Z,X) - Zg(X,Y)+g([X,Y], Z)
—9(IY, 2], X) + 9([Z, X].Y) + g(n(Y )X — n(X)eY, Z)
+9(n(X)¢Z —n(Z)pX,Y) + g(n(Y)dZ — n(Z)¢Y, X). (25)

Then D is a quarter-symmetric metric connection on M.

Proof It can be verified that D : (X,Y) — DxY satisfies the following equations:

Dx(Y+Z) = DxY +DxZ, (26)
DxiyZ = DxZ+DyZ (27)
DexY = [DxY, (28)
Dx(fY) = [f(DxY)+(Xf)Y (29)

for all X,Y,Z € x(M) and for all f, differentiable function on M.
From (26), (27), (28) and (29), we can conclude that D is a linear connection on M. From
(25) we have,

9(DxY,Z) = g(Dy X, Z) = g([X,Y], Z) + n(Y)g(¢X, Z) — n(X)g(¢Y, Z)
’ DxY = Dy X — [X,Y] = g(¥Y)6X — n(X)oY

or,

T(X,Y) =n(Y)¢X —n(X)pY (30)
Again from (25) we get,
29(DxY,Z) +29(Dx Z,Y) = 2Xg(Y, Z), or, (Dxg)(Y.Z)=0.

This shows that D is a quarter-symmetric metric connection on M. O

84. Curvature Tensor and Ricci Tensor with Respect to Quarter-Symmetric
Metric Connection D in a Lorentzian a—Sasakian Manifold

Let R(X,Y)Z and R(X,Y)Z be the curvature tensors with respect to the quarter-symmetric
metric connection D and with respect to the Riemannian connection V respectively on a
Lorentzian a— Sasakian manifold M. A relation between the curvature tensors R(X,Y)Z and
R(X,Y)Z on M is given by

R(X.Y)Z = R(X,Y)Z+alg(¢X,Z)pY
—9(8Y, 2)pX] + an(Z)[n(Y) X — n(X)Y]. (31)

Also from (31), we obtain

S(X7 Y) = S(X7 Y) +a[g(X, Y)+n77(X)77(Y)]7 (32)



50 C.Patra and A.Bhattacharyya

where S and S are the Ricci tensors of the connections D and V respectively.
Again
S32X,Y) = S*X,Y)—a(n—-2)S(X,Y)—a?*(n—1)g(X,Y)
+a?n(n — 1)(a — Dn(X)n(Y). (33)
Contracting (32), we get
F=r, (34)

where 7 and r are the scalar curvature with respect to the connection D and V respectively.
Let C be the conformal curvature tensors on Lorentzian a— Sasakian manifolds with
respect to the connections D. Then

C(X,Y)Z = R(X,Y)Z- L[S‘( )X —g9(X,2)QY +g(Y,Z2)QX

r

—S(X, Z)Y] + m

where @ is Ricci operator with the connection D on M and
S(X,Y) = g(QX,Y), (36)

S%(X,Y) = S(QX,Y). (37)

Now we shall prove the following theorem.

Theorem 4.1 Let M be a Lorentzian a—Sasakian manifold with respect to the quarter-

symmetric metric connection D, then the following relations hold:

R(EX)Y = o[g(X,Y)E—n(YV)X]+ an(Y)[X +n(X)E], (38)
n(R(X,Y)Z) = o?[g(Y, Z)n(X) — g(X, Z)n(Y)], (39)
R(X,Y), = (o —a)n(Y)X —n(X)Y], (40)
S(X,6) = S X)=(n—-1)(* —a)n(X), (41)
S*(X,8) = 5% X)=a*(n—1)%(a—1)*n(X), (42)
56¢) = —(n—1)(a®—-a), (43)

OX = QX —a(m—-1)X, (44)

Q¢ = (n—1)(® - a). (45)

Proof Since M is a Lorentzian a—Sasakian manifold with respect to the quarter-symmetric
metric connection D, then replacing X = ¢ in (31) and using (10) and (17) we get (38). Using
(10) and (16), from (31) we get (39). To prove (40), we put Z = £ in (31) and then we use
(18). Replacing Y = ¢ in (32) and using (19) we get (41). Putting Y = £ in (33) and using (6)
and (19) we get (42). Again putting X =Y = ¢ in (32) and using (20) we get (43). Using (36)
and (41) we get (44). Then putting X = & in (44) we get (45). O
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85. Lorentzian a—Sasakian Manifold with Respect to the Quarter-Symmetric
Metric Connection D Satisfying the Condition C.S = 0.

In this section we shall find out the characterization of Lorentzian av—Sasakian manifold with
respect to the quarter-symmetric metric connection D satisfying the condition C.S = 0. We
define C.S = 0 on M by

(C(X,Y).8)(Z,W)=-S(C(X,Y)Z,W) - 8(Z,C(X,Y)W), (46)
where X, Y, Z, W € x(M).

Theorem 5.1 Let M be an n—dimensional Lorentzian a— Sasakian manifold with respect to

the quarter-symmetric metric connection D. If C.S = 0, then

I & _ a? — o <
ST = [0 —a) 4 g IS Y)
S la(n D@ —n+1) - 7lg(X.Y)
—a(n —1)(a® — a)n(X)n(Y). (47)

Proof Let us consider M be an m-dimensional Lorentzian a—Sasakian manifold with
respect the quarter-symmetric metric connection D satisfying the condition C.S = 0. Then
from (46), we get

S(C(X,Y)Z,W)+ S(Z,C(X,Y)W) =0, (48)

where X, Y, Z W € x(M). Now putting X = ¢ in (48), we get
S(C(&X)Y,Z2)+ S(Y,C(¢, X)Z) = 0. (49)

Using (35), (37), (38) and (41), we have

_ B (n—1)(a? — ) 7
SEEX)Y.2) = (= 1)(0® - a)la? - O 4 (Z)0(X.Y)
(n—1)(a? - ) d -
+a—a® + — - (n_l)(n_Q)]n(Y)S(X,Z)
+a(e® — a)(n—1)n(X)n(Y)n(Z)
sl = 1)(0? — )(Z)S(X,Y) ~ §(X, Z)n(Y) (50)
and
SY.CEX)Z) = (n-1)(e® - a)a? — PZDO"=0) T n(Y)e(X.2)
T n—2 (n—1)(n—2) ’
5 (n— 1)(@2 —a) 7 _
+la —a® + p— —(n_l)(n_2)]n(Z)S(Y,X)
+a(a? = a)(n — D)n(X)n(Y)n(Z)
— L= 1)(0® = a)n(V)8(X, 2) — SX, YV)n(2). (51)
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Using (50) and (51) in (49), we get

(n —1)(c? —a)+ T

=1 - afa? - OO Y 2)
+9(X, Z)n(Y)] +2a(a® — a)(n — 1)n(X)n(Y)n(Z)
s (=12 —a) ; i i
Haar EOZY L SN, 2) + ()50, X)]
L= 1)(0? ~ ) Z)S(X,Y) +n(V)S(X, 2)}
—{S*(X, Z)n(Y) + S*(X,Y)n(Z)}] = 0. (52)
Replacing Z = £ in (52) and using (41) and (42), we get
I _ 2 r 5
—5XY) = —04)+m]5( Y)
a? —a
+n_2[ a(n—1)(a—n+1)-7lg(X,Y)
—a(n —1)(a® = a)n(X)n(Y). O

An n—dimensional Lorentzian a—Sasakian manifold M with the quarter-symmetric metric

connection D is said to be n—Einstein if its Ricci tensor S is of the form
S(X,Y) = Ag(X,Y) + Bn(X)n(Y), (53)

where A, B are smooth functions of M. Now putting X =Y =e¢;,i=1,2,--- ,n in (53) and
taking summation for 1 < i < n we get

An— B =T. (54)
Again replacing X =Y = £ in (53) we have
A—B=(n—-1)(a®-a). (55)

Solving (54) and (55) we obtain

A=" —(a®* —a) and B =
n—1 n—

—n(a? - a).

Thus the Ricci tensor of an n—Einstein manifold with the quarter-symmetric metric connection
D is given by

—(a® = a)]g(X,Y) +[

S’(X,Y):[n_l —

—n(a® = a)ln(X)n(Y). (56)

86. n—Einstein Lorentzian a—Sasakian Manifold with Respect to the
Quarter-Symmetric Metric Connection D Satisfying the Condition C.S =

Theorem 6.1 Let M be an n— Einstein Lorentzian a— Sasakian manifold of dimension. Then
C.S=0iff
no — 2a

55 NBX,Y)Z)n(W) +n(R(X,Y)W)n(Z)] =0,
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where X, Y, Z, W € x(M).

Proof Let M be an n—Einstein Lorentzian a—Sasakian manifold with respect to the

quarter-symmetric metric connection D satisfying C.S = 0. Using (56) in (48), we get
n(C(X,Y)Z)n(W) +n(C(X,Y)W)n(Z) =0,

or

RO 20 (R(X,Y)Z)n(W) + n(ROX, Y)W)n(Z)] = 0.

no? — 2«

Conversely, using (56) we have

(COLY)SNZW) = —[—— —n(a? = a)[(C(X,Y)Z)n(W) + n(CX, Y)W )(Z)]
= O R ) Z)(W) + a(REE YW n(Z)] = 0. O

87. Ricci Pseudosymmetric Lorentzian a—Sasakian Manifolds with

Quarter-Symmetric Metric Connection D

Theorem 7.1 A Ricci pseudosymmetric Lorentzian - Sasakian manifolds M with quarter-
symmetric metric connection D with restriction Y = W = £ and L = 1 is an n—Einstein

manifold.

Proof Lorentzian a—Sasakian manifolds M with quarter-symmetric metric connection D

is called a Ricci pseudosymmetric Lorentzian a—Sasakian manifolds if
(R(X,Y).5)(Z, W) = Lg[(X AY).S)(Z, W], (57)

or

S(RIX,Y)Z, W)+ S(Z, R(X,Y)W) = Lg[S(X AY)Z,W) + S(Z,(X NY)W)]. (58)
Putting Y =W = ¢ in (58) and using (2), (38) and (41), we have

L5[S(X, Z) - (n — 1)(a® — a)g(X, Z)]
= (0® — )5(X, 2) - a*(a — a)(n — 1)g(X, Z) - a(a® — a)(n — Lin(X)n(Z). (59)

Then for Ly =1,
(0 —a—1)S(X,Z) = (o — a)(n - D[(a® = 1)g(X, Z) + an(X)n(Z)].
Thus M is an n—Einstein manifold. 0

Corollary 7.1 A Ricci semisymmetric Lorentzian a-Sasakian manifold M with quarter-symmetric

metric connection D with restriction Y = W = £ is an n— Einstein manifold.
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Proof Sine M is Ricci semisymmetric Lorentzian a-Sasakian manifolds with quarter-

symmetric metric connection D, then L = 0. Putting Ls = 0 in (59) we get

S(X,Z)=a*(n—-1)g(X,2) + a(n — 1)n(X)n(Z). d

88. Pseudosymmetric Lorentzian a—Sasakian Manifold and Weyl-pseudosymmetric

Lorentzian a—Sasakian Manifold with Quarter-Symmetric Metric Connection

In the present section we shall give the definition of pseudosymmetric Lorentzian a—Sasakian
manifold and Weyl-pseudosymmetric Lorentzian a—Sasakian manifold with quarter-symmetric

metric connection and discuss some properties on it.

Definition 8.1 A Lorentzian a—Sasakian manifold M with quarter-symmetric metric connec-
tion D is said to be pseudosymmetric Lorentzian a—Sasakian manifold with quarter-symmetric

metric connection if the curvature tensorR of M with respect to D satisfies the conditions

(R(X,Y).R)(U,V,W) = La[(X A Y).R)(U,V,W)], (60)
where
(R(X, Y).R)(U, V,Ww) = R(X, Y)(R(U, VW) — R(R(X, WU, V)W
—~R(U, R(X,Y)V)W — R(U,V)(R(X,Y)W), (61)
and

(X AY)(R(U, V)W) — R(X AY)U, V)W
—R(U,(X AY)V)W = R(U,V)((X NY)W). (62)

(X AY).R)(U,V, W)

Definition 8.2 A Lorentzian a—Sasakian manifold M with quarter-symmetric metric con-
nection D is said to be Weyl- pseudosymmetric Lorentzian a—Sasakian manifold with quarter-

symmetric metric connection if the curvature tensorR of M with respect to D satisfies the

conditions
(R(X,Y).C)(U,V,W) = Le[(X AY).C) (U, V,W)], (63)
where
(R(X,Y).C)(U,V,W) = R(X,Y)CUV)W)-CR(X, YU VW
—C(U,R(X,Y)V)W —C(U,V)(R(X,Y)W) (64)
and
(X AY).O)NUV, W) = (XAY)CUV)W)-C(XAYU V)W
—CU, (X AY)VIW —C(U,V)(X AY)W). (65)

Theorem 8.1 LetM be an n dimensional Lorentzian a—Sasakian manifold. If M is Weyl-

pseudosymmetric then M is either conformally flat and M is n— Einstein manifold or Ls = o?.
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Proof Let M be an Weyl-pseudosymmetric Lorentzian a—Sasakian manifold and X,V
U, V,WW € x(M). Then using (64) and (65) in (63), we have

R(X,Y)(C(U, V)W) = C(R(X,Y)U, V)W

—C(U,R(X, Y)V)W — C(U,V)(R(X,Y)W)
= Le[(X AY)(C(U V)W) - C((X Y)Uv viw (66)
—C(U, (X A\YYVW = C(U,V)(X AY)W)]. (67)

Replacing X with £ in (66) we obtain

R(&Y)(C(U. V)W) = C(R(§,Y)U, V)W
W —C(U,V)(R(EY)W)

_C(Ua R({, Y) )
= Lo[EAY)(CU V)W) = C(ENY)U, V)W
—CU,(ENY)V)W = C(UV)(EAY)W)]. (68)

Using (2), (38) in (67) and taking inner product of (67) with £, we get

?[=C(U,V,W,Y) = n(C(U, VIW)n(Y) = g(Y,U)n(C(&, V)W)
N(U)n(CY, V)W) = g(Y,V)n(CU,EW) + n(V)n(C(U,Y)W)

+

+n(W)n(C(U, V)Y)] = aln(U)n(C(¢*Y, V)W)

+n(V)n(C(U, ¢*Y)W) + n(W)n(C(U, V)¢*Y)]

= Lo[-C(Y.U,V,W) = n(Y)n(C(U V)W) — g(Y,U)n(C(&§, V)W)
+n(U)n(CY, V)W) = g(Y, V)n(C(U.OW) +n(V)n(C(U,Y)W)
+n(W)n(C(U,V)Y)]. (69)

Putting Y = U, we get

[Le = o®[g(U, U)n(CE V)W) + g(U, V)n(C(U,E)W)] + an(V)n(C(6°U, V)W) = 0. (70)

Replacing U = £ in (68), we obtain

[Le = ®n(C(€, V)W) = 0. (71)

The formula (69) gives either n(C(&, V)W) =0 or Ls — a? = 0.
Now L& — a? # 0, then n(C(&, V)W) = 0, then we have M is conformally flat and which
gives

S(V,W) = Ag(V,W) + Bn(V)n(W),

where
_a2_(n—1)(a —a) r _
A= -2 - Dm-2 "
e 2(n— 1)(a? — )
_a2_ n — Oé_a T n—
B=I -2 T m-Dm-z "2

which shows that M is an 7—Einstein manifold. Now if n(C(&, V)W) # 0, then Ls = o?. O
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Theorem 8.2 LetM be an n dimensional Lorentzian a—Sasakian manifold. If M is pseu-
dosymmetric then eitherM is a space of constant curvature and ag(X,Y) = n(X)n(Y), for
a#0orLg=ca? for XY € x(M).

Proof Let M be a pseudosymmetric Lorentzian a—Sasakian manifold and X, Y, U, V. W €
X(M). Then using (61) and (62) in (60), we have

R(X,Y)(R(U, V)W) — R(R(X,Y)U, V)W

“R(U,R(X,Y)V)W — R(U,V)(R(X,Y)W)
= LA[(X AY)(RU, VW) — R(X AY)U, V)W
—R(U,(X AY)V)W — R(U, V)((X AY)W)]. (72)

Replacing X with £ in (70) we obtain
R(&Y)(R(U, V)W) — R(R(&,Y)U, V)W
—R(U,R(&,Y)V)W = R(U.V)(R(&,Y)W)
= Lpl(€ AY)(R(U. V)W) = R(EAY)U, V)W
—R(U.(ENY)V)W = R(U,V)((§ ANY)W)]. (73)
Using (2), (38) in (71) and taking inner product of (71) with £, we get
a?[=R(U,V.W.Y) = n(R(U,V)W)n(Y) — g(Y,U)n(R(§, V)W)

+n(U)n(R(Y, V)W) — g(Y, V)n(R(U, W) +n(V)n(R(U,Y)W)
+n(W)n(R(U, V)Y)] = aln(U)n(R(6*Y, V)W)

+n(V)n(R(U, 6°Y )W) + n(W)n(R(U, V)$°Y )]

= Lg[-R(Y,U,V,W) = n(Y)n(R(U, V)W) = g(Y,U)n(R(E, V)W)
+n(U)n(R(Y, V)W) — g(Y,V)n(RU,OW) +n(V)n(R(U,Y )W)
+n(W)n(R(U, V)Y)].

