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Abstract: Let G = (V,E) be a simple undirected graph of order n and size m. The
transformation graph of G is a simple graph with vertex set V(G)UE(G) in which adjacency
is defined as follows: (a) two elements in V(G) are adjacent if and only if they are adjacent
in G (b) two elements in E(G) are adjacent if and only if they are non-adjacent in G and (c)
one element in V(G) and one element in E(G) are adjacent if and only if they are incident
in G. It is denoted by Gt~ 1. A set S C V(G) is a dominating set if every vertex in V — S
is adjacent to at least one vertex in S. The minimum cardinality taken over all dominating
sets of G is called the domination number of G and is denoted by v(G). In this paper, we
investigate the domination number of transformation graph. We determine the exact values
for some standard graphs and obtain several bounds. Also we prove that for any connected
graph G of order n > 5, v(GT~1) < [n/2].
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§1. Introduction

Let G = (V, E) be a simple undirected graph of order n and size m. The degree of v in G is
|N(v)| and is denoted by deg(v). The mazimum degree of G is max {deg(v) : v € V(G)} and
is denoted by A(G). The minimum degree of G is min{deg(v) : v € V(G)} and is denoted by
5(G). A vertex v is said to be pendant vertex if deg(v) = 1. A vertex u is called support if u is
adjacent to a pendant vertex.

A path on n vertices is denoted by P,,; a cycle on n vertices is denoted by C,, and a complete
graph on n vertices is denoted by K,,. A complete bipartite graph in which one partite set has
r vertices and another partite set has s vertices is denoted by K, ;. The corona of two graphs
G and (s, is the graph G = G o G5 formed from one copy of G1 and |V (G1)| copies of Ga
where the it" vertex of G is adjacent to every vertex in the i** copy of Gy. If G and H are any

two graphs, then G 4+ H is the graph obtained from G U H by joining each vertex of G to every
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vertex of H. C,,_1 + K7 is called the wheel on n vertices.

A set of vertices S in a graph G is said to be a Smarandachely k-dominating set if each
vertex of G is dominated by at least k vertices of S and the Smarandachely k-domination number
vk (G) of G is the minimum cardinality of a Smarandachely k-dominating set of G. Particularly,
if k = 1, such a set is called a dominating set of G and the Smarandachely 1-domination number
of G is called the domination number of G and denoted by v(G) in general.

In [8], Paulraj Joseph and Arumugam studied domination parameters in subdivision graphs.
Wallis [10] studied domination parameters of line graphs of designs and variations of Chess-
board graph. The domination number of transformation graph G=%~ was studied in [1]. Terms
not defined are used in the sense of [5].

The transformation graph of G is a simple graph with vertex set V(G) U E(G) in which
adjacency is defined as follows:(a) two elements in V(G) are adjacent if and only if they are
adjacent in G (b) two elements in E(G) are adjacent if and only if they are non-adjacent in
G and (c) one element in V(G) and one element in F(G) are adjacent if and only if they are
incident in G. It is denoted by G*~+. A graph G and it’s transformation graph are given in
Fig.1.1.

Fig.1.1 A graph G and G™ 7.

In this paper we study about domination number of the transformation graph Gt—. We

need the following theorems to obtain an upper bound for G~ in Section 5.

> > X
L DO OO K>

Fig.1.2 Graphs in family A.
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Theorem 1.1([7]) If a graph G has no isolated vertices, then v(G) < n/2.

Theorem 1.2([3,4]) For a graph G with even order n and no isolated vertices v(G) = n/2 if
and only if the components of G are the cycle Cy or the corona H o Ky for any connected graph
H.

Theorem 1.3([6]) If G is a connected graph with 6(G) > 2 and G ¢ AUCY, then v(G) < 2n/5.

§2. Exact Values for Standard Graphs

In this section, we obtain the exact values for the domination number of the transformation

graph where G is the star, complete graph, complete bipartite graph and wheel.

Theorem 2.1 v(GT~1) =1 if and only if G = Ky, > 1.

Proof Assume that G =2 K; ,, r > 1. Let v be the full vertex of G. Then v is adjacent
to all the vertices and all the edges of G in Gt~+. Therefore D = {v} is a dominating set
of GT~F. Hence 7(G*T~1) = 1. Conversely, assume that v(GT~1) = 1. Let D be a minimum
dominating set of GT=%. If D = {e}, then e is incident with exactly two vertices of G and
hence G = Ky = K; 1. If D = {v}, then v is adjacent to all the vertices and incident with all
the edges of G. Hence G = K . O

Theorem 2.2 v(KI~t) =3, n>4.

Proof Let V(K,) = {vi,v2,...,v,}. By Theorem 2.1, v(K;F =) > 2. Let S be a subset of
V(K.

Claim 1 No 2-element subset of V(K,F~1) is a dominating set of K7 ~T.

Suppose S = {v;,v;}. Since n > 4, there exist two vertices vy and v, such that viv, € E(G)
which is adjacent to neither v; nor v; in K,/ ~*. Suppose S = {v;,vjv;}. If v; = v;, then an
edge which is incident with vy, is adjacent to neither v; nor v;vy in K,J{’Jr. If v; # vj;, then since
n > 4, there exists a vertex v, such that vjv,,vzv, € E(G) are adjacent to neither v; nor v;vy
in K;F~*. Suppose S = {vvj,vxv,}. If v;v; and vv, are adjacent in K, then there exists a
vertex vy € V(K,,) which is adjacent to neither v;v; nor vgv, in K-+t 1f v;v; and vgv, are
non-adjacent in K, then v;vy, v;v, are adjacent to neither v;v; nor viv, in K =*. Thus in all
cases, S is not a dominating set of K\~ .

