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Abstract: Let G = (V, E) be a simple undirected graph of order n and size m. The

transformation graph of G is a simple graph with vertex set V (G)∪E(G) in which adjacency

is defined as follows: (a) two elements in V (G) are adjacent if and only if they are adjacent

in G (b) two elements in E(G) are adjacent if and only if they are non-adjacent in G and (c)

one element in V (G) and one element in E(G) are adjacent if and only if they are incident

in G. It is denoted by G+−+. A set S ⊆ V (G) is a dominating set if every vertex in V − S

is adjacent to at least one vertex in S. The minimum cardinality taken over all dominating

sets of G is called the domination number of G and is denoted by γ(G). In this paper, we

investigate the domination number of transformation graph. We determine the exact values

for some standard graphs and obtain several bounds. Also we prove that for any connected

graph G of order n ≥ 5, γ(G+−+) ≤ ⌈n/2⌉ .
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§1. Introduction

Let G = (V,E) be a simple undirected graph of order n and size m. The degree of v in G is

|N(v)| and is denoted by deg(v). The maximum degree of G is max {deg(v) : v ∈ V (G)} and

is denoted by ∆(G). The minimum degree of G is min{deg(v) : v ∈ V (G)} and is denoted by

δ(G). A vertex v is said to be pendant vertex if deg(v) = 1. A vertex u is called support if u is

adjacent to a pendant vertex.

A path on n vertices is denoted by Pn; a cycle on n vertices is denoted by Cn and a complete

graph on n vertices is denoted by Kn. A complete bipartite graph in which one partite set has

r vertices and another partite set has s vertices is denoted by Kr,s. The corona of two graphs

G1 and G2, is the graph G = G1 ◦ G2 formed from one copy of G1 and |V (G1)| copies of G2

where the ith vertex of G1 is adjacent to every vertex in the ith copy of G2. If G and H are any

two graphs, then G+H is the graph obtained from G∪H by joining each vertex of G to every
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vertex of H. Cn−1 +K1 is called the wheel on n vertices.

A set of vertices S in a graph G is said to be a Smarandachely k-dominating set if each

vertex ofG is dominated by at least k vertices of S and the Smarandachely k-domination number

γk(G) of G is the minimum cardinality of a Smarandachely k-dominating set of G. Particularly,

if k = 1, such a set is called a dominating set of G and the Smarandachely 1-domination number

of G is called the domination number of G and denoted by γ(G) in general.

In [8], Paulraj Joseph and Arumugam studied domination parameters in subdivision graphs.

Wallis [10] studied domination parameters of line graphs of designs and variations of Chess-

board graph. The domination number of transformation graph G−+− was studied in [1]. Terms

not defined are used in the sense of [5].

The transformation graph of G is a simple graph with vertex set V (G) ∪ E(G) in which

adjacency is defined as follows:(a) two elements in V (G) are adjacent if and only if they are

adjacent in G (b) two elements in E(G) are adjacent if and only if they are non-adjacent in

G and (c) one element in V (G) and one element in E(G) are adjacent if and only if they are

incident in G. It is denoted by G+−+. A graph G and it’s transformation graph are given in

Fig.1.1.
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Fig.1.1 A graph G and G+−+.

G : G+−+ :

In this paper we study about domination number of the transformation graph G+−+. We

need the following theorems to obtain an upper bound for G+−+ in Section 5.

Fig.1.2 Graphs in family A.
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Theorem 1.1([7]) If a graph G has no isolated vertices, then γ(G) ≤ n/2.

Theorem 1.2([3,4]) For a graph G with even order n and no isolated vertices γ(G) = n/2 if

and only if the components of G are the cycle C4 or the corona H ◦K1 for any connected graph

H.

Theorem 1.3([6]) If G is a connected graph with δ(G) ≥ 2 and G /∈ A∪C4, then γ(G) ≤ 2n/5.

§2. Exact Values for Standard Graphs

In this section, we obtain the exact values for the domination number of the transformation

graph where G is the star, complete graph, complete bipartite graph and wheel.

Theorem 2.1 γ(G+−+) = 1 if and only if G ∼= K1,r, r ≥ 1.

Proof Assume that G ∼= K1,r, r ≥ 1. Let v be the full vertex of G. Then v is adjacent

to all the vertices and all the edges of G in G+−+. Therefore D = {v} is a dominating set

of G+−+. Hence γ(G+−+) = 1. Conversely, assume that γ(G+−+) = 1. Let D be a minimum

dominating set of G+−+. If D = {e}, then e is incident with exactly two vertices of G and

hence G ∼= K2
∼= K1,1. If D = {v}, then v is adjacent to all the vertices and incident with all

the edges of G. Hence G ∼= K1,r. �

Theorem 2.2 γ(K+−+
n ) = 3, n ≥ 4.

Proof Let V (Kn) = {v1, v2, . . . , vn}. By Theorem 2.1, γ(K+−+
n ) ≥ 2. Let S be a subset of

V (K+−+
r,s ).

Claim 1 No 2-element subset of V (K+−+
n ) is a dominating set of K+−+

n .

Suppose S = {vi, vj}. Since n ≥ 4, there exist two vertices vk and vr such that vkvr ∈ E(G)

which is adjacent to neither vi nor vj in K+−+
n . Suppose S = {vi, vjvk}. If vi = vj , then an

edge which is incident with vk is adjacent to neither vi nor vjvk in K+−+
n . If vi 6= vj , then since

n ≥ 4, there exists a vertex vr such that vjvr, vkvr ∈ E(G) are adjacent to neither vi nor vjvk

in K+−+
n . Suppose S = {vivj , vkvr}. If vivj and vkvr are adjacent in Kn, then there exists a

vertex vs ∈ V (Kn) which is adjacent to neither vivj nor vkvr in K+−+
n . If vivj and vkvr are

non-adjacent in Kn, then vivk, vivr are adjacent to neither vivj nor vkvr in K+−+
n . Thus in all

cases, S is not a dominating set of K+−+
n .