Putting Y = U, we get

[Lg = o®|[g(U, U)n(R(E V)W) + g(U, V)n(R(U, W)] + an(V)n(R(¢*U, V)W) = 0. (74)

Replacing U = £ in (72), we obtain

[Lr = o®In(R(E, V)W) =0. (75)

The formula (73) gives either n(R(¢, V)W) = 0 or Ly — a? = 0. Now L — a? # 0, then
n(R(&, V)W) = 0. We have M is a space of constant curvature and n(R(£, V)W) = 0 gives
ag(V,W) =n(X)n(Y) for a # 0. If n(R(¢, V)W) # 0, then we have Lg = o?. O

89. Examples

Let us consider the three dimensional manifold M = {(x1, 22, 23) € R3 : 21, 22,23 € R}, where
(71,2, 23) are the standard coordinates of R3. We consider the vector fields

0 0
Iy’ es = e"3( and e3 = a—,

92 T 02y T

ep =€
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where « is a constant.
Clearly, {e1,e2,e3} is a set of linearly independent vectors for each point of M and hence

a basis of x(M). The Lorentzian metric g is defined by
9(61562) = (62763) =

gler,er) =

Then the form of metric becomes

—_

which is a Lorentzian metric.
Let n be the 1—form defined by n(Z) = ¢g(Z, e3) for any Z € x(M) and the (1,1)—tensor
field ¢ is defined by

pe1 = —e1, ¢ey = —ez, ¢ez =0,
From the linearity of ¢ and g, we have
n(es) = -1,
#*(X) =X +n(X)es and
9(6X, 9Y) = g(X,Y) +n(X)n(Y)
for any X € x(M). Then for e = &, the structure (¢, &, 7, g) defines a Lorentzian paracontact

structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric g. Then we have
le1,e2] =0, [e1,e3] = —aer, [e2,e3] = —aes.
Koszul’s formula is defined by

29(VxY.Z) = Xg(Y,2)+Yg(Z,X) - Zg(X,Y)
—g(X, [Y, Z]) - g(Y, [X7 Z]) +9(Z, [X7 Y])

Then from above formula we can calculate the followings,

Ve, e1 = —ae3, Ve ea =0, V. es=—ae,
Ve,e1 =0, Ve,ea=—ae3, Vg,e3 = —aes,

V8361 = 0, V6362 = 0, Veseg =0.

Hence the structure (¢, &, 7, g) is a Lorentzian a—Sasakian manifold [7].

Using (22), we find D, the quarter-symmetric metric connection on M following;:

D¢ ey = —aes, D.,ea =0, D.es=ei(l—a),
De,e1 =0, De,ea = —aes, De,es =ea(l —a),

D€361 = O, Deseg = 0, D63€3 =0.
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Using (23), the torson tensor T, with respect to quarter-symmetric metric connection D as

follows:

T(ei,e;) =0, Vi=1,2,3
T(e1,e2) =0, T(e1,e3) = e1, T(ea,e3) = eo.

Also (D.,g)(ea,e3) = (Deyg)(es,e1) = (Degg)(e1,e2) = 0. Thus M is Lorentzian a—Sasakian
manifold with quarter-symmetric metric connection D.

Now we calculate curvature tensor R and Ricci tensors S as follows:

€3 = Oa R(€1563)63 = _( - a)ela

2 5 2
ex = a’e3, R(es,e1)er = a’es,

= (® —a)ea, Rles, ez)es = —a’es,

S(e1,e1) = S(ea,ea) = —a and S(es, e3) = —2a% + (n—1)a.
Again using (2), we get

(61; 62)63 = Oa (ei A e’i)ej = 05 VZ)] = 17 25 37
(61 A 62)62 = (61 A\ 63)63 = —eq, (62 A\ 61)61 = (62 A 63)63 = —ea2,

(63 A 62)62 = (63 A 61)61 = —es.
Now,
R(el, 62)(R(63, 61)62) = 0, R(R(el, 62)63, 61)62 = 0,
R(es, R(e1,e2)er)es = —a?(a® — aes,
(R(es, e1)(R(e1, e2)ez) = 042(042 — a)es.

Therefore, (R(e1, e2).R)(e3, e1,e3) = 0.
Again,

(61 A 62)(R(€3, 61)62) =0, R((el 1A\ 62)63, 61)62 =0,

R(es, (e1 Neg)er)es = a’es, R(es,e1)((e1 Aea)es) = —a’es.
Then ((e1,e2).R)(e3, e1,e2) = 0. Thus (R(eq,e2).R)(es,e1,e2) = Lpl((e1,e2).R)(es, e, ez)] for
any function = Lz € C*°(M).

Similarly, any combination of e1,es and ez we can show (60). Hence M is a pseudosym-

metric Lorentzian a—Sasakian manifold with quarter-symmetric metric connection.
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Abstract: This paper is motivated by the skew energy of a digraph as vitiated by C.Adiga,
R.Balakrishnan and Wasin So [1]. We introduce and investigate the skew energy of a Cayley
digraphs of cyclic groups and dihedral groups and establish sharp upper bound for the same.
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§1. Introduction

Let G be a non trivial finite group and S be an non-empty subset of G such that for z € S, 27! ¢
S and Ig ¢ S, then the Cayley digraph I' = Cay(G, S) of G with respect to S is defined as a
simple directed graph with vertex set G and arc set E(T') = {(g, h)|hg~! € S}. If S is inverse
closed and doesn’t contain identity then Cay(G, S) is viewed as undirected graph and is simply
the Cayley graph of G with respect to S. It easily follows that valency of Cay(G, S) is |S| and
Cay(G, S) is connected if and only if (S) = G. For an elaborate literature on Cayley graphs
one may refer [5]. A dihedral group Ds, is a group with 2n elements such that it contains an
element 'a’ of order 2 and an element ‘0’ of order n with a=tba = b=*. Thus Da,, = (a,bla® =
" =1,a"tha =b"1) = (a,bla® = b" = 1,a *ba = b*,a # 1(mod n),a® =1(mod n)).

If n = 2, then D4 is Abelian; for n > 3, Ds,, is not abelian. The elements of diheral group

can be explicitly listed as
Do, = {1,a,ab,ab?, - ,ab™ 1 b,b2 - b7 "1}

In short, its elements can be listed as a*b* where i =0,1 and £k =0,1,-- -, (n—1). It is easy to

explicitly describe the product of any two elements a’b*a’b! = a"b® as follows:
1. If j = 0 then r = i and s equals the remainder of k£ + [ modulo n.

2. If j =1, then r is the remainder of i + j modulo 2 and s is the remainder of ka + [

modulo n.

1Received October 16, 2012. Accepted March 8, 2013.
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The orders of the elements in the Dihedral group Da, are: o(1) = 1, o(ab’) = 2, where;
0<i<n-—1,0(b") =n, where; 0 < i <n — 1 and if n is even than o(b%) = 2.

Let T' be a digraph of order n with vertex set V(T') = {v1,---,v,},and arc set A(T") C
V(') x V(I'). We assume that I" does not have loops and multiple arcs, i.e.,(v;,v;) ¢ A(T") for
all i , and (v;,v;) € A(T") implies that (v;,v;) ¢ A(I"). Hence the underlying undirected graph
Gr of T is a simple graph. The skew-adjacency matrix of I' is the n x n matrix S(I") = [s;;],
where s;; = 1 whenever (v;,v;) € A(T'),s;; = —1 whenever (vj,v;) € A(T), and s;5 = 0
otherwise. Because of the assumptions on I', S(T') is indeed a skew-symmetric matrix. Hence
the eigenvalues {\1,--- , A\, } of S(T") are all purely imaginary numbers, and the singular values
of S(T") coincide with the absolute values {|\1], -, |\n|} , of its eigenvalues. Consequently, the
energy of S(I') , which is defined as the sum of its singular values [6], is also the sum of the
absolute values of its eigenvalues. For the sake of convenience, we simply refer the energy of
S(T') as the skew energy of the digraph I'. If we denote the skew energy of I' by €,(I") then,

es(T) = |Ail.
i=1

The degree of a vertex in a digraph I' is the degree of the corresponding vertex of the
underlying graph of I". Let D(T") = diag(dy,da, - - - ,dy), the diagonal matrix with vertex degrees
dy,dg, -+ ,d, of v1,va,--+ v, and S(T) be the skew adjacency matrix of a simple digraph T,
possessing n vertices and m edges. Then L(T") = D(T') — S(T') is called the Laplacian matrix of
the digraph I". If A\;,4 = 1,2,--- ,n are the eigenvalues of the Laplacian matrix L(I") then the

n

2m
skew Laplacian energy of the digraph T is defined as SLE(T') = Z [Ai — —1.
n
i=1
An n xn matrix S is said to be a circulant matrix if its entries satisfy s;; = 51 j—i4+1 , where
the subscripts are reduced modulo n and lie in the set {1,2,...,n}. In other words, ith row of S

is obtained from the first row of S by a cyclic shift of ¢ — 1 steps, and so any circulant matrix is
n

determined by its first row. It is easy to see that the eigenvalues of S are A\, = Z sljw(j_l)k,
j=1

k=0,1,--- ,n — 1. For any positive integer n, let 7, = {w* : 0 < k < n} be the set of all nth

roots of unity, where w = e = cos(%’r) +1 sin(%”) that i2 = —1. 7,, is an abelian group with

respect to multiplication. A circulant graph is a graph I" whose adjacency matrix A(T) is a
circulant matrix. More details about circulant graphs can be found in [3].

Ever since the concept of the energy of simple undirected graphs was introduced by Gutman
in [7], there has been a constant stream of papers devoted to this topic. In [1], Adiga, et al. have
studied the skew energy of digraphs. In [4], Gui-Xian Tian, gave the skew energy of orientations
of hypercubes. In this paper we introduce and investigate the skew energy of a Cayley digraphs

of cyclic groups and dihedral groups and establish sharp upper bound for the same.

82. Main Results

First we present some facts that are needed to prove our main results.

Lemma 2.1([2]) Let T is disconnected graph into the X components T'1,Ta,--- T, then
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Spec(T U Spec(T’

Lemma 2.2 Letw =¢ n = cos(2T) 4 isin(2E7) for 1 < k < n, where n is a positive integer

and i*> = —1. Then
(i) wt+w" ™t =2cos(2E) for 1 < k < n,

(i1) w' —w"™t = 2isin(2E) for 1 <k < n.

Lemma 2.3([1]) Let n be a positive integer. Then

n—1
2 2k 1
(i) sin TW = §cot%, n = 1(mod2),
k=1

n—2

d 2km T
%) in— =cot—, n=0 d2
(44) ;sm - cot —, n (mod2),

1
(#i1) Z |cos—| = CSC2L — 5= 1(mod2),
n

n—1
(iv) Z | cos —| = 2cot —, n = 0(mod4),
k=0

n—1
(iv) Z|cos—| —2csc— n = 2(mod4),

k=0

L (@2k-1
(vi) Zsinu

k=1

= csc E, n = 0(mod2),
n

n—1
k
(vid) ; sin % = cot %, n = 1(mod2),

2km T _
(viit) E | cos T' =csC o — 1, n = 1(mod2).

Lemma 2.4 Let n be a positive integer. Then
n=2
- 2km ™
(i) > |cos == | =cot — — 1, n = 0(mod4),
k=1
n=2

2 2km ™
i) > T~ esc T~ 1, n = 2(modd).
(44) 2 | cos - | = csc ~—Ln (mod4)
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Proof The proof of (i) follows directly from Lemma 2.3(iv), and (i7) is a consequence of
Lemma 2.3(v). O

Lemma 2.5 Let n be a positive integer. Then

n—1 n—1
- . 2%kr L 4k
@) S sin 28 =37 [sin —2 |, n = 1(mod2),
n n
k=0 k=0
n=2 n-2
2k z 4k
(44) sin 0~ = | sin —ﬂ-|, n = 2(mod4),
k=0 " k=0
n—2 anél
oy . 2km . 2km
(#i1) Z sin —— = 1+2 Z sin ——, n = 0(mod4),
k=1 k=1
n=2 n—4
LN Ak ~ 4k
(1v) Z | sin T| =2 Z |smT|, n = 0(mod4),
k=1 k=1
ot
4k 4
(v) sin —~ = csc — + cot —ﬁ, n = 0(mod8),
Pt n n n
7124
4k 2
(vi) sin —— = cot —W, n = 4(mod8).
Pt n n

2k 4k -1
Proof (i) Let n = 1(mod2), f(k) = sin “T and g(k) = sin —W, where k € {0,1,2,-- -, r )
n n
Then it is easy to check that
] 1@ it 0sk<[a,
g =
Sfn-2k) i) <k < 2L
This implies (7).
2k 4k -2
(i1) Let n = 2(mod4), f(k) = sin =T and g(k) = sin —— , where k € {0,1,2,---, L 5 }.
n n
Then it follows that
12k) it 1<k<

g(k) =
—f(=242k)  if  ngE <k <52

This implies (i7). Proofs of (ii4) and (iv) are similar to that of (¢) and (ii).




64 C.Adiga, S.N.Fathima and Haidar Ariamanesh

(v) Let n = 0(mod8). Then n = 8m, m € N and

n—4
. dkw i o km T .37 . @2m—-Dr
sin — = sSin — = | sin — 4+ sm — 4+ - -+ +sin ——
n 2m 2m 2m 2m
k=1 k=1
.27 CAr . (2m—2)r
+|sm——+smnm—+---+simn———
2m 2m 2m

s + cot T
= ¢sc— + cot —
2m 2m

4 4
= csc— +cot — (Using Lemma?2.3(vi) and (i7)).
n n

(vi) Let n =4(mod8). Then n =8m+4, m € N and

n—4

! 4k
sin —7T E sin 2m 1
k=1
2
= cot 2(2+—’_1) = cot % (using Lemma 23(1}12)) O

Lemma 2.6 Let n be a positive integer. Then

2k
) g |sin—7r|:cot2l,n51(m0d2),
n n
2km ™
% in —|=2cot—, n=0 d2).
(44) E | sin - | cot —, n (mod2)

Now we compute skew energy of some Cayley digraphs.

Theorem 2.7 Let G = {vy = e, v, -+ ,v,} be a group, S = {v;} C G with v; # ’U;l, v £ e
and T' = Cay(G, S) be a Cayley digraph on G with respect to S. Suppose H = (S), |H| = m,
|G : H| = A. Then

2Xcot5— if m = 1(mod2),

es(T) =
dXcot- if  m = 0(mod2).

Proof Let G = {v1 = e,va,v3,-+ ,vn}, S = {v; }, v; € G with v; 75 v_l , v; # e and suppose
H = (S), |H =m, |G : H = X If \ = 1 then G = {e,v;,v?,--- , 0" '} and hence the the

skew-adjacency matrix of I' = Cay(G, S) is a circulant matrix Its first row is [0,1,0,--- ,0,—1].

) l

So all eigenvalues of ' are A\, = wk — whn=F = Wk — =k = 2zsm2k7T k=0,1,---,n—1 where
w=e% and i? = —1. Applying Lemma 2.2(i7), we obtain Ay, = 2zszn2k” k=0,1,---,n—1.

Now by Lemma 2.6 we have

n—1 .
2k 2cot> if n=1(mod2),
E |2zsm—| =2 E |sm—7r = n ( )
4eot if n = 0(mod2).

If A > 1, then I' is disconnected graph in to the I';,4 = 1,---, A components and all
components are isomorphic with Cayley digraph I'y, = Cay(H,S) where H = (v; : v/ = 1)
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and m|n, S = {v;}. Since T' is not connected, by Lemma 2.1, its energy is the sum of the

energies of its connected components. Thus

A .
2Xcot == if = 1(mod2),
(D) = S eaT) = A (Cay(H, 5)) = o 1 m = Hmod2)
i=1 dXxcotX if  m = 0(mod2).

