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On Finsler Spaces with Unified Main Scalar (LC) of the Form
L2C% = f(y) + 9(x)
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Abstract: In the year 1979, M. Matsumoto was studying Finsler spaces with vanishing
T-tensor and come to know that for such Finsler spaces L?C? is a function of x only. Later
on in the year 1980, Matsumoto with Numata concluded that the condition L*C? = f(z)
is not sufficient for vanishing of T-tensor. F. Ikeda in the year 1984, studied Finsler spaces
whose L2C? is function of x in detail. In the present paper we shall discuss a Finsler space

for which L>C? is a function of x and y (y* = &*) in the form L2C? = f(y) + g().

Key Words: Unified main scalar, Berwald space, Landsberg space, T-tensor, C-Reducible

Finsler space, Two-dimensional Finsler space.

AMS(2010): 53B40, 53C60

§1. Introduction

In the paper [7] it has been shown that if a Finsler space satisfies the T-condition, then the
unified Main Scalar L2C? of the Finsler space M™ is reduced to the function of the position only
(i.e. L2C? = f(z)), where L is the fundamental function and C? is the square of length of the
torsion vector C;. F. Ikeda in the paper [1] has worked out, whether the condition L?C? = f(x)
is equivalent to the T-condition or not and considered the properties of such Finsler spaces in
detail.

In the present paper, we shall study the T-tensor of such a Finsler space with the condition
L?C? = f(y) +g(z). As F. Ikeda in the paper [1], we have also obtained the condition for such
a Finsler space (L2C? = f(y) + g(z)) to be a Landsberg or Berwald space so that a Landsberg
space (resp. Berwald space) satisfying the condition L?C? = f(y) + g(z) reduces to a Berwald
space.

The terminology and notation are referred to the Matsumoto’s monograph [5].

§2. The Condition L2C? = f(y) + g(z)

Let I;, h;j and Cj;, denote the unit vector (i.e. I; = &), the angular metric tensor and the

(h)hv-torsion tensor (the Cartan torsion tensor), respectively. The T-tensor Tjj; is defined by
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[5] [ pp- 188, equ. (28.20)] Tijx = LCijkli + Cijeli + Cijili + Cuxl; + Cijxl; and the torsion
vector C; is given by C; = gjkCijk, where the symbol |; denotes the v-covariant differentiation
and ¢7* is the reciprocal tensor of g;x.

Assume that the function L?C? is a non-zero function of position and direction s.t. L2C? =

f(y) + g(z). Differentiation of this equation by y* yields

L?C?|; +2C%y; = f; (1)
. o ; of . 2 ”
where the symbol |; denotes the differentiation by y*andf; = i Since, C* = ¢“C;C; and
y Y
Tij(: gleijkl) = L01|J + Ollj + Ojll Since, 02 = g”C’in, then
C2|h=29ijci|h0j :2CiCi|h (2)
From (1) and (2), we have
2C%L1; + 2L*C"Cy i = fi (3)

Since Ty = LCi|; + 1;Cj + 1;C;

CiTy, = LCiCi|h + C'l;Cy + CULLC

CiTih = LCiCi|h + OQZh (4)

From (4) and (3), we get,
2LC' Ty, = fi (5)

Conversely, let 2LC"Ty, = fn
2LCi(LOi|h + ;O + lhOi) = fh
2LC'Ci|n,C* + 2LC%1y, = fy,
(L*C?)|n = fn
Integrating, we get
L*C? = f(y) + g() (6)
where, g(x) is a arbitrary function of x only. Thus, we have,

Theorem 2.1 If for a n-dimensional Finsler space unified scalar L>C? is of the form L?C? =

f(y) + g(z), if and only if the T-tensor satisfies the condition T;;C7 =

E.

Again, for a two-dimensional Finsler space the T-tensor [4,5,7,8] can be written as
Thijr = Lampm;mimy, and LCyj, = Imym;my, this implies LC' = 1
Since, (L2C?)|; = fi, this implies
2LC(LO)|; = fi

Thus, we have
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Jrm”

Thijk = SO TR M
Corollary 2.1 In a two-dimensional Finsler space with the unified scalar L*C?*(L*C? = f(y) +

g(x)) satisfies T-condition if and only if f; is parallel to l; i.e. f; = M; for some scalar function
A

Now, f; = M; Differentiating above equation with respect to 37, we get

of; O\ .
- = —1; + AL " (hy
8yJ ayj + ( ])

contracting above equation with respect to 3°, we get

0f i, OA
8yjy - Oyl
this implies
on . i Of A(fiy") _Ofi i
L(?_yj =—J; [Since fiy* = 8_yly =0= oy 8yiy + fid}]
this implies
o\
op T
Integrating we get
h(z)
A=
where, h(z) is any arbitrary function of z. Again,
_ h(x), oL
fi= le = h(x) Loy or
of _ hz) 9(Lh(x))
oyt h(x)L Oy
Integrating above equation, we get
f(y) = h(z)log(Lh(x)) + p(x) (7)

where, p(x) is also any arbitrary function of x. From (7), we have

1 fw-»p@
L = e h(@)

h(z

Thus, we have

Theorem 2.2 If a two-dimensional Finsler space with L>C? = f(y)+g(z) satisfies T-condition

