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Abstract: A function f is called a geometric mean labeling of a graph G(V, E) if f :

V (G) → {1, 2, 3, . . . , q + 1} is injective and the induced function f∗ : E(G) → {1, 2, 3, . . . , q}

defined as

f
∗(uv) =

⌊√
f(u)f(v)

⌋
, ∀uv ∈ E(G),

is bijective. A graph that admits a geometric mean labeling is called a geometric mean

graph. In this paper, we have discussed the geometric meanness of graphs obtained from

some graph operations.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)

be a graph with p vertices and q edges. For notations and terminology, we follow [3]. For a

detailed survey on graph labeling, we refer [2].

Cycle on n vertices is denoted by Cn and a path on n vertices is denoted by Pn. A tree T

is a connected acyclic graph. Square of a graph G, denoted by G2, has the vertex set as in G

and two vertices are adjacent in G2 if they are at a distance either 1 or 2 apart in G. A graph

obtained from a path of length m by replacing each edge by Cn is called as mCn-snake, for

m ≥ 1 ad n ≥ 3.

The total graph T (G) of a graph G is the graph whose vertex set is V (G) ∪E(G) and two

vertices are adjacent if and only if either they are adjacent vertices of G or adjacent edges of

G or one is a vertex of G and the other one is an edge incident on it. The graph Tadpoles

T (n, k) is obtained by identifying a vertex of the cycle Cn to an end vertex of the path Pk. The

H-graph is obtained from two paths u1, u2, . . . , un and v1, v2, · · · , vn of equal length by joining

an edge u n+1
2

vn+1
2

when n is odd and u n+2
2

vn
2

when n is even. An arbitrary supersubdivision

P (m1, m2, · · · , mn−1) of a path Pn is a graph obtained by replacing each ith edge of Pn by

identifying its end vertices of the edge with a partition of K2,mi
having 2 elements, where mi is
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any positive integer. G ⊙ K1 is the graph obtained from G by attaching a new pendant vertex

to each vertex of G.

The study of graceful graphs and graceful labeling methods was first introduced by Rosa

[5]. The concept of mean labeling was first introduced by S.Somasundaram and R.Ponraj [6]

and it was developed in [4,7]. S.K.Vaidya et al. [11] have discussed the mean labeling in the

context of path union of cycle and the arbitrary supersubdivision of the path Pn. S.K.Vaidya

et al. [8-10] have discussed the mean labeling in the context of some graph operations. In [1],

A.Durai Baskar et al. introduced geometric mean labeling of graph.

A function f is called a geometric mean labeling of a graph G(V, E) if f : V (G) →
{1, 2, 3, · · · , q + 1} is injective and the induced function f∗ : E(G) → {1, 2, 3, · · · , q} defined as

f∗(uv) =
⌊√

f(u)f(v)
⌋

, ∀uv ∈ E(G),

is bijective. A graph that admits a geometric mean labeling is called a geometric mean graph.

In this paper we have obtained the geometric meanness of the graphs, union of two cycles

Cm and Cn, union of the cycle Cm and a path Pn, P 2
n , mCn-snake for m ≥ 1 and n ≥ 3, the

total graph T (Pn) of Pn, the Tadpoles T (n, k), the graph obtained by identifying a vertex of

any two cycles Cm and Cn, the graph obtained by identifying an edge of any two cycles Cm

and Cn, the graph obtained by joining any two cycles Cm and Cn by a path Pk, the H-graph

and the arbitrary supersubdivision of a path P (1, 2, · · · , n − 1).

§2. Main Results

Theorem 2.1 Union of any two cycles Cm and Cn is a geometric mean graph.

Proof Let u1, u2, · · · , um and v1, v2, · · · , vn be the vertices of the cycles Cm and Cn re-

spectively. We define f : V (Cm ∪ Cn) → {1, 2, 3, · · · , m + n + 1} as follows:

f(ui) =





i if 1 ≤ i ≤
⌊√

m + 2
⌋
− 1

i + 1 if
⌊√

m + 2
⌋
≤ i ≤ m − 1,

f(um) = m + 2 and

f(vi) =





m + n + 3 − 2i if 1 ≤ i ≤
⌊

n
2

⌋

m + 1 if i =
⌊

n
2

⌋
+ 1

m − n + 2i if
⌊

n
2

⌋
+ 2 ≤ i ≤ n.