This completes the proof. O

Theorem 2.8 Let G = {e,b,b% --- ,b" 1} be a cyclic group of order n, and T' = Cay(G, S) be
a Cayley digraph on G with respect to S = {b*,07},0 < i,5 <n—1,i# j H=(S), |[H| = m,
and |G : H| = X. Then

(i) es(I') < 4Acot g— if m = 1(mod2),
(ii) es(T") < 8Acot I if m = 2(mod4),
(i) e5(I') < 4\(cot Z + 2csc 2E + 2 cot 22) if m = 0(mod),
(iv) e5(T) < 4X(cot Z + 2cot 22)) if m = 4(mod8).
Proof Let G = {e,b,b% --- ,b" 1} be a cyclic group of order n and I' = Cay(G, S) be a

Cayley digraph on G with respect to S = {b*,b'},0 <i,j <n—1,i # j, H=(S), |H| = m, and
|G : H| = A If A =1, then G = H and hence the the skew-adjacency matrix of I' = Cay(G, S)

is a circulant matrix. So all eigenvalues of T are\, = w* —w *F+w?* —w=2* k=0,1,--- ,n—1,
where w = e“n" and i2 = —1. Hence
2k 4k 2k 4k
M =wF —w™F T = Qisin—l + sin—r = 2i(sin—ﬂ- + szn—ﬂ-)
n n n n

fork=0,1,--- ,n—1.

(7) Suppose n = 1(mod2). Then

n—1
4k
es(l) = Z Akl = Z |24( sm— + snTﬂﬂ

4k
= Z |2( szn— + zn—w)|
n

4k
= 4Z|sm——|— in 7T|

IN

= 2k = dkm
4 in it i
(Z|sm - |+Z|sm - )
k=1 k=1

n—1 n—1

2k O~ 2k
= 4 sin—" + sin—ﬂ-) (using Lemma 2.5(7))
n n

k=1 k=1

= 4cot2i (applying Lemma 2.3(7)).
n
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Thus (¢) holds for A = 1.

Suppose A > 1. Then T is disconnected graph in to the I';,7 = 1,--- ;A components and all
components are isomorphic with Cayley digraph I'y,, = Cay(H, S) where H = (v; : v/" = 1) and
m|n, S = {v;}. Since T is not connected, its energy is the sum of the energies of its connected

components. Thus
T
s(Ti)Aes(Cay(H, S)) < 4 cot —.
Za es(Cay( ) cot 5
Now we shall prove (i),(i7i) and (iv) only for A = 1. For A > 1, proofs are similar to that
of (7).
(i1) If n = 2(mod4), then

n—1
4k
es(T) = Z|/\k Z|2z szn——|— n—ﬂ-)|

n

4k
= Z|2z sm——i— in 7T)|

n

4k
E |szn T 4 sin - |

n—2
= 2km 2 4k
4 . 2km 4km
( g |sin - | + ];:1 |sin - )

<
n—2
2 2 2k
= Z sm— + n—) (using Lemma 2.5(4))
k=1
= Scot~
Here we used the Lemma 2.3(i4).
(792) If n = 0(mod8), then
= 2km 4km
sy = 4 — in—
es() Z|szn —i—sznn |
e e
2km 4km
< 4 in <t in =
< (Z|sm - |+Z|sm - b
n 2
= 4(2 sm— +2 Z m— (using Lemma 2.5(iv))
k=1

4 4
= 4cot— + 8050— + 800t—7r

To get the last equality we have used Lemma 2.3(4¢) and 2.5(v).
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(iv) If n = 4(mod8), then

n—2

- 2k 4k
es(l) < (Z |sm—7T| + Z |sm ﬂ-

k=1
n 2

= 4(2 sm— +2 Z m— (using Lemma 2.5(iv))
k=1

= 4(cot— + 200t2—))

B n n’’

To get the last equality we have used Lemma 2.3(i7) and 2.5(vi). O

Lemma 2.9 Let G = (b:b" = 1) be a cyclic group and T’ = Cay(G,S,), t € {1,---, [ 251]},be
a Cayley digraph on G with respect to Sy = {b',b% -+ b} where l € U(n) = {r: 1 <r <
n,ged(n,r) = 1}. Then the eigenvalues of T are

[Stl

A = Z 2zsm

where i = —1.

Proof The proof directly follows from the definition of cyclic group and is similar to that
of Theorem 2.7. O

Lemma 2.10 Let G = (b: b = 1) be a cyclic group and T’ = Cay(G, S;), t € {1,---, |25}, be
a Cayley digraph on G with respect to Sy = {b',b*,--- bt} where | € U(n) = {r : 1 <r <
n, ged(n,r) = 1}. Also suppose €4(I'), SLE(T") denote the skew energy and the skew Laplacian
energy of T' respectively. Then e4(T') = SLE(T).

Proof The proof directly follows from the definition of the skew energy and the skew
Laplacian energy. O

Lemma 2.11 Let n be a positive integer. Then

n—1 n

-1
d 4k - 2km

) — = —,n=1 d2

(1) 2 cos — 321 cos ——, (mod2),

7172

(i1) Z | cos —| = csc — —1, n = 2(mod4),
k=1
n—2
Z 4km
(4i7) cos — = —1, n = 0(mod4).
n
k=1

2k 4km -1
Proof (i) Let n = 1(mod2), f(k) = cos —W, g(k) = cos —, where k € {1,2,--- r
n n




68 C.Adiga, S.N.Fathima and Haidar Ariamanesh

It is easy to verify that

~
—~
)
=
~—
-
=
—
IN
>~
IN
—
i
-
—

g(k) = ', B

~
—
S
|
)
7~
S~—
-
=
—
‘3
Ll
—
| E—
A
o
IN
i
—

This implies (7).

(79) Let n = 2(mod4). Then n = 4m + 2 for some m € N. We have

2m

i|cos4kﬂ- = i|cos4k—w|—2|

= Z | cos 2k | = cse T —1 (using Lemma 2.3(vii7)
— 2m + 1 2(2m+1)
= csct—1.
n

(#i7) Suppose n = 4m,m € N. Then

n—2

2 Al 2m—1 2m—1
COos —— Z cos— = cos — —|— Z cos— + Z cos—.
k=1 k=m-+1
n—2
— 4k
Changing k to k + m in the last summation we get Z cos — = =—-1 O
k=1

Theorem 2.12 Let G = (b: b" = 1) be a cyclic group and T' = Cay(G,S),be a Cayley digraph
on G with respect to S = {b'} where I € U(n) = {r: 1 < r < n,ged(n,r) = 1} and Cs(T') be
the skew-adjacency matriz of T, D(T') = diag(dy,ds,- - ,dy), the diagonal matriz with vertex
degrees dy,da, -+ ,dp of e,b,b% - "1, Suppose L(T') = D(T') — Cs(T) and py,--- ,pn are

eigenvalues of L(T'). We define a(T') = Zuf Then

(1) a(') < 2n+ 2cscq- if n = 1(mod2),
(i1) o(I') <2(n —1) +4csc T if n = 2(mod4),

(i31) a(T) =2(n — 2) if n = 4(mod0).

Proof Let G = (b: b™ = 1) be a cyclic group and I' = Cay(G, S),be a Cayley digraph
on G with respect to S = {b'} where | € U(n) = {r : 1 < r < n,ged(n,r) = 1} and Cs(T)
be the skew-adjacency matrix of I'. Note that underlying graph of I' is a 2—regular graph.
Hence D(T') = diag(2,2, - ,2). Suppose L(I") = D(T') — Cs(I") then L(T') is a circulant matrix
and its first row is [2,—1,0,---,0,1]. This implies that the eigenvalues of L(T") are pr =
2 —wk 4wk =9 ok 4k —2—(w —w” )=2 2151112’€7T k=0,1,--- ,n — 1 where
w=en and i? = —1.
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If n = 1(mod2), then

a(l)

IN

If n = 0(mod2), then

a(T)

n—1
> oui
k=0
= 2k = 2k
2(2 - 2zsmT) =4+ 2(2 — 2isin T)
k=0 k=1
n—1
< 2k — 2k
4  9r i 2NN 2 i AT o
+Z(2 2i sin - )+ Z (2 — 2isin - )
k=1 k:"_ﬂ
n-1 nl
2
4+ (2—2zsm— Z2—|—2zsm—)
k=1 k=1
o 2km 1 2k
4—1—2 (4 — 4sin? —)—4 8( 5 )—SZsm -
k=1 k=1
1 1 4k
4+ — 5 cos Tﬂ)
n-1
n—1 . .
44 4( ) (using Lemma 2.11(7))
k=1
4+
-1 1 1
44 4(n )+ 4(5 cse % - 5) (using Lemma 2.3(47))
2n +2csc -
2n
n—1
>k
k=0
— 2k = 2k
2(2 - 2zsmT) =4+ 2(2 - 2zsmT)
k=0 k=1
3 (
2km 2(%) — 2km
4 i 22 or D) B 2R
+Z(2 2i sin - )* 4+ (2 — 2isin Z (2 — 2isin )
k=1 fo—= n+2
n=2 n=2
2
8+ (2—2zsm— Z2—|—2zsm—)
k=1 k=1
3 :
2k
8+ 2(4—dsin?= ") =4 2 200
k=1
n—2

69
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If n = 2(mod4), then

(')

IN

4—|—4 —|—4Z|cos

-1
4 + 4( 5 )+ 4(csc — —1) (using Lemma2.11(i7))
n
= 2(n-1) +desc o
n

This completes the proof of (i).
If n = 0(mod4), then

a(T) 44

= 4+ 4(T2) +4(—1) (using Lemma2.11(4i3))
2(n —2).

This completes the proof of (ii).

Lemma 2.13 Let n be a positive integer. Then

Lo 6km 3 3= 1
(i) E | cos T' =g oSy + 5 = 3(mod6),

n—1
6km - 2km
%) — = — =1 d6
(i1) E | cos | E:1|cos - [, n = 1(mod6),

n—1

(#i1) Z | cos 6k—7T| = i | cos 2]€—7T| n = 5(mod6)
:1 n ) )

n—2
= 6k
(1v) coS = 0, n = 0(mod6),
n
k=1
n=2 n—2
2 6km 2 2km
('U) COS T = Z COS T, n = Q(modﬁ),
k=1 k=1
n=2 n—2
e 6k > 2km
('UZ) COS T = Z COS T, n = 4(m0d6),
k=1 k=1
n=1 n-1
= 8km 2 4km o
vii) c0s —— = Z cos——, n = 1(mod2),
k=1 k=1
n=2 n—2

- k - 4k
(vid) cos Skm _ E cos —~ 2(mod4),
n n
k=1 k=1

w
S
Il
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—2
(viii)
k=1

n—2

(i)

k=1

n—2
2

()

k=1

== i 9
Z | cos 8—ﬂ-| =—142csc —W, n = 4(mod8),
n n
2 8k 4
Z |cos—7T| =-1 —|—4cot—7r, n = 0(modl6),
n n

8k 4
Z | cos —W| =—1+44csc —W, n = 8(modl6) and n = 2 or 4(mod6).
n n

Proof (i) Suppose n = 6m + 3, then

n—1
> 6km
E | cos —
n
k=1

(73) Let n =6m+ 1, f(k) = cos ——, g(k)

we have

This implies (i).

g(k)

3m—+1

2km
Z | cos 5 1|
k=1 m+
2m 3m—+1
2km 2km
Z | cos | + Z | cos |
Pt 2m+1 e 2m+1

2m

2km 2km

m
E | cos | + E | cos |
Pt 2m+1 P 2m+1

71

(changing k to k + (2m + 1) in the last summation)

3 3

1
—csc — + = (using Lemma 2.3(vii7), (441)).

2 2n 2

2km

£(3k) it 1<k<m,
f(n—3k) it m<k<2m,
f(Bk—mn) it 2m <k <3m.

k
:cosG—W , where k € {1,2,--- |
n

n —

2

1
}. Then

The proofs of (ii%), (iv), (v), (vi), (vii) and (viii) are similar to the proof of (i).

Suppose n = 4m then

2

n=2
Z | cos
k=1

8k

|

2m—1

2km
= Z | cos —|
k=1 m

m—1 s 2m—1
= 1 kil
+ ; | cos — |+

>

k=m+1

2km
| cos —|
m

m—1 m—1
2km 2km
= 1+2 ——|=-14+2 —
+ ,;,1 | cos - | + kio | cos -
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—1+2csc 5 if m = 1(mod2)
— —1+4cot Z if m = 0(mod4)
—1+4cscl if m = 2(mod4)

—1+2csc 2 if n=4(
= (-1+4cot?™ if n=0(modl6),
—1+4esciE if n=8(

This completes the proof of (viii),(iz),(x). O

Theorem 2.14 Let G = (b: b" = 1) be a cyclic group and T = Cay(G, S),be a Cayley digraph
on G with respect to S = {b',b%'} where | € U(n) = {r: 1 <r < n,ged(n,r) =1} and Cs(T') be
the skew-adjacency matriz of T, D(T') = diag(dy,da, - ,dy), the diagonal matriz with vertex
degrees dy,da, -+ ,dy, of e,b,b% -+ b1, Suppose L(T') = D(T') — C(T') and 1, , pin are

eigenvalues of L(I"). Define a(') = Z u2. Then

(i) a(l') <4(3n+2) —12csc 3= if n = 3(mod6).
(ii) (') <4(3n+2) —4cscq- if n=1 or5(mod6).
(iii) o(T') <4(3n—2)+16cscZ  if n = 2(modd) and n = 0(mod6).
4(3n —2) +24csct if n=2(modd)and n =2 or 4(modb).
4(3n —2) +8cot Z +8csc 2X if n = 4(mod8) and n = 0(mod6).

)
)

4(3n —4) + 16 cot T + 8csc 2X if n = 4(mod8) and n =2 or 4(mod6).
)

(viii) (') <2(n—8)+16cot Z + 16cot X if n = 0(modl6) and n =2 or 4(mod6).

)<
) <
) <

(vii) a(I') < 4(3n —2) +8cot T + 16 cot 47” if n=0(modl6), and n = 0(mod6).
)
) <4(3n—2)+8cot Z +16csc i if n = 8(modl6) and n = 0(mod6).
)

<4(3n—4)+16cot Z +16csc 2™ if n=8(modl6) and n =2 or 4(mod6).

Proof Let G = (b:b™ = 1) be a cyclic group and ' = Cay(G, S),be a Cayley digraph on
G with respect to S = {b!,b%} where l € U(n) = {r : 1 <r < n,gcd(n,r) = 1} and C,(T) be
the skew-adjacency matrix of I'. Note that underlying graph of I' is a 4—regular graph. Hence
D(T) = diag(4,4,--- ,4). Suppose L(I') = D(T") — C5(T") then L(T') is circulant matrix and its
first row is [4,—1,—1,---,0,1,1]. This implies that the eigenvalues of L(T') are

2km 4k
pr =4 — Wb —w* w4k _4—2z(sm—+'n—7r) k=0,1,---
n n

27i

where w = e™

and i2 = —1. It is clear that

2km 4k
P =4+ Zz(sm— —|—sin—) and pg + pin—r = 8
n
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-1
fork:1,2,---,LnTJ.So
Pt tip_y = 64— 2pppn i
2km 4km 2km 4k
= 64—2(4— 22(sm—+s ))(4+22(sm—+ n—ﬂ-))
n n
2k 4k
= 64—2(16+4(51n—+sin77r))
2km 4km 6k 8k
= 24—8COS—+4COS——8C —+4 T
n n n
n—1
for k=1,2,---,| 5 |. Let n = 1(mod2), then
n—1
al) = > 4
k=0

n—1
= m+I_ N

k=1

no1

= 16+ ) (ui+pay)

k=1
n=1
2k 4k km k
= 16+Z(24—800s—7r+4cos—7r—8c 6——|—4 87T)
P n n n

n—1 n—1 n—1 n—1
- 2kr X 4kt & 6kr <~ 8km
= 4(3n+1)—38 =4y - -3 =244 -
(Bn+1) ; cos - + ]; cos - ; cos - + ]; cos -

= 4(8n+1) 82005—4—42 OS——SZ 05——}—42 os—

(using Lemma2 11(2), 2. 13(1}12))

6k
= 4(8n+1) SZCOS—<4 SZ|COS—7T| (2.1)
(i) If n = 3(mod6) then using Lemma 2.13(i) in above inequelity, we get

3 3 1 3
al) <4(Bn+1) — 8(5 cse % - 5) =4(3n+2) — 12csc %

This completes the proof of (7).

