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§1. Introduction

In the theory of Lie groups the exponential map is a map from the Lie algebra of a Lie group
to the group which allows one to recapture the local group structure from the Lie algebra. The
existence of the exponential map is one of the primary justifications for the study of Lie groups
at the level of Lie algebras.

The ordinary exponential function of mathematical analysis is a special case of the expo-
nential map when G is the multiplicative group of non-zero real numbers (whose Lie algebra
is the additive group of all real numbers). The exponential map of a Lie group satisfies many
properties analogous to those of the ordinary exponential function, however, it also differs in
many important respects.

The aim of this paper is to study matrix representation of exponential maps in terms of
biharmonic curves in the special three-dimensional ¢—Ricci symmetric para-Sasakian manifold
P.

A smooth map ¢ : N — M is said to be biharmonic if it is a critical point of the bienergy

functional:

B2(¢) = [ 5IT@0)P don

where 7 (¢) := trV?d¢ is the tension field of ¢
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The Euler-Lagrange equation of the bienergy is given by 72(¢) = 0. Here the section 72(¢)
is defined by

T2(¢) = —AsT(¢) + trR(T(¢), dp) do, (1.1)

and called the bitension field of ¢. Non-harmonic biharmonic maps are called proper biharmonic
maps.

In this paper, we study biharmonic curves in the special three-dimensional ¢—Ricci sym-
metric para-Sasakian manifold P. We construct matrix representation of biharmonic curves in
terms of exponential maps in the special three-dimensional ¢—Ricci symmetric para-Sasakian
manifold P.

§2. Preliminaries

An n-dimensional differentiable manifold M is said to admit an almost para-contact Riemannian
structure (¢,&,1, g), where ¢ is a (1, 1) tensor field, £ is a vector field, 5 is a 1-form and g is a
Riemannian metric on M such that

p6=0, n(€)=1,9(X,&=n(X), (2.1)
P*(X) =X - n(X)¢, (2.2)
9(¢X,8Y) =g(X,Y)—n(X)n(Y), (2.3)

for any vector fields X, Y on M.
In addition, if (¢, &, n, g), satisfy the equations

dn =0, Vxé=0oX, (2.4)
(Vx9)Y = —g(X,V){—n(Y) X +20(X)n(Y)E, XY €x (M), (2.5)
then M is called a para-Sasakian manifold or, briefly a P—Sasakian manifold [2].
Definition 2.1 A para-Sasakian manifold M is said to be locally ¢-symmetric if
¢* (VwR) (X,Y) Z) =0,

for all vector fields X,Y, Z,W orthogonal to §. This notion was introduced by Takahashi [16],

for a Sasakian manifold.

Definition 2.2 A para-Sasakian manifold M is said to be ¢-symmetric if
¢* (VwR) (X,Y) Z) =0,

for all vector fields X, Y, Z,W on M.

Definition 2.3 A para-Sasakian manifold M is said to be ¢-Ricci symmetric if the Ricci

operator satisfies

¢* (VxQ) (Y)) =0,
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for all vector fields X andY on M and S(X,Y) = g(QX,Y).
If X, Y are orthogonal to &, then the manifold is said to be locally ¢-Ricci symmetric.

We consider the three-dimensional manifold
P= {(wl,xQ,x?’) eR3: (ZCI,:EQ,:Eg) #+ (0,0,0)} ,

where (wl, x2, :CS) are the standard coordinates in R3. We choose the vector fields

elzewl 0 92=€m1< 0 B 5)7 o5 = 0 (2.6)

D2’ 922 Qa3  Oat

are linearly independent at each point of P.
Let n be the 1-form defined by

n(Z) = g(Z,es3) for any Z € x(P).
Let be the (1,1) tensor field defined by
pe1) = ez, P(ez) =e1, ¢(e3) =0.
Then using the linearity of and g we have
nles) =1,
¢*(2) = Z — n(Z)es,

9(9Z, W) = g (Z,W) —n(Z)n(W),

for any Z, W € x(P). Thus for e = &, (¢, &, n, g) defines an almost para-contact metric structure
on P.

Let V be the Levi-Civita connection with respect to g. Then, we have
[ela 82] = 07 [elv eg] =€, [eQ; e3] = €.

Taking es = ¢ and using the Koszul’s formula, we obtain

Velel = —es, VeleQ = 0; Vel €3 = el,
Ve2el = 0, Ve282 = —egs, Ve2e3 = €2, (27)
Ve3el = 0, Ve3ez = 0, Ve393 =0.

Moreover we put
Riji = R(ei,ej)er, Riju = R(ei, ej, e e),
where the indices 7, j, k and [ take the values 1,2 and 3.
Riop = —eq,, Ri3z3 = —ey, Ro33 = —ey,

and
Ri212 = Ri313 = Razo3 = 1. (2.8)
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§3. Biharmonic Curves in the Special Three-Dimensional ¢—Ricci Symmetric Para-
Sasakian Manifold P

Let us consider biharmonicity of curves in the special three-dimensional ¢—Ricci symmetric
para-Sasakian manifold P. Let {T, N, B} be the Frenet frame field along . Then, the Frenet

frame satisfies the following Frenet—Serret equations:

VTT = IiN,
VN = —kT+ 1B, (3.1)
VB = —7N,

where £ is the curvature of v and 7 its torsion.