The induced edge labeling is as follows:

f∗(uiui+1) =





i if 1 ≤ i ≤
⌊√

m + 2
⌋
− 1

i + 1 if
⌊√

m + 2
⌋
≤ i ≤ m − 1,



Geometric Mean Labeling of Graphs Obtained from Some Graph Operations 87

f∗(u, um) =
⌊√

m + 2
⌋
,

f∗(vivi+1) =





m + n + 1 − 2i if 1 ≤ i ≤
⌊

n
2

⌋

m + 1 if i =
⌊

n
2

⌋
+ 1 and n is odd

m + 2 if i =
⌊

n
2

⌋
+ 1 and n is even

m − n + 2i if
⌊

n
2

⌋
+ 2 ≤ i ≤ n − 1

and f∗(v1vn) = m + n.

Hence, f is a geometric mean labeling of the graph Cm ∪ Cn. Thus the graph Cm ∪ Cn is

a geometric mean graph, for any m, n ≥ 3. �

A geometric mean labeling of C7 ∪ C10 is shown in Fig.1.
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The graph Cm ∪nT, n ≥ 2 cannot be a geometric mean graph. But the graph Cm ∪T may

be a geometric mean graph.

Theorem 2.2 The graph Cm ∪ Pn is a geometric mean graph.

Proof Let u1, u2, · · · , um and v1, v2, · · · , vn be the vertices of the cycle Cm and the path

Pn respectively. We define f : V (Cm ∪ Pn) → {1, 2, 3, · · · , m + n} as follows:

f(ui) =





m + n + 2 − 2i if 1 ≤ i ≤
⌊m

2

⌋

n if i =
⌊m

2

⌋
+ 1

n − m − 1 + 2i if
⌊m

2

⌋
+ 2 ≤ i ≤ m,

f(vi) = i, for 1 ≤ i ≤ n − 1 and

f(vn) = n + 1.
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The induced edge labeling is as follows:

f∗(uiui+1) =





m + n − 2i if 1 ≤ i ≤
⌊m

2

⌋

n if i =
⌊m

2

⌋
+ 1 and m is odd

n + 1 if i =
⌊m

2

⌋
+ 1 and m is even

n − m − 1 + 2i if
⌊m

2

⌋
+ 2 ≤ i ≤ m − 1,

f∗(u1um) = m + n − 1 and

f∗(vivi+1) = i, for 1 ≤ i ≤ n − 1.

Hence, f is a geometric mean labeling of the graph Cm ∪ Pn. Thus the graph Cm ∪ Pn is a

geometric mean graph, for any m ≥ 3 and n ≥ 2. �

A geometric mean labeling of C12 ∪ P7 is shown in Fig.2.
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Fig.2

The T -graph Tn is obtained by attaching a pendant vertex to a neighbor of the pendant

vertex of a path on (n − 1) vertices.

Theorem 2.3 For a T -graph Tn, Tn ∪ Cm is a geometric mean graph, for n ≥ 2 and m ≥ 3.

Proof Let u1, u2, · · · , un−1 be the vertices of the path Pn−1 and un be the pendant vertex

identified with u2. Let v1, v2, · · · , vm be the vertices of the cycle Cm.

V (Tn ∪ Cm) = V (Cm) ∪ V (Pn) ∪ {un} and

E(Tn ∪ Cm) = E(Cm) ∪ E(Pn) ∪ {u2un}.

We define f : V (Tn ∪ Cm) → {1, 2, 3, · · · , m + n} as follows:

f(ui) = i + 1, for 1 ≤ i ≤ n − 2,

f(un−1) = n − 1,

f(un) = 1,
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f(vi) =





m + n + 2 − 2i if 1 ≤ i ≤
⌊m

2

⌋

n if i =
⌊m

2

⌋
+ 1

n − m − 1 + 2i if
⌊m

2

⌋
+ 2 ≤ i ≤ m.