(79) If n = 1 or 5(mod6) and using Lemma 2.13(i¢) and (i47), we get

2k
al) < 4(3n+1) 82|cos 7T

T 1
= 4(3n+1) —8(§csc% —3)=4(3n+2) —4050%.
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Let n = 0(mod2). Then

n—1 — 2
al) = > i =pp+uk+ Z i =164+16+ > (i + 15 _y)
k=0 LA k=1
n—2
N 2k 4k 6k [ 8k
= 32+ (24—SCOS—W+4COS—W—SC 2T 1 4co 7T)
n n n n

k=1

n—2 n—22 n—2 n—2
: 2km - 4km : 6km - 8km
= 4(3 2)—8 —+4 — =38 —+4 —. (2.2
(3n+2) 321 cos — + 321 cos — 321 cos — + 321 cos — (2.2)

If n = 2(mod 4), then employing Lemma 2.13(viii) in (2.2), we get

n—2 n—2 n—2 n—2
- 2 <« 4k < 6k - 4k
all) = 4(3”+2)—8ZCOST7T+4ZCOSTW—SZCOSTW—Flll;COS—W
= Gk
= 4(3n+2) —82003——1—82 os——SZ cos — (2.3)

(#31) If n = 2(mod4) and n = 0(mod 6), then using Lemma 2.13(iv) in (2.3) we deduce
that

7172 n2

4k

al) < 4(3n+2) +8Z|COS—|+8Z|COS 7T|
k=1 k=1

= 4(3n+2)+ 16(csc% —1)=4(3n—2) + 16 csc%
by using Lemma 2.4(4i) and 2.11(4%).

(iv) If n = 2(mod4) and n = 2 or 4(mod6), then using Lemma 2.13(v) and (vi) in (2.3) we
see that

al) = 4(3n+2) —SZCOS—+SZCOS——SZ s—ﬂ
77,72 'n. 2
4km
< 4(3n+2) +16Z|cos—|+82|cos |
k=1

< 4(3n+2)+ 24(csc ——1)=4(3n—2)+24csc T
n n
Similarly we can prove (v) to (). O

We give few interesting results on the skew energy of Cayley digraphs on dihedral groups
Day,,.

Theorem 2.15 Let D, = {(a,bla? = b" = 1,a"ba = b~ 1) the dihedral group of order 2n and
I' = Cay(Dan, S) be a Cayley digraph on Da,, with respect to S = {b'}, 1 <i<n—1, and
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H =(S), |H| =m, |Dy, : H| = X that,D,, is the commutator subgroup of Da,. Then

dXcotg= if  m = 1(mod2),

es(T) =
8AcotZ if m = 0(mod2).

Proof The proof of Theorem 2.15 directly follows from the definition of dihedral group
and Theorem 2.7. O

Theorem 2.16 Let D, = {(a,bla? = b" = 1,a"ba = b~ 1) the dihedral group of order 2n and
I' = Cay(Day, S) be a Cayley digraph on D, with respect to S = {b*, b/}, 1 <i,j <n—1,i# j,
and H = (S), |H| = m, |Dy, : H| = XA Then T' = Cay(Day, S) is a circulant digraph and its
skew energy

(i) es(I") < 8Acots= if m = 1(mod2),

(ii) es(T) < 16AcotZ if m = 2(mod4),
(i1i) e5(T) < 8A(cotZ + 2cscaZ + 2cot3Z) if m = 0(mod8),
(iv) es(T') < 8A(cotZ + 2cot2X)) if m = 4(modg).

Proof The proof of Theorem 2.16 directly follows from the definition of dihedral group
and Theorem 2.8. |

Theorem 2.17 Let Da, = {(a,bla? = b" = 1,a"ba = b~ 1) the dihedral group of order 2n and
I' = Cay(Day, S) be a Cayley digraph on Da, with respect to S = {b'} where | € U(n) = {r :
1 <r < n,gcd(n,r) = 1} and Cs(T") be the skew-adjacency matriz of T', D(T') is the n x n
matriz such that d;; = 2 whenever i = j otherwise d;; = 0. Suppose L(I') = D(T') — Cs(T") and

AL, Ay are eigenvalues of L(T). Define a(T') = Z M. Then
i=1

(i) a(l') <4n+4cscq- if n = 1(mod 2),
(ii) (') <4(n—1)+8csc? if n = 2(mod 4)
(7i1) a(T') =4(n —2) if n = 0(mod 4)

Proof The proof of Theorem 2.17 directly follows from the definition of dihedral group
and Theorem 2.12. ]

Theorem 2.18 Let Da, = {(a,bla? = b" = 1,a " tba = b~ 1) the dihedral group of order 2n and
I' = Cay(Dan,S) be a Cayley digraph on Da, with respect to S = {b',b*'} where | € U(n) =
{r:1<r<mn,gcd(n,r) =1} and Cs(T") be the skew-adjacency matriz of T' , D(T") is the n x n
matriz such that d;; = 4 whenever i = j otherwise d;; = 0. Suppose L(I') = D(T') — Cs(T") and

ALy, A are eigenvalues of L(T). Define a(T') = Z A7, Then
i=1
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(i) a(l') <8(Bn+2)—24csc3™ if n=3(mod6).
(it) (') <8(3n+2) —8csc4- if n=1 or5(mod6).
(ii1) o) < 8(3n—2)+32cscZ if n =2(modd) and n = 0(mod6).
(iv) a(I') <8(3n —2) +48cscX  if n=2(mod4)and n =2 or 4(mod6).
(v) aT) <8(3n—2)+16cot T +16csc2E if n = 4(mod8) and n = 0(mod6).
(vi) (T) <8(3n—4)+32cot T +16csc2E  if n = 4(mod8) and n =2 or 4(mod6).
(vii) a(T) < 8(3n—2) 4+ 16cot Z +32cot 2= if n = 0(mod16), and n = 0(mod6).
(viii) (') < 4(n—8)+32cot Z +32cot 4 if n = 0(modl6) and n =2 or 4(mod6).
(iz) (') <8(3n—2)+16cot = +32csc T if n = 8(modl6) and n = 0(mod6).
(z) (') <8(3n—4)+32cot = +32csc T if n =8(modl6) and n =2 or 4(mod6).

Proof The proof of Theorem 2.18 directly follows from the definition of dihedral group
and Theorem 2.14. |
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Abstract: A change of Finsler metric L(z,y) — L(z,y) is called Kropina change if
_ I? )

L(z,y) = R where ((z,y) = bi(x)y’ is a one-form on a smooth manifold M". The
change I — L is called projective change if every geodesic of one space is transformed to a
geodesic of the other. The purpose of the present paper is to find the necessary and sufficient

condition under which a Kropina change becomes a projective change.
Key Words: Kropina change, projective change, Finsler space.

AMS(2010): 53C60, 53B40

81. Preliminaries

Let F™ = (M™, L) be a Finsler space equipped with the fundamental function L(z,y) on the
2

, L
smooth manifold M™. Let 8 = b;(z)y" be a one-form on the manifold M™, then L — 7 is called
2

— L — —
Kropina change of Finsler metric [5]. If we write L = 7 and F' = (M™, ), then the Finsler
space F" is said to be obtained from F" by Kropina change. The quantities corresponding to
F" are denoted by putting bar on those quantities.
The fundamental metric tensor g;;, the normalized element of support [; and angular metric
tensor h;; of F™ are given by
1 9212 oL 0%L

Gij 2ayzayj 6y7, an J aylay] Gij J

We shall denote the partial derivative with respect to z* and y¢ by 8; and 9; respectively

and write

Li=&L,  Lijj=0800L,  Lyx=0d0;0L.

1Received November 9, 2012. Accepted March 10, 2013.
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Thus
L; =1, L™ hij = Ly

The geodesic of F™ are given by the system of differential equations

d*z’ ; dx
ds2 + 2G ((E, E) = 0,

where G(x,y) are positively homogeneous of degree two in 3 and is given by

L2

2G" = ¢¥(y"9;0,F — 0;F), F 5

where ¢/ are the inverse of g;;.

The well known Berwald connection BI' = {G;k, G;} of a Finsler space is constructed from

the quantity G* appearing in the equation of geodesic and is given by [6]
G’ = 0;G, i = OkG.

The Cartan’s connection CT' = {F;k, GY, C;k} is constructed from the metric function L
by the following five axioms [6]:

(1) gijie = 0; (i1) sl = 0; (i11) Fy,, = Fij; (iv) Fgy, = Gi; (v) Oy = Cy;.

where |, and [ denote h and v—covariant derivatives with respect to CT'. It is clear that
the h—covariant derivative of L with respect to BI' and CT are same and vanishes identically.
Furthermore the h—covariant derivatives of L;, L;; with respect to CT" are also zero.
We denote
2Tij = bl‘] + b

jlis 285 = bijj — bjja.

82. Kropina Change of Finsler Metric

The Kropina change of Finsler metric L is given by

2
(2.1) L= %, where Bz, y) = bi(x)y'.
We may put
(2.2) G =G+ D'

Then @; = G’ + D’ and 62,6 = G;k + D;k, where D} = 9; D" and Dj—k = (9;€D; The tensors
D', D} and Dy, are positively homogeneous in y* of degree two, one and zero respectively.

To find D? we deal with equations Lijin=0 [2], where Lyj1, is the h—covariant derivative
of L;j = h;; /L with respect to Cartan’s connection CT'. Then

(2.3) OkLij — LijrGy, — Ly Fyy, — Lip Fjj, = 0.

Since 9;6 = by, from (2.1), we have
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— 2L L?
(2.4) (a) 5 7
2L 2 2L 212

(b)f”:BL”+ﬁLL 62(Lb+Lb) o

2 2L 212 2L L2
oL + (6“ 2 )6’“” ( BT )a’“ﬁ 72 (kb

2L 2 4L
(d) OxLij = —(0xLij)+ [E 7 5 bib]} (Ox L)

B

(2L 2 612 4L
— @Lij‘FﬁQLL + — 31 ibj ﬁ3 (Lb + L, b):| (8k6)
_ 2, 2L,

(2 2L
Tlgh T Y ](a’““ [6“ 7

bzbj,

5

Ly — 2 (Liby + Lybs) +

E ](8@)

(212 2L 212 2L
T e }(a’“b) {Fbi‘ﬁ }(a’“b)

— 2L 2L
(e) Lijt = —Lijk+ ﬁ(L iLjk 4+ LjLi, + LiL;j) — 3

6
AL
2 (LiLybi + LiLub, + L; Lbs) + 5 (bibi L+ bibie L + bybiL)

—(L;jbg + Ligb; + Ljxb;)

62
6L
— g bibsbe.

Since Zij|k =0in F", after using (2.2), we have
OLij — Lijr(Gx + Dy) = Lvj(Fix + “Dj) = Lir (Fjj, + “Dj,) = 0,

where F;k — F;k = CD;:,C.
Using equations (2.3) and (2.4)(b), (d), (e), the above equation may be written as

2L 2 2
- - Libj + L;b;

B B 62( 0

AL . [2L 2 6L> AL
+ @bibj} LG {62 Lij + gy Ll + biby = o

, 2 2L - 2 2L
(7'019 + Sok + erk) + (BLj 62 ) (LWG ik) + (BLi - @bl> X
2L? 2L?
T
2L? 2L L
(2.5) + <sz - §L1> (Tjk + sjk + b jr )+ {62 (wa + Lirbj + Ljrb; )
2
(LLb + L;L;b; + L;Lb;) — B(LZ—LJ-T—I—LJ-LM—FLTLU)

[Lijr Dy, + Ly D}y + Ly © ]+[ L;j —

(Lib; +Lb)}

(LjrGy, + L Fly) + < Lj> (it + sik + br L)

52
—2(bibj Ly + bjb, Ly + bib, L) +

6L2 , ,
ﬁ4bbb}( %+ Dr)

2L2 s C r
32 LyLj — 53 } (Fj + “Diy,)
2L

2

B

AL
B
{2L(Lb +Lb,) —
+{ (Liby + Lyb;) —

2,

8

2, 2
8

L;L, — ﬁ3bb}( i+ “Dj) =0,
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where ‘0’ stands for contraction with respect to y* viz. ror = rixy’, ro0 = rijyiyj.
Contracting (2.5) with y*, we get

2L 2L 2
2 {?Lm = 5o Ligbr + Lirbj + Lyrbi) = 25 (LiLbr 4 LiLigb + LiLoby)

2 4L
B(LLJT+LLW+LL”) ﬁs(bbL +b;be L + bibe L) — 664bbb}
2L 2 612 4L
+{ ng"’ B Lj+—4 beJ 3(Lb —I—Lb)}
(2.6) 6 b 6
2 2L?
+ ﬁLM- Lb +Lb)+BLTLj+ ki p D
+{ =L Lb +Lb)+2L-L e bb}
r ﬁ K3 T 63
2L 2L2 2L 2L?
+ (ELJ — ?bj) (TiO + 51’0) + (ELZ — ﬁbz> (’I”jo + Sjo) = O,

where we have used the fact that D’ y/ = °D’ 4y’ = D [3].
Next, we deal with Li|j =0, that is 0; L; — Ziﬂg - ITF:J» = 0. Then

(2.7) 9;L; — Ly (G} + D}) — L.(F}; + °Dj;) = 0.
Putting the values of 8;L;, L;, and L, from (2.4) in (2.7) and using equation
Lz\j = 8JLZ - L’L’I"G; - LTEZ = 07

we get
L? 2L 2L 2L i
oL 2I? oL L% ...
+ (@Ll — Fbl) (Tj() + SjO) + [?LT 62 —b :| Dz]?

where b;|, = Okb; — b, F)..

Since 275 = b;); + bjji, 285 = bjj; — bjj;, the above equation gives

2172 2L 2 2L 2L
_—2Tij—|:_Lir+—LiLr —5 (Libr + Lybi) + 3bb}
s 3 gttt T 3
' 2L P 9L 012 }
+ | —=Ljr+ 5L; L, — L;b, 4 L,b; —b;b.| D
{6 J 6 J 52( ) 63 J
2L 2L? 2L 2L
+ (ELz - sz) (rjo + sjo0) + (ELJ‘ - Fbj) (rio + sio)
2L L?
+2 |:—LT —b :| CDT
p B2
and
2L? [ZL 2 2L ]
——58;; = |—Liy +=L;L, — L;b, +Lb r D
g2 B B 52(
2L 2 2L
2.9 —Lj+=L;L, — L;b, + L,b;) bT]D
( ) |:ﬁ J ﬁ J 62( 63 7

2
+ (;—ng — %bl) (Tj() + Sjo) — (6 bj> 0 + 510)
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Subtracting (2.8) from (2.6) and re-arranging the terms, we get

2L 2L
{_Lijr — (Lub + Lzrb + L]Tb ) 5 (Liijr + LiLrbj + L]Lrbl)

5 8 p
2 4L 612
+ B(LiLjT +L;Li + L,L;j) + @(bibjLT +bjb,L; + b;ib,. L) — 54 —-b;b;b, }
(2:10) L 1 3L2 2L L?
|:62L +ﬁ LL—FFble ﬁ3(Lb + L; b)]Too—@ﬁj
2L L? ]
=|—L,——=b CDT
T
Contracting (2.10) by 3¢, we obtain
2L 2L 2 2L
{— Lj, 2(Lb +Lyb;) — =L;L, — 3bb]
L? L L2 2L L? .
@bj - @LJ Too — 62 ?LT 621) D

Subtracting (2.9) from (2.6) and re-arranging the terms, we get

2L 2L 2
{?Lm — 52 (Lijby + Lirb; + Ljrb;) — 52 (L;Ljb, + L;Lyb; + L;L.b;)
4L 6L>
B(L v LilLir + LrLig) + 25 (biby L + bjbye Li + biby L) = - bibsby }
3L? 2L
(212) |: Ll] + L L + 64 bibj 63 (L b + L b; )] T00
2L 2L 2
( i) (Tj0+8j0)+ [?Lir— 7 (Liby + L, b)+BLiLr
T L2
63 b b :| D = @Si]‘.
Contracting (2.11) and (2.12) by 37, we get
2L L2 LI
(213) [?LT — @b,{| D" = —2—627'00
and
2L 2L 2 2L L? L? L

(214) [?Lir_ 62 (Lb +L b)+BLZLT+ 63 bb :| = 625104‘ <ﬁ3b 62 )TOO

In view of LL;. = gir — L;L,, the equation (2.14) can be written as

2 20?, 2L
g g B

Contracting (2.15) by b = g“/b;, we get

2L L2 L2 L
(2.15) Zgi,D" + [ Ll} (byD") — —=b;(L,D") = Si0 + ( b; — 2 >Too

g2 cE e

(2.16) 202 L2 (b,.D") — 2b*BL(L,D") = —BL*so + (L*b* — 3*)r00,
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where we have written sg for s,q0b".

Equation (2.13) can be written as
(2.17) —2L2(b,D") + 4BL(L,D") = —L*rq.

The equation (2.16) and (2.17) constitute the system of algebraic equations in L,D" and
b-D". Solving equations (2.16) and (2.17) for b, D" and L, D", we get

1
(2.18) b.D" = ST [(B*L? — 2%)r00 — 2BL%s0)
and

1
(2.19) L.D" = —m[iﬁs0 + BLroo)].