Let v; and v; be any two vertices of K,,. Clearly v; dominates all the vertices of K, in
K;}=*. All the edges which are adjacent to v;v; are dominated by the 2-element subset {v;, v;}
in K,/ and all the remaining edges of K,, which are not adjacent to v;v; are dominated by
v;vj in K7 ~F. Hence {v;,v;,v;v;} is a dominating set of K;F~+. Thus y(K,;F~T) = 3. O

Theorem 2.3 (K %) =3, wherer, s >2.

Proof Let (X, Y) be the bipartition of K, s with |X| =r and |Y| = s. Since r, s > 2, by
Theorem 2.1, y(K 77 ") > 2. Let S be a subset of V(K7 %).
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Claim 1 No 2-element subset of V(K" %) is a dominating set of K,F~+.

Suppose S = {z,y}. If z, y € X, then there exists a vertex z € X which is adjacent to
neither x nor y in K;‘:S_"’. If x € X and y € Y, then there exists an edge e whose end vertices
are not in S. Then e is adjacent to neither x nor y in K;fs_*‘. If x and y are edges of K, ;, then
at most four vertices of K. ; are dominated by S. Therefore, there exists a vertex of K, ; which
is adjacent to neither z nor y in K 7% If z € X and y € E(K, ), then at most two vertices
of X are dominated by S in K F. Therefore there exists a vertex z € X which is adjacent
to neither x nor y in Kt *. Thus in all cases, S is not a dominating set of K,'~*. Hence the

claim.

Let v € X and v € Y. Then all the vertices of K, ; and all the edges which are adjacent to
uv are dominated by {u,v} in K,;'7". Further, the remaining edges which are not adjacent to

uv are dominated by uv. Hence {u,v,uv} is a dominating set of K.F7*. Thus v(K; %) = 3.0

Theorem 2.4 v(WI~T)=3, n>4.

Proof Let vy,vs,...,v,—1 be the vertices of degree 3 and vbe the vertex of degree n — 1 in
Wi Let e; = vv; where 1 <@ <n—1, ¢;41) = vvi41 where 1 <i <n—2and ej,—1) = v1Up—1.

If n = 4, then W,, & K,, and hence by Theorem 2.2, v(W,F~1) = 3. Now, let n > 5. By
Theorem 2.1, v(W,F~%) > 2.

Claim 1 No 2-element subset of V/(W,f~) is a dominating set of W, ~.

Now,{v,v;} is not a dominating set of W, ~* since there exists an edge ¢;; which is not
adjacent to either v or v; in W,F~*; {v;,v;} is not a dominating set of W,5~ since there exists
an edge e;, which is not adjacent to either v; or v; in W;F~*. Hence no 2-element subset of
V(W,,) is a dominating set of W ~T. Since any two edges of W,, are adjacent to at most 4
vertices of W,, in W,}~ no 2-element subset of F(W,,) is a dominating set of W,}~*. Now,
{v,e;} is not a dominating set of W,}~* since adjacent edges of e; in the cycle C,,_; are not
adjacent to either v or e; in W,5~*; {v,¢;;} is not a dominating set of W,F = since adjacent
edges of e;; in the cycle C,,_; are not adjacent to either v or e;; in W=+ {u, ej} is not a
dominating set of W, I~ since there exists an edge e, which is not adjacent to either v; or
e;; {vi,ejk} is not a dominating set of W,F =" since at least one of {e;,e;} is not adjacent to
either v; or e;;. Hence no 2-element subset containing one vertex and one edge of W), is not a
dominating set of W,;F~*. Thus the claim.

If D" = {v,e;j,ejx}, then in W,F =T v is adjacent to all the vertices of W,, and all the spokes
of Wy; e;; is adjacent to all the non-adjacent edges of e;;; e is adjacent to all the adjacent
edges of e;; in the cycle C,,_1. Hence D’ is a dominating set of W,f~*. Thus v(W,f~1) = 3.0

§3. Some Bounds for v(G*~ 1)

In this section, we obtain the upper bounds for the domination number of the transformation

graph by considering the order, maximum and minimum degrees of G.
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Theorem 3.1 If G is a connected graph with A(G) =n — 2, then v(GT~T) <3

Proof Let v be a vertex of degree A(G) and V —N[v] = {u}. Let u be adjacent to v; € N(v).
Then v dominates all the vertices except u of G and all the edges incident with v in GT—.
Also v; dominates u and all the edges incident with v; in GT~'. Further, all the remaining
edges are dominated by vv; in GT~T. Hence {v,v;,vv;} is a dominating set of GT=T. Thus
YGTF) <3 O

Theorem 3.2 If a graph G has diam(G) = 2, then v(GT~1) < §(G) + 1 and the bound is
sharp.

Proof Let v € V(G) such that deg(v) = 0(G) and N(v) = {v1,v2,...,0s}. Then vy,
is adjacent to all the non-adjacent edges of vv; in GT~T. Further N(v) dominates all the
edges incident with v or v; and also all the vertices of G in GT~*. Hence N(v) U {vv;} is
a dominating set of Gt~*. Thus v(GT~ ") < §(G) + 1. Further, for the graph G in Fig.3.1,
VGt ) =3=4(G) + 1. O

Fig.3.1 A graph G with v(GT~1) = §(G) + 1.

