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Abstract A Smarandachely k — constrained labeling of a graph G(V, E) is a bijective
mapping f: VUE — {1,2, .., |V|+|E|} with the additional conditions that |f(u)— f(v)| > k
whenever uv € E, |f(u)— f(uwv)| > k and | f(uv) — f(vw)| > k whenever u # w, for an integer
k > 2. A graph G which admits a such labeling is called a Smarandachely k — constrained
total graph, abbreviated as kK — CT'G. The minimum number of isolated vertices required
for a given graph G to make the resultant graph a k — CTG is called the k — constrained
number of the graph G and is denoted by ¢, (G) . Here we obtain ¢, (K1,n) = n(k —2), for all
k > 3 and n > 4 and also prove that wheels, cycles, paths, complete graphs and Cartesian
product of any two non trivial graphs etc., are CTG’s for some k .In addition we pose some

open problems.
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§1. Introduction

All the graphs considered in this paper are simple, finite and undirected. For standard termi-
nology and notations we refer [2], [3]. There are several types of graph labelings studied by
various authors. We refer [1] for the entire survey on graph labeling. Here we introduce a new
labeling and call it as Smarandachely k-constrained labeling. Let G = (V, E) be a graph. A
bijective mapping f: VUE — {1,2,...,|V]| + |E|} is called a Smarandachely k — constrained

labeling of G if it satisfies the following conditions for every u,v,w € V:

(@) |f(uw) = f(v)] >k whenever uv € E;

(d) [f(u) = f(uv)| = k;
(#7) | f(uv) — f(vw)| > k whenever u # w.

A graph G which admits such a labeling is called a Smarandachely k-constrained total
graph, abbreviated as k — CTG. We note here that every graph G need not be a k — CTG

(e.g. the path P»). However, with the addition of some isolated vertices, we can always make
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the resultant graph a k — CT'G. The minimum n such that the graph GUK,, is a k — CTG is
called k-constrained number of the graph G and denoted by tx(G), the corresponding labeling is
called a minimum k-constrained total labeling of G. Further it follows from the definitions that
if G is a k — CTG, then its total graph T(G) is k — chromatic (i.e. minimum span of L(k, 1)
labeling of T(G) is |V(T(G))|) and vice-versa.

If G and H are any two graphs, then GU H, G + H, and G x H respectively denote the
Union, Sum and Cartesian product of G and H. For any real number n, [n] and |n| are
respectively denote the smallest integer greater than or equal to n and the greatest integer less
than or equal to n.

In this paper we obtain (K7 ,) = n(k —2), for all k > 3 and is n(k —2)+ 1 if n =3 or
k = 2, and also prove that wheels, cycles, paths, complete graphs and Cartesian product of any

two non trivial graphs etc., are CTG’s for some k. In addition we pose some open problems.

82. Results and Open problems on 2-CTG

Observation 2.1 FEwvery totally disconnected graph is trivially a k — CTG, for all k > 1 and
every graph is trivially a 1 — CTG.

Observation 2.2 No nontrivial connected 2 — CTG of order less than 4, and Py is the smallest
such connected graph.

Observation 2.3 If G; and G2 are k — CTG'’s, then their union is again a k — CTG.

2 if n=2,
Theorem 2.4 For a path P, on n vertices, ta(P,)=q 1 if n=3,

0 else.

Proof Let V(P,) = {v1,v2,...,vn} and E(P,) = {v;v;41|1 <i <n — 1}. Consider a total
labeling f: VUE — {1,2,3,...,2n— 1} defined as f(v1) = 2n—3; f(ve) = 2n—1; f(vive) = 2;
f(vavs) = 4; and f(vr) = 2k — 5, f(vgvry1) = 2k, for all k > 3. This function f serves as a
Smarandachely 2-constrained labeling for P,, for n > 4. Further, the cases n = 2 and n = 3
are easy to prove. O

e O e O O O O O

Figure 1: A 2-constrained labeling of a path P;.

Corollary 2.5 For every n > 4, the cycle Cy, is a 2-CTG and when n = 3, t2(C,,) = 2.

Proof If n > 4, then the result follows immediately by joining end vertices of P, by an
edge vivy, , and, extending the total labeling f of the path as in the proof of the Theorem 2.4
above to include f(viv2) = 2n.

Consider the case n = 3. If the integers a¢ and a + 1 are used as labels, then one of them

is assigned for a vertex and other is to the edge not incident with that vertex. But then, a + 2
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can not be used to label the vertex or an edge in C3. Therefore, for each three consecutive
integers we should leave at least one integer to label C3. Hence the span of any Smarandachely
2-constrained labeling of C3 should be at least 8. So t2(C5) > 2 . Now from the Figure 3 it is
clear that t3(C3) < 2. Thus t2(C3) = 2.