Contracting (2.15) by ¢’¢ and re-arranging terms, we obtain

(2.20) DI = [ML(bTDT) _5”00} T {Lzroo +2BL(L,D") — 2L2(b,D")] ,; L2

232 232 20
Putting the values of b.D" and L,.D" from equations (2.18) and (2.19) respectively in (2.20),
we get

i Broo+L?s0 Broo + L*so\ ; L* iy
(221) D' = (W bt — W Yy — %SO, where [* = f

Proposition 2.1 The difference tensor D* = G -G of Kropina change of Finsler metric is
given by (2.21).

§3. Projective Change of Finsler Metric

The Finsler space F" is said to be projective to Finsler space F™ if every geodesic of F" is
transformed to a geodesic of F''. Thus the change L — L is projective if G = G + P(z,y)y",
where P(x,%) is a homogeneous scalar function of degree one in %%, called projective factor [4].

Thus from (2.2) it follows that L — L is projective iff D' = Py’. Now we consider that
2

the Kropina change L — L = 7 is projective. Then from equation (2.21), we have
(3.1) Py — Broo + L?sg bi Broo + L?s0\ _ L—23i
' v 2233 P22 ¥ 5%

Contracting (3.1) by y; (= gi; ¥’/) and using the fact that sjy; = 0 and y; y* = L?, we get
1

(32) P = —m(ﬁroo + L2SQ).

Putting the value of P from (3.2) in (3.1), we get

(57"00 + L250> i <5T00 + L2_SO> I L?

(33) 2b2L2 2()26 — %SO.
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Transvecting (3.3) by b;, we get

2
(3.4) roo = —%, where A = (%) —b? #£0.

Substituting the value of roo from (3.4) in (3.2), we get

1

Eliminating P and rop from (3.5), (3.4) and (3.2), we get

i B i| S0
The equations (3.4) and (3.6) give the necessary conditions under which a Kropina change
becomes a projective change.
Conversely, if conditions (3.4) and (3.6) are satisfied, then putting these conditions in
(2.21), we get

ie. D'=Py’, where P = 50

D N

_ S0
2A Y
Thus F is projective to F'™.

Theorem 3.1 The Kropina change of a Finsler space is projective if and only if (3.4) and
2
(3.6) hold and then the projective factor P is given by P = 5%, where A = (%) — b2

84. A Particular Case

Let us assume that L is a metric of a Riemannian space i.e. L = y/a;;(2)y'y? = a. Then
2

L= % which is the metric of Kropina space. In this case b;; = b;;; where ;j denotes the

|5
covariant derivative with respect to Christoffel symbols constructed from Riemannian metric .
Thus r;; and s;; are functions of coordinates only and in view of theorem (3.1) it follows that

the Riemannian space is projective to Kropina space iff rgg = —%so and s} = (%yl — bi> 2,
@
p

2
where A = (—) — b? # 0. These equations may be written as
e

(4.1) (a) rooB% = a®(b*ro0 — Bso); (b) sh(B* — b?a?) = (B%y* — a?b?)sp.

From (4.1)(a), it follows that if a® # o(mod ) i.e. (3 is not a factor of a2, then there exists

a scalar function f(z) such that

(4.2) (a) b*roo — Bso = B*f(x); (b) 100 = & f ().
From (4.2)(b), we get r;; = f(z)a;; and therefore (4.2)(a) reduces to

Bso = (b?a® — B%) f ().
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This equation may be written as
biSj + bjSl' = 2(b2aij — beJ)f(:zr)

which after contraction with &’ gives b%s; = 0. If b* # 0 then we get s; = 0, i.e. s;; = 0.
Hence equation (4.1) holds identically and (4.2)(a) and (b) give

(P> - ) f(@) =0 ie. f2)=0 as %> - #0.

Thus roo = 0, i.e. 7;; = 0. Hence b;;; = 0, i.e. the pair (a, 3) is parallel pair.
Conversely, if b;.; = 0, the equation (4.1)(a) and (4.1)(b) hold identically. Thus we get the
following theorem which has been proved in [1], [7].

Theorem 4.1 The Riemannian space with metric « is projective to a Kropina space with
2

metric % iff the (a, B) is parallel pair.
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Abstract: A function f is called a geometric mean labeling of a graph G(V, E) if f :
V(G) —{1,2,3,...,q+ 1} is injective and the induced function f*: E(G) — {1,2,3,...,q}
defined as

fH(wo) = | VI )|, vav € B(G),
is bijective. A graph that admits a geometric mean labeling is called a geometric mean
graph. In this paper, we have discussed the geometric meanness of graphs obtained from

some graph operations.
Key Words: Labeling, geometric mean labeling, geometric mean graph.

AMS(2010): 05C78

§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [3]. For a
detailed survey on graph labeling, we refer [2].

Cycle on n vertices is denoted by C,, and a path on n vertices is denoted by P,. A tree T
is a connected acyclic graph. Square of a graph G, denoted by G2, has the vertex set as in G
and two vertices are adjacent in G? if they are at a distance either 1 or 2 apart in G. A graph
obtained from a path of length m by replacing each edge by C,, is called as mC,,-snake, for
m>1adn>3.

The total graph T'(G) of a graph G is the graph whose vertex set is V(G) U E(G) and two
vertices are adjacent if and only if either they are adjacent vertices of G or adjacent edges of
G or one is a vertex of G and the other one is an edge incident on it. The graph Tadpoles
T'(n, k) is obtained by identifying a vertex of the cycle C;, to an end vertex of the path Py. The
H-graph is obtained from two paths uy, us, ..., u, and v1,ve, - - , v, of equal length by joining
an edge u 21 Ungl when n is odd and u ni2vn when n is even. An arbitrary supersubdivision
P(myi,mg,--+ ,myu_1) of a path P, is a graph obtained by replacing each i** edge of P, by
identifying its end vertices of the edge with a partition of K5 ,,, having 2 elements, where m; is

1Received November 23, 2012. Accepted March 12, 2013.
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any positive integer. G ® K is the graph obtained from G by attaching a new pendant vertex

to each vertex of G.

The study of graceful graphs and graceful labeling methods was first introduced by Rosa
[5]. The concept of mean labeling was first introduced by S.Somasundaram and R.Ponraj [6]
and it was developed in [4,7]. S.K.Vaidya et al. [11] have discussed the mean labeling in the
context of path union of cycle and the arbitrary supersubdivision of the path P,. S.K.Vaidya
et al. [8-10] have discussed the mean labeling in the context of some graph operations. In [1],

A.Durai Baskar et al. introduced geometric mean labeling of graph.

A function f is called a geometric mean labeling of a graph G(V, E) if f : V(G) —
{1,2,3,---,q+ 1} is injective and the induced function f*: E(G) — {1,2,3,- -, ¢} defined as

f*w) = [VI@F@)|, vuw e BG),

is bijective. A graph that admits a geometric mean labeling is called a geometric mean graph.

In this paper we have obtained the geometric meanness of the graphs, union of two cycles
Cy, and C,,, union of the cycle C,,, and a path P,, P2, mC,-snake for m > 1 and n > 3, the
total graph T'(P,) of P,, the Tadpoles T'(n, k), the graph obtained by identifying a vertex of
any two cycles Cy, and C),, the graph obtained by identifying an edge of any two cycles Cp,
and C,,, the graph obtained by joining any two cycles C,, and C,, by a path Py, the H-graph
and the arbitrary supersubdivision of a path P(1,2,--- ,n—1).

82. Main Results

Theorem 2.1 Union of any two cycles C,, and C,, is a geometric mean graph.

Proof Let uy,ug, -+, Uy and vy, ve, -+ , v, be the vertices of the cycles C,, and C,, re-
spectively. We define f : V(C,, UC},) — {1,2,3,--- ;m +n+ 1} as follows:

Fug) = i if 1<i<|vVm+2]-1
i+1 if [Vm+2] <i<m -1,

f(um) =m+2 and
m+n+3-—2 if 1<i<|[2]
flwi)=9¢ m+1 if i=[%]+1
<

m—n + 2i if [2]+2<i<n.

The induced edge labeling is as follows:
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f(u,um) = L m—|—2J ,

m+n+1-2 if 1<i<|[2]

. m-+1 if i=1]2|4+1andmnisodd

[ (vivigr) = o 2] ,
m+ 2 if z:t%J—l—landnmeven
m—n+2i if [2]+2<i<n-1

and f*(vivn) =m +n.

Hence, f is a geometric mean labeling of the graph C,, U C,,. Thus the graph C,, U C, is
a geometric mean graph, for any m,n > 3. O

A geometric mean labeling of C7 U Cyq is shown in Fig.1.

Fig.1

The graph C,,, UnT,n > 2 cannot be a geometric mean graph. But the graph C,, UT may
be a geometric mean graph.

Theorem 2.2 The graph Cy,, U P, is a geometric mean graph.

Proof Let ui,us,- - ,uy, and vy,vs, -+ ,v, be the vertices of the cycle C,, and the path
P, respectively. We define f: V(C,, UP,) — {1,2,3,--- ,m + n} as follows:

mAn+2-—2i ﬁ1gig{%J
Flu) =4 n if i= [%JH

n—m—1+2i ﬁt%J+2§i§m,
flw)) =1, for1 <i<n-—1and

flop) =n+1.
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The induced edge labeling is as follows:

+2<i<m-—1,

m+n—2 if 1giggJ
) n ifz‘:[@JHandmisodd
fHuguipr) = A ,
n+1 1fz:{§J 1 and m is even

n-m-1+2i if |
ff(wium) =m+n—1 and

fr(wvig1) =4, for 1 <i<n-—1.

Hence, f is a geometric mean labeling of the graph C,, U P,. Thus the graph C,, U P, is a
O

geometric mean graph, for any m > 3 and n > 2.

A geometric mean labeling of Ci2 U Pr is shown in Fig.2.

1818 9 47 v el

1

V2 2

15 2

V3 ¢ 3

14 13 3
14eu10 Us 413 U4 44
1 11 vs $5
V6 6

6

8 7 U7 o8

The T-graph T,, is obtained by attaching a pendant vertex to a neighbor of the pendant

vertex of a path on (n — 1) vertices.

Theorem 2.3 For a T-graph T,,, T,, U C,, is a geometric mean graph, for n > 2 and m > 3.

Proof Let uy,us, - ,un—1 be the vertices of the path P,_; and u,, be the pendant vertex

identified with us. Let vy, vo, -+ , vy, be the vertices of the cycle Cp,.

V(T,UCp) =V (Cp)UV(P,) U{u,} and
E(T,UCp) = E(Cy) UE(P,) U {uguy,}.
We define f: V(T,, UC,,) — {1,2,3,--- ,m + n} as follows:

flu))=1i4+1, for 1 <i<n-—2,
flun 1) =n—1,
f(un) = 17
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m4n+2—2i ﬁlgig{%J
f) =14 n ifi:L%J+1
n—m—Hﬂiﬁ{—kﬂSigm

The induced edge labeling is as follows:

fruuipr) =i41, for 1 <i<n-—2,

.f*(’UJQun) =1,
m+n— 2 ﬁlgig{%J
n ifi:LTJ+1amhnmo¢i

. 2

frwivigr) = - and
n+1 ifi:{EJ—i—landmiseven
n—m—1+2i ﬁ{@J+2§i§m—1

2
fr(viom) =m—+n—1.

Hence f is a geometric mean labeling of T}, U C,,. Thus the graph T,, U C,, is a geometric mean
graph, for n > 2 and m > 3. 0

A geometric mean labeling of T7 U C§ is as shown in Fig.3.

2 31 1

2 ¢&——¢——@

3

] ® 8

Fig.3

Theorem 2.4 P? is a geometric mean graph, for n > 3.

Proof Let vy, v, -+ , v, be the vertices of the path P,,. We define f : V(P2) — {1,2,3,---,2(n—
1)} as follows:

flo;))=2i—1, for1 <i<n-1and

flop) =2(n—-1).
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The induced edge labeling is as follows:

ffwivigr)=2i—1, for 1 <i<n-—1and

fr(wivige) =21, for 1 <i<n-—2.
Hence, f is a geometric mean labeling of the graph P2. Thus the graph P2 is a geometric mean
graph, for n > 3. O

A geometric mean labeling of P§ is shown in Fig.4.

2 6 1 14
1 1 3 3N 5 7 7N g 1111 13 1515 N\, 14
U1 (%) U3 V4 Us 6 % 8 V9
4 8 12
Fig.4

Theorem 2.5 mC),-snake is a geometric mean graph, for any m > 1 and n = 3,4.

Proof The proof is divided into two cases.
Casel n=3.

Let vgi),véi) and véi) be the vertices of the i** copy of the cycle C3, for 1 < i < m.
The mCs-snake G is obtained by identifying véi) and vgiﬂ), for 1 < i < m — 1. We define
f:V(G)—{1,2,3--- ,3m + 1} as follows:

FOSNY =3i—2, for1<i<m
f(vg)) = 3i, for 1 <i<m and
FWi) =3i+1,for 1<i<m.
The induced edge labeling is as follows:
f*(vgi)véi)) =3i—2, for1 <i<m,
f*(véi)véi)) =34, for 1 <i<m and
f*(vgi)véi)) =3i—1, for1 <i<m.

Hence, f is a geometric mean labeling of the graph mC3s-snake. For example, a geometric mean

labeling of 6C3-snake is shown in Fig.5.
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Case 2 n=4.

Let v%i), véi),véi) and vff) be the vertices of the i** copy of the cycle Cy, for 1 < i < m.
The mCy-snake G is obtained by identifying vff) and ng_l), for 1 < i < m — 1. We define
f:V(G)—{1,2,3,--- ,4m + 1} as follows:

f(vy7)=4i—=3, for 1 <i<m,
f(véi)) =4i—1, for 1 <i<m,
f(véi)) =44, for 1 <¢<m and
f(vff))zéli—l—l,forlgigm.

f*(vii)véi)) =45—3, for1 <i<m,
f*(véi)véi)) =4i—1,for1<i<m
f*(véi)vff)) = 4i, for 1 <i<m and
f*(vgi)vff)) =4i—2, for 1 <i<m.
Hence, f is a geometric mean labeling of the graph mC)-snake. O

A geometric mean labeling of 5Cy-snake is shown in Fig.6.

3 34 77 8 11 1112 15 15 16 1919 920

Fig.6

Theorem 2.6 T(P,) is a geometric mean graph, for n > 2.

Proof Let V(P,) = {vi,v9, -+ ,v,} and E(P,) = {e; = v;v;41;1 < i < n — 1} be the
vertex set and edge set of the path P,. Then

V(T(P,)) = {v1,v2,...,0n,€1,€2, -+ ,€n_1} and
E(T(Pn)) = {Uivi+l7 eivi, 04131 <1 <m— 1} U {eiei+1;1 <i<n-— 2}

We define f: V(T(P,)) — {1,2,3,--- ,4(n — 1)} as follows:

flo)=4i-3, for 1 <i<n-—1,
f(vn) =4n —4 and
fle))=4i—1, for1 <i<n-—1.
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The induced edge labeling is as follows:

ffwivigr) =41 -2, for 1 <i<n-1,

fr(eieir1) = 4i, for 1 <i<n-—2
fflev;)) =4i—3, for 1 <i<n-—1and

frlejvig1) =4i—1, for 1 <i<n-—1.

Hence, f is a geometric mean labeling of the graph T'(P,,). Thus the graph T'(P,) is a geometric
mean graph, for n > 2. O

A geometric mean labeling of T'(Ps) is shown in Fig.7.

e 4 e 8 e3 12 e4
Fig.7

Theorem 2.7 Tadpoles T(n, k) is a geometric mean graph.

Proof Let ui,ug,- - ,u, and v1,ve, -+ , v, be the vertices of the cycle C,, and the path Py
respectively. Let T'(n, k) be the graph obtained by identifying the vertex u, of the cycle C,, to
the end vertex vy of the path P,. We define f: V(T (n,k)) — {1,2,3,--- ,n + k} as follows:

and

flui) =

i if 1<i<|[vVn+1]-1
i+1 if [Va+1]<i<n

flw)=n+1, for 2<i<k.
The induced edge labeling is as follows:
i if 1<i<|vn+1]-1
i+1 if [Vn+1] <i<n-—1,
f*(urun) = [Vn+1| and

fr(vvip1) =n+i, for 1 <i<k-—1.

[r(uguir) =

Hence, f is a geometric mean labeling of the graph T'(n, k). Thus the graph T'(n, k) is a geometric
mean graph. O

A geometric mean labeling of the Tadpoles T'(7,5) is shown in Fig.8.
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g 9 9 10 10 11 11 12

V2 U3 V4 Us

Fig.8

Theorem 2.8 The graph obtained by identifying a vertex of any two cycles Cy, and C,, is a

geometric mean graph.