Theorem 3.3 For any connected graph G with A(G) <n—1, y(GT~1) <n—A(G) +1 and
the bound is sharp.

Proof Let deg(v) = A(G) and N(v) = {v1,va,...,va}. Since G is connected, there is a
vertex u € V(G) — N[v] which is adjacent to at least one vertex v; € N(v). Then [(V(G) —
N(w)) —{u}]U{v;} dominates all the vertices of G. Now v dominates all the edges incident with
v in Gt~ 1. The vertex v; dominates all the edges incident with v; and the edge vv; dominates
all the non-adjacent edges of vv; in Gt~*. Therefore [(V(G) — N(v)) — {u}] U {v;,vv;} is a
dominating set of G~ 1. Hence v(GT~ 1) < n — A(G) + 1. Further, for the graph G in Fig.3.2,
Y GT ) =4=n—-A(G)+ 1. O

Fig.3.2 A graph with v(GT~7) =n — A(G) + 1.

Theorem 3.4 Let G be a connected graph of order n > 2 with A(G) =n—1 and v be a vertex
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of degree A(G). Then v(Gt~1) =2 if and only if (N(v)) is non-empty and it contains Ky or

Ky or is isomorphic to Ky, 7> 2.

Proof Assume that v(GT~1) = 2. By Theorem 2.1, (N (v)) is non-empty. Suppose that
(N (v)) is not isomorphic to Kj ,, r > 2 and contains neither K7 nor Kj. For n < 4, the result
is easily verified.

Now, let » > 5. Then (N (v)) contains Py or Cs.

Since any 2-element subset of E(G) is adjacent to at most 4 vertices of G in GT~T, no
2-element subset of F(G) is a dominating set of G~ . Let S = {x,y}. Suppose z € V(G) and
y € E(G). If x = v, then there exists an edge in (N (v)) which is not adjacent to either z or y
in Gt=1. If x € N(v), then there exists an edge which is incident with v which is not adjacent
to either x or y in GT=T. Suppose z,y € V(G). Since n > 5, there exist two vertices u and w
of G such that uw € E(G) which is not adjacent to either z or y in GT~*. Hence v(GT~1) > 3
which is a contradiction. Therefore (N (v)) contains K7 or K3 or is isomorphic to K ,, r > 2.

Conversely, assume that (N(v)) is non-empty and it contains K; or K» or is isomorphic
to K1, 7> 2. By Theorem 2.1, v(GT~T) > 2. If (N(v)) contains K; = {u}, then {v,uv} is a
dominating set of GT~T. If (N (v)) contains Ky = {e}, then {v, e} is a dominating set of GT~ 7.
If (N(v)) & Ky, 7> 2 and u is the centre vertex, then {v,u} is a dominating set of G~ .
Hence v(GT—1) = 2. O

Remark 3.5 If A(G) =n — 1, then v(G*~1) may be 3 which is greater than n — A(G) + 1.
For the graphs G and Gz in Fig.3.3, v(G{ ™) =~v(G5 1) = 3.

Gy : Gz :

Fig.3.3 Graphs with v(G{ ) =~(GJ ") >n - A(G) + 1.

Theorem 3.6 For any graph G, v(G) < v(GT~1) < 4(G) + 2 and the bounds are sharp.

Proof Let D be a minimum dominating set of G and D’ be a minimum dominating set of
G+,

Claim 1 7(G) <~(GT~T).

Suppose 7(G) > v(G*T~1). Then |D| > |D'|. If D’ contains no edge of G, then D’ is a
dominating set of G with |D’| < |D| which is a contradiction. If D’ contains k > 1 edges of G,
Say u1v1, UV, . . . , URVk, then this k edges dominate k; < 2k vertices of G in GT~F. Therefore
[D — {u1v1, ugva, ..., upvr}] U {us, ug,...,ux} is a dominating set of cardinality |D’| < |D| of

GG which is a contradiction.
Claim 2 y(GT~ 1) <~(G) + 2.

All the vertices of G are dominated by D in GT~F. If G is an empty graph, then v(GT~T) =
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v(G) = n. If G is non-empty, then G has an edge e = uv whose one end is in D. Without loss
of generality, let u € D. Then every edge which is adjacent to e is adjacent to w or v in G*—F
and all the edges non-adjacent to e in G are adjacent to e in GT=T. Hence D U {e,v} is a
dominating set of GT¥~F. Thus v(GT~T) < ~v(G) + 2.

Further, v((H o K1)~ %) =n/2 = v(H o K1) and v((K,,)™™ ) = 3 = y(K,) + 2, where
n > 4. O

§4. Domination Transformation (DT) Classes

All the graphs are classified into three broad categories according to the lower and upper bounds

in Theorem 3.6.

Definition 4.1 A graph belongs to DT-class 1 if v(GT=) = v(G) + 1.

G12

Y(G1)=3; 7(G] ") =3+1=4

Fig.4.1 A graph in DT-class 1.

Definition 4.2 A graph belongs to DT-class 2 if v(GT=) = v(G) + 2.

Gz:

Y(G2)=1; v(G T)=1+2=3

Fig.4.2 A graph in DT-class 2.