Let vi and vj be any two vertices of Kn. Clearly vi dominates all the vertices of Kn in

K+−+
n . All the edges which are adjacent to vivj are dominated by the 2-element subset {vi, vj}

in K+−+
n and all the remaining edges of Kn which are not adjacent to vivj are dominated by

vivj in K+−+
n . Hence {vi, vj , vivj} is a dominating set of K+−+

n . Thus γ(K+−+
n ) = 3. �

Theorem 2.3 γ(K+−+
r,s ) = 3, where r, s > 2.

Proof Let (X, Y ) be the bipartition of Kr,s with |X | = r and |Y | = s. Since r, s > 2, by

Theorem 2.1, γ(K+−+
r,s ) ≥ 2. Let S be a subset of V (K+−+

r,s ).
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Claim 1 No 2-element subset of V (K+−+
r,s ) is a dominating set of K+−+

r,s .

Suppose S = {x, y}. If x, y ∈ X, then there exists a vertex z ∈ X which is adjacent to

neither x nor y in K+−+
r,s . If x ∈ X and y ∈ Y, then there exists an edge e whose end vertices

are not in S. Then e is adjacent to neither x nor y in K+−+
r,s . If x and y are edges of Kr,s, then

at most four vertices of Kr,s are dominated by S. Therefore, there exists a vertex of Kr,s which

is adjacent to neither x nor y in K+−+
r,s . If x ∈ X and y ∈ E(Kr,s), then at most two vertices

of X are dominated by S in K+−+
r,s . Therefore there exists a vertex z ∈ X which is adjacent

to neither x nor y in K+−+
r,s . Thus in all cases, S is not a dominating set of K+−+

r,s . Hence the

claim.

Let u ∈ X and v ∈ Y. Then all the vertices of Kr,s and all the edges which are adjacent to

uv are dominated by {u, v} in K+−+
r,s . Further, the remaining edges which are not adjacent to

uv are dominated by uv. Hence {u, v, uv} is a dominating set of K+−+
r,s . Thus γ(K+−+

r,s ) = 3.�

Theorem 2.4 γ(W+−+
n ) = 3, n ≥ 4.

Proof Let v1, v2, . . . , vn−1 be the vertices of degree 3 and vbe the vertex of degree n− 1 in

Wn. Let ei = vvi where 1 ≤ i ≤ n−1, ei(i+1) = vivi+1 where 1 ≤ i ≤ n−2 and e1(n−1) = v1vn−1.

If n = 4, then Wn
∼= Kn and hence by Theorem 2.2, γ(W+−+

n ) = 3. Now, let n ≥ 5. By

Theorem 2.1, γ(W+−+
n ) ≥ 2.

Claim 1 No 2-element subset of V (W+−+
n ) is a dominating set of W+−+

n .

Now,{v, vi} is not a dominating set of W+−+
n since there exists an edge ejk which is not

adjacent to either v or vi in W+−+
n ; {vi, vj} is not a dominating set of W+−+

n since there exists

an edge ek which is not adjacent to either vi or vj in W+−+
n . Hence no 2-element subset of

V (Wn) is a dominating set of W+−+
n . Since any two edges of Wn are adjacent to at most 4

vertices of Wn in W+−+
n , no 2-element subset of E(Wn) is a dominating set of W+−+

n . Now,

{v, ei} is not a dominating set of W+−+
n since adjacent edges of ei in the cycle Cn−1 are not

adjacent to either v or ei in W+−+
n ; {v, eij} is not a dominating set of W+−+

n since adjacent

edges of eij in the cycle Cn−1 are not adjacent to either v or eij in W+−+
n ; {vi, ej} is not a

dominating set of W+−+
n since there exists an edge er which is not adjacent to either vi or

ej ; {vi, ejk} is not a dominating set of W+−+
n since at least one of {ej, ek} is not adjacent to

either vi or ejk. Hence no 2-element subset containing one vertex and one edge of Wn is not a

dominating set of W+−+
n . Thus the claim.

If D′ = {v, eij , ejk}, then in W+−+
n , v is adjacent to all the vertices of Wn and all the spokes

of Wn; eij is adjacent to all the non-adjacent edges of eij ; ejk is adjacent to all the adjacent

edges of eij in the cycle Cn−1. Hence D′ is a dominating set of W+−+
n . Thus γ(W+−+

n ) = 3.�

§3. Some Bounds for γ(G+−+)

In this section, we obtain the upper bounds for the domination number of the transformation

graph by considering the order, maximum and minimum degrees of G.



62 M.K. Angel Jebitha and J.Paulraj Joseph

Theorem 3.1 If G is a connected graph with ∆(G) = n− 2, then γ(G+−+) ≤ 3.

Proof Let v be a vertex of degree ∆(G) and V −N [v] = {u}. Let u be adjacent to vi ∈ N(v).

Then v dominates all the vertices except u of G and all the edges incident with v in G+−+.

Also vi dominates u and all the edges incident with vi in G+−+. Further, all the remaining

edges are dominated by vvi in G+−+. Hence {v, vi, vvi} is a dominating set of G+−+. Thus

γ(G+−+) ≤ 3. �

Theorem 3.2 If a graph G has diam(G) = 2, then γ(G+−+) ≤ δ(G) + 1 and the bound is

sharp.

Proof Let v ∈ V (G) such that deg(v) = δ(G) and N(v) = {v1, v2, . . . , vδ}. Then vvi

is adjacent to all the non-adjacent edges of vvi in G+−+. Further N(v) dominates all the

edges incident with v or vi and also all the vertices of G in G+−+. Hence N(v) ∪ {vvi} is

a dominating set of G+−+. Thus γ(G+−+) ≤ δ(G) + 1. Further, for the graph G in Fig.3.1,

γ(G+−+) = 3 = δ(G) + 1. �

G :

Fig.3.1 A graph G with γ(G+−+) = δ(G) + 1.

Theorem 3.3 For any connected graph G with ∆(G) < n− 1, γ(G+−+) ≤ n− ∆(G) + 1 and

the bound is sharp.