Figure 3: A 2-constrained labeling of a path C3 U K>

Lemma 2.6 For any integer n > 3, to(K1,,) = 1.

Proof Since each edge is incident with the central vertex and every other vertex is adjacent
to the central vertex, no two consecutive integers can be used to label the central vertex and an
edge (or a vertex) of the star. Hence t2(K7,,) > 1 . Now to prove the opposite inequality, let
G = K1, UKj, vy be the central vertex and vy, vy, ..., v, be the end vertices of the star K ;.
Let v, 41 be the isolated vertex of G.

We now define f: G — {1,2,...,2n 4+ 2} as follows:

flwo) =2n+4+2; f(v1) =2n—1; f(vny1) =2n+1; f(vg) =2k — 3 for all k,2 < k < n;
f(vov;) = 2i, for all 4,1 < i < n.

The function f defined above is clearly a Smarandachely 2-constrained labeling of G. So
t2(K1,,) < 1. Hence the result. O

Lemma 2.7 The graph K»,, is a 2-CTG if and only if n > 2.

Proof When n =1 or n = 2 the result follows respectively from Theorem 2.4 and Corollary
2.5. For n > 3, let Hy = {v1,v2,...,v,} and Ho = {u1,us} be the bipartitions of the graph
Ky, . Define a total labeling f as follows:

flur) =2n+1; f(uz) =2n+2; f(r1) =2n—1; f(vig1)=2i—1 ,foralli,1 <i<n-—1;
and for all odd j, f(uiv;) = 2(n+ 1)+ j ,f(ugv;) = 27 ; and for all even j, f(uiv;) = 24,

flugv;) =2(n+1)+34,1 < j <mn. Since f assigns no two consecutive integers for the adjacent
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or incident pairs, it is a Smarandachely 2-constrained labeling with span 3n + 2. Hence Ks ,, is
a 2-CTG. O

Figure 4: A 2-constrained total labeling of !

Figure 5: A 2-constrained total labeling of K 5

A function f: E — {1,2,...,|E|} is called a k-constrained edge labeling of a graph G(V, E)
if | f(e1) — f(e2)| > k whenever the edges e; and eg are adjacent in G. A graph G which admits
a k-constrained edge labeling is called a k — constrained edge labeled graph (k — CEG).

Lemma 2.8 For any two positive integers m,n > 3, the complete bipartite graph K, , is a
2-CEG.

Proof Without loss of generality, we assume that m > n. Let U = {ug, u1,us, ..., Um—1}
and V' = {vg, v1,v2, ..., vp_1} be the bipartitions of K, .

Case(i): m # 2(modn)

Define a function f : E(K,.n) — {1,2,3,...,mn}, by

J(UiVitr(mod n)) =km+i+1, for all i and k, where 0 <i<m —1land 0 <k <n—1.

The function f defined above is clearly a bijection. Further, the two distinct edges u;v;
and w;vy are adjacent only if © = [ or j = k, but not both. So for 0 < j,k < n — 1, we have
[ Flwv) — fluwn)] = |G = Dm+i+1] = [(k—a)ym+ i+ 1] = |G — K)ym| = |G — B)m > m > 2,
whenever j # k. And if j = k, then | # i and hence |f(u;v;) — f(ww;)| = |1+ i +m(i —j) —
1-l-m@G-D|=G=D+m(F—i—j+0)|=|GE-0)1—=m)| =|m—1||l —i] > 2 (since m > 3).
Therefore the function f is a valid 2-constrained edge labeling.

Case(ii): m = 2(mod n)

Relabel the vertices vg, v1,vs,...,v,—1 in V respectively as vg, vn—1,v1, Vn_2, V2, NETE
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Then the function f defined in the above case (i) serves again as a valid 2-constrained edge
labeling. O

Theorem 2.9 For the given positive integers m and n, with m > n

2 4if n=1 and m=1,
to(Kmn)=4q 1 if n=1 and m > 2,

0 else.