Proof Let uy,ug, -+, Uy and vy, va, -+ , v, be the vertices of the cycles C,, and C,, re-
spectively. Let G be the resultant graph obtained by identifying the vertex u,, of the cycle Cp,
to the vertex vy, of the cycle C,,. We define f : V(G) — {1,2,3,--- ,m + n + 1} as follows:

' if 1<i< I]-1
fag={ o rrsislvmEIot
i+1 if [Vm+1]<i<m

mal+i i 1<i<|ImF DmFn+1)|—m-2
m+2+iif{JWHJXm+n+DJ—m—1§i§n—L

flvi) =

The induced edge labeling is as follows:

i if 1<i<|vm+1]-1,
i+1 if [Vm+1] <i<m-—1,

m+1+iiflgigtMmHJxm+n+UJ—m—Z
[ (vivigr) = Lo .
m+2+i if {\/(m—i—l)(m—i—n—i—l)J—m—lgzgn—2,
i

Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric

mean graph. 0

A geometric mean labeling of the graph G obtained by identifying a vertex of the cycles
Cs and (2, is shown in Fig.9.
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Fig.9

Theorem 2.9 The graph obtained by identifying an edge of any two cycles Cy, and C, is a

geometric mean graph.

Proof Let uy,us, -+, Uy and vy,va, -+ ,v, be the vertices of the cycles C,, and C,, re-
spectively. Let G be the resultant graph obtained by identifying an edge w,,_1u., of cycle Cy,
with an edge v,_1v, of the cycle C,,. We define f: V(G) — {1,2,3,--- ,m + n} as follows:

' if 1<i<|Vm+i|l-1
fly =4 trsi<lvmr] and
i+1 if [Vm+1|<i<m
o m41+i iflgig{ m(m+n)J—m—2
V) =
m+2+1i if{ m(m+n)J—m—1§i§n—2.

The induced edge labeling is as follows:

if 1<z<b/ +1| -1

uzuH—l
i+1 if m—i—ljgigm—l,
m+1+i if 1<z<{ m(m+nJ—m—2
U’Lv’LJrl -
m+2+1 1f{ m(m—i—n)J—m—lSign—fﬁ,
f ulum

ff(vop) =m+1 and
[ (vp—2vp_1) = { m(m + n)J .
Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric
mean graph. 0

A geometric mean labeling of the graph G obtained by identifying an edge of the cycles
Cho and Ci3, is shown in Fig.10.
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2 14

Fig.10

Theorem 2.10 The graph obtained by joining any two cycles Cy, and Cy, by a path Py is a

geometric mean graph.

Proof Let G be a graph obtained by joining any two cycles Cy, and C, by a path Pj.
Let uq,ug,- - ,uy and vy, va, -+ ,v, be the vertices of the cycles C,, and C, respectively.
Let wy,ws,...,wr be the vertices of the path P, with u,, = w; and wy = v,. We define
f:V(G)—{1,2,3,--- ;m+ k+n} as follows:

i if 1<i<|Vm+1]-1

flui) =9 . .
i+ 1 if L m—l—lJSZSm,

flw;)) =m+1i, for 2 <i<kand

m+k+i if 1g¢gW(m+k)(m+k+n)J—m—k—1
m+k+1+4 if b/(m—l—k)(m—l—k—l—n)J—m—kgign—l.

flu) =

The induced edge labeling is as follows:

i if 1<i<|[vVm+1]-1

[ruiviv) =< , ,
i+1 if [Vm+1]<i<m-—1,

frwwipr) =m+i, for 1 <i<k-—1,

m+k+i if 1§i§{\/(m—i—k)(m—i—k—i—n)J—m—k—l
mAk+1+i if b/(m—i—k)(m—f—k—i—n)J—m—kgign—Q,
fH(urup) = [Vm +1],
[ (vpvp—1) = [\/(m+k)(m+k+n)J and

fr(viv,) =m + k.

f*(vivi-l—l) =

Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric

mean graph. O
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A geometric mean labeling of the graph G obtained by joining two cycles C7 and Cig by

a path Py, is shown in Fig.11.
3 20

Fig.11

Theorem 2.11 Any H-graph G is a geometric mean graph.

Proof Let uy,us,- -+ ,u, and vy, ve, -+ , v, be the vertices on the paths of length n in G.
Case 1 n is odd.
We define f: V(G) — {1,2,3,---,2n} as follows:
f(u;) =1, for 1 <i<nand
n+ 2i if 1<i<|Z)
Flo) =4 n+2i-1 ifi:{gf+1
sm+1-2i if |2]+2<i<n
The induced edge labeling is as follows:
f(ujwipr) =4, for 1 <i<n-—1,
f*(uv;) =mn, fori= LgJ +1 and

n+2i if1<i< ﬁJ

r—
[\]

fr(vivig) = . n ,
3n—1-—2¢ if {gJ—i—lSzgn—l.

Case 2 n is even.
We define f: V(G) — {1,2,3,---,2n} as follows:
f(u;) =1, for 1 <i<n and
n+2i it 1<i<|o

flvi) =
3n+1—2 H\gJ+1§i§n
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The induced edge labeling is as follows:
ffuuipr) =14, for 1 <i<mn—1,

f*(uip1v;) = n, for i = {gJ and

) n+ 2 iflgiggJ—l
fr(vivig1) = Cn .
3n—1—-2¢ if {inggn—l.
Hence, H-graph admits a geometric mean labeling. 0

A geometric mean labeling of H-graphs G; and G are shown in Fig.12.

1 eur vie1l 1eul U1
1 H 21 P U2 V2

290 s 320 us3 U3
2 13 3

3 eus v3 @15 4 Us V4
3 15 4

4 Uy Vg 917 5 9 Us Us
4 17 50 1

5 el 15 ¢ 18 ¢ ¥l Ve
5 16 6

6 ®Us V6 ¢ 16 K X U7
6 14 7

7 euUr U7 14 8 @ ug g
7 12 8

8 eug v @12 0 & Ug Vg
8 10 9

9 elUy vg @ 10 10 eu19 V10

G Ga

Fig.12

Theorem 2.12 For anyn > 2,P(1,2,3,--- ,n— 1) is a geometric mean graph.

Proof Let vi,vs,:--,v, be the vertices of the path P, and let u;; be the vertices of
the partition of Kp ,,, with cardinality m;,1 < ¢ < n —1and 1 < j < m;. We define f :
V(P(1,2,---,n—1)) —{1,2,3,...,n(n — 1) + 1} as follows:

fwi)=i(i—1)+1, for 1 <i<nand
fluij) =i(i—1)+2j, for1<j<iand1<i<n-—1L

The induced edge labeling is as follows:

o) =it —1)+4, for1<j<iand1<i<n-1
fr(uijvigr) =i +j, for 1 <j<iand 1 <i<n-—1.
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Hence, f is a geometric mean labeling of the graph P(1,2,--- ,n—1). Thus the graph P(1,2,--- ,n—

A.Durai Baskar, S.Arockiaraj and B.Rajendran

1) is a geometric mean graph. O

A geometric mean labeling of P(1,2,3,4,5) is shown in Fig.13.

Fig.13

References

[1]
2]

3]
[4]

[5]

A Durai Baskar, S.Arockiaraj and B.Rajendran, Geometric Mean Graphs (Communicated).
J.A.Gallian, A dynamic survey of graph labeling, The Electronic Journal of Combinatorics,
17(2011).

F.Harary, Graph Theory, Addison Wesely, Reading Mass., 1972.

R.Ponraj and S.Somasundaram, Further results on mean graphs, Proceedings of Sacoefer-
ence, (2005), 443-448.

A.Rosa, On certain valuation of the vertices of graph, International Symposium, Rome,
July 1966, Gordon and Breach, N.Y. and Dunod Paris (1967), 349-355.

S.Somasundaram and R.Ponraj, Mean labeling of graphs, National Academy Science Letter,
26(2003), 210-213.

S.Somasundaram and R.Ponraj, Some results on mean graphs, Pure and Applied Mathe-
matika Sciences, 58(2003), 29-35.

S.K.Vaidya and Lekha Bijukumar, Mean labeling in the context of some graph operations,
International Journal of Algorithms, Computing and Mathematics, 3(2010).

S.K.Vaidya and Lekha Bijukumar, Some netw families of mean graphs, Journal of Mathe-
matics Research, 2(3) (2010).

S.K.Vaidya and Lekha Bijukumar, Mean labeling for some new families of graphs, Journal
of Pure and Applied Sciences, 8 (2010), 115-116.

S.K.Vaidya and K.K.Kanani, Some new mean graphs, International Journal of Information
Science and Computer Mathematics, 1(1) (2010), 73-80.



International J.Math. Combin. Vol.1(2013), 99-108

4-Ordered Hamiltonicity of the

Complete Expansion Graphs of Cayley Graphs

Lian Ying, A Yongga, Fang Xiang and Sarula
College of Mathematics Science, Inner Mongolia Normal University, Hohhot, 010022, P.R.China

E-mail: lianying200611527@163.com, alaoshi@yeah.net

Abstract: In this paper, we prove that the Complete expansion graph And(k) (k > 6) is

4-ordered hamiltonian graph by the method of classification discuss.
Key Words: Andrdsfai graph, complete expansion graph, k-ordered hamiltonian graph.

AMS(2010): 05C38 05C45 05C70

§1. Introduction

All graphs considered in this paper are finite, simple and undirected. Let C be a cycle with
given orientation in graph X, C(C C) with anticlockwise direction and C with clockwise
direction. If x € V(C), then we use 1 to denote the successor of x on C' and z~ to denote its
predecessor. Use C|z,y] denote (z,y)-path on C; C(z,y) denote (z,y)-path missing z,y on C.
Any undefined notation follows that of [1, 2].

Definition 1.1([1]) Let G be a group and let C be a subset of G that is closed under taking
inverses and does not contain the identity, then the Cayley graph X (G,C) is the graph with
vertez set G and edge set E(X(G,C)) = {gh:hg™! € C}.

For a Cayley graph G, it may not be a hamiltonian graph, but a Cayley graph of Abelian
group is a hamiltonian graph. And(k) is a family of Cayley graph, which is named by the
Hungarian mathematician Andrdasfai, it is a k-regular graph with the order n = 3k — 1 and it

is a hamiltonian graph.

Definition 1.2([1]) For any integer k > 1, let G = Z3,_1 denote the additive group of integer
modulo 3k —1 and let C' be the subset of Zs,_1 consisting of the elements congruent to 1 modulo
3. Then we denote the Cayley graph X(G,C) by And(k).

For convenience, we note Zsz_1 = {ug, u1,...,usk—2}. For u;,u; € V[And(k)],u; ~ u; if
and only if j — ¢ = +1mod3. The result are directly by the definition of Andrdsfai graph.

1Supported by Natural Science Foundation of Inner Mongolia, 2010MS0113; Inner Mongolia Normal Univer-
sity Graduate Students’ Research and Innovation Fund. CXJJS11042.
2Received November 7, 2012. Accepted March 15, 2013.



100 Lian Ying, A Yongga, Fang Xiang and Sarula

Lemma 1.3 Let C be any hamiltonian cycle in And(k)(k > 2).

(1) If Vu,z € V(And(k)), u ~ z is a chord of C, then u~ ~z~, ut ~z™.
(2) If Vu,z,y € V(And(k)), u ~ x, u ~y are two chords of C, then x ~ y™*.

The definition of k-ordered hamiltonian graph was given in 1997 by Lenhard as follows.

Definition 1.4([3]) A hamiltonian graph G of order v is k-ordered, 2 < k < v, if for ev-
ery sequence (v1,vs,...,vx) of k distinct vertices of G, there exists a hamiltonian cycle that

encounters (v1,va,...,vx) in this order.

Faudree developed above definition into a k-ordered graph.

Definition 1.5([4]) For a positive integer k, a graph G is k-ordered if for every ordered set of

k vertices, there is a cycle that encounters the vertices of the set in the given order.

It has been shown that And(k)(k > 4) is 4-ordered hamiltonian graph by in [5]. The
concept of expansion transformation graph of a graph was given in 2009 by A Yongga at first.
Then an equivalence definition of complete expansion graph was given by her, that is, the
method defined by Cartesian product in [6] as follows.

Definition 1.6([6]) Let G be any graph and L(G) be the line graph of G. Non-trivial component
of GOL(G) is said complete expansion graph (CEG for short) of G, denoted by 9(G), said the
map ¥ be a complete expansion transformation of G.

The proof of main result in this paper is mainly according to the following conclusions.

Theorem 1.7([1]) The Cayley graph X(G,C) is vertex transitive.
Theorem 1.8([5]) And(k)(k > 4) is 4-ordered hamiltonian graph.
Theorem 1.9([7]) Ewvery even regular graph has a 2-factor.

The notations following is useful throughout the paper. For u € V(G), the clique with
the order dg(u) in 9(G) by w is denoted as ¥(u). All cliques are the cliques in ¥(And(k))
determined by the vertices in And(k), that is maximum Clique. For u, v € V(G), #(u) ~ ¥(v)
means there exist © € V(¢(u)), y € V(¥(v)), s.t.z ~ y in V(HG)), edge (z,y) is said an edge
stretching out from ¥(u). Use Gy,)[7,y; s,t] to denote (z,y)-longest path missing s,¢ in J(u),
where z,y, s,t € V(9(u)).

82. Main Results with Proofs

We consider that whether ¥(And(k)) (k > 4) is 4-ordered hamiltonian graph or not in this
section.

Theorem 2.1 ¥(And(k)) (k > 6) is a 4-ordered hamiltonian graph.
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The following lemmas are necessary for the proof of Theorem 2.1.

Lemma 2.2 For any u € V(And(k))(k > 2), Y,y € N(u), there exists a hamiltonian
cycle C in And(k), s.t. ux € E(C) and uy € E(C).

Proof Let Cy is a hamiltonian cycle ug ~ uy ~ ug ~ ... ~ usg_2 ~ ug in And(k)(k > 2).
For u € V(And(k))(k > 2), Va,y € N(u), then we consider the following cases.

Case 1 z~u~yon 6’0. Then C' = Cj is that so, since Cy is a hamiltonian cycle.

Case 2 xwuandu%yonéoorx%uandUNyoné’o. Ifxwuandu%yoné’o, then
we can find a hamiltonian cycle C in And(k)(k > 2) according to Lemma 1, that is,

C=u~z~Colr,y )~y ~u ~Colu,y)~y~u;

If x £ wand u~yon 6’0, then we can find a hamiltonian cycle C in And(k)(k > 2) according

to Lemma 1.3, that is,

+ 0t

C:uwxwéo(,’b,u+)NU ~ X NCO(x+7y)NyNu'

Case 3 z 4 u 4 yon Co. Then we can find a hamiltonian cycle C in And(k)(k > 2) according
to Lemma 1.3, that is,

C=u~a~yt ~Coly",u™) ~u” ~a” ~ Cole,u’) ~ut ~ Colat,y ~u.

For any u € V(And(k))(k > 2), Lemma 2.2 is true since And(k) is vertex transitive. O

Corollary 2.3 For any two edges which stretch out from any Clique, there exists a hamiltonian

cycle in 3(And(k)) containing them.

Lemma 2.4 If k is an odd number, then And(k)(k > 3) can be decomposed into one I-factor

-1
and 5 2-factors.

Proof 3k — 1 is an even number, since k is an odd number. There exists one 1-factor
M in And(k) by the definition of And(k). According to Theorem 1.9 and the condition of
Lemma 2.4 for integers k > 3, And(k) — E(M) is a (k — 1)-regular graph with a hamiltonian
cycle C1, And(k) — E(M) — E(C1) is a (k — 3)-regular graph with a hamiltonian cycle Cy, - - -,

And(k) — E(M) — 22: E(C;) is an empty graph.
=1

Assume k = 27‘1 tf— 1(r € Z1), since k is an odd number. First we shall prove the result for
r =1, and then by induction on r. If r = 1 (k = 3), it is easy to see that And(k) — E(M) is
a hamiltonian cycle C1 by Theorem 1.9 and the analysis form of Lemma 2.4 , so the result is
clearly true.