Proof Let deg(v) = ∆(G) and N(v) = {v1, v2, . . . , v∆}. Since G is connected, there is a

vertex u ∈ V (G) − N [v] which is adjacent to at least one vertex vi ∈ N(v). Then [(V (G) −
N(v))−{u}]∪{vi} dominates all the vertices of G. Now v dominates all the edges incident with

v in G+−+. The vertex vi dominates all the edges incident with vi and the edge vvi dominates

all the non-adjacent edges of vvi in G+−+. Therefore [(V (G) − N(v)) − {u}] ∪ {vi, vvi} is a

dominating set of G+−+. Hence γ(G+−+) ≤ n−∆(G) + 1. Further, for the graph G in Fig.3.2,

γ(G+−+) = 4 = n− ∆(G) + 1. �

G :

Fig.3.2 A graph with γ(G+−+) = n− ∆(G) + 1.

Theorem 3.4 Let G be a connected graph of order n > 2 with ∆(G) = n− 1 and v be a vertex
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of degree ∆(G). Then γ(G+−+) = 2 if and only if 〈N(v)〉 is non-empty and it contains K1 or

K2 or is isomorphic to K1,r, r ≥ 2.

Proof Assume that γ(G+−+) = 2. By Theorem 2.1, 〈N(v)〉 is non-empty. Suppose that

〈N(v)〉 is not isomorphic to K1,r, r ≥ 2 and contains neither K1 nor K2. For n ≤ 4, the result

is easily verified.

Now, let n ≥ 5. Then 〈N(v)〉 contains P4 or C3.

Since any 2-element subset of E(G) is adjacent to at most 4 vertices of G in G+−+, no

2-element subset of E(G) is a dominating set of G+−+. Let S = {x, y}. Suppose x ∈ V (G) and

y ∈ E(G). If x = v, then there exists an edge in 〈N(v)〉 which is not adjacent to either x or y

in G+−+. If x ∈ N(v), then there exists an edge which is incident with v which is not adjacent

to either x or y in G+−+. Suppose x, y ∈ V (G). Since n ≥ 5, there exist two vertices u and w

of G such that uw ∈ E(G) which is not adjacent to either x or y in G+−+. Hence γ(G+−+) ≥ 3

which is a contradiction. Therefore 〈N(v)〉 contains K1 or K2 or is isomorphic to K1,r, r ≥ 2.

Conversely, assume that 〈N(v)〉 is non-empty and it contains K1 or K2 or is isomorphic

to K1,r, r ≥ 2. By Theorem 2.1, γ(G+−+) ≥ 2. If 〈N(v)〉 contains K1 = {u}, then {v, uv} is a

dominating set of G+−+. If 〈N(v)〉 contains K2 = {e}, then {v, e} is a dominating set of G+−+.

If 〈N(v)〉 ∼= K1,r, r ≥ 2 and u is the centre vertex, then {v, u} is a dominating set of G+−+.

Hence γ(G+−+) = 2. �

Remark 3.5 If ∆(G) = n − 1, then γ(G+−+) may be 3 which is greater than n − ∆(G) + 1.

For the graphs G1 and G2 in Fig.3.3, γ(G+−+
1 ) = γ(G+−+

2 ) = 3.

G1 : G2 :

Fig.3.3 Graphs with γ(G+−+
1 ) = γ(G+−+

2 ) > n− ∆(G) + 1.

Theorem 3.6 For any graph G, γ(G) ≤ γ(G+−+) ≤ γ(G) + 2 and the bounds are sharp.

Proof Let D be a minimum dominating set of G and D′ be a minimum dominating set of

G+−+.

Claim 1 γ(G) ≤ γ(G+−+).

Suppose γ(G) > γ(G+−+). Then |D| > |D′|. If D′ contains no edge of G, then D′ is a

dominating set of G with |D′| < |D| which is a contradiction. If D′ contains k ≥ 1 edges of G,

say u1v1, u2v2, . . . , ukvk, then this k edges dominate k1 ≤ 2k vertices of G in G+−+. Therefore

[D′ − {u1v1, u2v2, . . . , ukvk}] ∪ {u1, u2, . . . , uk} is a dominating set of cardinality |D′| < |D| of

G which is a contradiction.

Claim 2 γ(G+−+) ≤ γ(G) + 2.

All the vertices ofG are dominated byD in G+−+. If G is an empty graph, then γ(G+−+) =
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γ(G) = n. If G is non-empty, then G has an edge e = uv whose one end is in D. Without loss

of generality, let u ∈ D. Then every edge which is adjacent to e is adjacent to u or v in G+−+

and all the edges non-adjacent to e in G are adjacent to e in G+−+. Hence D ∪ {e, v} is a

dominating set of G+−+. Thus γ(G+−+) ≤ γ(G) + 2.

Further, γ((H ◦ K1)
+−+) = n/2 = γ(H ◦K1) and γ((Kn)+−+) = 3 = γ(Kn) + 2, where

n ≥ 4. �

§4. Domination Transformation (DT) Classes

All the graphs are classified into three broad categories according to the lower and upper bounds

in Theorem 3.6.

Definition 4.1 A graph belongs to DT-class 1 if γ(G+−+) = γ(G) + 1.

G1 :

γ(G1) = 3; γ(G+−+
1

) = 3 + 1 = 4

Fig.4.1 A graph in DT-class 1.

Definition 4.2 A graph belongs to DT-class 2 if γ(G+−+) = γ(G) + 2.

G2 :

γ(G2) = 1; γ(G+−+
2

) = 1 + 2 = 3

Fig.4.2 A graph in DT-class 2.

Definition 4.3 A graph G belongs to DT-class 3 if γ(G+−+) = γ(G).



Domination in Transformation Graph G+−+ 65

G3 :

γ(G3) = γ(G+−+
3

) = 3

Fig.4.3 A graph in DT-class 3.

Theorem 4.4 For n 6= 4, Cn is in DT-class 1.