Definition 4.3 A graph G belongs to DT-class 3 if v(GT~1) = v(G).
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G32

1(Gs) =7(Gg~ ") =3

Fig.4.3 A graph in DT-class 3.

Theorem 4.4 Forn # 4, C, is in DT-class 1.

Proof We know that v(C,,) = [n/3]. We have to prove that v(C;¥=%) = [n/3] + 1. By
Theorem 3.6, v(C;F =) > [n/3]. If n = 3, then v(C;F~1) =2 = [n/3] + 1. Now let n > 5.

Claim 1 There is no dominating set with cardinality [n/3] in C, .
Let S be any subset of V(C;F~1) with cardinality [n/3].

Case 1: S CV(Cy).

If S is not a dominating set of C,,, then S is not a dominating set of C;F=*. Suppose S is
a minimum dominating set of C,,. Since n > 5, there exist two adjacent vertices v and v which
are not in S. Therefore, the edge e = uv is not dominated by S. Hence S is not a dominating
set of C;F—T.

Case 2 S C E(C,).

Since each edge of C,, is adjacent to exactly two vertices of Cy, in C;F=F, at most 2|S| =
2 [n/3] vertices of C,, are dominated by S. Since n > 5, 2 [n/3] < n. Therefore S is not a
dominating set of C;F ~.

Case 3 S CV(C,)UE(C,).

Let S contain k > 1 edges. Then at most 2k vertices of C,, are dominated by %k edges of
C, in C;F~*. Further, at most 3(|S| — k) vertices of C,, are dominated by |S| — k vertices of
Cy. Now, 3|S| — 3k + 2k = 3[n/3] — k = n — k < n. Therefore, at most n — k vertices of C,,
are dominated by S. Hence S is not a dominating set of C;¥=+. Thus in all cases, S is not a
dominating set of C;F .

Let D be a minimum dominating set of C,,. Since n > 5, there exist two adjacent vertices
z and y of C,, which are not in D and two vertices ' and 3y’ which are adjacent to = and y
respectively are in D. Then the edge e = xy € E(C),)is adjacent to all the edges whose end
vertices are not in D. Further, two adjacent edges of e are adjacent to either 2’ or 3’ and all
the edges whose one end in D are dominated by D in C;F=+. Hence D U {e} is a dominating
set of CF=*. Thus v(CH=1) = [n/3] + 1. O
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Theorem 4.5 If G is a graph with §(G) = 1, then G is not in DT-class 2.

Proof Let D be a minimum dominating set of G with all the supports. Let v be a pendant
vertex and u be the support of v. Hence u € D. Then all the vertices of G are dominated by
D in Gt~ 1. Further, all the edges which are non-adjacent to the edge uv are adjacent to uv in
G*~ and all the edges which are adjacent to uv are adjacent to u in GT~+. Hence D U {uv}
is a dominating set of GT~t. Therefore, 7(GT~1) < v(G) + 1. Hence by Theorem 3.6, G is in
DT-class 1 or DT-class 3. g

Theorem 4.6 Ifn=0,2 (mod 3), n > 6, then P, is in DT-class 1; otherwise DT-class 3.

Proof The result can be easily verified for n < 5. Let P, = v1va ... v, and D be a minimum
dominating set of P,. By Theorem 3.6, v(PY~%) > |D| = [n/3].

Case 1l n=3k+1, k> 2.

Consider Dy = {va,vs,...,v3k—1}. Now, all the vertices of P, except vsi+1 are dominated
by D7 in Gt~ 1. Also all edges whose one end vertex is in D; are dominated by Dy in P,
Further, v3,vsk+1 dominates vs41 and all the edges whose end vertices are not in Dy at P~ .
Hence Dy U {v3,vsk+1} is a dominating set of P,f~+. Therefore v(P 1) < |Dy| +1 = [n/3].
Hence y(P~1) < [n/3].

Case 2 n=3k, k> 2.
Let S be any subset of V(PF~7) with k elements.
Subcase 1 S CV(P,).

If S is not a dominating set of P,, then S is not a dominating set of PF=T. If S is a
dominating set of P,, then since n = 3k and n > 5 there is an edge whose end vertices are not

in S. Hence S is not a dominating set of PF=+.
Subcase 2 S C E(P,).

Since each edge of P, is adjacent to exactly two vertices of P, in PS~T at most 2|S| =
2 [n/3] vertices of P, are dominated by S. Since n > 5, 2[n/3] < n. Therefore, S is not a
dominating set of Gt~ .

Subcase 3 S CV(P,)UE(P,).

If S contains r > 1 edges, then at most 2r vertices are dominated by r edges. Further, at
most 3(k —r) vertices are dominated by |S| —r vertices in P ~F. Now, 2r+3(k—r) =3k—r =
n—r<n.

Hence S is not a dominating set of P,”~*. By Theorem 4.5, v(P, 1) < [n/3] + 1 and
hence v(P=%) = [n/3] + 1.

Case 3 n=3k+2, k>2.

Let Q = (v1v203 . . . U3 V3k+1) be a path on 3k+1 vertices and D’ be a minimum dominating
set of Q=+, Then |D'| =k + 1.
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Claim 1 D’ contains no pendant vertex of Q.

Suppose v; € D’. Then v; dominates v and vive in QT~T. By Case(ii), the remaining
vertices and edges of @ are not dominated by any k-element subset of V(Q*~T). Therefore,
|D’| > k + 1 which is a contradiction. Hence v1 ¢ D’. Similarly, vsi1+1 ¢ D’.

