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Abstract: For a positive integer k, let G(n; F2g+1) be the class of graphs on n vertices con-
taining no two 2k + 1-edge disjoint cycles. Let f(n; Eoxt+1) = max{E(G) : G € G(n; Fax+1)}-
In this paper we determine f(n;E2r+1) and characterize the edge maximal members in
G(n; E2g+1) for k=1 and 2.
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§81. Introduction

For our purposes a graph G is finite, undirected and has no loops or multiple edges. We denote
the vertex set of G by V(G) and edge set of G by E(G). The cardinalities of these sets are
denoted by v(G) and £(G), respectively. The cycle on n vertices is denoted by C,,. Let G be
a graph and u € V(G). The degree of u in G, denoted by dg(u), is the number of edges of G
incident to u. The neighbor set of u in G is a subgraph H of G, denoted by Ny (u), consists of
the vertices of H adjacent to u; observe that dg(u) = |Ng(u)|. For a proper subgraph H of G
we write G[V (H)] and G-V (H) simply as G[H] and G — H respectively.

Let G; and G5 be graphs. The union G; U G5 of G; and G5 is a graph with vertex set
V(G1) UV (G3) and edge set F(G1) U E(G2). Gy and Gy are vertex disjoint if and only if
V(G1) NV(G2) = @; Gy and Gy are edge disjoint if F(G1) N E(G2) = @. If Gy and G are
vertex disjoint, we denote their union by G; + G2. The intersection G; N G2 of graphs G; and
G2 is defined similarly, but in this case we need to assume that V(G1) NV (G2) # @. The
join G V H of two disjoint graphs G and H is the graph obtained from G; + G2 by joining
each vertex of G to each vertex of H. For a vertex disjoint subgraphs H; and Hy of G we let
E(H1,Hs) ={2y € E(G) : x € V(H1),y € V(H2)} and E(H:, Hs) = |E(H, Hs)|.

Let F1,F2 be two graph families and n be a positive integer. Let G(n;Fi,Fa) be a
Smarandache-Turan graph family consisting of graphs being Fi-free but containing a subgraph

isomorphic to a graph in F» on n vertices. Define

Fn; Fr, Fo) = max{|E(G)| : G € G(n; Fr, Fa)}-
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The problem of determining f(n; Fy, F2) is called the Smarandache-Turdn-type extremal prob-
lem. It is well known that in case Fy = () or F» = {edge} the problem is called the Turdn-type
extremal problem and abbreviated by f(n;F1) and the class by G(n; F1). In this paper we
consider the Turdn-type extremal problem with the odd edge disjoint cycles being the forbid-
den subgraph. Since a bipartite graph contains no odd cycles, we only consider non-bipartite
graphs. For convenience, in the case when F; consists of only one member C,., where r is an

odd integer, we write
Gnsr) =Gy F1),  flmr) = flmFr).

An important problem in extremal graph theory is that of determining the values of the function
f(n; F1). Further, characterize the extremal graphs G(n; F1) where f(n;F1) is attained. For a
given r, the edge maximal graphs of G(n;r) have been studied by a number of authors [1, 2, 3,
6, 7,809, 11].

Let G(n; Far+1) denote the class of graphs on n vertices containing no two (2k + 1)- edge
disjoint cycles. Let

f(n; E2k+1) = max{S(G) :G e Q(n, Egk_;,_l)}.

In this paper we determine f(n; For+1) and characterize the edge maximal members in for

k =1 and 2. Now, we state a number of results, which we use to prove our main results.

Lemma 1.1 ( Bondy and Murty, [4]) Let G be a graph on n vertices. If £(G) > n?/4, then G
contains a cycle of length r for each 3 <r < [(n+ 3)/2].

Theorem 1.2 (Brandt, [5]) Let G be a non-bipartite graph with n vertices and more than
|(n—1)2/4+1]| edges. Then G contains all cycles of length between 3 and the length of the

longest cycle.

Let G*(n) denote the class of graphs obtained by adding a triangle, two vertices of which
are new, to the complete bipartite graph K|(,—2)/2|,1(n—2)/2]. For an example of G*(n), see
Figure 1.

Theorem 1.3 ( Jia, [10]) Let G € G(n;5), n > 10 . Then

E(Q) < L(n — 2)2/4J + 3.
Furthermore, equality holds if and only if G € G*(n).

In this paper we determine f(n, Ear11) and characterize the edge maximal members in
G(n, Eog+1) for k = 1,2, which is the first step toward solving the problem for each positive

integer k.
§2. Edge-Maximal Cs5-Disjoint Free Graphs

In this section we determine f(n, F3) and characterize the edge maximal members in G(n, E3).

We begin with some constructions. Let 2(G) denote to the class of graphs obtained by adding
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Figure 1: The figure represent a member of G*(n).

an edge to the complete bipartite graph K|, /2| 1n/27. Figure 2 displays a member of Q(G).

Observe that Q(G) C G(n, Eaky1) and every graph in Q(G) contains [n?/4] + 1 edges. Thus,
we have established that

f(n; Bopyr) > [n?/4] +1 (1)

We now establish that equality (1) holds for & = 1. Further we characterize the edge maximal
members in G(n; E3).

-G

Figure 2: The figure represents a member of Q(G).