Proof We know that γ(Cn) = ⌈n/3⌉ . We have to prove that γ(C+−+
n ) = ⌈n/3⌉ + 1. By

Theorem 3.6, γ(C+−+
n ) ≥ ⌈n/3⌉ . If n = 3, then γ(C+−+

n ) = 2 = ⌈n/3⌉+ 1. Now let n ≥ 5.

Claim 1 There is no dominating set with cardinality ⌈n/3⌉ in C+−+
n .

Let S be any subset of V (C+−+
n ) with cardinality ⌈n/3⌉ .

Case 1: S ⊆ V (Cn).

If S is not a dominating set of Cn, then S is not a dominating set of C+−+
n . Suppose S is

a minimum dominating set of Cn. Since n ≥ 5, there exist two adjacent vertices u and v which

are not in S. Therefore, the edge e = uv is not dominated by S. Hence S is not a dominating

set of C+−+
n .

Case 2 S ⊆ E(Cn).

Since each edge of Cn is adjacent to exactly two vertices of Cn in C+−+
n , at most 2|S| =

2 ⌈n/3⌉ vertices of Cn are dominated by S. Since n ≥ 5, 2 ⌈n/3⌉ < n. Therefore S is not a

dominating set of C+−+
n .

Case 3 S ⊆ V (Cn) ∪ E(Cn).

Let S contain k ≥ 1 edges. Then at most 2k vertices of Cn are dominated by k edges of

Cn in C+−+
n . Further, at most 3(|S| − k) vertices of Cn are dominated by |S| − k vertices of

Cn. Now, 3|S| − 3k + 2k = 3 ⌈n/3⌉ − k = n − k < n. Therefore, at most n − k vertices of Cn

are dominated by S. Hence S is not a dominating set of C+−+
n . Thus in all cases, S is not a

dominating set of C+−+
n .

Let D be a minimum dominating set of Cn. Since n ≥ 5, there exist two adjacent vertices

x and y of Cn which are not in D and two vertices x′ and y′ which are adjacent to x and y

respectively are in D. Then the edge e = xy ∈ E(Cn)is adjacent to all the edges whose end

vertices are not in D. Further, two adjacent edges of e are adjacent to either x′ or y′ and all

the edges whose one end in D are dominated by D in C+−+
n . Hence D ∪ {e} is a dominating

set of C+−+
n . Thus γ(C+−+

n ) = ⌈n/3⌉ + 1. �
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Theorem 4.5 If G is a graph with δ(G) = 1, then G is not in DT-class 2.

Proof Let D be a minimum dominating set of G with all the supports. Let v be a pendant

vertex and u be the support of v. Hence u ∈ D. Then all the vertices of G are dominated by

D in G+−+. Further, all the edges which are non-adjacent to the edge uv are adjacent to uv in

G+−+ and all the edges which are adjacent to uv are adjacent to u in G+−+. Hence D ∪ {uv}
is a dominating set of G+−+. Therefore, γ(G+−+) ≤ γ(G) + 1. Hence by Theorem 3.6, G is in

DT-class 1 or DT-class 3. �

Theorem 4.6 If n ≡ 0, 2 (mod 3), n ≥ 6, then Pn is in DT-class 1; otherwise DT-class 3.

Proof The result can be easily verified for n ≤ 5. Let Pn = v1v2 . . . vn and D be a minimum

dominating set of Pn. By Theorem 3.6, γ(P+−+
n ) ≥ |D| = ⌈n/3⌉ .

Case 1 n = 3k + 1, k ≥ 2.

Consider D1 = {v2, v5, . . . , v3k−1}. Now, all the vertices of Pn except v3k+1 are dominated

by D1 in G+−+. Also all edges whose one end vertex is in D1 are dominated by D1 in P+−+
n .

Further, v3kv3k+1 dominates v3k+1 and all the edges whose end vertices are not in D1 at P+−+
n .

Hence D1 ∪ {v3kv3k+1} is a dominating set of P+−+
n . Therefore γ(P+−+

n ) ≤ |D1| + 1 = ⌈n/3⌉ .
Hence γ(P+−+

n ) ≤ ⌈n/3⌉ .

Case 2 n = 3k, k ≥ 2.

Let S be any subset of V (P+−+
n ) with k elements.

Subcase 1 S ⊆ V (Pn).

If S is not a dominating set of Pn, then S is not a dominating set of P+−+
n . If S is a

dominating set of Pn, then since n = 3k and n > 5 there is an edge whose end vertices are not

in S. Hence S is not a dominating set of P+−+
n .

Subcase 2 S ⊆ E(Pn).

Since each edge of Pn is adjacent to exactly two vertices of Pn in P+−+
n , at most 2|S| =

2 ⌈n/3⌉ vertices of Pn are dominated by S. Since n > 5, 2 ⌈n/3⌉ < n. Therefore, S is not a

dominating set of G+−+.

Subcase 3 S ⊆ V (Pn) ∪E(Pn).

If S contains r ≥ 1 edges, then at most 2r vertices are dominated by r edges. Further, at

most 3(k− r) vertices are dominated by |S|− r vertices in P+−+
n . Now, 2r+3(k− r) = 3k− r =

n− r < n.

Hence S is not a dominating set of P+−+
n . By Theorem 4.5, γ(P+−+

n ) ≤ ⌈n/3⌉ + 1 and

hence γ(P+−+
n ) = ⌈n/3⌉ + 1.

Case 3 n = 3k + 2, k ≥ 2.

Let Q = (v1v2v3 . . . v3kv3k+1) be a path on 3k+1 vertices and D′ be a minimum dominating

set of Q+−+. Then |D′| = k + 1.
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Claim 1 D′ contains no pendant vertex of Q.

Suppose v1 ∈ D′. Then v1 dominates v2 and v1v2 in Q+−+. By Case(ii), the remaining

vertices and edges of Q are not dominated by any k-element subset of V (Q+−+). Therefore,

|D′| > k + 1 which is a contradiction. Hence v1 /∈ D′. Similarly, v3k+1 /∈ D′.