Therefore v3xvzrr1 or vsgy € D’. Then wvskyo is not dominated by D’ in P,f”r. Hence
Y(Pf~*) > k+1. But by Theorem 4.5, v(P, = ") < k+2. Thus v(Pf~") =k+2 = [n/3] + 1.
O

Definition 4.7 Two supports uw and v are said to be successive supports if no internal vertex

of any uw — v path is a support.

Theorem 4.8 Let T be a tree. If any two successive supports are of distance 1, 2 or 4 in T,
then T is in DT-class 3.

Proof Let D be a minimum dominating set of T containing all the supports of T If any
two successive supports are at distance 1, or 2, then D contains supports only. Then all the
vertices and edges of T' are dominated by D in T+~ . Therefore v(T"~1) < |D|. By Theorem
3.6, y(T*t=1) = |D| = ~(T). If there exist two successive supports x and y at distance 4,
then z, y € D and w € D where w is the vertex of distance 2 from x and y. Therefore, in
T+~ all the edges of x — y path are dominated by {z,y,w} which is also subset of D. Hence
AT++) = A(T). O

Theorem 4.9 Let T be a tree. If there exists a support v such that d(v,z) = 1(mod 3) for

every successive support x of v, then T is in DT-class 3.

Proof Let v be a support of T such that d(v,x) = 1(mod 3) for every successive support x
of v. Let v' be the pendant vertex adjacent to v and 2’ be the pendant vertex adjacent to x.
Let D be a minimum dominating set of G. Then v or v’ € D. Since d(v,z) = 1(mod 3), we can
choose a minimum dominating set Dy of T containing the neighbors of v such that |D| = |Dy].
Then (D1 — {v'}) U{vv'} dominates all the vertices of T'in T+~%. Further, v’ dominates all
the edges which are non-adjacent to vv’ and the adjacent edges of vv’ are dominated by the
neighbor of v in D;. Hence (D; — {v'}) U {vv'} is a dominating set of T+~ 1 of cardinality
D[ = y(T). 0

Theorem 4.10 If G is a disconnected graph with Ko as one of the components of G, then G
is in DT-class 3.

Proof Let G1, Ga,...,Gi be the components of G and G; &£ Ky = wv. Let D1, Ds,

.., D;, ..., Dg be minimum dominating sets of G1,Go, ..., Gy, ..., Gy respectively. Therefore,
|D;| = 1. All the vertices except u and v of G are dominated by Dy U Do U...UD;_1 UD;1q U
...UDy in GT=T. Further, u, v and all the edges of G are dominated by uv in GT~T. Hence
DiUDyU...UD;_1UD;11U...UDgU{uv} is a dominating set of cardinality v(G) of GT~T.
Hence by Theorem 3.6, v(G1t~1) = v(G). O
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§5. The Upper Bound [n/2]

In this section, we consider the connected graphs of order 6,8,10 and prove that [n/2] is an
upper bound for the domination number of the transformation graph where G is any connected

graph of order n.

Lemma 5.1 Let G be a connected graph of order 6. Then v(GY~1) < 3 and the bound is
sharp.

Proof If v(G) = 1, then by Theorem 3.6, v(Gt~1) < 3. If v(G) = 3, then G = H o K,
where H = P3 or C5. Then V(H) is a minimum dominating set of G~ 1. Hence v(GT~1) = 3.

Now, let v(G) = 2. 1f §(G) = 1, then by Theorem 4.5, v(GT~1) < 3. Assume that §(G) > 2.
If A(G) =5 or 4, then by Theorem 3.1 and Theorem 3.6, v(G*~1) < 3. If A(G) = 2, then
G = (g and hence v(G*~1) = 3. Now, assume that A(G) = 3. Let v be a vertex of degree
3. Then let N(v) = {v1,v2,v3} and V — N[v] = {u1,u2}. If N(u1) N N(uz) # ¢ in N(v), then
let v; € N(u1) N N(uz2). Now, v dominates all the vertices of N[v] and all the edges which are
incident with v in GT~1. The vertex v; dominates all the vertices of V — N|[v] and all the edges
which are incident with v; in GT=T. Further vv; dominates all the remaining edges which are
not adjacent to vv;. Hence {v,v;,vv;} is a dominating set of Gt~ If N(u1) N N(u2) = ¢ in
N(v), then let u; be adjacent to v; and uy be adjacent to vy. Then ujvy dominates uq, v1
and all the edges which are not adjacent to uiv; in G~ 1; ugvy dominates us, v9 and all the
edges which are adjacent to ujv; except ujusg, vivs in GT~F; vv3 dominates v, v3 and the edges
urug, v1v2 in GYF. Hence {uqv1, uzvs,vv3} is a dominating set of GT=F. Thus y(GT~T) < 3.
Further, v(C§ =) = 3 and hence the bound is sharp. O

Lemma 5.2 Let G be a connected graph of order 8. Then v(GY=1) < 4 and the bound is
sharp.

Proof 1f v(G) < 2, then by Theorem 3.6, v(Gt~1) < 4. If v(G) = 4, then G = H o K,
for some connected graph H of order 4. Then V(H) is a minimum dominating set of GT~7.
Hence v(GT—1) = 4.