The induced edge labeling is as follows:

f∗(uiui+1) = i + 1, for 1 ≤ i ≤ n − 2,

f∗(u2un) = 1,

f∗(vivi+1) =





m + n − 2i if 1 ≤ i ≤
⌊m

2

⌋

n if i =
⌊m

2

⌋
+ 1 and m is odd

n + 1 if i =
⌊m

2

⌋
+ 1 and m is even

n − m − 1 + 2i if
⌊m

2

⌋
+ 2 ≤ i ≤ m − 1

and

f∗(v1vm) = m + n − 1.

Hence f is a geometric mean labeling of Tn ∪Cm. Thus the graph Tn ∪Cm is a geometric mean

graph, for n ≥ 2 and m ≥ 3. �

A geometric mean labeling of T7 ∪ C6 is as shown in Fig.3.
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Theorem 2.4 P 2
n is a geometric mean graph, for n ≥ 3.

Proof Let v1, v2, · · · , vn be the vertices of the path Pn. We define f : V (P 2
n) → {1, 2, 3, · · · , 2(n−

1)} as follows:

f(vi) = 2i − 1, for 1 ≤ i ≤ n − 1 and

f(vn) = 2(n − 1).
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The induced edge labeling is as follows:

f∗(vivi+1) = 2i − 1, for 1 ≤ i ≤ n − 1 and

f∗(vivi+2) = 2i, for 1 ≤ i ≤ n − 2.

Hence, f is a geometric mean labeling of the graph P 2
n . Thus the graph P 2

n is a geometric mean

graph, for n ≥ 3. �

A geometric mean labeling of P 2
9 is shown in Fig.4.

v1 v2 v3 v4 v5 v6 v7 v8 v9
1 1 3 3 5 5 7 7 9 9 11 11 13 13 15 15 16

2 6 10 14

4 8 12

Fig.4

Theorem 2.5 mCn-snake is a geometric mean graph, for any m ≥ 1 and n = 3, 4.

Proof The proof is divided into two cases.

Case 1 n = 3.

Let v
(i)
1 , v

(i)
2 and v

(i)
3 be the vertices of the ith copy of the cycle C3, for 1 ≤ i ≤ m.

The mC3-snake G is obtained by identifying v
(i)
3 and v

(i+1)
1 , for 1 ≤ i ≤ m − 1. We define

f : V (G) → {1, 2, 3 · · · , 3m + 1} as follows:

f(v
(i)
1 ) = 3i − 2, for 1 ≤ i ≤ m

f(v
(i)
2 ) = 3i, for 1 ≤ i ≤ m and

f(v
(i)
3 ) = 3i + 1, for 1 ≤ i ≤ m.

The induced edge labeling is as follows:

f∗(v
(i)
1 v

(i)
2 ) = 3i − 2, for 1 ≤ i ≤ m,

f∗(v
(i)
2 v

(i)
3 ) = 3i, for 1 ≤ i ≤ m and

f∗(v
(i)
1 v

(i)
3 ) = 3i − 1, for 1 ≤ i ≤ m.

Hence, f is a geometric mean labeling of the graph mC3-snake. For example, a geometric mean

labeling of 6C3-snake is shown in Fig.5.

1 2 4 5 7 8 10 11 13 14 16 17 19

1 3 4 6 7 9 10 12 13 15 16 18

3 6 9 12 15 18

Fig.5
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Case 2 n = 4.

Let v
(i)
1 , v

(i)
2 , v

(i)
3 and v

(i)
4 be the vertices of the ith copy of the cycle C4, for 1 ≤ i ≤ m.

The mC4-snake G is obtained by identifying v
(i)
4 and v

(i+1)
1 , for 1 ≤ i ≤ m − 1. We define

f : V (G) → {1, 2, 3, · · · , 4m + 1} as follows:

f(v
(i)
1 ) = 4i − 3, for 1 ≤ i ≤ m,

f(v
(i)
2 ) = 4i − 1, for 1 ≤ i ≤ m,

f(v
(i)
3 ) = 4i, for 1 ≤ i ≤ m and

f(v
(i)
4 ) = 4i + 1, for 1 ≤ i ≤ m.