Therefore v3kv3k+1 or v3k ∈ D′. Then v3k+2 is not dominated by D′ in P+−+
n . Hence

γ(P+−+
n ) > k+1. But by Theorem 4.5, γ(P+−+

n ) ≤ k+2. Thus γ(P+−+
n ) = k+2 = ⌈n/3⌉+1.

�

Definition 4.7 Two supports u and v are said to be successive supports if no internal vertex

of any u− v path is a support.

Theorem 4.8 Let T be a tree. If any two successive supports are of distance 1, 2 or 4 in T,

then T is in DT-class 3.

Proof Let D be a minimum dominating set of T containing all the supports of T. If any

two successive supports are at distance 1, or 2, then D contains supports only. Then all the

vertices and edges of T are dominated by D in T+−+. Therefore γ(T+−+) ≤ |D|. By Theorem

3.6, γ(T+−+) = |D| = γ(T ). If there exist two successive supports x and y at distance 4,

then x, y ∈ D and w ∈ D where w is the vertex of distance 2 from x and y. Therefore, in

T+−+ all the edges of x− y path are dominated by {x, y, w} which is also subset of D. Hence

γ(T+−+) = γ(T ). �

Theorem 4.9 Let T be a tree. If there exists a support v such that d(v, x) ≡ 1(mod 3) for

every successive support x of v, then T is in DT-class 3.

Proof Let v be a support of T such that d(v, x) ≡ 1(mod 3) for every successive support x

of v. Let v′ be the pendant vertex adjacent to v and x′ be the pendant vertex adjacent to x.

Let D be a minimum dominating set of G. Then v or v′ ∈ D. Since d(v, x) ≡ 1(mod 3), we can

choose a minimum dominating set D1 of T containing the neighbors of v such that |D| = |D1|.
Then (D1 − {v′}) ∪ {vv′} dominates all the vertices of T in T+−+. Further, vv′ dominates all

the edges which are non-adjacent to vv′ and the adjacent edges of vv′ are dominated by the

neighbor of v in D1. Hence (D1 − {v′}) ∪ {vv′} is a dominating set of T+−+ of cardinality

|D| = γ(T ). �

Theorem 4.10 If G is a disconnected graph with K2 as one of the components of G, then G

is in DT-class 3.

Proof Let G1, G2, . . . , Gk be the components of G and Gi
∼= K2 = uv. Let D1, D2,

. . . , Di, . . . , Dk be minimum dominating sets of G1, G2, . . . , Gi, . . . , Gk respectively. Therefore,

|Di| = 1. All the vertices except u and v of G are dominated by D1 ∪D2 ∪ . . .∪Di−1 ∪Di+1 ∪
. . . ∪Dk in G+−+. Further, u, v and all the edges of G are dominated by uv in G+−+. Hence

D1 ∪D2 ∪ . . .∪Di−1 ∪Di+1 ∪ . . .∪Dk ∪ {uv} is a dominating set of cardinality γ(G) of G+−+.

Hence by Theorem 3.6, γ(G+−+) = γ(G). �
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§5. The Upper Bound ⌈n/2⌉

In this section, we consider the connected graphs of order 6, 8, 10 and prove that ⌈n/2⌉ is an

upper bound for the domination number of the transformation graph where G is any connected

graph of order n.

Lemma 5.1 Let G be a connected graph of order 6. Then γ(G+−+) ≤ 3 and the bound is

sharp.

Proof If γ(G) = 1, then by Theorem 3.6, γ(G+−+) ≤ 3. If γ(G) = 3, then G ∼= H ◦K1

where H ∼= P3 or C3. Then V (H) is a minimum dominating set of G+−+. Hence γ(G+−+) = 3.

Now, let γ(G) = 2. If δ(G) = 1, then by Theorem 4.5, γ(G+−+) ≤ 3. Assume that δ(G) ≥ 2.

If ∆(G) = 5 or 4, then by Theorem 3.1 and Theorem 3.6, γ(G+−+) ≤ 3. If ∆(G) = 2, then

G ∼= C6 and hence γ(G+−+) = 3. Now, assume that ∆(G) = 3. Let v be a vertex of degree

3. Then let N(v) = {v1, v2, v3} and V −N [v] = {u1, u2}. If N(u1) ∩N(u2) 6= φ in N(v), then

let vi ∈ N(u1) ∩N(u2). Now, v dominates all the vertices of N [v] and all the edges which are

incident with v in G+−+. The vertex vi dominates all the vertices of V −N [v] and all the edges

which are incident with vi in G+−+. Further vvi dominates all the remaining edges which are

not adjacent to vvi. Hence {v, vi, vvi} is a dominating set of G+−+. If N(u1) ∩ N(u2) = φ in

N(v), then let u1 be adjacent to v1 and u2 be adjacent to v2. Then u1v1 dominates u1, v1

and all the edges which are not adjacent to u1v1 in G+−+; u2v2 dominates u2, v2 and all the

edges which are adjacent to u1v1 except u1u2, v1v2 in G+−+; vv3 dominates v, v3 and the edges

u1u2, v1v2 in G+−+. Hence {u1v1, u2v2, vv3} is a dominating set of G+−+. Thus γ(G+−+) ≤ 3.

Further, γ(C+−+
6 ) = 3 and hence the bound is sharp. �

Lemma 5.2 Let G be a connected graph of order 8. Then γ(G+−+) ≤ 4 and the bound is

sharp.

Proof If γ(G) ≤ 2, then by Theorem 3.6, γ(G+−+) ≤ 4. If γ(G) = 4, then G ∼= H ◦K1

for some connected graph H of order 4. Then V (H) is a minimum dominating set of G+−+.

Hence γ(G+−+) = 4.

Now, let γ(G) = 3. If δ(G) = 1, then by Theorem 4.5, γ(G+−+) ≤ 4. Assume that δ(G) ≥ 2.

If ∆(G) = 6 or 7, then by Theorem 3.1 and Theorem 3.6, γ(G+−+) ≤ 3. If ∆(G) = 2, then

G ∼= C8 and hence γ(G+−+) = 4. Let v be a vertex of degree ∆(G). We consider the following

three cases.