With respect to the orthonormal basis {e1, e,, e5}, we can write

T = Tier +Trey + Tes,
N = Nje; + Noes + Nses, (3.2)
B = T xN = Bje; + Byes + Bses.

Theorem 3.1([12]) ~:1 — P is a biharmonic curve if and only if

k = constant # 0,
K4+ =1, (3.3)
T = 0.

Theorem 3.2([12]) All of biharmonic curves in the special three-dimensional ¢— Ricci symmet-

ric para-Sasakian manifold P are helices.

84. New Approach for Biharmonic Curves in P

A map
k
exp: Rx P3 — GL(3,R) CP3, (t,A) — exp(t, A) = Z t—Ak

is called exponential map in para-Sasakian Manifold P.

Definition 4.1 (A, B); = tvace (AB”) is called an inner product for A,B €P3.

Firstly, let us calculate the arbitrary parameter ¢t according to the arclength parameter s.

It is well known that ,
5= / I ()] dt. (4.1)

where
v (t) = Ay. (4.2)
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The norm of Equation (4.1), we obtain

| AY|lp = / —trace (A2),

where vy = 1.

Substituting above equation in (4.1), we have

s = +/—trace (A2)t

Lemma 4.2 Let A be a be an anti-symmetric matriz and n € N. Then,

i) If n is odd, A™ is an anti-symmetric matriz.
1) If n is even, A" is a symmetric matriz.

iii) The trace of an anti-symmetric matriz is zero.

The first, second and third derivatives of v are given as follows:

8 =
K o /—trace (A2)
A%y
( —‘ctace(.A?))27
Ay
3
( —ttace(A2))

85. Matrix Representation of Biharmonic Curves in Terms of Exponential Maps

in the Special Three-Dimensional ¢—Ricci Symmetric Para-Sasakian Manifold

Using above sections we obtain following results.

Theorem 5.1 Let v: 1 — P be a unit speed non-geodesic biharmonic curve in the special

three-dimensional ¢— Ricci symmetric para-Sasakian manifold P. Then,

Ay = —trace (A2)(— cos g, sin e~ ¢T 1 (sin [ks + C] + cos [ks + C]),

sin e ™% €5 ? T gin [ks + (),

( trace (A4)) _sinch )

Ay = ( s>+ Cys+ Co,
K 2
sin? ral ral
e~ T 015402 (kgin psin [ks + C] + cos g sin @ cos [ks + C)) (5.1)
sin? el el
te~ Tt 01540, (—ksin g cos ks + C] + cos psin psin [ks + C]),
sin? ¢

—em Tt 0140, (—ksin ¢ cos [ks + C] + cos psin psin [ks + C))),
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3
—trace (A?) ¢ A6 ¢ A4))2
APy = ( ) [ race (A°) __ (trace (A%)) 5]%(_Sin¢e’“°s“"+cl(sin[]ks—|—C’]
r (a/ —trace (A2)> < —trace (Az))
sin2 N Vol ral
+cos[ks +Cle” = ‘ 52+Cls+c?.(—k sin ¢ cos [ks + C] + cos ¢ sin psin [ks + C])
. —scosp+Cq . 7Sin2 ¢82+6 s+C . . .
— sin pe sinks + Cle 2 1#772 ((ksin ¢ sin [ks + C] + cos ¢ sin ¢ cos [ks + C])
+ (—ksin ¢ cos [ks + C] + cos ¢ sin ¢ sin [ks + C])),
sin2 Y 2 — = . —scos p+Cq -
(— 5§ + Cis+ C3)sinpe #T1 gin [ks + C]
sin? roTis)
—cospe T 4015402 (—ksin ¢ cos [ks + C] + cos ¢ sin psin [ks + C]) ,
sin? oS
—cospe T S +C1540> ((ksin @ sin [ks + C] + cos ¢ sin ¢ cos [ks + C])
+ (—ksin ¢ cos [ks + C] 4 cos g sin ¢sin [ks + C1))
.2
—sin e~ T ¥ (sin [ks + C] + cos [ks 4 C)) (—%ﬁ +Cis+C>)
trace (A*
—L() (— cos ¢, sin <pezl (sin [ks + C] 4 cos [ks + C]) , sin <pezl sin [ks + C1).
( —trace (.AQ))
where C, C'1,C; are constants of integration and k = 7W.
Proof From (3.1) and Theorem 3.2, imply
T = sin ¢ cos [ks + C| e1 + sin psin [ks + C| e3 + cos pes,
where k = Y92,

sin ¢
Using (2.4) in above equation, we obtain

T = (— cos ¢, sin pe® (sin [ks 4+ C] + cos [ks + (1) , sin gpeml sin [ks 4+ C)). (5.2)
On the other hand, first equation of (3.3) we have

Ay = —trace (A2)(— cos g, sin e~ ¢t (sin [ks + C] + cos [ks + C]),

sin e ™% 5P gin [ks + C]).

