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Abstract: A function f is called a geometric mean labeling of a graph G(V, E) if f :
V(G) —{1,2,3,...,q+ 1} is injective and the induced function f*: E(G) — {1,2,3,...,q}
defined as

fH(wo) = | VI )|, vav € B(G),
is bijective. A graph that admits a geometric mean labeling is called a geometric mean
graph. In this paper, we have discussed the geometric meanness of graphs obtained from

some graph operations.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [3]. For a
detailed survey on graph labeling, we refer [2].

Cycle on n vertices is denoted by C,, and a path on n vertices is denoted by P,. A tree T
is a connected acyclic graph. Square of a graph G, denoted by G2, has the vertex set as in G
and two vertices are adjacent in G? if they are at a distance either 1 or 2 apart in G. A graph
obtained from a path of length m by replacing each edge by C,, is called as mC,,-snake, for
m>1adn>3.

The total graph T'(G) of a graph G is the graph whose vertex set is V(G) U E(G) and two
vertices are adjacent if and only if either they are adjacent vertices of G or adjacent edges of
G or one is a vertex of G and the other one is an edge incident on it. The graph Tadpoles
T'(n, k) is obtained by identifying a vertex of the cycle C;, to an end vertex of the path Py. The
H-graph is obtained from two paths uy, us, ..., u, and v1,ve, - - , v, of equal length by joining
an edge u 21 Ungl when n is odd and u ni2vn when n is even. An arbitrary supersubdivision
P(myi,mg,--+ ,myu_1) of a path P, is a graph obtained by replacing each i** edge of P, by
identifying its end vertices of the edge with a partition of K5 ,,, having 2 elements, where m; is
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any positive integer. G ® K is the graph obtained from G by attaching a new pendant vertex

to each vertex of G.

The study of graceful graphs and graceful labeling methods was first introduced by Rosa
[5]. The concept of mean labeling was first introduced by S.Somasundaram and R.Ponraj [6]
and it was developed in [4,7]. S.K.Vaidya et al. [11] have discussed the mean labeling in the
context of path union of cycle and the arbitrary supersubdivision of the path P,. S.K.Vaidya
et al. [8-10] have discussed the mean labeling in the context of some graph operations. In [1],

A.Durai Baskar et al. introduced geometric mean labeling of graph.

A function f is called a geometric mean labeling of a graph G(V, E) if f : V(G) —
{1,2,3,---,q+ 1} is injective and the induced function f*: E(G) — {1,2,3,- -, ¢} defined as

f*w) = [VI@F@)|, vuw e BG),

is bijective. A graph that admits a geometric mean labeling is called a geometric mean graph.

In this paper we have obtained the geometric meanness of the graphs, union of two cycles
Cy, and C,,, union of the cycle C,,, and a path P,, P2, mC,-snake for m > 1 and n > 3, the
total graph T'(P,) of P,, the Tadpoles T'(n, k), the graph obtained by identifying a vertex of
any two cycles Cy, and C),, the graph obtained by identifying an edge of any two cycles Cp,
and C,,, the graph obtained by joining any two cycles C,, and C,, by a path Py, the H-graph
and the arbitrary supersubdivision of a path P(1,2,--- ,n—1).

82. Main Results

Theorem 2.1 Union of any two cycles C,, and C,, is a geometric mean graph.

Proof Let uy,ug, -+, Uy and vy, ve, -+ , v, be the vertices of the cycles C,, and C,, re-
spectively. We define f : V(C,, UC},) — {1,2,3,--- ;m +n+ 1} as follows:

Fug) = i if 1<i<|vVm+2]-1
i+1 if [Vm+2] <i<m -1,

f(um) =m+2 and
m+n+3-—2 if 1<i<|[2]
flwi)=9¢ m+1 if i=[%]+1
<

m—n + 2i if [2]+2<i<n.

The induced edge labeling is as follows:
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f(u,um) = L m—|—2J ,

m+n+1-2 if 1<i<|[2]

. m-+1 if i=1]2|4+1andmnisodd

[ (vivigr) = o 2] ,
m+ 2 if z:t%J—l—landnmeven
m—n+2i if [2]+2<i<n-1

and f*(vivn) =m +n.