Now, we assume that the result is true if r = n(r > 1,k = 2n+1), that is, And(2n+ 1) can
be decomposed into one 1-factor and n 2-factors. Considering the case of r = n+ 1(k = 2n+ 3,
we know And(2n+3)(And[2(n+1)+1]) can be decomposed into one 1-factor and n+1 2-factors

according to the induction.
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Thus, if k is an odd number, then And(k)(k > 3) can be decomposed into one 1-factor and

k-1
5 2-factors. O

Proof of Theorem 2.1

¥(And(k)) is a hamiltonian graph, since And(k) is a hamiltonian graph. So there exists
a hamiltonian cycle Cy in 9(And(k)) and a hamiltonian cycle Cy" in And(k), such that Cy =
9(Co'), without loss of generality

li
Co = uguy . .. u3k—2uo,

then

Co = Up,1U0,2 « - - U0,kUL,1UL,2 - - - ULk - - - USE—2,1U3Kk—2,2 - . - U3L—2 kUO,1,

where u; ; € V(9(ui)), ui € V(And(k)), danag)(ui) =k > 6, i = 0,1,2,...,3k — 2, and
Uy, u:rk g V(¥(u,)), u:rj =uijr1 (1 <j<k-1)and u;; = uj—1 (2 <1 < k). There
are three cyclic orders Yuq b, Uc,d, Ue, f, Ugn € V[I(And(k))] according to the definition of the
ring arrangement of the second kind, as follows: (uq.p, Uc.d, Ue, £, Ug,h), (Ua,b, Ue, £ Ue,dy Ug,h)s
(Ua,bs Ue,ds Ug,h, Ue, £ ) (s€€ Fig.1). Let S = {(uqp, Ue,d, Ue, 5 Ug,h)s (Ua,by Ue, f5 Ue,ds Ug,h)s (Ua,bs Ue,ds

Ug,h, ue,f)}-

Uq,b Ug,b Ug,b
Uc,d Ug,h Ue, f g, h Uc,d Ue, f
Ue, f Ue,d Ug,h
(ua,bauc,duue,faug,h) (ua,buue,fauc,duug,h) (ua,buuc,duug,huue,f)

Fig.1 Three cyclic orders

Now, we show that 4-ordered hamiltonicity of J(And(k)) (k > 6). In fact, we need to
prove that a € S, there exists a hamiltonian cycle containing «. Without loss of generality,
hamiltonian cycle Cy encounters (uq,p, Ue,d, Ue, f, Ug,r) i this order. So we just prove: Vf3 €
S\ (Ua,p; Ue,d, Ue, £, Ug 1), there exists a hamiltonian cycle containing 3.

According to the Pigeonhole principle, we consider following cases.

Case 1 If these four vertices uqp,Uc,d, Ue,f,Ug,n are contained in distinct four Cliques of
Y(And(k)), respectively. And Theorem 2.1 is true by the result in [5].

Case 2 If these four vertices uq b, Uc,d, Ue, f, Ug,h are contained in a same Clique of J(And(k)),
then a=cCc=¢= 97 b < d < f < h Let S - {(ua,b; ua,d; ua.,fa ua,h)v (ua,bvua,f; ua,dvua,h); (ua,ba
Ua,dy Ua,h, ua,f)}'

(1) For (uqg,p, Ua,d, Ua, £, Ua,pn) € S. Cp is the hamiltonian cycle that encounters (uq b, Uq,d, Ua, £

Uq,h) in this order, clearly.
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(2) For (ug,b, Uq, [, Ua,ds Ua,pn) € S. We can find a hamiltonian cycle

C = ua,pCo(Uab, Uy g)U, gUa,fColUa,f, ua,d)ua,du,;‘:fco(u:’f7 Ua,h)Ua,hCo(Ua,h, Uab)Ua,b

that encounters (uq,p, Ua, f, Ua,ds Uq,r) in this order.

(3) For (tg,b, Ua,dy Ua,hs Ua,f) € S. We can find a hamiltonian cycle

C= ua,ICO (ua,la u;yf)u;fua,kco(ua,k; ua.,f)ua,fﬁ(cl)(ua,fv ua,l)'ula,l

that encounters (uq p, Ua,d;, Ua,h, Ua,f) in this order by Lemma 2.2 and Corollary 2.3 (see Fig.2).

Fig.2 C = uaﬂlco(ua,l,u;f)u;fua,kco(uaﬂk,ua,f)ua_,fﬁ(cl)(ua’f,ua_rl)ua_rl

Case 3 If these four vertices uqp,Uc,d, Ue,f,Ug,n are contained in distinct two Cliques of
Y(And(k)), without loss of generality, we assume that ugp, Uuca € V(9 (uq)) and ue r,ugn €
V(9(ue)) in 9(And(k)) or uap, Ue,d; Ue,f € V(¥ (uq)) and ugp € V(9(ug)) in 9(And(k)) accord-

ing to the notations. Let S = {(uq b, Ua,d, Ue, [, Ue ), (Ua,bs Ue, [ Ua,ds Ue )y (Ua,bs Ua,ds Ue, s Ue, ) }-
Subcase 3.1 ugp, tc,d € V(H(ug)) and ue r,ugn € V(9 (ue)) in 9(And(k)).

(1) For (ua,p, Uq,ds Ue, 5 Ue,n) € S. Co is the hamiltonian cycle that encounters (uqp, e, d,

Ue, [, Ug,p,) 0 this order, clearly.

(2) For (uq,b, Ue,f, Ua,d, Ue,n) € S. Let Cy is a hamiltonian cycle in And(k) or And(k) —
E(M), C3 is a hamiltonian cycle in And(k) — E(C1) or And(k) — E(M) — E(C1)(see Fig.3).
Use A(Cy) to denote a cycle that only through two vertices in 9(u;)(i = 1,2,...,3k —2) and
related with ¥(C1), and use A(C3) to denote the longest cycle missing the vertex on A(Cy)
in 9(And(k)) or 9(And(k)) — M(see Fig.3). We suppose that P, = [z,y], P> = [p,uq,] on
cycle A(Ch) in ¥(And(k)) or 9(And(k)) — M and Ps = [m,n], Py = [s,t] on cycle A(C2) in
I(And(k)) — A(Cy) or 9(And(k)) — M — A(C}) by Theorem 3[7), the analysis of Lemma 2.4 and
the definition of CEG (see appendix). Now, we have a discussion about the position of vertex
x,y, p, s and n in Y(And(k)).
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C—

ugp

Fig.3

In where, C; in And(k) or And(k)— E(M), Cy in And(k) — E(Cy) or And(k) — E(M)— E(C1),
A(Ch) in 9(And(k)) or ¥(And(k))— M, A(C3) in 9(And(k))— A(Cy) or ¥(And(k))—A(C1)— M.

Do Uy oo (1)
ST Uy v (2)

I ter T G T (3)
TU= U e v eveeneeeeeeeeaee (4)

Do U e e (5)

SN A Uy e (6)

e T G T (7)
TU= U, frevnemnennennneanaenenn. (8)

8,710 Ug ppy o e (9)

D=Ue, s\ 8= Uehyeroveenrueeoeuaennnn. (10)

T F Uqb, Ua,d L VI (11)
S)TUF Ug fy wvrrrren e (12)

D=Uehy§ S=TUe foeeenrmeeneuneuaenann. (13)

TV U, fyevnevnennnannannnenn. (14)

Y F Ue £y Ue,hs S U fyrrrr e (15)
M= Ue frenennnnnnnnnnnn. (16)

I T S (17)

D F Ue frley § M= Uehyevvnneeennnnenn (18)

S =Ue [N = Uefyyovne-- (19)

S =Ueh, N =Ue freern-.. (20)

§F Ue M F Uehyeovnnn. (21)
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For cases (1) and (2), we can find a hamiltonian cycle
ua,bxpl ($7 y)ySP4(87 t)tGﬂ(ua) [ta miUa,b, x]mPﬁ] (m7 n)nG'L?(ue) [n7p7 Y, S]pp2(p7 ua,b)ua,b

that encounters (uq,b, Ue, f, Ua,d, Ue,p) in this order.

For cases (3)-(21), we can find a hamiltonian cycle that encounters (uq.p, Ue, £, Ua,d, Ue,h) I
this order according to the method of (1) and (2).

(3)For cases (2)-(11) and (15)-(21), we can find a hamiltonian cycle that encounters
(Ua,bs Ua,ds Ue,hs Ue, f) In this order according to the method of Case3.1(2).

For case (1), we can find a hamiltonian cycle

Ua b Gy(u,)[Ua,b, M timPs(m, n)nGy ) [0, p; y, slpysPy(s, t)tua

that encounters (Uq,p, Ua,d, Ue,h, Ue,f) i this order. P/ is the path which through the all vertices
in Y(u;)(i = a,...,e) and related with P;(i = 3,4) in 9(And(k)) — A(Cy) or 9(And(k)) — M —
A(C1)(see Fig.4).

::' o) ) A )

2 et :

& SR L l\ }"—...._ i :

} —— ﬁ[m?_?/v \cﬁ‘_q\,,(m‘ 9 I’(ll|)/". : \m Pugy-z)

K {
$¢ ) s o )
Hwa) Weh ) (] Nue) l‘("“)uuﬂ t : P” (] Hue)

ux‘ or ol 'i or B oM

) § / | );o o/
a...lo\c""o—-‘ “o(u)) .;(.,:,\j\é o))

) Hu,)

Fig.4

In where, Py, Py in 9(And(k)) or $(And(k)) — M, P3, Py in 9(And(k)) — A(C1) or ¥(And(k)) —
M — A(Ch), Pi, Py related with Ps, Py in ¥(And(k)) — A(C1) or ¥(And(k)) — M — A(C).

For 12-14, we can find a hamiltonian cycle that encounters (uq.p, Uq,d, Ue,h, Ue, £) in this
order according to the method of 1.

Subcase 3.2 ugp, Ue,d, Ue,f € V(H(ug)) and ugp € V(¥(ugy)) in 9(And(k)). For all condition ,
we see the result is proved by the method of Subcase 3.1.

Case 4 If these four vertices ugp, Uc,d, Ue,f, Ug,r, are contained in distinct three Cliques of
Y(And(k)). Without loss of generality, we assume that ugp, tc.q € V(3 (ug)), te,r € V(I (ue))
and ugp € V(9(ug)) in 9(And(k)).

(1) For (ua,p, Uq,ds Ue, £+ Ug,pn) € S, Co is the hamiltonian cycle that encounters (uq b, ta,d,
Ue,f, Ug,p,) 0 this order, clearly.

(2) For (uq,p, Ue,f,Ua,d, Ug,r) € S. Let Cy is a hamiltonian cycle in And(k) or And(k) —
E(M), Cy is a hamiltonian cycle in And(k) — E(Cy) or And(k) — E(M) — E(C1), Cs is a
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hamiltonian cycle in And(k) — E(C1) — E(C3) or And(k) — E(M) — E(Cy) — E(C2)(see Fig.5).
Use A(C}) to denote a cycle that only through two vertices in ¥(u;)(i = 1,2,...,3k — 2) and
related with 9(C;)(j = 1,2), and use A(C3) to denote the longest cycle missing the vertex
on A(C1) and A(C2) in 9(And(k)) or ¥(And(k)) — M (see Figure5). We can suppose that
Py = [ucd,z], P2 = [y,uqp] on cycle A(C1) in 9(And(k)) or 9(And(k)) — M , P = [m,n],
P, = [p,q] on cycle A(Cs) in ¥(And(k )) A(C1) or d(And(k)) — M — A(Cy) and Ps = [s,t],

Ps = [w, z] on A(C3) in ¥(And(k)) — Z A(C;) or ¥(And(k)) — M — Z A(C;) by Theorem 37,

the analysis of Lemma 3 and the deﬁnltlon of CEG (see appendix). Now we have a discussion
about the position of vertex m, ¢, x, y, p and n in 9(And(k)).

$—Uq7h7y7éug7h7 ........................... (1)

Y= Ugpyr v (2)

m,q # Ua,bs Ua,ds D= Ugp, v (3)
x # ug,ha

YF Ugni{ n=Ugpy e (4)

p7n$£ugh ......... (5)

e LI M ug)
W) c—

e _ NG g a3 :)é\
c R iy 2 : :/‘ ,f\
7 A\

! \

[? \o e
"’X /‘{"3‘ Mg ) y Y/ gl
AN o>

W)
Fig.5
In where, C; in And(k) or And(k) — E(M), Cy in And(k) — E(Cy) or And(k)— E(M)— E(Cy),
C3 in And(k) — E(Cy) — E(C2) or And(k) — E(M) — E(Cy) — E(Cy), A(CY) in ¥(And(k)) or
Y And(k))— M, A(Cs) in 9(And(k)) — A(C1) or (And(k)) — A(Cy)— M, A(C3) in ¥(And(k))—
A(Cr) — A(Cy) or 9(And(k)) — A(Ch) — A(C2) —
For case (1), if uc y € V(P;) (i = 2,3,4), we can find a hamiltonian cycle that encounters

(Ua,bs Ue, 5 Uq,ds Ug,k) in this order according to the method of Subcase 3.1,(2).

If e,y € V(P1), we can find a hamiltonian cycle
Ua,bq Py (q, P)PPs(n, m)mGy(u,) M, 83 Uab, A|sPs (5, )t Gy (uy) [t y5 0, 1, Y P (Y, Uab)tay o7

ua,meQI, (ma n)nppi (QJ p)qGﬁ(ua) [Q7 83 Ua,b, m]SP5/ (57 t)tGﬁ(ug) [ta Yy,p,n, t]yPQ/ (ya ua,b)ua,b
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that encounters (tq,p, Ue,f, Ua,d> Ug,n) it this order. There exist some vertices which belong to
a same Clique on P;, P, and P;(i = 3,4;5 = 5,6). And u. s € V(P/)(i = 3 or 4). P/ is

K3

the path which through the all vertices in 9(u;)(i = a,...,g) and related with P;(i = 5,6) in
2 2
Y(And(k)) — > A(C;) or 9(And(k)) — M — > A(C;), and missing the vertex on Pj, Pj(refers
i=1 i=1
to Figured).

For cases (2)-(5), we can find a hamiltonian cycle that encounters (uq b, Ue, £, Ua,d, Ug,h) i
this order according to the method of (1).

(3) For cases (1)-(5), we can find a hamiltonian cycle that encounters (uq.p, Ua,d, Ug,h, Ue, f)
in this order according to the method of Case 4(2). O
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Appendix

By the theorem 1.9, the analysis of Lemma 2.4, the definition of CEG, And(k) and the parity
of k(s € Z*) , we know that

k=2s And(k) Y And(k))
s=1 Cs Cio
s=2 And(4) — E(Ch) = Cs 9(And(4)) — B(C1) = B(Cs)

s=3 | And(6) — E(C1) — E(C2) = C3 | 9(And(6)) — B(C1) — B(C2) = B(C3)

s=n| And(2n)— 21 E(C)=Cn | 9(And(2n)) — f B(Ci) = B(Cy)
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\
~
~
ci O B(Ch)
s=2
[ N
\ \
N =
N {
i Cy C3 B(Ch)

s=8

If k£ is odd, it should be illustrated that the M’s selection method, that is, M satisfy
condition g b, Uc,d, Ue, £, Ug,n € V(M) in F(And(k)). It can be done, because k > 7.

k=241 And(k) 9(And(k))
s=1 And(3) — E(M) = Cy 9(And(3)) — M = B(C»1)
s=2 And(5) — E(M) — E(C1) = Ca 9(And(5)) — E(M) — B(C:) = B(Ch)
s=3 | And(7) — E(M) — E(C1) — E(Cs) = Cs | 9(And(T)) — M — B(C1) — B(Cs) = B(Cs)
s=n | And(2n+1) — E(M) — nzj E(Ci) = Cn | 9(And(2n+ 1)) — M — ’f B(Ci) = B(Cy)

B(Cy)
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81. Introduction

Let G be a graph with vertex set V(G) and edge set E(G). A k-coloring on G is a function
f:V(G) — [1,k] = {1,2,--- ,k}, such that if wv € E(G),u,v € V(G) then f(u) # f(v). A
value x(G) = k, the chromatic number of G is the smallest positive integer for which G is
k-colorable. G is said to be equitably k-colorable if for a proper k-coloring of G with vertex
color class Vi, Va--- Vg, then |(|Vi| — |V;|)| < 1 for all 4,5 € [i,k]. Suppose n is the smallest
integer such that G is equitably k-colorable, then n is the equitable chromatic number, x—(G),
of G.

The notion of equitable coloring of a graph was introduced in [6] by Meyer. Notable work on
the subject includes [7] where outer planar graphs were considered and [8] where general planar
graphs were investigated. In [1] equitable coloring of the product of trees was considered. Chen
et al. in [2] showed that for m,n > 3, x=(C, x C,, = 2) if mn is even and x—(Cy, x Cp, = 3)
if mn is odd. Recent work include [4], [5]. Furmanczyk in [3] discussed the equitable coloring
of product graphs in general, following [2], where the authors separated the proofs of mn into

various parts including the following:
1. m,n odd with n =0 mod 3
2. m,n odd, with

(a) either m or n, say n satisfying n —1 =0 mod 3

1Received December 8, 2012. Accepted March 16, 2013.
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(b) either m or n, say n satisfying n —2 = 0 mod 3.
In this paper we present equitable coloring schemes which
1. improve the proof in (b) above and

2. can be employed in developing the equitable 3-coloring for C), x C),, with mn odd.