The induced edge labeling is as follows:

f∗(v
(i)
1 v

(i)
2 ) = 4i − 3, for 1 ≤ i ≤ m,

f∗(v
(i)
2 v

(i)
3 ) = 4i − 1, for 1 ≤ i ≤ m

f∗(v
(i)
3 v

(i)
4 ) = 4i, for 1 ≤ i ≤ m and

f∗(v
(i)
1 v

(i)
4 ) = 4i − 2, for 1 ≤ i ≤ m.

Hence, f is a geometric mean labeling of the graph mC4-snake. �

A geometric mean labeling of 5C4-snake is shown in Fig.6.

1 2 5 6 9 10 13 14 17 18 21
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4 5
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8 9
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Fig.6

Theorem 2.6 T (Pn) is a geometric mean graph, for n ≥ 2.

Proof Let V (Pn) = {v1, v2, · · · , vn} and E(Pn) = {ei = vivi+1; 1 ≤ i ≤ n − 1} be the

vertex set and edge set of the path Pn. Then

V (T (Pn)) = {v1, v2, . . . , vn, e1, e2, · · · , en−1} and

E(T (Pn)) = {vivi+1, eivi, eivi+1; 1 ≤ i ≤ n − 1} ∪ {eiei+1; 1 ≤ i ≤ n − 2}.

We define f : V (T (Pn)) → {1, 2, 3, · · · , 4(n − 1)} as follows:

f(vi) = 4i − 3, for 1 ≤ i ≤ n − 1,

f(vn) = 4n− 4 and

f(ei) = 4i − 1, for 1 ≤ i ≤ n − 1.
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The induced edge labeling is as follows:

f∗(vivi+1) = 4i − 2, for 1 ≤ i ≤ n − 1,

f∗(eiei+1) = 4i, for 1 ≤ i ≤ n − 2,

f∗(eivi) = 4i − 3, for 1 ≤ i ≤ n − 1 and

f∗(eivi+1) = 4i − 1, for 1 ≤ i ≤ n − 1.

Hence, f is a geometric mean labeling of the graph T (Pn). Thus the graph T (Pn) is a geometric

mean graph, for n ≥ 2. �

A geometric mean labeling of T (P5) is shown in Fig.7.
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Fig.7

Theorem 2.7 Tadpoles T (n, k) is a geometric mean graph.

Proof Let u1, u2, · · · , un and v1, v2, · · · , vk be the vertices of the cycle Cn and the path Pk

respectively. Let T (n, k) be the graph obtained by identifying the vertex un of the cycle Cn to

the end vertex v1 of the path Pk. We define f : V (T (n, k)) → {1, 2, 3, · · · , n + k} as follows:

f(ui) =





i if 1 ≤ i ≤
⌊√

n + 1
⌋
− 1

i + 1 if
⌊√

n + 1
⌋
≤ i ≤ n

and

f(vi) = n + i, for 2 ≤ i ≤ k.

The induced edge labeling is as follows:

f∗(uiui+1) =





i if 1 ≤ i ≤
⌊√

n + 1
⌋
− 1

i + 1 if
⌊√

n + 1
⌋
≤ i ≤ n − 1,

f∗(u1un) =
⌊√

n + 1
⌋

and

f∗(vivi+1) = n + i, for 1 ≤ i ≤ k − 1.

Hence, f is a geometric mean labeling of the graph T (n, k). Thus the graph T (n, k) is a geometric

mean graph. �

A geometric mean labeling of the Tadpoles T (7, 5) is shown in Fig.8.
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Theorem 2.8 The graph obtained by identifying a vertex of any two cycles Cm and Cn is a

geometric mean graph.

Proof Let u1, u2, · · · , um and v1, v2, · · · , vn be the vertices of the cycles Cm and Cn re-

spectively. Let G be the resultant graph obtained by identifying the vertex um of the cycle Cm

to the vertex vn of the cycle Cn. We define f : V (G) → {1, 2, 3, · · · , m + n + 1} as follows:

f(ui) =





i if 1 ≤ i ≤
⌊√

m + 1
⌋
− 1

i + 1 if
⌊√

m + 1
⌋
≤ i ≤ m

and

f(vi) =





m + 1 + i if 1 ≤ i ≤
⌊√

(m + 1)(m + n + 1)
⌋
− m − 2

m + 2 + i if
⌊√

(m + 1)(m + n + 1)
⌋
− m − 1 ≤ i ≤ n − 1.