Proof For n =1 and m = 1 or 2, the result follows from Theorem 2.4. And the case
n = 1 and m > 3 follows from Lemma 2.6. We now take the case n > 1. When n = 2,
m > 2, the result follows by Lemma 2.7. If m,n > 3, then by Lemma 2.8, there exists
a 2-constrained edge labeling f : E(Kp,) — {1,2,...,mn} . Let U = {ug,u1, ..., Um—_1}
and V = {vg,v1,v2,...,up—1} be the bipartitions of K,,,. We now consider a function g :
V(Kmn) UE(Kmn) —{1,2,3,.....m+n+mn}, defined as follows:

glu;) =i +1,
gvj)=mn+m+j+1, and
g(uivy) = f(uvy) +m,

forall 7,j suchthat 0 <¢<m—-1, 0<j57<n—1.

The function g so defined is a Smarandachely 2-constrained labeling of K, ,, for m,n > 3.
Hence the result. |

Theorem 2.10 If G; and G2 are any two nontrivial connected graphs which are 2-CTG’s, then
G1+Gs is a 2-CTG.

Proof Let G1(V1, E1) be a graph of order m and size ¢; and Ga(Vz, Es) be a graph of order
n and size qs . Let ug, u1, ..., u;m_1 be the vertices of Gy and vg, vy, va,...,v,_1 be the vertices
of G2 . Since G and G2 are 2-CTG’s, there exist Smarandachely 2-constrained labelings,
fi: V(G UE(G)) — {1,2,3,...m+q}, and fo : V(Ga) U E(Ga) — {1,2,3,....,n + ¢a} for
G1 and Gs respectively.

Let G = G1 + G2 and G* be the graph obtained from G by deleting all the edges of G as
well as Go. Then G* is a complete bipartite graph K,, , and G = G; U G2 U G*. Since both
the graphs G and G5 are 2-CTG’s, we have both m and n are at least 4, and hence by Lemma
2.8, there exists a 2-constrained edge labeling g : E(G*) — {1,2,...,mn} for G*. Since G is
Smarandachely 2-constrained total graph, the maximum label assigned to a vertex or edge is
m + q1. Let u; be the vertex of G; such that m + ¢; is assigned for the vertex u; or to an
edge incident with the vertex u; in G; by the function f;. If g is not assigned 1 for the edge
incident with u; of G* , then just super impose the vertex u; of G; with the vertex u; of G* for
all 7,0 < i <m — 1. Else if g is assigned 1 for an edge incident with u; then re-label the vertex
u; of G* as Ujy1(mod m) for every i,0 < i < m — 1, before the superimposition. Repeat the
process of superimposition of the vertex v; of G* with the corresponding vertex v; of Gs in the

similar manner depending on whether the largest assignment of g to an edge of G* adjacent to
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the smallest assignment 1 of G assigned by the function fs or not. Now extend these functions
to the function f: VG U E(G) — {1,2,3,.....m+n+ ¢ + ¢ + mn}, by defining it as follows:

fl(ft), Zf T e V(Gl) U E(Gl),
[(@)=4 fo(x) +mn+q), if =€V (Gy)UE(G,),
gl@)+m+aq if ©=wuw; for all i,j, 0<i<m-—-1, 0<j<n-—1.
The function f defined above serves as a Smarandachely 2-constrained labeling. O

Corollary 2.11 For every integer n > 4, the complete graph K, is a 2-CTG.

Proof Follows from the following four Figures 6 to 9 and by Theorem 2.10 (since every

other complete graph is a successive sum of two or more of these graphs). g

10 12
§ 21 1 91
1 7 2 2
11 T 3 13 23
20
6 20 19 12 8 24 14
9 i5 . " 17 5
18 14 28
: ’ s 1 2
% 3
4
7 9 7
Figure 8: A 2-constrained labeling of Kj Figure 9: A 2-constrained labeling of K7

Theorem 2.12 For any integer n > 3, the wheel W1 5, is a 2-CTG.

Proof Let vg be the central vertex and vy, ..., v, be the rim vertices of W ,,. Define a total
labeling f on Wy, as; (i) f(vo) = 3n + 1; (ii) For all 4,1 < i <n, f(v;) = 2i — 3(mod 2n); (iii)
f(vovs) = 2i; and (iv) For all 1,0 < 1 < n, f(V14ik(mod n)V2+ik(mod n)) = 21 + 1+ 1, where k
is any integer such that 2 < k < n — 1 and ged(n, k) = 1. The existence of such k for a given
integer n is obvious for all n except n = 3,4 and 6. For n = 3, the result follows by Corollary
?7?. The required labeling for the special cases n = 4 and n = 6 are shown in Figures 10 and
11 below. ]
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Figure 12:A 2-constrained labeling of W; gFigure 13: A 2-constrained labeling of W7 9

We end up this section with the following open problem.