Hence, f is a geometric mean labeling of the graph C,, U C,,. Thus the graph C,, U C, is
a geometric mean graph, for any m,n > 3. O

A geometric mean labeling of C7 U Cyq is shown in Fig.1.

Fig.1

The graph C,,, UnT,n > 2 cannot be a geometric mean graph. But the graph C,, UT may
be a geometric mean graph.

Theorem 2.2 The graph Cy,, U P, is a geometric mean graph.

Proof Let ui,us,- - ,uy, and vy,vs, -+ ,v, be the vertices of the cycle C,, and the path
P, respectively. We define f: V(C,, UP,) — {1,2,3,--- ,m + n} as follows:

mAn+2-—2i ﬁ1gig{%J
Flu) =4 n if i= [%JH

n—m—1+2i ﬁt%J+2§i§m,
flw)) =1, for1 <i<n-—1and

flop) =n+1.
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The induced edge labeling is as follows:

+2<i<m-—1,

m+n—2 if 1giggJ
) n ifz‘:[@JHandmisodd
fHuguipr) = A ,
n+1 1fz:{§J 1 and m is even

n-m-1+2i if |
ff(wium) =m+n—1 and

fr(wvig1) =4, for 1 <i<n-—1.

Hence, f is a geometric mean labeling of the graph C,, U P,. Thus the graph C,, U P, is a
O

geometric mean graph, for any m > 3 and n > 2.

A geometric mean labeling of Ci2 U Pr is shown in Fig.2.
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The T-graph T,, is obtained by attaching a pendant vertex to a neighbor of the pendant

vertex of a path on (n — 1) vertices.

Theorem 2.3 For a T-graph T,,, T,, U C,, is a geometric mean graph, for n > 2 and m > 3.

Proof Let uy,us, - ,un—1 be the vertices of the path P,_; and u,, be the pendant vertex

identified with us. Let vy, vo, -+ , vy, be the vertices of the cycle Cp,.

V(T,UCp) =V (Cp)UV(P,) U{u,} and
E(T,UCp) = E(Cy) UE(P,) U {uguy,}.
We define f: V(T,, UC,,) — {1,2,3,--- ,m + n} as follows:

flu))=1i4+1, for 1 <i<n-—2,
flun 1) =n—1,
f(un) = 17
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m4n+2—2i ﬁlgig{%J
f) =14 n ifi:L%J+1
n—m—Hﬂiﬁ{—kﬂSigm

The induced edge labeling is as follows:

fruuipr) =i41, for 1 <i<n-—2,

.f*(’UJQun) =1,
m+n— 2 ﬁlgig{%J
n ifi:LTJ+1amhnmo¢i

. 2

frwivigr) = - and
n+1 ifi:{EJ—i—landmiseven
n—m—1+2i ﬁ{@J+2§i§m—1

2
fr(viom) =m—+n—1.

Hence f is a geometric mean labeling of T}, U C,,. Thus the graph T,, U C,, is a geometric mean
graph, for n > 2 and m > 3. 0

A geometric mean labeling of T7 U C§ is as shown in Fig.3.
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Fig.3

Theorem 2.4 P? is a geometric mean graph, for n > 3.

Proof Let vy, v, -+ , v, be the vertices of the path P,,. We define f : V(P2) — {1,2,3,---,2(n—
1)} as follows:

flo;))=2i—1, for1 <i<n-1and

flop) =2(n—-1).
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The induced edge labeling is as follows:

ffwivigr)=2i—1, for 1 <i<n-—1and

fr(wivige) =21, for 1 <i<n-—2.
Hence, f is a geometric mean labeling of the graph P2. Thus the graph P2 is a geometric mean
graph, for n > 3. O

A geometric mean labeling of P§ is shown in Fig.4.