Now, let v(G) = 3.1f 6(G) = 1, then by Theorem 4.5, v(GT~1) < 4. Assume that §(G) > 2.
If A(G) =6 or 7, then by Theorem 3.1 and Theorem 3.6, v(G*~1) < 3. If A(G) = 2, then
G = Cys and hence v(G1T~1) = 4. Let v be a vertex of degree A(G). We consider the following
three cases.

Case 1 A(G) =5.

Let N(v) = {v1,v2,v3,v4,05} and V — N[v] = {ug,uz}. If N(u1) N N(u2) # ¢ in N(v),
then let v; € N(u1) N N(uz). Now, v dominates all the vertices of N[v] and all the edges which
are incident with v in Gt~*. The vertex v; dominates all the vertices of V' — N[v] and all the
edges which are incident with v; in Gt~ 1. Further vv; dominates all the remaining edges which
are not adjacent to vv;. Hence {v,v;,vv;} is a dominating set of GT~F.

If N(u1) N N(ug) = ¢ in N(v), then let u; be adjacent to v; and us be adjacent to vs.

Let D = {v,v1,vv1,us}. Now, v dominates all the vertices of N[v] and all the edges which are
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incident with v in GT~1; v; dominates all the edges which are incident with v; and the vertex
up in GT~1; vv; dominates all the remaining edges which are not adjacent to vv; in Gt~ 1.
Also uy dominates itself. Hence D is a dominating set of GT~t. Thus y(GT~1) < 4.

Case 2 A(G) =4.

Let N(v) = {v1,v2,v3,v4} and V — N[v] = {uq1,u2,us}. If N(u;) N N(u;) # ¢ in N(v),
then let vy, € N(u;) N N(uj). Let D = {v, vk, vug, u, } where r ¢ {i,j}. All the vertices of G
are dominated by D in GT~F. Also all the adjacent edges of vvy are dominated by {v, vy}
and all the non-adjacent edges of vvy, are dominated by the edge vvy in GT~1. Hence D is a
dominating set of GT—.

Now, let N(u;) N (u;) = ¢ for all ¢ and j in N (v). Then the induced subgraph (V — N[v])
is not isomorphic to K3 and hence it is isomorphic to Ko U K7 or P3 or Cs.

If (V — Nv]) & K2 U Ky, then let uyug € E(G) and ugv;, usv; € E(G). Now, v dominates
all the vertices of N[v]; ujus dominates wuy, uz, all the edges in N[v] and all the edges incident
with us; usv; dominates us and all the edges adjacent to wjus. Therefore {v,ujus,usv;} is
a dominating set of Gt=1. If (V — N[v]) & P, then let u; and us be pendant vertices in
(V — N[v]) and u1v;,usv; € E(G). v dominates all the vertices of N[v] and all the edges which
are incident with v in GT=T. A vertex v; dominates u; and all the edges incident with v; in
G+, The edge vv; dominates all the remaining edges which are non-adjacent to vv; in GT—.
Also, uz dominates uz and itself in GT~T. Hence {v,v;, vv;, uz} is a dominating set of GT~7.
If (V — N[v]) & Cs, then let uy be adjacent to v;. Then {v,v;,vv;, us} is a dominating set of
G*~T. Hence v(GT=1) < 4.

Case 3 A(G) =3.

Let N(v) = {v1,v2,v3} and V — N[v] = {u1, ug, us, ua}. If N(u;) "N (u;) # ¢ for some i, j
in N(v), then let vy € N(u1) N N(ug). If uguq € E(G), then {v, vk, vk, usug} is a dominating
set of GT=. If ug and w4 are adjacent to a common vertex x € V(G), then {v, vy, vvy, z} is a
dominating set of GT~ 1. If u3 and w4 are not adjacent to a common vertex and usus ¢ E(G),
then let us be adjacent to v; and wuq; and wuy is adjacent to v; and ug. Hence {v, u1, ug, vy} is
a dominating set of Gt~ 1.

Now, let N(u;) "N (u;) = ¢ for all ¢, j in N(v). Then the induced subgraph (V — NJv]) is
not isomorphic to K4 or Py UK, and hence it is isomorphic to C3 U K7 or P, or a graph with
at least one vertex u; of V' — NJv] is of degree three.

If (V — N[v]) = C3UK; where C5 = ujususui, then uy is adjacent to a vertex v;. Therefore,
{v,v;, vv;,u1} is a dominating set of GT—+.

If (V — N[v]) & P, = ujusugug, then up is adjacent to at least one vertex of v; and wuy
is adjacent to at least one vertex of v;. Let D = {v, ugus, u1v;, uqv;}. The vertex v dominates
all the vertices of N[v] and all the edges incident with v in GT~F. The edge usuz dominates
ug, ug, all the edges in N[v] and all the edges incident with u; or us except ujus and usuy in
GT~T. Also the edge ujv; dominates u1, usus and all the edges incident with us or us except
urug, viuz, viuz in GTT. Further, uqv; dominates ug, ujug, viuz, v;uz in GT~1. Hence D
is a dominating set of GT~T.

If at least one vertex u; of V' — N|[v] is of degree three in (V' — N[v]), then at least one vertex
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uj(# u;) in V — N[v] is adjacent to a vertex vg of N(v). Then {v, vk, vug, u;} is a dominating
set of G+, Further, v(Cg ~ %) = 4 and hence the bound is sharp. O

Lemma 5.3 Let G be a connected graph of order 10. Then v(GT~1) < 5. and the bound is
sharp.