In the following theorem we determine edge maximum members in G(n; E3).
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Theorem 2.1 Let G € G(n; E3). Forn > 8,
f(n;Es) < |n?/4] +1.
Furthermore, equality holds if and only if G € Q(G).

Proof Let G € G(n,Es). If G contains no cycle of length three, then by Lemma 1.1,
E(G) < [n?/4] . Thus, £(G) < |[n%/4] + 1. So, we need to consider the case when G has cycles
of length 3. Let zyzzx be a cycle of length 3 in G. Let H = G — {zy,zz,yz}. Observe that H
cannot have cycles of length 3 as otherwise G would have two edge disjoint cycles of length 3.

To this end we consider the following two cases.

Casel: H is not a bipartite graph. Since H contains no cycles of length 3, by Theorem 1.2,
EG) < |(n—1)%/4] + 1.

Now

3]
=
I

S(H)+3
T

Case 2: H is a bipartite graph. Let X and Y be the bipartition of V(H). Thus, £(H) < | X|Y.
Observe | X| + |Y| = n. The maximum of the above is when |X| = |n/2| and |Y| = [n/2].
Thus, £(G) < [n?/4]. Now we divide our work into two subcases.

for n > 8.

Subcase 2.1. All the edges zy, xz, and yz are edges in on of X and Y, say in X. Observe
that for any two vertices of Y, say uw and v, we have that £({z,y, z}, {u,v}) < 5 as otherwise
G would have two edge disjoint cycles of length 3. Thus, £({z,y,2},Y) <2|Y|+ 1. Now,

EG) = &X —{z,y,2},Y) +E{z,y,2},Y) + E({z,y, 2})
< (IX[=-3)[Y|+2/Y[+1+3
< XY= Y| +4< (X]=1)|Y]+4.

Observe | X| + |Y| = n. The maximum of the above equation is when |X| = |(n +1)/2] and
Y| = [(n—1)/2], Thus,

(n—1)2 n?
EG) < | ——— 4 — 1.
(G) < { 1 tA< ||+
Subcase 2.2. At most one of zy, xz and yz is an edge in X and Y. So,

E(G) = EH) +1< V‘;J 41

This completes the proof of the theorem. O

We now characterize the extremal graphs. Through the proof, we notice that the only time
we have equality is in case when G obtained by adding an edge to the complete bipartite graph
K|/2],1n/21- This gives rise to the class Q(G).
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§3. Edge-Maximal C5-Disjoint Free Graphs

In this section we determine f(n; Eaj1) and characterize the edge maximal members in G(n; Fag41)
for k = 2. We now establish that equality (1) holds for & = 2. Further we characterize the
edge maximal members in G(n; E5). To do that we employ the same method as in the above

theorem

Theorem 3.1 Let G € G(n, E5). Forn > 9,
f(n; Es) < Ln2/4j + 1.
Furthermore, equality holds if and only if G € Q(G).

Proof Let G € G(n;Es). If G does not have a cycle of length 5, then by Lemma 1.1,
E(G) < |n?/4]. Thus, £(G) < |n?/4] + 1. Hence, we consider the case when G has cycles
of length 5. Assume x5 ...x521 be a cycle of length 5 in G. As in the proof of the above
theorem, we consider H = G — {e1 = x1x2, €2 = Tax3,...,e5 = r5x1}. Observe that H cannot
have 5-cycles as otherwise G would have two 5 - edges disjoint cycles. Now, we consider two

cases.

Case 1: H is not a bipartite graph. Then, by Theorem 1.3, we have

EH) < [(n—2)%/4] + 1.

Now,
E(G) = EH)+5
(n—2)2 n?
< A BRI
< L 1 +8 < 1 n—+9,
for n > 9, we have
n2
E(G)<{ZJ+1

Case 2: H is a bipartite graph. Let X and Y be the bipartition of V(H). Thus, £(G) <
|X||Y]. Observe |X|+ |Y| = n. The maximum of the above is when |X| = [n/2] and |Y| =
[n/2]. Thus, £(G) < {’Z:J Now, we consider the following subcases.

Subcase 2.1. One of X and Y contains two edges. Observe that those two edges must be
consecutive, say e; and ea. Let z be a vertex in X. If [Ny (z1) N Ny (z2) NNy (x3) NNy (2)| > 4,

then G contains two 5 edges disjoint cycles. Thus,
E{m1,m2,23,2},Y) <3]Y|+3.
So,

E(G) = E(X —m,20,23,2},Y) + E(w1, 22,23, 2},Y) + E(X) + E(Y)
(|X|—4)|Y|+3|Y|+3+2+3
XY= Y]+8 < (I X[-DY|+8

IN

IN
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Observe |X|+ |Y| = n. The maximum of the above equation is when [Y| = [Z31] and
|X|—1=[251]. Thus,

0|05 s

For n > 9, we have

E(G) < {— + 1.

Subcase 2.2. £(X)=1and E(Y)=0o0r £(X)=0and £(Y) =1. Then

EG)<EH)+1<L §J+1

This completes the proof of the theorem. O

We now characterize the extremal graphs. Through the proof, we notice that the only time
we have equality is in case when G obtained by adding an edge to the complete bipartite graph.
This gives rise to the class Q(G).
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