The induced edge labeling is as follows:

f∗(uiui+1) =





i if 1 ≤ i ≤
⌊√

m + 1
⌋
− 1,

i + 1 if
⌊√

m + 1
⌋
≤ i ≤ m − 1,

f∗(vivi+1) =





m + 1 + i if 1 ≤ i ≤
⌊√

(m + 1)(m + n + 1)
⌋
− m − 2,

m + 2 + i if
⌊√

(m + 1)(m + n + 1)
⌋
− m − 1 ≤ i ≤ n − 2,

f∗(u1um) =
⌊√

m + 1
⌋
,

f∗(vn−1vn) =
⌊√

(m + 1)(m + n + 1)
⌋

and

f∗(v1vn) = m + 1.

Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric

mean graph. �

A geometric mean labeling of the graph G obtained by identifying a vertex of the cycles

C8 and C12, is shown in Fig.9.
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Theorem 2.9 The graph obtained by identifying an edge of any two cycles Cm and Cn is a

geometric mean graph.

Proof Let u1, u2, · · · , um and v1, v2, · · · , vn be the vertices of the cycles Cm and Cn re-

spectively. Let G be the resultant graph obtained by identifying an edge um−1um of cycle Cm

with an edge vn−1vn of the cycle Cn. We define f : V (G) → {1, 2, 3, · · · , m + n} as follows:

f(ui) =





i if 1 ≤ i ≤
⌊√

m + 1
⌋
− 1

i + 1 if
⌊√

m + 1
⌋
≤ i ≤ m

and

f(vi) =





m + 1 + i if 1 ≤ i ≤
⌊√

m(m + n)
⌋
− m − 2

m + 2 + i if
⌊√

m(m + n)
⌋
− m − 1 ≤ i ≤ n − 2.

The induced edge labeling is as follows:

f∗(uiui+1) =





i if 1 ≤ i ≤
⌊√

m + 1
⌋
− 1

i + 1 if
⌊√

m + 1
⌋
≤ i ≤ m − 1,

f∗(vivi+1) =





m + 1 + i if 1 ≤ i ≤
⌊√

m(m + n
⌋
− m − 2

m + 2 + i if
⌊√

m(m + n)
⌋
− m − 1 ≤ i ≤ n − 3,

f∗(u1um) =
⌊√

m + 1
⌋
,

f∗(v1vn) = m + 1 and

f∗(vn−2vn−1) =
⌊√

m(m + n)
⌋

.

Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric

mean graph. �

A geometric mean labeling of the graph G obtained by identifying an edge of the cycles

C10 and C13, is shown in Fig.10.
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Theorem 2.10 The graph obtained by joining any two cycles Cm and Cn by a path Pk is a

geometric mean graph.

Proof Let G be a graph obtained by joining any two cycles Cm and Cn by a path Pk.

Let u1, u2, · · · , um and v1, v2, · · · , vn be the vertices of the cycles Cm and Cn respectively.

Let w1, w2, . . . , wk be the vertices of the path Pk with um = w1 and wk = vn. We define

f : V (G) → {1, 2, 3, · · · , m + k + n} as follows:

f(ui) =





i if 1 ≤ i ≤
⌊√

m + 1
⌋
− 1

i + 1 if
⌊√

m + 1
⌋
≤ i ≤ m,

f(wi) = m + i, for 2 ≤ i ≤ k and

f(vi) =





m + k + i if 1 ≤ i ≤
⌊√

(m + k)(m + k + n)
⌋
− m − k − 1

m + k + 1 + i if
⌊√

(m + k)(m + k + n)
⌋
− m − k ≤ i ≤ n − 1.

