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The Arc Energy of Digraph
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Abstract: We study the energy of the arc-adjacency matrix of a directed graph D, which
is simply called the arc energy of D. In particular, we give upper and lower bounds for the
arc energy of D. We show that arc energy of a directed tree is independent of its orientation.

We also compute arc energies of directed cycles and some unitary cayley digraphs.
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§1. Introduction

Let D be a simple digraph with vertex set V(D) = {v1,v2, -+, v, } and arc set I'(D) C V(D) x
V(D). Let |I'(D)| = m. The arc adjacency matrix of D is the n x n matrix A = [a;;], where

1 if i<j and (v;,v;) €T(D)
a;; =4-11if i<y and (vj,v;) €eT(D)

0 if v; and v; are not adjacent.

For i > j we define a;; = aj;. A is a symmetric matrix of order n and all its eigenvalues are
real. We denote the eigenvalues of A by A, Ao, -+, A, with Ay > Ay > --- > \,. The set
{A1, A2, -+, An} is called the arc spectrum of D. The characteristic polynomial |xI — A| of the
arc adjacency matrix A is called the arc characteristic polynomial of D and it is denoted by
®(D;z). The arc energy of D is defined by

Ea(D) = Z |>‘z|

For the majority of conjugated hydrocarbons, The total m—electron energy, F, satisfies

the relation

=1
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where A1, Ag, -+ , A\, are the eigenvalues of the molecular graph of the conjugated hydrocarbons.
In view of this, Gutman [3] introduced the concept of graph energy E(G) of a simple undirected
graph G and he defined it as

E(G) = Z | Al
i=1

where A1, A2, -+, A\, are the eigenvalues of the adjacency matrix of G. Survey of development
of this topic before 2001 can be found in [4]. For recent development, one can consult [2]. The
energy of a graph has close links to chemistry [5]. In many situations chemists use digraph
rather than graphs. In this paper we are interested in studying mathematical aspects of arc
energy of digraphs. The skew energy of a digraph is recently studied in [1].

In Section 2 of this paper we study some basic properties of the arc energy and also derive
an upper bound for E,(D). In Section 3 we study arc energy of directed trees. We compute arc

energies of directed cycles and some unitary Cayley digraphs in Section 4 and 5 respectively.

82. Basic Properties of Arc Energy
We begin with the definition of arc energy.

Definition 2.1 Let A be the arc adjacency matriz of a digraph D. Then its Smarandache arc
k-energy EX(D) is defined as >, |\i|¥, where n is the order of D and X\;,1 <i < n are the
eigenvalues of A. Particularly, if k = 1, the Smarandache arc k-energy EL(D) is called the arc
energy of D and denoted by E,(D) for abbreviatation.

Example 2.2 Let D be a directed cycle on four vertices.

Then A = and the characteristic polynomial of A is A\* — 4\% 4 4, and

==
o = O

0 1

-1 0 1 0
hence the eigenvalues of A are —v/2,1/2, —v/2,v/2, and the arc energy of D is 4+/2.

Theorem 2.3 Let D be a digraph with the arc adjacency characteristic polynomial
®(D;x) = box™ + by -+ by,

Then
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(’L) bo = 1,’
(#i1) by = —m, the number of arcs of D;

() Fori < j <k, we define

(i,7) = number of triangles of the form

(1,7, k) = number of triangles of the form

Vg

(Y ’Uj

b3 = _2[(i’j) + (J’k) + (kal) + (k‘,]ﬂ) - (]72) - (kaj) - <Z7k) - (iajv k)]

Proof
(i) Tt follows from the definition, ®(D;x) = det(z] — A), that by = 1.

(i) Since the diagonal elements of A are all zero, the sum of determinants of all 1 x 1 principal
submatrices of A = trace of A = 0. So b; = 0.

(#4i) The sum of determinants of all 2 x 2 principal submatrices of

A= Zdet 0 = Z —GkaK; = — Za?k =—m.

i<k e 0] Gk i<k
Thus by = —m.
(iv) We have
0 Aij Gk
b3 = (—1)? Zi<j<k Qji 0 Ajk

Qfq (227 0
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0 (%7%] Qi
= (-1 dDicjer @i 0 ajk

Qi Ak 0
= =2} icjck SijSikSik
=2((4, )+, k)+(k, 0)+(k, j, 1) = (G, 1) = (k, §) = (i, k) = (4, 5, k)]
O
Theorem 2.4 If A, Ao, -, A\, are the arc eigenvalues of a digraph D, then

(i) Zieq AY = 2m;

(#i) For 1 <i<mn, |[N| <A, the mazimum degree of the underlying graph Gp.