2 6 1 14
1 1 3 3N 5 7 7N g 1111 13 1515 N\, 14
U1 (%) U3 V4 Us 6 % 8 V9
4 8 12
Fig.4

Theorem 2.5 mC),-snake is a geometric mean graph, for any m > 1 and n = 3,4.

Proof The proof is divided into two cases.
Casel n=3.

Let vgi),véi) and véi) be the vertices of the i** copy of the cycle C3, for 1 < i < m.
The mCs-snake G is obtained by identifying véi) and vgiﬂ), for 1 < i < m — 1. We define
f:V(G)—{1,2,3--- ,3m + 1} as follows:

FOSNY =3i—2, for1<i<m
f(vg)) = 3i, for 1 <i<m and
FWi) =3i+1,for 1<i<m.
The induced edge labeling is as follows:
f*(vgi)véi)) =3i—2, for1 <i<m,
f*(véi)véi)) =34, for 1 <i<m and
f*(vgi)véi)) =3i—1, for1 <i<m.

Hence, f is a geometric mean labeling of the graph mC3s-snake. For example, a geometric mean

labeling of 6C3-snake is shown in Fig.5.




Geometric Mean Labeling of Graphs Obtained from Some Graph Operations 91

Case 2 n=4.

Let v%i), véi),véi) and vff) be the vertices of the i** copy of the cycle Cy, for 1 < i < m.
The mCy-snake G is obtained by identifying vff) and ng_l), for 1 < i < m — 1. We define
f:V(G)—{1,2,3,--- ,4m + 1} as follows:

f(vy7)=4i—=3, for 1 <i<m,
f(véi)) =4i—1, for 1 <i<m,
f(véi)) =44, for 1 <¢<m and
f(vff))zéli—l—l,forlgigm.

f*(vii)véi)) =45—3, for1 <i<m,
f*(véi)véi)) =4i—1,for1<i<m
f*(véi)vff)) = 4i, for 1 <i<m and
f*(vgi)vff)) =4i—2, for 1 <i<m.
Hence, f is a geometric mean labeling of the graph mC)-snake. O

A geometric mean labeling of 5Cy-snake is shown in Fig.6.

3 34 77 8 11 1112 15 15 16 1919 920

Fig.6

Theorem 2.6 T(P,) is a geometric mean graph, for n > 2.

Proof Let V(P,) = {vi,v9, -+ ,v,} and E(P,) = {e; = v;v;41;1 < i < n — 1} be the
vertex set and edge set of the path P,. Then

V(T(P,)) = {v1,v2,...,0n,€1,€2, -+ ,€n_1} and
E(T(Pn)) = {Uivi+l7 eivi, 04131 <1 <m— 1} U {eiei+1;1 <i<n-— 2}

We define f: V(T(P,)) — {1,2,3,--- ,4(n — 1)} as follows:

flo)=4i-3, for 1 <i<n-—1,
f(vn) =4n —4 and
fle))=4i—1, for1 <i<n-—1.
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The induced edge labeling is as follows:

ffwivigr) =41 -2, for 1 <i<n-1,

fr(eieir1) = 4i, for 1 <i<n-—2
fflev;)) =4i—3, for 1 <i<n-—1and

frlejvig1) =4i—1, for 1 <i<n-—1.

Hence, f is a geometric mean labeling of the graph T'(P,,). Thus the graph T'(P,) is a geometric
mean graph, for n > 2. O

A geometric mean labeling of T'(Ps) is shown in Fig.7.

e 4 e 8 e3 12 e4
Fig.7

Theorem 2.7 Tadpoles T(n, k) is a geometric mean graph.

Proof Let ui,ug,- - ,u, and v1,ve, -+ , v, be the vertices of the cycle C,, and the path Py
respectively. Let T'(n, k) be the graph obtained by identifying the vertex u, of the cycle C,, to
the end vertex vy of the path P,. We define f: V(T (n,k)) — {1,2,3,--- ,n + k} as follows:

and

flui) =

i if 1<i<|[vVn+1]-1
i+1 if [Va+1]<i<n

flw)=n+1, for 2<i<k.
The induced edge labeling is as follows:
i if 1<i<|vn+1]-1
i+1 if [Vn+1] <i<n-—1,
f*(urun) = [Vn+1| and

fr(vvip1) =n+i, for 1 <i<k-—1.