Problem 2.13 Determine the graph of order at least 4 which is not a 2-CTG?

83. Results on k-CTG

We now prove the results of previous sections for general cases and give some open problems.

Observation 3.1 G is a k-CTG = G is a (k—1)-CTG.
Lemma 3.2 If the path P, on n vertices is a k-CTG for some k > 2, then k < %

Proof The result is obvious for the case n < 4. In fact, if n <4, 2n -3 <5=k=1or
2, so the result follows by Theorem 2.4. Now assume that n > 5. Let f be any Smarandachely
k-constrained labeling of the path P,. Then the span of f is 2n — 1. Further f assigns the
integer 1 to a vertex or an edge.

Case (i) f(v;) =1, for some i,1 <i < n.
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Subcase (i) i #1 (ori #mn)

Vi
DRI OREERC)

Figure 14: A minimum possible assignment for three consecutive vertices of a path.

The minimum assignment for the neighboring vertices of v; is shown in the Figure 14.
Since span of f is 2n — 1, we get 2k + 2 < 2n — 1. Hence the result is true in this case.

Subcase (ii) i =1 (or i =n)

In this case for the internal (other than the end vertex) vertex vj, f(v;) > 2, and hence for
the minimum assignment for the neighboring vertices as well as the incident edges we get(again
referring the same Figure 14 with label 1 as f(v;)) 2k+f(v;)+1 < 2n—1 = 2k < 2n—2—f(v,) <
2n — 3.

Case (ii) f(vvip1)=1,fori,1<i<n-—1.

Result follows immediately by the Figure 14 treating rectangular boxes as vertices and
circles as edges. O

The following theorem extends Theorem 2.9 up to certain k.

Theorem 3.3 The path P, on n vertices is a k-CTG whenever 2 < k <n — ((";rl)]

Proof 1In view of observation 3.1, it suffices to define a total labeling f for k = n —
f@] Let us first denote the vertices and edges of the path simultaneously by the integers
1,2,3,..,2n— 1 as vy = 1,vve = 2,v2 = 3,vov3 = 4,v3 =5, ...,v; = 21 — 1, 00541 = 20, 0j41 =
2i+1,...,0p-1v, = 2(n — 1),v, = 2n — 1. Define an automorphism on Zs,/{0} as f(1) =
n 14+ U2 f(2) =n+1- [ F(3) =1and foralli,4 <i < 2n—1, f(i) = f(i—3)+1.

The function f defined above is a Smarandachely (n — (("—;rl)b-constrained labeling for P,. O

OO O OO O O2n O

Figure 15: A 5-constrained total labeling of the path Fs.

Problem 3.4 For any integers n,k > 3, determine the value of t;(Py).
. 5 n+1
Corollary 3.5 The cycle C,, on n vertices are k-CTG’s for every 2 <k <mn — f%}

Proof Let vy, v1,- - ,vn—1 be the vertices of C,, such that v,v,g,+1 € V(C,). Now for each
1,0 < i < n —1, denote the vertices and edges of C,, consecutively as vy = 0,vgv; = 1,01 =
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2,010 = 3,02 =4, ,v;_1 = 2(i = 1),v10; = 20 — 1, 0; = 20, -+ ,Up_2Up_1 =20 — 3, V1 =
2n — 2,v,—1v9 = 2n — 1. We now define a function f as follows:
Case (i) 31(n—2).

Define: f(0) = 1,f(1) =n+1—[2],f(2) =n+1+4[%],f(i) = f(i —3)+ 1, for all

1,3 <14 < 2n—1. The function f is a Smarandachely (n — ((";1)1)-constrained labeling of C),.

Case (ii) 3| (n—2).

Define: f(0) = 1,f(1) = n+1+[%],f2) =n+1-[%],f(@) = f(i —3) + 1, for all

1,3 <i < 2n — 1. The function f is again a Smarandachely (n — (("—;rl)])—constrained labeling

of Cp,. O

Problem 3.6 For any integers n,k > 3, determine the value of t;(Cy,).

Observation 3.7 We are not sure about the range of k, that is, k may exceed (n — f@}) for
some path or cycle on n vertices. However achieving the maximum value of k may be tedious

for a general graph (even for a path itself).

Problem 3.8 For a given integer k > 2, determine the bounds for a graph G to be a k-CTG.

Problem 3.9 For given positive integers m,n and k, does there exist a connected graph G with

n vertices such that t;,(G) = m?

Following theorem is a partial answer to the above Problem 3.9, which is also an extension

of Lemma 2.6.
Theorem 3.10 If k > 3 is any integer and n > 3, then,

3k—5, if n=23
tk(Kl,n): )
n(k —2), otherwise.