Proof (i) We have Y77 | A7 = trace of A> =371 | 37" ajja

Z(aij)Q =2m

1j=1

n
1=

(i) Let Ay > A > --- > )\, be the eigenvalues of A. The Cauchy-Schwartz inequality state

that if (a1,as9, - ,ay,) and (b1, ba, -+ ,b,) are real n-vectors then

(£0) < (59) (89)

Let a; =1 and b; = |\;| for 1 <4 <mn, and i # j. Then
2
S| (-1 ZM 2. (2.1)
1:¢j 176]

Since Y1 ; A; = 0 we have an Ai = —A;. Thus
i#£]

n
DY AP =1 =A%
i=1,
J#i
Hence

n

=M< DD
i=1

i£]

Using (2.1) in the above inequality we get

= AP < (=1 (1M = 1)

=1
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ie.,
nlA[? < 2m(n - 1),
AP < (n - 1)
Hence
A < A

Corollary 2.5 E,(D) < nA.

107

Theorem 2.6 \/2m + n(n — 1)p2/" < E,(D) < v2mn < nvVA where p = |det Al = [, |\il-

Proof We have

0 = () =30 T

i#]

and by the inequality between the arithmetic and geometric means,

1 L " .
ZE,(D) > - A|w
- (D) > (l:[lA I> |det Al

1
n(n—1)

1
. X | > . .
LI N | Y

i#] i#j

Therefore

(E.(D))* > 2m +n(n— 1)p=~.

To prove the right hand side inequality , we apply Schwartz’s inequality to the Euclidean

vectors u = (JA1], |A2], -+ ,|An]) and v = (1,1,--- ,1) to get

E,(D)= Z Ai| < Z A2 v = V2mn < VnAn = nVA.
i=1 i=1

Corollary 2.7 E,(D) = nvA if and only if A% = AL, where I,, is the identity matriz of order

n.
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Proof Equality holds in (2.2) if and only if the Schwartz’s inequality becomes equality and
trace A2 = Y7 | A? = 2m = nA, if and only if, there exists a constant « such that [\;|* = «

for all i and Gp is a A-regular graph, if and only if, A? = al, and a = A. O

Theorem 2.8 FEach even positive integer 2p is the arc energy of a directed star.

Proof Let V(K1) = {v1,...,vn41}. If v,41 is the center of K; ,, orient all the edges
toward v,4+1. Then

0 0 1

0 0 1
A= ,

11 ... 10

and its eigenvalues are {\/n, —/n,0,0,...,0}, and so E,(K1 ) = 2¢/n. Now take n =p?. [0

83. Arc Energies of Trees
We begin with a basic lemma.

Lemma 3.1 Let D be a simple digraph. and let D' be the digraph obtained from D by reversing
the orientations of all the arcs incident with a particular vertex of D. Then E,.(D) = Eq(D’).

Proof Let A(D) be the arc adjacency matrix of D with respect to a labeling of its vertex
set. Suppose the orientations of all the arcs incident at vertex v; of D are reversed. Let the
resulting digraph be D’. Then A(D’) = P;A(D)P; where P; is the diagonal matrix obtained
from the identity matrix by changing the i-th diagonal entry to —1. Hence A(D) and A(D’)
are orthogonally similar, and so have the same eigenvalues, and hence D and D’ have the same

arc energy. g

Lemma 3.2 Let T be a labeled directed tree rooted at vertex v. It is possible, through reversing
the orientations of all arcs incident at some vertices other than v, to transform T to a directed

tree T' in which the orientations of all the arcs go from low labels to high labels.

Proof The proof is by induction on n, the order of the tree. For n = 2, there is only one
arc and the result is true. Assume that any labeled directed tree of order less than n can be
transformed in the manner described to a directed tree T” such that the orientations of all the
arcs go from low labels to high labels. Consider a labeled directed tree T of order n rooted
at v. Let N(v) be the neighbor set of v. For each w € N(v), reverse the orientations of all
the arcs incident at w, if necessary, so that the orientation of the arc between v and w is from
low to high labels. Now, by induction assumption, the old-labeled new-orientation subtree T,
rooted at w € N(v) can be transformed to a directed subtree T, such that the orientations of
all the arcs go from low labels to high labels. Now combine all the subtrees T, and the root v
to obtain the required tree 7. O
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Theorem 3.3 The arc energy of a directed tree is independent of its orientation.