[r(uguir) =

Hence, f is a geometric mean labeling of the graph T'(n, k). Thus the graph T'(n, k) is a geometric
mean graph. O

A geometric mean labeling of the Tadpoles T'(7,5) is shown in Fig.8.
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g 9 9 10 10 11 11 12

V2 U3 V4 Us

Fig.8

Theorem 2.8 The graph obtained by identifying a vertex of any two cycles Cy, and C,, is a

geometric mean graph.

Proof Let uy,ug, -+, Uy and vy, va, -+ , v, be the vertices of the cycles C,, and C,, re-
spectively. Let G be the resultant graph obtained by identifying the vertex u,, of the cycle Cp,
to the vertex vy, of the cycle C,,. We define f : V(G) — {1,2,3,--- ,m + n + 1} as follows:

' if 1<i< I]-1
fag={ o rrsislvmEIot
i+1 if [Vm+1]<i<m

mal+i i 1<i<|ImF DmFn+1)|—m-2
m+2+iif{JWHJXm+n+DJ—m—1§i§n—L

flvi) =

The induced edge labeling is as follows:

i if 1<i<|vm+1]-1,
i+1 if [Vm+1] <i<m-—1,

m+1+iiflgigtMmHJxm+n+UJ—m—Z
[ (vivigr) = Lo .
m+2+i if {\/(m—i—l)(m—i—n—i—l)J—m—lgzgn—2,
i

Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric

mean graph. 0

A geometric mean labeling of the graph G obtained by identifying a vertex of the cycles
Cs and (2, is shown in Fig.9.
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Fig.9

Theorem 2.9 The graph obtained by identifying an edge of any two cycles Cy, and C, is a

geometric mean graph.

Proof Let uy,us, -+, Uy and vy,va, -+ ,v, be the vertices of the cycles C,, and C,, re-
spectively. Let G be the resultant graph obtained by identifying an edge w,,_1u., of cycle Cy,
with an edge v,_1v, of the cycle C,,. We define f: V(G) — {1,2,3,--- ,m + n} as follows:

' if 1<i<|Vm+i|l-1
fly =4 trsi<lvmr] and
i+1 if [Vm+1|<i<m
o m41+i iflgig{ m(m+n)J—m—2
V) =
m+2+1i if{ m(m+n)J—m—1§i§n—2.

The induced edge labeling is as follows:

if 1<z<b/ +1| -1

uzuH—l
i+1 if m—i—ljgigm—l,
m+1+i if 1<z<{ m(m+nJ—m—2
U’Lv’LJrl -
m+2+1 1f{ m(m—i—n)J—m—lSign—fﬁ,
f ulum

ff(vop) =m+1 and
[ (vp—2vp_1) = { m(m + n)J .
Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric
mean graph. 0

A geometric mean labeling of the graph G obtained by identifying an edge of the cycles
Cho and Ci3, is shown in Fig.10.
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2 14

Fig.10

Theorem 2.10 The graph obtained by joining any two cycles Cy, and Cy, by a path Py is a

geometric mean graph.

Proof Let G be a graph obtained by joining any two cycles Cy, and C, by a path Pj.
Let uq,ug,- - ,uy and vy, va, -+ ,v, be the vertices of the cycles C,, and C, respectively.
Let wy,ws,...,wr be the vertices of the path P, with u,, = w; and wy = v,. We define
f:V(G)—{1,2,3,--- ;m+ k+n} as follows:

i if 1<i<|Vm+1]-1

flui) =9 . .
i+ 1 if L m—l—lJSZSm,

flw;)) =m+1i, for 2 <i<kand

m+k+i if 1g¢gW(m+k)(m+k+n)J—m—k—1
m+k+1+4 if b/(m—l—k)(m—l—k—l—n)J—m—kgign—l.