1 4
then the metric function L is given by L = Ee% , where scalars h and p are arbitrary function

of = only.
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In C-reducible Finsler space the T-tensor [5] can be written as,

LC
Thijk = 2 _ ] Thijk (hnihjk) ®)

where, C* = ¢"/C;|; and ;5 represents cyclic permutation of the indices h,i,j,k. contracting

(8) by ¢7%, we get

L *
Thi = ¢ Pni
-1
this implies
2L2C*
fn= Ch
n—1
Thus,
2L2C2%C*
ch=2—2~-= 9
fu 7 (9)

Corollary 2.2 For a n-dimensional C-reducible Finsler space with unified scalar L2C? =
f(y) + g(x) satisfies T-condition if f; is perpendicular to C*.

§3. Landsberg and Berwald Spaces Satisfying Condition L2C? = f(y) + g(x)

Hereafter, assume that a Finsler space M™ satisfies the condition L2C? = f(y) + g(z). From
the equation (1), the important tensors which will be used later are given by,

fii —L2C%lil; 1
95 =5 102"

fily + fili) + ylil; (10)

Cijk = Figh 107 il + E(hijlk + hjgli + hiily — 3LlE) — (11)

1
(fily + fiuli + fijle) + mﬂ'(ijk)(fi(hjk — [ik)) —

fifile + fifrli + fufily)

1
2LC?

1
filjlk + f]lzlk + fklilj) - L302(

2L2C? (

Fijkin — L2C?|il51kin C2h 1

1 1
Fikinli + fijinle) + mﬂ(ijk)(fi\hhjk) - m(fij\hfk +
1
fijfoin + Fiwnfi + finfin + firn fi + fiefin) — m(fﬂhljlk +

1
Finlili + frnlily) — Lg—cg(fi\hfjlk + fifjinle + finfuli +
Fifunls + frnfily + fafinly)
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Contracting above equation by y”, we get

Pk

where, P is

fijkio = L2C%lillko C_IQOCH

1
102 o2 Ciik = m(fikwlj + (13)

1 1
Fikjoli + fijole) + 2723 ik (fijohjr) — m(fij\ofk +
1
fijfrjo + firjofi + finfijo + firjof5 + fiefijo) — m(filoljlk +

1
Fiolilk + frolily) — W(fﬂofjlk + fifjlole + fijofeli +
Jifwoli + frjofily + frfijoly)

the (v)hv-torsion tensor, the symbol |; denotes the h-covariant differentiation and

the index 0’ means the contraction by y°.

The above equation (12) (resp. 13) gives the result that the condition Cj;i; = 0 (res. Py, =

0) is equivalent to equation (14) (resp.15).

So, we have

fijk\h_LQC2|i|j|k\h_C_\2hCH 1
4C? cz T aLC?

(firinly + firnls + fijinle) (14)
1 1
+2L202 ﬂ—(ijk)(fi\hhjk) T 91202 (fijlhfk + fijfk\h + fjk|hfi + fjkfi|h

1
+fieinfi + fiefin) — m(fi\hljlk + finlilk + frnlily)

1
_Lg—OQ(fi|hfjlk + fifjnle + fjnfeli + fifonle + frn fils + fefinl;) =0
Figro = L*C%lsli~ Clo 1
L 102 AL/ C_Bcijk - m(fikwlj + firjoli + fijlolk) (15)

1 1
+m7r(ijk)(fi\0hjk) - m(fij\ofk + fijfrejo + fikofi

1
+fixfijo + firjofi + firfij0) — m(fi\oljlk + fiolilk + frjolil;)

_W(fi\ofjlk + fifijole + fijofeli + fifrjoli + frjo fily + frfijoly) =0

Theorem 3.1 If an n-dimensional Finsler space M™ satisfies the condition L>C? = f(y)+g(x),

then the necessary and sufficient condition for M™ to be a Berwald space is that equation (14)

holds good.

Theorem 3.2 If an n-dimensional Finsler space M™ satisfies the condition L>C? = f(y)+g(z),
then the necessary and sufficient condition for M™ to be a Landsberg space is that equation (15)

holds good.

If h-covariant differentiation of f; is vanishes then the theorem 3 and theorem 4 gives the

result that the condition Cyjpp, = 0 (vesp. Pijjx = 0 ) is equivalent to C2|i|j|k|h — 0 (resp.
C?il5]kj0 = 0). So, we have
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Corollary 3.1 If an n-dimensional Finsler space M™ satisfies the condition L?C? = f(y)+g(z),

then the necessary and sufficient condition for M™ to be a Berwald space is that 02|i|j|k‘h =0
holds good.

Corollary 3.2 If an n-dimensional Finsler space M™ satisfies the condition L?C? = f(y)+g(z),
then the necessary and sufficient condition for M™ to be a Berwald space is that Cz|i|j|k|0 =0
holds good.
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