Proof Let T be a labeled directed tree. Since the underlying graph is a tree, it is a

0 Y
bipartite graph, and hence we can label T such that A(T) = . . By Lemma 3.2, we
Y 0
0 X . . .
can transform T to T’ such that A(T') = . , where X is nonnegative. By applying
X 0

Lemma 3.1 repeatedly, we conclude that A(T) and A(T") are orthogonally similar, and hence
have the same eigenvalues and so the same arc energy. Consequently, 7" has the same arc energy
as the special directed tree 7" in which the orientations of all the arcs go from low labels to
high labels. 0

Corollary 3.4 The arc energy of a directed tree is the same as the energy of its underlying

tree.

Proof From the proof of Theorem 3.3, the arc energy of a directed tree is equal to the sum

of the singular values of . , which is nothing but the adjacency matrix of underlying
X 0

undirected tree and so the arc energy of a directed tree is the same as the energy of its underlying

undirected tree. O

Corollary 3.5 Energy of a special tournament of order n with vertex set {1,2,...,n} in which

all its arcs point from low labels to high labels is same as its underlying tournament.

84. Computation of Arc Energies of Cycles

In this section, we compute the arc energies of cycles under different orientations. Given a
directed cycle, fix a vertex and label the vertices consecutively. Reversing the arcs incident at
a vertex if necessary, we obtain a new directed cycle with arcs going from low labels to high
labels with a possible exception of one arc. Hence the arc adjacency matrix of a directed cycle
is orthogonally similar to either A™ or A~ where,

0 1 0 1 0 1 0 -1

1 0 1 ... O 1 0
A+: . . . . and Ai:

1 0 0 ... O -1 0 0 ... O

Case (i): Let C; be the directed cycle with arc adjacency matrix AT. We have AT = Z+ 271
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where
0 1 0 0
0 0 1 0
Z =
1 0 0 0
which is a circulant matrix. Since Z™ = I, the characteristic polynomial of Z is ™ — 1. Hence
we have Sp(Z) = {1,w,w?, -+ ,w" "1} where w = e and so
Sp(CH) = {w +w™ Y j=0,1,2,--,n-1}
= {w+w? :j=012-,n—1}
9
= [2cos(ZTy . j=0,1,2,--,n—1}.

For n = 2k + 1, we have

n—1

. k .
27 29
+ — —
E.(Cy) = ZQ|COS(T)| —2+4Z|C05(m)\
j=0 Jj=1
k . o (2k+1)w
Jjm SIN 90okTT)
= 244 cos(——=)=2+4 | —— > — =
™ ™
= 2cse(omt ) = 2cse().
selsmryn) = 2oy
For n = 4k,
n—1 2_]7T' k—1 jﬂ'
E + = 2 — )| =4 e
a(Cr) Z | cos(= =)l +SZCOS(2k)
j=0 j=1
_ 4w sin GE_LT 4 t(ﬂ')_4 t(ﬂ')
- 2sinz 2] o) T RN
Similarly for n = 4k + 2
E.(CH) = 4csc(%).

Putting together the results above, we obtain the following formulas for arc energy of C;F :

2csc o if  n=1(mod2),
Eq(CF) = ¢ 4cot T if  n=0(mod4),
desc T if  n = 2(mod4).

Case (ii): Let C,, be the directed cycle with arc adjacency matrix A~. We have A~ = Z—Z"~!

where

0 1 0 0

0 0 1 0
7 =

-1 0 0 0
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Since Z" = —I, the characteristic polynomial of Z is 2" + 1. Hence we have Sp(Z) =
{5 17=0.L - (n—1)}. S0 Sp(A7) = {z — 2"~ | z € Sp(2)}.

For n = 2k 4+ 1, we have

n—1 2k
_ 2+ m mm
E = g 2| cos(~——2— E .
.(C) 2 | cos( 1 cos( 2k: i 1 mékﬂ COb(2k: n 1)
k 2k
mm 2k+1-m
— 2<1+ E COS(2k+1)_ E COS(’]T_W>>
m=1 m=k+1
k 2k
2k +1—
= 2<1+ E Cos(2k+1)+ E cos< 1 > )
m m=k+1

For n = 4k, we have

Bl(C7) = Z (BT g3 cos( 22T

Il
u
|
=
\/
I
0]
wn
=z
=]
N
kol
o
]
w0
—
»M:\
?\ﬂ
—
\—/

Similarly for n = 4k + 2, we get

(k+1)7w km Jis
2(2k+1))cos<2(2k+1) - 2(2k+1))

sin

sin

Ea(ci) =

n

T
2(2k+1)