Proof For any Smarandachely k-constrained labeling f of a star K ., the span of f, after
labeling an edge by the least positive integer a is at least a +nk. Further, the span is minimum
only if @ = 1. Thus, as there are only n + 1 vertices and n edges, for any minimum total
labeling we require at least 1 +nk — (2n + 1) = n(k — 2) isolated vertices if n > 4 and at least
14+nk—2n=n(k—2)+1if n = 3. In fact, for the case n = 3, as the central vertex is incident
with each edge and edges are mutually adjacent, by a minimum k-constrained total labeling,
the edges as well the central vertex can be labeled only by the set {1,1+ k,1 + 2k, 1 + 3k}.
Suppose the label 1 is assigned for the central vertex, then to label the end vertex adjacent to
edge labeled 1 + 2k is at least (1 + 3k) 4+ 1 (since it is adjacent to 1, it can not be less than
1+ k). Thus at most two vertices can only be labeled by the integers between 1 and 1 + 3k.
Similar argument holds for the other cases also.

Therefore, t(K; ) > n(k —2) for n > 4 and ¢(K; ,,) > n(k —2) + 1 for n = 3.

To prove the reverse inequality, we define a k-constrained total labeling for all k& > 3, as

follows:
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(1) When n = 3, the labeling is shown in the Figure 16 below

Figure 16: A k-constrained total labeling of Kj 3 U Ksp_s.

(2) When n > 4, define a total labeling f as f(vov;) =1+ (j — 1)k for all j,1 < j < n.
flwg) =14 nk, f(r1) =2+ (n—2)k, f(va) =3+ (n— 2)k,and for 3 <i < (n— 1),

fwi)+2, if f(v;) =0(mod k),

f(vig1)= _
fv)+1, otherwise.

and the rest all unassigned integers between 1 and 1 + nk to the n(k — 2) isolated vertices,
where vg is the central vertex and vy, vo, vs, ..., v, are the end vertices.

The function so defined is a Smarandachely k-constrained labeling of K , U Kn(k:—2)7 for
all n > 4. |

Figure 17: A 5-constrained total labeling of K; g U Ka7.

Theorem 3.11 Let G1 and Gs be any two connected non-trivial graphs of order m and n
respectively. Then their Cartesian product graph G1 X Gg is a k-CTG for every k < min{m,n}.

Proof Let uy,us, ..., uy, be the vertices of G; and vy, ve, ..., v, be the vertices of G5 . Let
G = (G1 X G4. Define a total labeling f on G as follows:

If wju; € E(Gh), then label the corresponding edge {(u;,v1), (uj,v1)} in G by the integer
1, the edge {(ui,v2), (u;,v2)} by the integer 2, . . . so on, the edge {(u;,u), (u;,v;)} by the
integer [, for all [,1 <1 < n. Label the vertex (u;,v;) by n+ [ and the vertex (u;,v;) by 2n +1
forall[,1 < I < n. Next choose the new edge (if it exists) incident with either u; or u;, label the

corresponding edges to this edge in G; X G2 by next n integers respectively as above and then
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continue the labeling for the corresponding unlabeled end vertices of these edges (if they exist).
Repeat the process until all the edges as well as the vertices of each copy of G in G; x Gs is
labeled.

Since G2 is connected, for each s,1 < s < m, there exists an edge {(us,v1), (us,v;)} , for
some 4,1 < 4 < n. Label the edge {(u1,v1), (u1,v;)} by n(m + ¢1) + 1 and then the parallel
edges {(us,v1), (us,v;)} by n(m+q1) + s, for each s,2 < s < m. Repeat the process of labeling
by the next integers for each possible 7, then repeat for next s. Continue this process for the
possible edges {(us,v2), (us,v;)} , 2 < i < n, then to {(us,vs3), (us,v:)} ,3<i<mn,. .. so0
on {(us,Un—1), (us,vy)} (if no such edge exists at any stage then skip that step). Since the
difference between two adjacent edges (as well as adjacent vertices and incident pairs) is at
least min{m,n}, f is a Smarandachely Min{m,n}-constrained labeling of G. O

The illustration of the proof of the theorem is shown in the following figure.

Figure 18: A 3-constrained total labeling of Cartesian product of graphs.

Problem 3.12 Determine ty (K, n), for any integer k > 3.
Problem 3.13 For any integer n > 4, determine ti(K,).

Problem 3.14 Determine t,(W1,,), for any integer k > 3.
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