The induced edge labeling is as follows:

f∗(uiui+1) =





i if 1 ≤ i ≤
⌊√

m + 1
⌋
− 1

i + 1 if
⌊√

m + 1
⌋
≤ i ≤ m − 1,

f∗(wiwi+1) = m + i, for 1 ≤ i ≤ k − 1,

f∗(vivi+1) =





m + k + i if 1 ≤ i ≤
⌊√

(m + k)(m + k + n)
⌋
− m − k − 1

m + k + 1 + i if
⌊√

(m + k)(m + k + n)
⌋
− m − k ≤ i ≤ n − 2,

f∗(u1um) =
⌊√

m + 1
⌋
,

f∗(vnvn−1) =
⌊√

(m + k)(m + k + n)
⌋

and

f∗(v1vn) = m + k.

Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric

mean graph. �
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A geometric mean labeling of the graph G obtained by joining two cycles C7 and C10 by

a path P4, is shown in Fig.11.
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u4
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u7

1

1
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3
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5

5

u3

6
6

7

7

8

2

w1 w2 w3 w4
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111010998

18

17

17

16

Fig.11

Theorem 2.11 Any H-graph G is a geometric mean graph.

Proof Let u1, u2, · · · , un and v1, v2, · · · , vn be the vertices on the paths of length n in G.

Case 1 n is odd.

We define f : V (G) → {1, 2, 3, · · · , 2n} as follows:

f(ui) = i, for 1 ≤ i ≤ n and

f(vi) =





n + 2i if 1 ≤ i ≤
⌊n

2

⌋

n + 2i − 1 if i =
⌊n

2

⌋
+ 1

3n + 1 − 2i if
⌊n

2

⌋
+ 2 ≤ i ≤ n.

The induced edge labeling is as follows:

f∗(uiui+1) = i, for 1 ≤ i ≤ n − 1,

f∗(uivi) = n, for i =
⌊n

2

⌋
+ 1 and

f∗(vivi+1) =





n + 2i if 1 ≤ i ≤
⌊n

2

⌋

3n − 1 − 2i if
⌊n

2

⌋
+ 1 ≤ i ≤ n − 1.

Case 2 n is even.

We define f : V (G) → {1, 2, 3, · · · , 2n} as follows:

f(ui) = i, for 1 ≤ i ≤ n and

f(vi) =





n + 2i if 1 ≤ i ≤
⌊n

2

⌋

3n + 1 − 2i if
⌊n

2

⌋
+ 1 ≤ i ≤ n.



Geometric Mean Labeling of Graphs Obtained from Some Graph Operations 97

The induced edge labeling is as follows:

f∗(uiui+1) = i, for 1 ≤ i ≤ n − 1,

f∗(ui+1vi) = n, for i =
⌊n

2

⌋
and

f∗(vivi+1) =





n + 2i if 1 ≤ i ≤
⌊n

2

⌋
− 1

3n − 1 − 2i if
⌊n

2

⌋
≤ i ≤ n − 1.

Hence, H-graph admits a geometric mean labeling. �

A geometric mean labeling of H-graphs G1 and G2 are shown in Fig.12.
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Theorem 2.12 For any n ≥ 2, P (1, 2, 3, · · · , n − 1) is a geometric mean graph.

Proof Let v1, v2, · · · , vn be the vertices of the path Pn and let uij be the vertices of

the partition of K2,mi
with cardinality mi, 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ mi. We define f :

V (P (1, 2, · · · , n − 1)) → {1, 2, 3, . . . , n(n − 1) + 1} as follows:

f(vi) = i(i − 1) + 1, for 1 ≤ i ≤ n and

f(uij) = i(i − 1) + 2j, for 1 ≤ j ≤ i and 1 ≤ i ≤ n − 1.

The induced edge labeling is as follows:

f∗(viuij) = i(i − 1) + j, for 1 ≤ j ≤ i and 1 ≤ i ≤ n − 1

f∗(uijvi+1) = i2 + j, for 1 ≤ j ≤ i and 1 ≤ i ≤ n − 1.
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Hence, f is a geometric mean labeling of the graph P (1, 2, · · · , n−1). Thus the graph P (1, 2, · · · , n−
1) is a geometric mean graph. �

A geometric mean labeling of P (1, 2, 3, 4, 5) is shown in Fig.13.
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