Case 1 ∆(G) = 5.

Let N(v) = {v1, v2, v3, v4, v5} and V − N [v] = {u1, u2}. If N(u1) ∩ N(u2) 6= φ in N(v),

then let vi ∈ N(u1)∩N(u2). Now, v dominates all the vertices of N [v] and all the edges which

are incident with v in G+−+. The vertex vi dominates all the vertices of V −N [v] and all the

edges which are incident with vi in G+−+. Further vvi dominates all the remaining edges which

are not adjacent to vvi. Hence {v, vi, vvi} is a dominating set of G+−+.

If N(u1) ∩ N(u2) = φ in N(v), then let u1 be adjacent to v1 and u2 be adjacent to v2.

Let D = {v, v1, vv1, u2}. Now, v dominates all the vertices of N [v] and all the edges which are
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incident with v in G+−+; v1 dominates all the edges which are incident with v1 and the vertex

u1 in G+−+; vv1 dominates all the remaining edges which are not adjacent to vv1 in G+−+.

Also u2 dominates itself. Hence D is a dominating set of G+−+. Thus γ(G+−+) ≤ 4.

Case 2 ∆(G) = 4.

Let N(v) = {v1, v2, v3, v4} and V − N [v] = {u1, u2, u3}. If N(ui) ∩ N(uj) 6= φ in N(v),

then let vk ∈ N(ui) ∩ N(uj). Let D = {v, vk, vvk, ur} where r /∈ {i, j}. All the vertices of G

are dominated by D in G+−+. Also all the adjacent edges of vvk are dominated by {v, vk}
and all the non-adjacent edges of vvk are dominated by the edge vvk in G+−+. Hence D is a

dominating set of G+−+.

Now, let N(ui)∩N(uj) = φ for all i and j in N(v). Then the induced subgraph 〈V −N [v]〉
is not isomorphic to K3 and hence it is isomorphic to K2 ∪K1 or P3 or C3.

If 〈V −N [v]〉 ∼= K2 ∪K1, then let u1u2 ∈ E(G) and u3vi, u3vj ∈ E(G). Now, v dominates

all the vertices of N [v]; u1u2 dominates u1, u2, all the edges in N [v] and all the edges incident

with u3; u3vi dominates u3 and all the edges adjacent to u1u2. Therefore {v, u1u2, u3vi} is

a dominating set of G+−+. If 〈V −N [v]〉 ∼= P3, then let u1 and u3 be pendant vertices in

〈V −N [v]〉 and u1vi, u3vj ∈ E(G). v dominates all the vertices of N [v] and all the edges which

are incident with v in G+−+. A vertex vi dominates u1 and all the edges incident with vi in

G+−+. The edge vvi dominates all the remaining edges which are non-adjacent to vvi in G+−+.

Also, u2 dominates u3 and itself in G+−+. Hence {v, vi, vvi, u2} is a dominating set of G+−+.

If 〈V −N [v]〉 ∼= C3, then let u1 be adjacent to vi. Then {v, vi, vvi, u2} is a dominating set of

G+−+. Hence γ(G+−+) ≤ 4.

Case 3 ∆(G) = 3.

Let N(v) = {v1, v2, v3} and V −N [v] = {u1, u2, u3, u4}. If N(ui)∩N(uj) 6= φ for some i, j

in N(v), then let vk ∈ N(u1) ∩N(u2). If u3u4 ∈ E(G), then {v, vk, vvk, u3u4} is a dominating

set of G+−+. If u3 and u4 are adjacent to a common vertex x ∈ V (G), then {v, vk, vvk, x} is a

dominating set of G+−+. If u3 and u4 are not adjacent to a common vertex and u3u4 /∈ E(G),

then let u3 be adjacent to vi and u1; and u4 is adjacent to vj and u2. Hence {v, u1, u2, vvk} is

a dominating set of G+−+.

Now, let N(ui)∩N(uj) = φ for all i, j in N(v). Then the induced subgraph 〈V −N [v]〉 is

not isomorphic to K4 or P3 ∪K1 and hence it is isomorphic to C3 ∪K1 or P4 or a graph with

at least one vertex ui of V −N [v] is of degree three.

If 〈V −N [v]〉 ∼= C3∪K1 where C3 = u1u2u3u1, then u4 is adjacent to a vertex vi. Therefore,

{v, vi, vvi, u1} is a dominating set of G+−+.

If 〈V −N [v]〉 ∼= P4 = u1u2u3u4, then u1 is adjacent to at least one vertex of vi and u4

is adjacent to at least one vertex of vj . Let D = {v, u2u3, u1vi, u4vj}. The vertex v dominates

all the vertices of N [v] and all the edges incident with v in G+−+. The edge u2u3 dominates

u2, u3, all the edges in N [v] and all the edges incident with u1 or u4 except u1u2 and u3u4 in

G+−+. Also the edge u1vi dominates u1, u3u4 and all the edges incident with u2 or u3 except

u1u2, viu2, viu3 in G+−+. Further, u4vj dominates u4, u1u2, viu2, viu3 in G+−+. Hence D

is a dominating set of G+−+.

If at least one vertex ui of V −N [v] is of degree three in 〈V −N [v]〉 , then at least one vertex
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uj(6= ui) in V −N [v] is adjacent to a vertex vk of N(v). Then {v, vk, vvk, ui} is a dominating

set of G+−+. Further, γ(C+−+
8 ) = 4 and hence the bound is sharp. �

Lemma 5.3 Let G be a connected graph of order 10. Then γ(G+−+) ≤ 5. and the bound is

sharp.

Proof If γ(G) ≤ 3, then by Theorem 3.6, γ(G+−+) ≤ 5. If γ(G) = 5, then G = H ◦K1

for some connected graph H of order 5. Then V (H) is a minimum dominating set of G+−+.

Hence γ(G+−+) = 5. Now, let γ(G) = 4. If δ(G) = 1, then by Theorem 4.5 γ(G+−+) ≤ 5. Now,

assume that δ(G) ≥ 2. If ∆(G) = 8 or 9, then by Theorem 3.1 and Theorem 3.6, γ(G+−+) ≤ 3.