flu) =

The induced edge labeling is as follows:

i if 1<i<|[vVm+1]-1

[ruiviv) =< , ,
i+1 if [Vm+1]<i<m-—1,

frwwipr) =m+i, for 1 <i<k-—1,

m+k+i if 1§i§{\/(m—i—k)(m—i—k—i—n)J—m—k—l
mAk+1+i if b/(m—i—k)(m—f—k—i—n)J—m—kgign—Q,
fH(urup) = [Vm +1],
[ (vpvp—1) = [\/(m+k)(m+k+n)J and

fr(viv,) =m + k.

f*(vivi-l—l) =

Hence, f is a geometric mean labeling of the graph G. Thus the resultant graph G is a geometric

mean graph. O



96 A.Durai Baskar, S.Arockiaraj and B.Rajendran

A geometric mean labeling of the graph G obtained by joining two cycles C7 and Cig by

a path Py, is shown in Fig.11.
3 20

Fig.11

Theorem 2.11 Any H-graph G is a geometric mean graph.

Proof Let uy,us,- -+ ,u, and vy, ve, -+ , v, be the vertices on the paths of length n in G.
Case 1 n is odd.
We define f: V(G) — {1,2,3,---,2n} as follows:
f(u;) =1, for 1 <i<nand
n+ 2i if 1<i<|Z)
Flo) =4 n+2i-1 ifi:{gf+1
sm+1-2i if |2]+2<i<n
The induced edge labeling is as follows:
f(ujwipr) =4, for 1 <i<n-—1,
f*(uv;) =mn, fori= LgJ +1 and

n+2i if1<i< ﬁJ

r—
[\]

fr(vivig) = . n ,
3n—1-—2¢ if {gJ—i—lSzgn—l.

Case 2 n is even.
We define f: V(G) — {1,2,3,---,2n} as follows:
f(u;) =1, for 1 <i<n and
n+2i it 1<i<|o

flvi) =
3n+1—2 H\gJ+1§i§n
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The induced edge labeling is as follows:
ffuuipr) =14, for 1 <i<mn—1,

f*(uip1v;) = n, for i = {gJ and

) n+ 2 iflgiggJ—l
fr(vivig1) = Cn .
3n—1—-2¢ if {inggn—l.
Hence, H-graph admits a geometric mean labeling. 0

A geometric mean labeling of H-graphs G; and G are shown in Fig.12.

1 eur vie1l 1eul U1
1 H 21 P U2 V2

290 s 320 us3 U3
2 13 3

3 eus v3 @15 4 Us V4
3 15 4

4 Uy Vg 917 5 9 Us Us
4 17 50 1

5 el 15 ¢ 18 ¢ ¥l Ve
5 16 6

6 ®Us V6 ¢ 16 K X U7
6 14 7

7 euUr U7 14 8 @ ug g
7 12 8

8 eug v @12 0 & Ug Vg
8 10 9

9 elUy vg @ 10 10 eu19 V10

G Ga

Fig.12

Theorem 2.12 For anyn > 2,P(1,2,3,--- ,n— 1) is a geometric mean graph.

Proof Let vi,vs,:--,v, be the vertices of the path P, and let u;; be the vertices of
the partition of Kp ,,, with cardinality m;,1 < ¢ < n —1and 1 < j < m;. We define f :
V(P(1,2,---,n—1)) —{1,2,3,...,n(n — 1) + 1} as follows:

fwi)=i(i—1)+1, for 1 <i<nand
fluij) =i(i—1)+2j, for1<j<iand1<i<n-—1L

The induced edge labeling is as follows:

o) =it —1)+4, for1<j<iand1<i<n-1
fr(uijvigr) =i +j, for 1 <j<iand 1 <i<n-—1.
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Hence, f is a geometric mean labeling of the graph P(1,2,--- ,n—1). Thus the graph P(1,2,--- ,n—

A.Durai Baskar, S.Arockiaraj and B.Rajendran

1) is a geometric mean graph. O

A geometric mean labeling of P(1,2,3,4,5) is shown in Fig.13.

Fig.13
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