Using Gram-Schmidt method

N :,_Y// (S) _ <7/I (S) ’ T>IPT

2
1Tl

Therefore )
1" A A
(" (5), T)p =< L il — >
( —ttace(.AQ)) —trace (A?)
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or
-3
(Y"(s), T)p = (\/—ttace (A2)) < A%y, Ay > .
Also from Definition 3.1 and Lemma 3.2, we obtain

< A%y, Ay >p= trace (—A*) = 0.

Since

N= ( —trace (Az)) ” A?y.

So we immediately arrive at

N ( —trace (./42))_2 A2y A2y

= N’ = ) = > > . (53)
| ||IF’ H( /_trace (Az)) A2y V< APy, Ay >p
P
Also from Definition 4.1 and Lemma 4.2 we obtain
< APy, A%y >p= trace (A?). (5.4)
Substituting (5.4) in (5.3), we have
-1
N = ( trace (A4)) A2y,
On the other hand, using (2.7), we have
VaT = (T} + ThT3) e1 + (Ty + ToT3) ex + (T35 — (I} — T5)) es. (5.5)
From (4.1) and (5.5), we get
VaT = sinp(—ksin[ks + C] + cospcos [ks + C]) e1
+ sin ¢ (k cos [ks + C] 4 cos psin [ks + C]) ea (5.6)
— sin? pes,
where k = 7&5;“2#’_ By the use of above equation, we get
Aly = ( trace (A4)) N
( trace (A4))
= 7[(]1& sin @ sin [ks + C] + cos psin ¢ cos [ks + C]) e;
+ (—ksin ¢ cos [ks + C] + cos psin psin [ks + C]) e2 (5.7)
— sin? pes).
Substituting (2.4) in (5.7), we have
( trace (A4)) in2 _
A%y = (_sm (ps2+018+02,
K 2
sin? ral ral
e~ T 015402 (kgin psin [ks + C] + cos g sin @ cos [ks + C)) (5.8)

sin? ©

te~ Tt 01540, (—ksin g cos ks + C] + cos psin psin [ks + C]),

_sin? ¢

—em Tt 0140, (—ksin ¢ cos [ks + C] + cos psin psin [ks + C))),
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where C;,Cy are constants of integration.

Using same calculations we get

trace (A°)  (trace (AY))? 1 A3y L teace (A%
( —ttace(A2))6 ( —’atcu',e(,él?))5 ( —ttace(A2))3 ( —ttace(A2))

From above equation we have

B=|

= A7)

trace (A°) B (trace (A4))2 B trace (A*)

( —ttace(A2))6 ( —ttace(A2))5 ( —ttace(A2))

Cross product of T x N = B gives us

Ay = ( —trace (.AQ))g[ 5 Ay.

3
—trace (A?) ¢ AS ¢ A%))2
A37 ( ) [ tace ( ) o ( tace ( )) 5]% (_ sin @678 cos ¢+C (sin [kS + C]
& ( —trace (A2)> ( —trace (Az))
sin? roTirs)
+cos[ks+ Ce” ™ 2 < 82+Cls+cz.(—k sin ¢ cos [ks + C] + cos g sin psin [ks + C])
. —scos p+Cq - 7Sin2‘p32+618+62 . . .
— sin pe sinks 4+ Cle” 2 ((ksin g sin [ks + C] 4 cos ¢ sin ¢ cos [ks + C])
+ (—ksin ¢ cos [ks + C] + cos ¢ sin ¢ sin [ks + C])),
.2
(—%ﬁ + Chs + Co) sinpe™* 59T gin [ks + C] (5.9)
sin? o]
—cospe T S +C1540> (—ksin ¢ cos [ks + C] + cos ¢ sin psin [ks + C]) ,
sin? . P Wal
—cospe” 2 2574015402 ((ksin ¢sin [ks + C] + cos p sin ¢ cos [ks + C])
+ (—ksin ¢ cos [ks + C| 4 cos g sin ¢ sin [ks + C1))
.2
—sin e " T (sin [ks + C] 4 cos [ks + C]) (— S P2 Chs+ Cs)
trace (A*
- L() (— cos ¢, sin @ezl (sin [ks + C] 4 cos [ks + C]) , sin @ezl sin [ks + C1).
( —trace (Az))
So the proof is completed. O

In the light of Theorem 5.1, we express the following corollary without proof.

Corollary 5.2

6 4\)2 4
oy = | trace (A9) B (trace (A%)) - trace (A*)

— \° — 2 2] —ttace(AQ)T
( trace (A )) ( trace (A ))
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