If ∆(G) = 2, then G ∼= C10. Therefore γ(G+−+) = 5. Let v be a vertex of degree ∆(G). Then

we consider the following five cases.

Case 1 ∆(G) = 7.

Let N(v) = {v1, v2, v3, v4, v5, v6, v7} and V − N [v] = {u1, u2}. Therefore {v, u1, u2} is a

dominating set of G and hence γ(G+−+) ≤ 3 + 2 = 5.

Case 2 ∆(G) = 6.

Let N(v) = {v1, v2, v3, v4, v5, v6} and V − N [v] = {u1, u2, u3}. If N(ui) ∩ N(uj) 6= φ in

N(v), then let vk ∈ N(ui) ∩N(uj). Let D′ = {v, vk, vvk, ur} where r /∈ {i, j}. Clearly, all the

vertices are dominated by D′ in G+−+. Also, all the adjacent edges of vvk are dominated by

{v, vk} and all the non-adjacent edges of vvk are dominated by vvk in G+−+. Hence D′ is a

dominating set of G+−+.

Assume that N(ui)∩N(uj) = φ for all i, j in N(v). Then the induced subgraph 〈V −N [v]〉
is isomorphic to K3 or K2 ∪K1 or P3 or C3.If 〈V −N [v]〉 ∼= K3, let ui be adjacent to vi. Then

{v, vi, vvi, uj, uk} is a dominating set of G+−+. If 〈V −N [v]〉 ∼= K2 ∪K1, let u1u2 ∈ E(G) and

u3vi, u3vj ∈ E(G). Then {v, u1u2, u3vi} is a dominating set of G+−+. If 〈V −N [v]〉 ∼= P3 where

P3 = u1u2u3, then u1vi, u3vj ∈ E(G) and hence {v, vi, vvi, u2} is a dominating set of G+−+. If

〈V −N [v]〉 ∼= C3, let ui be adjacent to vi. Then {v, vi, vvi, uj} is a dominating set of G+−+.

Hence γ(G+−+) ≤ 5.

Case 3 ∆(G) = 5.

Let N(v) = {v1, v2, v3, v4, v5} and V − N [v] = {u1, u2, u3, u4}. If N(ui) ∩ N(uj) 6= φ in

N(v), let vk ∈ N(u1) ∩N(u2). Then {v, vk, vvk, u3, u4} is a dominating set of G+−+.

Now, let N(ui)∩N(uj) = φ for all i and j in N(v). Then the induced subgraph 〈V −N [v]〉
is not isomorphic to K4, or K2∪2K1 and hence it is isomorphic to P3∪K1 or C3∪K1 or P4 or C4

or a graph with at least one vertex of V −N [v] of degree 3. If 〈V −N [v]〉 ∼= P3∪K1 where P3 =

u1u2u3, then u1 is adjacent to at least one vertex vk in N(v) and hence {v, vk, vvk, u2u3, u4} is a

dominating set ofG+−+. If 〈V −N [v]〉 ∼= C3∪K1 where C3 = u1u2u3u1, then u4 is adjacent to a

vertex vi. Therefore {v, vi, vvi, u1} is a dominating set ofG+−+. If 〈V −N [v]〉 ∼= P4 = u1u2u3u4,

then u1 is adjacent to vi ∈ N(v) and u4 is adjacent to vj . Therefore {v, v2v3, u1vi, u4vj} is a

dominating set of G+−+. If 〈V −N [v]〉 ∼= C4 = u1u2u3u4u1, let u1 be adjacent to a vertex

vj ∈ N(v). Then {v, vj , vvj , u3} is a dominating set of G+−+. If at least one vertex ui of

V − N [v] is of degree 3 in 〈V −N [v]〉 , then at least one vertex uj(may be ui) in V − N [v]
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is adjacent to a vertex vk ∈ N(v). Then {v, vk, vvk, ui} is a dominating set of G+−+. Hence

γ(G+−+) ≤ 5.

Case 4 ∆(G) = 4.

LetN(v) = {v1, v2, v3, v4} and V −N [v] = {u1, u2, u3, u4, u5}. If vk ∈ N(ui)∩N(uj)∩N(uk)

for some i, j and k in N(v), then {v, vk, vvk, urus} is a dominating set of G+−+. Now, let

N(ui) ∩ N(uj) ∩ N(uk) = φ for all i, j and k. Then the induced subgraph 〈V −N [v]〉 is

non-empty and hence we consider two subcases.

Subcase 1 〈V −N [v]〉 is disconnected.

If 〈V −N [v]〉 ∼= K2 ∪ 3K1, let u1u2 ∈ E(G). Then each of u3, u4 and u5 are adjacent

to at least two vertices of N(v) and each of u1 and u2 are adjacent to at least one vertex of

N(v). Hence {v1, v2, v3, v4, u1u2} is a dominating set of G+−+. If 〈V −N [v]〉 ∼= 2K2 ∪K1, let

u1u2, u3u4 ∈ E(G) and u5 be adjacent to vi and vj of N(v). Then, {v, vi, vvi, u1u2, u3u4} is a

dominating set of G+−+. If 〈V −N [v]〉 ∼= P3∪2K1 where P3 = u1u2u3, let u4 be adjacent to vi

and u5 be adjacent to vj . Then {v, vi, vvi, u2, u5} is a dominating set of G+−+. If 〈V −N [v]〉 ∼=
C3∪2K1 where C3 = u1u2u3u1, let u4 be adjacent to vi. Then {v, vi, vvi, u2, u5} is a dominating

set of G+−+. If 〈V −N [v]〉 ∼= P4 ∪K1 or C4 ∪K1 where P4 = u1u2u3u4 and C4 = u1u2u3u4u1,

let u5 be adjacent to vi. Then, {v, vi, vvi, u1u2, u3u4} is a dominating set of G+−+. If 〈V −N [v]〉
has exactly one isolated vertex ui and a vertex uj of degree 3, let uk (or uj) be adjacent to vk

and ui be adjacent to vr. Then {v, vr, vvr, uj} is a dominating set of G+−+.