Putting together the results above, we obtain the following formulas for arc energy of C,;

2 csc(gr-) if  n=1(mod2),
sin DT cos(ZT—7X) .
E (C;)=48 e if  n=0(mod4),
a\Ln sin f
51[1(2(2k+1))cos(2(2k+1) 2(2I§+1)) if n= 2(mod4)
sin m - :

84. On the Arc Energies of Some Unitary Cayley Digraphs

We now define the unit Cayley digraph D,, n > 1. The vertex set of D, is V(D,) =

{0,1,2,--- ,(n — 1)} and the arc set of D,, is I'(D,,) and is defined as follows:
Fori,j€{0,1,2,---,(n—1)} withi < jand (j—i,n) =1, (4,j) € I'(Dy,) or (4,7) € I'(Dy,)

according as j — i is a quadratic residue or a quadratic non-residue modulo n. In this section

we compute arc energies of unitary Cayley digraphs D,, for n = 2%p{* ... p& oy = 0 or 1,
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pi =1 (mod 4),i=1,2,3,--- ,7. We make use of the following well-known result to establish

a formula for arc energy of D,, for certain values of n.

Theorem 5.1 Let n = 2%p -..p% n > 1 and (a,n) = 1. Then x*> = a (mod n) is solvable
if and only if

(i) (p&) —1fori=1,2,---,r
and
(#75) a=1(mod 4) if4|n but 8tn ; a=1(mod 8) if 8 | n.

Here (p%) is the Legendre symbol.

(e%]

Theorem 5.2 Forn = 2%p---p%, ag =0 or 1, p =1 (mod 4), i = 1,2,3,---,r, the
arc adjacency eigenvalues of the unitary Cayley digraph D,, are the Gauss sums G(r,x,), 7 =

0,1,2,--- ,n—1, associated with quadratic character f.

Proof The arc adjacency matrix of D,, with respect to the natural order of the vertices
0,1,---,n—11s

—
3o
~—

C R CO R ) (52) (5%
A=
(5H (5 5 (%) (%)
(= (5 (5 () (%)
where
1 if (a,n) =1 and 2? = a(mod n) is solvable,
a
(5> =< —1if (a,n)=1 and 2? = a(mod n) is not solvable,
0 otherwise.
Since n = 2%pft ... p®* n > 1, where ap = 0 or 1 and p; = 1 (mod 4), i = 1,2,3,--- , 7, it
follows from Theorem 5.1 that 22 = —1 (mod n) is solvable. Thus

1
—— | =1 5.1
(-3) 6-1)
Moreover, if (a,n) = 1 then

(n;a) _ (—na> _ <—nl) (£)= (%) (using (5.1)).
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Hence the arc adjacency matrix A,, of D,, is circulant. Consequently the eigenvalues of A,, are

given by
n—1 m
2mi
Ar = (—)w’”m7 r=0,1,---,n—1, w=e¢en
m=0 "
n—1 m
= () w =Gy
n
m=1
where x, is the Dirichlet quadratic character mod n. 0

Theorem 5.3 Ifn = 2%p{-..p% n > 1, where ag = 0 or 1 and p; = 1 (mod 4), i =
1,2,--- ,r then the arc energy of D, is

Eo(Dn) = Vn ¢(n).

Proof By Theorem 5.2, the eigenvalues of D,, are
Ar=G(r,x;), 0<r<n-—1.

Hence the arc energy of D, is given by

n—1

E.(Dy,) = ZIA |—Z|erf

= Zixf WG, x,) =G, x,)| 6(n).

Therefore, to complete the proof, we need to compute |G(1, x,)[. We have

|G(17Xf)|2 = G(LX/)G(]. Xf 1Xf ZX 72:?";
m=1
- St zz( ) S

1 m=1j=1

[
(= 1

. n
A w™=Y | where w = e
()2
n n
) Z 1, since Z wmU=D =0, if j>1
m=1 m=1

<
Il
—_

I
S
S|

Hence |G(1,x,)| = v/n and E(D,) = y/n ¢(n).

Conclusion The arc spectrum and arc energy of D,, when n =1 or 2(mod 4) was computed
(Theorems 5.2 and 5.3.) using fact that the associated arc adjacency matrix A, was circulant.
Since in general A, is not circulant, we leave open the problem of computing the arc spectrum

and arc energy of D,, for any natural number n.
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