Proof If v(G) < 3, then by Theorem 3.6, v(G*~1) < 5. If v(G) = 5, then G = H o K;
for some connected graph H of order 5. Then V(H) is a minimum dominating set of GT~7.
Hence v(GT~1) = 5. Now, let 7(G) = 4. If §(G) = 1, then by Theorem 4.5 v(G*t~1) < 5. Now,
assume that §(G) > 2. If A(G) = 8 or 9, then by Theorem 3.1 and Theorem 3.6, v(G*T~1) < 3.
If A(G) = 2, then G = Cyp. Therefore v(GT~T) = 5. Let v be a vertex of degree A(G). Then
we consider the following five cases.

Case 1 A(G)=T.

Let N(v) = {v1,v2,v3,v4,05,06,07} and V — N[v] = {u1,uz}. Therefore {v,u1,us} is a
dominating set of G and hence y(GT~T) <3+ 2 =5.

Case 2 A(G) =6.

Let N(v) = {v1,v2,v3,v4,v5,06} and V — N[v] = {u, ug, us}. If N(u;) N N(u;) # ¢ in
N(v), then let vy, € N(u;) N N(u;). Let D’ = {v, vi, vvi, u, } where r ¢ {3, j}. Clearly, all the
vertices are dominated by D’ in GT~T. Also, all the adjacent edges of vvy are dominated by
{v,vr} and all the non-adjacent edges of vvy are dominated by vvy in GT—F. Hence D’ is a
dominating set of Gt~ .

Assume that N (u;)NN(u;) = ¢ for all ¢, j in N(v). Then the induced subgraph (V — N[v])
is isomorphic to K3 or Ko U K7 or P3 or C3.If (V — N[v]) & K3, let u; be adjacent to v;. Then
{v, v;,v0;,uj, ur} is a dominating set of GT=+. If (V — N[v]) & Ky U K7, let ujus € E(G) and
ugv;, uzvj € E(G). Then {v, ujus, uzv;} is a dominating set of G~ . If (V — N[v]) = P3 where
P3 = ujugug, then ujv;, uzv; € E(G) and hence {v,v;, vv;, us} is a dominating set of Gt=+. If
(V — N]) = Cs, let u; be adjacent to v;. Then {v,v;,vv;,u;} is a dominating set of G*~ .
Hence v(GT~1) < 5.

Case 3 A(G) =5.

Let N(v) = {v1,v2,v3,v4,05} and V — N[v] = {u1, ug, us,ua}. If N(u;) N N(u;) # ¢ in
N(v), let v, € N(u1) N N(uz). Then {v, vg, voy, us, us} is a dominating set of G*~+.

Now, let N(u;) NN (u;) = ¢ for all ¢ and j in N(v). Then the induced subgraph (V — N[v])
is not isomorphic to K4, or KoU2K, and hence it is isomorphic to P3UK; or C3UK7 or Py or Cy
or a graph with at least one vertex of V' — N[v] of degree 3. If (V — N[v]) & PsUK; where P3 =
ujugus, then u is adjacent to at least one vertex vy in N (v) and hence {v, v, vug, ugus, us} is a
dominating set of GT=T. If (V — N[v]) 2 C3UK; where C3 = ujususuy, then uy is adjacent to a
vertex v;. Therefore {v, v;, vv;, u1 } is a dominating set of GT~T. If (V — N[v]) & Py = ujususuy,
then u; is adjacent to v; € N(v) and w4 is adjacent to v;. Therefore {v, vovs, uiv;, uav;} is a
dominating set of GT=+. If (V — N[v]) & Cy = wujususzuquy, let u; be adjacent to a vertex
vj € N(v). Then {v,vj,vv;,u3} is a dominating set of GT~F. If at least one vertex u; of
V — Nv] is of degree 3 in (V — Nv]), then at least one vertex u;(may be u;) in V — N{v]
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is adjacent to a vertex vy € N(v). Then {v, vy, vug, u;} is a dominating set of GT~T. Hence
YGTT) <5

Case 4 A(G) =4.

Let N(v) = {v1,v2,v3,v4} and V—N[v] = {u1, ug, us, ua, us}. fvg, € N(u;)N(u;)NN (ug)
for some %, j and k in N(v), then {v,vg,vvg,urus} is a dominating set of Gt~t. Now, let
N(u;) N N(uj) N N(ux) = ¢ for all ¢, j and k. Then the induced subgraph (V — N[v]) is

non-empty and hence we consider two subcases.
Subcase 1 (V — NJ[v]) is disconnected.

If (V — Ny & Ko U3Ky, let ujus € E(G). Then each of us,us and us are adjacent
to at least two vertices of N(v) and each of u; and uy are adjacent to at least one vertex of
N(v). Hence {v1,v2,v3,v4,urus} is a dominating set of GT=F. If (V — N[v]) = 2K, U K1, let
urug, usug € E(G) and us be adjacent to v; and v; of N(v). Then, {v,v;, vv;, urug, ugus} is a
dominating set of GT—F. If (V — N[v]) & P3U2K; where P; = ujusus, let uy be adjacent to v;
and us be adjacent to vj. Then {v, v;, vv;, u2, us} is a dominating set of G~ . If (V — N[v]) =
C3U2K; where C5 = ujususuy, let uy be adjacent to v;. Then {v, v;, vv;, ug, us} is a dominating
set of GT=T. If (V — N[v]) & PyUK; or C4 UK, where Py = ujususug and Cyq = ujususugt,
let us be adjacent to v;. Then, {v, v;, vv;, uug, ugus} is a dominating set of G~ . If (V — N[v])
has exactly one isolated vertex u; and a vertex u; of degree 3, let uy (or u;) be adjacent to vy

and u; be adjacent to v,. Then {v,v,,vv,,u;} is a dominating set of Gt—+.
Subcase 2 (V — N[v]) is connected.