Subcase 2 〈V −N [v]〉 is connected.

If 〈V −N [v]〉 ∼= P5 where P5 = u1u2u3u4u5, then u1 and u5 must be adjacent to vi and

vj respectively. Therefore {v, vi, vvi, u2, u4} is a dominating set of G+−+. If 〈V −N [v]〉 ∼= C5,

where C5 = u1u2u3u4u5u1, then uivj ∈ E(G). Then {v, vj , vvj , u2, u4} is a dominating set

of G+−+. If 〈V −N [v]〉 has a vertex ui of degree 3 and no isolated vertex, then there exists

uj ∈ V − N [v] such that uiuj /∈ E(G) and there is uk (may be ui or uj) which is adjacent to

vk. Therefore {v, vk, vvk, ui, uj} is a dominating set of G+−+. If 〈V −N [v]〉 has a vertex ui of

degree 4, then a vertex uj(6= ui) is adjacent to vj and hence {v, vj , vvj , uj} is a dominating set

of G+−+. Thus γ(G+−+) ≤ 5.

Case 5 ∆(G) = 3.

Let N(v) = {v1, v2, v3} and V − N [v] = {u1, u2, u3, u4, u5, u6}. Then

〈V −N [v]〉 has at most two isolated vertices and 〈V −N [v]〉 is not isomorphic to 2K1 ∪ 2K2.

Hence it is isomorphic to P4 ∪ 2K1 or C4 ∪ 2K1 or P5 ∪K1 or C5 ∪K1 or 3K2 or P6 or C6 or a

graph with a vertex of degree 3.

If 〈V −N [v]〉 ∼= P4∪2K1 where P4 = u1u2u3u4, let u1v1 ∈ E(G). Then {v1, v2, v3, u3, vv1}
is a dominating set of G+−+. If 〈V −N [v]〉 ∼= C4 ∪ 2K1 where C4 = u1u2u3u4u1, let uivj ∈
E(G). Then {v1, v2, v3, vvj , u3} is a dominating set of G+−+. If 〈V −N [v]〉 has two isolated

vertices and a vertex ui of degree 3, then {v1, v2, v3, vv1, ui} is a dominating set of G+−+.

If 〈V −N [v]〉 ∼= P5 ∪ K1, or C5 ∪ K1 where P5 = u1u2u3u4u5 and C5 = u1u2u3u4u5u1,

let u5 be adjacent to vi. Then {v, vi, vvi, u1, u4} is a dominating set of G+−+. If 〈V −N [v]〉
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has exactly one isolated vertex ui and a vertex uj of degree 3, let ujuk /∈ E(G) and ui be

adjacent to vi. Then {v, vi, vvi, uj, uk} is a dominating set of G+−+. If 〈V −N [v]〉 ∼= 3K2

and u1u2, u3u4, u5u6 ∈ E(G), let u1vi ∈ E(G). Then {v, vi, vvi, u3, u5} is a dominating set of

G+−+. If 〈V −N [v]〉 ∼= P6 or C6 where P6 = u1u2u3u4u5u6 and C6 = u1u2u3u4u5u6u1, then

{u2, u5, v, vi, vvi} is a dominating set of G+−+. If 〈V −N [v]〉 has a vertex ui of degree 3 and

uiuj , uiuk /∈ E(G), then uj is adjacent to a vertex vj of N(v). Therefore {v, vj , vvj , ui, uk} is a

dominating set of G+−+. Hence γ(G+−+) ≤ 5. Further, γ(C+−+
10 ) = 5 and hence the bound is

sharp. �

Theorem 5.4 Let G be a connected graph of order n ≥ 5. Then γ(G+−+) ≤ ⌈n/2⌉ and the

bound is sharp.

Proof If for k ≥ 2, γ(G) ≤ ⌈n/2⌉ − k, then by Theorem 3.6, γ(G+−+) ≤ ⌈n/2⌉ . Hence it

is enough if we consider the following two cases.

Case 1 γ(G) = ⌈n/2⌉ .

By Theorem 1.1, γ(G) ≤ n/2 and hence n is even. Therefore, by Theorem 1.2, G ∼= C4 or

H ◦K1 for some connected graph H. If G ∼= C4, then γ(G+−+) = γ(G) = n/2. If G ∼= H ◦K1,

then all the supports of G from a minimum dominating set D of G. Since each edge of G

is incident with at least one vertex of D, D is also a dominating set of G+−+. Therefore,

γ(G+−+) ≤ n/2.

Case 2 γ(G) = ⌈n/2⌉ − 1.

If δ(G) = 1, then by Theorem 4.5, γ(G+−+) ≤ γ(G) + 1 = ⌈n/2⌉ .
Now, let δ(G) ≥ 2. If G ∈ A, then γ(G+−+) = 3 < ⌈n/2⌉ . If G /∈ A, then by Theorem 1.3,

γ(G) ≤ 2n/5.

Subcase 1 n is odd.

Then γ(G) = ⌈n/2⌉ − 1 ≤ 2n/5. Therefore, n ≤ 5. Hence n = 5. Clearly for all connected

graphs on 5 vertices, γ(G+−+) ≤ 3 = ⌈n/2⌉ .

Subcase 2 n is even.

Then n/2− 1 ≤ 2n/5. Thus n ≤ 10. If n = 6, then by Lemma 5.1, γ(G+−+) ≤ 3. If n = 8,

then by Lemma 5.2, γ(G+−+) ≤ 4. If n = 10, then by Lemma 5.3, γ(G+−+) ≤ 5. Further, for

the graph G given in Fig.5.1, γ(G+−+) = 3 = ⌈n/2⌉ and hence the bound is sharp. �

G :

Fig.5.1 A graph G with G+−+ = ⌈n/2⌉ .
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Open Problems

We present open problems following:

1. Characterize the graphs which attain the bound given in Theorem 3.3.

2. Characterize the extremal graphs in Theorem 5.4.
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