§2. Preliminaries

Let G and G2 be two graphs with V(G1) and E(G1) as the vertex and edge sets for G respec-
tively and V(G2) and E(G2) as the vertex and edge sets of G respectively. The weak product
of G7 and Gy is the graph G7 x G5 such that V(G x G2) = {(u,v) = u € V(G)and u € V(G2)}
and E(G; x G2) =
{(u1v1)(ugv2) : urug € E(Gy)and vivg € E(G2)}. A graph P, = ugujus - - - um—1 is a path of
length m — 1 if for all u;,v; € V(Py,),i # j. A graph Cy,, = uguiuz -+ - Upm—1 is a cycle of length
m if for all u;,v; € V(Cp,), i # j and uotm—1 € E(Cp).

The following results due to Chen et al gives the equitable chromatic numbers of product

of cycles.

Theorem 2.1([2]) Let m,n > 3. Then

2 if mn is even

X:(Cm X Cn) =
3 if mn is odd.

We require the following lemma in the main result.

Lemma 2.2 Let n be any odd integer and let n —1 =0mod 3. Then n—1=0mod 6.

Proof Since n is odd, then there exists a positive integer m, such that n = 2m + 1. Now
since n is odd then, n — 1 is even. Let 2m = 0 mod 3. Clearly, n > 3. Now 2m = 3k where k
is an even positive integer. Thus 2m = 3(2k’) for some positive integer k' and thus 2m = 6k&’.
Hence n — 1 = 6&'. O

83. Main Results

In this section, we present the algorithms for the equitable 3-coloring of C,, x C,, with where

m and n are odd with say n — 1 =0mod 3 and n —2 =0 mod 3.

Algorithm 1 Let C,, x C}, be product graph and let mn be odd, with n — 1 =0 mod 3.
Step 1 Define the following coloring for u;v; € V(Cy, x Cy).
ay for {wvj:jen—1];5>5j+1=0mod 3}
fluw;) =q a1 for {uvj:j€n—1];5+2=0mod 3} U {uvs:i€ [m—1]}
az for {wvj:jen—1];7>6;j=0mod 3} U {wv,i € [m—1]}.
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Step 2 For all u;vg;4 € [2], define the following coloring:

(a)
ap fori=1
f(uivg) =
ap fori=0,2
(b)
ap fori=1,2
f(uivs) = _
ag fori=0
Step 3 Repeat Step 2(a) and Step 2(b) for all u;vg and w;vs for each ¢ € [z, z + 2] where
r =0mod 3.

Proof of Algorithm 1 Suppose n is odd and n —1 = 0 mod 3. From Lemma 2.2 above,

n—1 =0 mod 6 and consequently, n —4 = 0 mod 3. Suppose ”774 = n/, where n is a
positive integer. Let P, x P,_4 be a subgraph of P,, x P,, where P,,_4 = v4v5---v,_1.. For

all UV € V(Pm X Pn,4), let

ap for {wvj:jen—1],j+2=0mod 3}
fluv;) =< g for {uv; : j€n—1],5 >5;j+1=0mod 3}
asg  for {wvj:jen—1];5>6;5=0mod 3}.

From f(u;v;) defined above, we see that P, X P,_4 is equitably 3-colorable with color
set {a1, @z, a3} = [1,3], where |V, | = |Vay| = |Vas| = mn’. Next we show that there exists
a 3-coloring of P, x P; that merges with P,, x P,_4 whose 3-coloring is defined by f(u,;v;)
above. First, let F/(Ps x Py) be the 3- coloring such that

Qa2 Q3 Q01 Q2
F(Pg X P4) = a1 Q3 01 Q2
Qg Q3 Q1 Q3

From F(P; x P;) we observe for all j € [3], that for F(ugv;) C F(Ps X Py),|Va,| =
1, |Vao| = 1,|Vay| = 2; for Fuivj) C F(Ps X Py),|Va,| = 2,|Va,| = 1,|Va,| = 1; and for
F(ugvj) C F(Ps x Py), Vi | = 1, [Vay| = 2, |Vis| = 1.

We observe, over all, that for F'(Ps x Py),|Va,| = |Vas| = [Vas| = 4. These confirm that
P3 x Py is equitably 3-colorable at every stage of i € [2] and that F(P, x Py) C F(P3 X Py) is
an equitable 3-coloring of P, x Py for both P> x Py C P3 x P;. Now the equitable 3-coloring of
P,, x Py is now obtainable by repeating F'(Ps x Py) at each interval [z, x+2], where = 0 mod 3,
until we reach m. Clearly, F'(u;v3) N F(u;v4) = 0 since oy € F(u;v3). Thus P, X P, is equitably
3-colorable based on the colorings defined earlier. Likewise, F'(u;v9) N F(ujun,—1) = 0 since
as ¢ F(u;vg). Thus P, x C,, is equitably 3-colorable based on the coloring defined above for
P, x P,.

Finally, for any m > 3, the equitable 3-coloring of P, x P,,_4 with respect to F(P,, X P,_4)
above is equivalent to the equitable 3-coloring of Cy,, x Cy,_4 since w;v;u;vj41 ¢ E(Ppy, X Pr—4)

for all j € [n — 5]. Also, for m > 3 the equitable 3-coloring of P,, x P, with respect to
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F(P,, x Py) above is equivalent to the equitably 3- coloring of C,, x C4 by mere observation.
Thus, C,, x C,, is equitably 3- colorable or all positive integer m and odd positive integer n
such that n — 1 =0 mod 3.

Algorithm 2 Let m or n, say n be odd such that n —2 = 0 mod 3.
Step 1 Define the following coloring:
o for {wvj:jen—1],7+1=0mod 3}
fluw;) = az for {uv;:j€[n—1],5=0mod 3}
az for {uvj:jen—1],j—1=0mod 3}
Step 2(a) For all i € [2], let f(u;v0) = a1, a2, aq respectively ai, as € [2].
Step 2(b) For all i € [2], let f(u;v1) = as, a2, a3 respectively, az € [2].

Step 3 Repeat step 2(a) and Step 2(b) above for all i € [z, + 2], where x is a positive

integer and z = 0 mod 3.

Proof of Algorithm 2 Let n be odd and let n—2 = 0 mod 3. By f(u;v;) instep 1, Py, X P, —2,
where P,_o = vovs---v,_1, is equitably 3-colorable with |V,,,| = |Va,| = |Vas| = mn” where
n” =222 and F(u;v2) N F(u;vp—1) = 0 for all i € [m — 1]. Now, let

ap  ag
F(Pg X PQ) = Q2 Q9
a1 Q3

It is clear that F'(Ps x Py) above follows from the coloring defined in step 2 of the algorithm
and that F(P; X P,) is an equitable 3-coloring of P53 x Py where |Vy,| = |Va,| = [Vag| = 2. Tt is
also clear that F(P;x P) has an equitable coloring at Py X Py with |V, | = 1, |[Va,| = 0,|Vas| =1
and at Py x Py with |Vg,| = 1,|Va,| = 2,|Vas| = 1. Now, let with 2 = 0 mod 3. For all
z € [m — 1], let f(uzv;) = aq,as for both j = 0,1 respectively; for x +1 € [m — 1], let
f(ug41v5) = ag, for j =0,1 and for z + 2 € [m — 1], let f(uz12v;) = a1, a3 for j =0,1. With
this last scheme, we have P,,, X P, that has an equitable 3- coloring for any value of m.

Finally, we can see that P, x P, for any m, so equitably, 3-colored merges with P, X P,_o
that is equitably 3-colored earlier by f(u;v;), such that F(u;v1)NF(ujve) = 0 for all i € [m —1]
(by a similar argument as in the proof of Algorithm 1) and F(u;v9) N F(ujvp—1) = 0 for all
i € [m — 1] (by a similar argument as in the proof of Algorithm 1). O

Likewise C,, x Cy, is equitable 3-colorable (by a similar argument as in the proof of Al-
gorithm 1). Therefore, C,, x C,, is equitably 3-colorable for any m > 3 and odd n, such that
n—2=0mod 3.

84. Examples

In Fig.1, we demonstrate how our algorithms equitably color graphs C5 x Cs and C5 x Cy,

which are two cases that illustrate n —2 =0 mod 3 and n — 1 =0 mod 3 respectively. In the
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first case, we see that x—(Cs x C5) = 3, with |V1| = 8 |V2| = 9 and |V3| = 8 and in the second
case, x=(Cs x C7) = 3, with |V4]| = 12 |V, = 11 and |V5]| = 12. (Note that the first coloring
takes care of the third instance in subcase 2.4 of [2] where it is a special case.)

Fig.1 Equitable coloring of graphs Cs x C5 and C5 x C7
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In this short communication we rectify certain errors which are in the paper, On Set-Semigraceful
Graphs, International J. Math. Combin., Vol.2(2012), 59-70. The following are the correct ver-

sions of the respective results.

Remark 3.2 (5) The Double Stars ST (m, n) where |V is not a power of 2, are set-semigraceful
by Theorem 2.13.

Remark 3.5 (3) The Double Stars ST (m,n) where m is odd and m + n + 2 = 2!, are not
set-semigraceful by Theorem 2.12.
Delete the following sentence below Remark 3.9: ”In fact the result given by Theorem 3.3

holds for any set-semigraceful graph as we see in the following”.

Theorem 4.8([3]) Fvery graph can be embedded as an induced subgraph of a connected set-
graceful graph.

Since every set-graceful graph is set-semigraceful, from the above theorem it follows that

Theorem 4.8A Fvery graph can be embedded as an induced subgraph of a connected set-

semigraceful graph.

However, below we prove:

Theorem 4.8B FEwvery graph can be embedded as an induced subgraph of a connected set-

semigraceful graph which is not set-graceful.

Proof Any graph H with o(H) <5 and s(H) < 2 and the graphs Py, PyUK;, PsUK5 and
Ps5 are induced subgraphs of the set-semigraceful cycle Cg which is not set-graceful. Again any

1Received January 8, 2013. Accepted March 22, 2013.
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graph H' with 3 < o(H') <5 and 3 < s(H’) < 9 can be obtained as an induced subgraph of
H, Vv K; for some graph H; with o(Hy) =5 and 3 < s(H;) < 9. Then 3 < logy(|E(Hy V K1)| +
1) < 4, since 8 < s(H; V K1) < 15 and hence H; V K; is not set-graceful. By Theorem 2.4,

4 [logy(|E(HL V K1)| +1)] < y(H1V K1)
~v(Ks) (by Theorem 2.5)

4 (by Theorem 2.19)

IA

So that H; V K is set-semigraceful. Further, note that K3 is set-semigraceful but not set-
graceful.

Now let G = (V,E); V. = {v1,...,v,} be a graph of order n > 6. Consider a set-
indexer g of G with indexing set X = {z1,...,2,} defined by g(v;) = {z;}; 1 < i < n. Let
S ={g(e):ec E}U{g(v):v € V}. Note that |S| = |E|+n. Now take a new vertex u and join
with all the vertices of G. Let m be any integer such that 2"~ < m < 2" — (|E|+n+1). Since

-1
|E| < M and n > 6, such an integer always exists. Take m new vertices ui, ..., u, and
join all of them with w. A set-indexer f of the resulting graph G’ can be defined as follows:

fw)=0, f(vi)=g(v); 1<i<n.

Besides, f assigns the vertices u1,...,u,, with any m distinct elements of 2% \ (S U ().
Thus, 7(G') < n. But we have 2" > |E|+n+m+1 > m > 2"7! so that v(G') > n, by
Theorem 2.4. Hence,

logy (|E(G')] +1) < [logy(IE(G)] + 1)] = n = +(G).
This shows that G’ is set-semigraceful, but not set-graceful. O

Corollary 4.16 The double fan Py V Ko where k = 2™ —m and 2" > 3m; n > 3 is set-
semigraceful.

Proof Let G = P, V Ko; Ko = (u1,u2). By Theorem 2.4, v(G) > [logy(|E| +1)] =
[logy(3(2" —m) +1)] = n+ 2. But, 3m < 2" = m < 2"~! — 1. Therefore,
2" — (2"t —2)) <2 —m< 2" —1
=2"141<2"—m—-1<2" -2
=2 1<k—-1<2"-2; k=2"—m
= 2" L1 < |B(P)| < 2"
= [logy(|E(Py)[+1)] = n
=(P:) =n

since Py is set-semigraceful by Remark 3.2(3). O

Let f be a set-indexer of P, with indexing set X = {x1,...,2,}. Define a set-indexer g of
G with indexing set Y = X U {z,t1,Zny2} as follows:

9(v) = f(v) for every v € V(Py), glur) = {@ns1} and glus) = {wnso}.
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Corollary 4.17 The graph Ki an_1 V Ky is set-semigraceful.

Proof The proof follows from Theorems 4.15 and 2.33. O

Theorem 4.18 Let Cy where k = 2" —m and 2" + 1 > 3m; n > 2 be set-semigraceful. Then
the graph Cy V Ky is set-semigraceful.

Proof Let G = Cy V K3; Ky = (u1,u2). By theorem 2.4, v(G) > [logy(|E|+1)] =
[logy(3(2" —m) +2)] =n+ 2. But, 3m < 2" + 1 = m < 2"~ 1. Therefore,
2" — (2"l 1) <2 —m < 2"
=24 1<k<2" E=2"-m
= 2" L1 < |B(Cy)| < 27
= [logy(|E(Ck)| + 1) = n
= 7(Cr) =n
since C}, is set-semigraceful. O

Let f be a set-indexer of C, with indexing set X = {x1,...,2,}. Define a set-indexer g of
G with indexing set Y = X U {zp41, Tni2} as follows:

g(v) = f(v) for every v € V(Cy), g(u1) = {zn+1} and g(uz) = {@ni2}.
Corollary 4.21 W,, where 2™ —1<n <2™ + 21 _2-m >3 is set-semigraceful.

Proof The proof follows from Theorem 3.15 and Corollary 4.20. O

n—1

Theorem 4.22 If Wy, where
of order 2k + 1 s set-semigraceful.

<k <2"?%;n >4 is set-semigraceful, then the gear graph

Proof Let G be the gear graph of order 2k + 1. Then by theorem 2.4,

[logs(3k +1)] < v(G) < y(Wak) (by Theorem 2.5)
= [logy(4k + 1)] (since Wy is set — semigraceful)
= [logy(3k + 1)]

since

2n—1

<k<2n? ="l <3k <4k < 2"

=211 <3k+1<4k+1<2m

Thus
Y(G) = [log, (|1 E| + 1)1

So that G is set-semigraceful. O
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A Smarandache multispace (or S-multispace) with its multistructure is a finite or infinite
(countable or uncountable) union of many spaces that have various structures. The spaces
may overlap, which were introduced by Smarandache in 1969 under his idea of hybrid science:
combining different fields into a unifying field, which is closer to our real life world since we live
in a heterogeneous space. Today, this idea is widely accepted by the world of sciences.

The S-multispace is a qualitative notion, since it is too large and includes both metric
and non-metric spaces. It is believed that the smarandache multispace with its multistructure
is the best candidate for 21st century Theory of FEverything in any domain. It unifies many
knowledge fields. A such multispace can be used for example in physics for the Unified Field
Theory that tries to unite the gravitational, electromagnetic, weak and strong interactions.
Or in the parallel quantum computing and in the mu-bit theory, in multi-entangled states
or particles and up to multi-entangles objects. We also mention: the algebraic multispaces
(multi-groups, multi-rings, multi-vector spaces, multi-operation systems and multi-manifolds,
geometric multispaces (combinations of Euclidean and non-Euclidean geometries into one space
as in Smarandache geometries), theoretical physics, including the relativity theory, the M-theory
and the cosmology, then multi-space models for p-branes and cosmology, etc.

The multispace and multistructure were first used in the Smarandache geometries (1969),
which are combinations of different geometric spaces such that at least one geometric axiom
behaves differently in each such space. In paradoxism (1980), which is a vanguard in literature,
arts, and science, based on finding common things to opposite ideas, i.e. combination of con-
tradictory fields. In neutrosophy (1995), which is a generalization of dialectics in philosophy,
and takes into consideration not only an entity < A > and its opposite < AntiA > as dialec-
tics does, but also the neutralities jneutA; in between. Neutrosophy combines all these three
< A >, < AntiA >, and < neutA > together. Neutrosophy is a metaphilosophy, including
neutrosophic logic, neutrosophic set and neutrosophic probability (1995), which have, behind the
classical values of truth and falsehood, a third component called indeterminacy (or neutrality,
which is neither true nor false, or is both true and false simultaneously - again a combination
of opposites: true and false in indeterminacy). Also used in Smarandache algebraic structures

(1998), where some algebraic structures are included in other algebraic structures.

All reviewed papers submitted to this conference will appear in itsProceedings, published
in USA this year.
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