If (V — N[v]) & P5 where Ps = ujususugus, then u; and us must be adjacent to v; and
vj respectively. Therefore {v, v;, vv;, u2, us} is a dominating set of G*=. If (V — N[v]) = Cs,
where C5 = ujugugususuy, then w;v; € E(G). Then {v,vj,vv;,us,us} is a dominating set
of GT=T. If (V — N[v]) has a vertex u; of degree 3 and no isolated vertex, then there exists
u; € V — NJv] such that w;u; ¢ E(G) and there is u; (may be u; or u;) which is adjacent to
vg. Therefore {v, vy, vk, u;, u;} is a dominating set of Gt~ 1. If (V — N[uv]) has a vertex u; of
degree 4, then a vertex u; (3 u;) is adjacent to v; and hence {v,v;,vv;,u;} is a dominating set
of Gt=1. Thus v(G+t~1) <5.

Case 5 A(G) =3.

Let N(v) = {v1,v3,v3} and V — N[v] = {u1, ug, ug, ug, us, ug}. Then
(V — Nv]) has at most two isolated vertices and (V' — N[v]) is not isomorphic to 2K; U 2K5.
Hence it is isomorphic to P, U2K; or Cy U2K; or Ps U K7 or C5 U K7 or 3K, or P or Cg or a
graph with a vertex of degree 3.

If (V — N[v]) &2 P,U2K; where Py = ujugusug, let uyvy € E(G). Then {v1,vq, v3, us, vu1}
is a dominating set of Gt~+. If (V — N[v]) = C4 U 2K; where Cy = ujuguzuguy, let u;v; €
E(G). Then {v1,v2,v3,vvj,us} is a dominating set of Gt=*. If (V — N[v]) has two isolated
vertices and a vertex wu; of degree 3, then {wy,vs,vs,vv1,u;} is a dominating set of GT—T.
If (V-N[]) &2 Ps UK, or C5 UK, where Ps = wjususugus and Cs = ujuguzugtsus,
let us be adjacent to v;. Then {v,v;, vv;,u1,us} is a dominating set of Gt=1. If (V — NJv])
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has exactly one isolated vertex u; and a vertex u; of degree 3, let ujur ¢ E(G) and u; be
adjacent to v;. Then {v,v;,vv;,uj,ux} is a dominating set of GT=T. If (V — N[v]) = 3K,
and ujusg, usug, usug € E(G), let uiv; € E(G). Then {v,v;,vv;, us, us} is a dominating set of
GT=F.If (V — N[v]) & Ps or Cg where Ps = ujususugusug and Cg = ujusuzusstgtiy, then
{u2, us,v,v;,vv;} is a dominating set of G~ . If (V — N[v]) has a vertex u; of degree 3 and
uiug, uug ¢ E(G), then u; is adjacent to a vertex v; of N(v). Therefore {v, v;, vv;, u;, ug} is a
dominating set of G*~*. Hence v(G*~+) < 5. Further, v(C{;”") = 5 and hence the bound is
sharp. O

Theorem 5.4 Let G be a connected graph of order n > 5. Then v(GT~1) < [n/2] and the

bound is sharp.

Proof 1f for k > 2, v(G) < [n/2] — k, then by Theorem 3.6, v(G*~1) < [n/2] . Hence it

is enough if we consider the following two cases.
Case 1 v(G) = [n/2].

By Theorem 1.1, v(G) < n/2 and hence n is even. Therefore, by Theorem 1.2, G = Cy or
H o K for some connected graph H. If G = Cy, then y(GT~ 1) =~v(G) =n/2. If G = H o K1,
then all the supports of G from a minimum dominating set D of G. Since each edge of G

is incident with at least one vertex of D, D is also a dominating set of GT~. Therefore,
v(GT=T) < n/2.
Case 2 v(G) = [n/2] — 1.

If §(G) = 1, then by Theorem 4.5, v(Gt~1) < 4(G) + 1= [n/2].

Now, let 6(G) > 2. If G € A, then v(GT~1) =3 < [n/2]. If G ¢ A, then by Theorem 1.3,
7(G) < 2n/5.

Subcase 1 n is odd.

Then v(G) = [n/2] — 1 < 2n/5. Therefore, n < 5. Hence n = 5. Clearly for all connected
graphs on 5 vertices, v(Gt~1) <3 = [n/2].

Subcase 2 n is even.

Then n/2 —1 < 2n/5. Thus n < 10. If n = 6, then by Lemma 5.1, v(GT~) < 3. If n =8,
then by Lemma 5.2, 7(GT~1) < 4. If n = 10, then by Lemma 5.3, v(GT~ 1) < 5. Further, for
the graph G given in Fig.5.1, 7(GT~1) = 3 = [n/2] and hence the bound is sharp. O

Fig.5.1 A graph G with Gt=1 = [n/2].
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Open Problems

We present open problems following:

1. Characterize the graphs which attain the bound given in Theorem 3.3.

2. Characterize the extremal graphs in Theorem 5.4.
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