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Abstract: A Smarandache geometry is a geometry which has at least one Smarandachely
denied axiom (1969), i.e., validated and invalided, or only invalided but in multiple distinct
ways. Iseri constructed Smarandache 2-manifolds in Euclidean plane R? in [1], and later Mao
generalized his result to surfaces by map geometry in [4]. Then can we construct Smarandache
n-manifolds for n > 37 The answer is YES. Not like the technique used in [6], we show how
to construct Smarandache geometries in R™ by an algebraic methods, which was applied in

[3] for R? first, and then give a systematic way for constructing Smarandache n-manifolds.
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81. Introduction
As it is usually cited in references, a Smarandache geometry is defined as follows.

Definition 1.1 An aziom is said to be Smarandachely denied if the axiom behaves in at least
two different ways within the same space, i.e., validated and invalided, or only invalided but in
multiple distinct ways.

A Smarandache geometry is a geometry which has at least one Smarandachely denied
aziom (1969 ).

This anti-mathematical or multiple approach on sciences can be used to abstract systems.
In the reference [8], we formally generalized it to the conceptions of Smarandachely systems as

follows.

Definition 1.2 A rule in a mathematical system (X;R) is said to be Smarandachely denied if
it behaves in at least two different ways within the same set 3, i.e., validated and invalided, or
only invalided but in multiple distinct ways.

A Smarandache system (X;R) is a mathematical system which has at least one Smaran-

dachely denied rule in R.

As its a simple or concrete example, a question raised in [4] is to construct a Smarandache
geometry on R™ for n > 2. Certainly, the case of n = 2 has be solved by Iseri [1] and Mao [3]-
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[4]. The main purpose of this paper is to give an algebraic approach for constructing Euclidean
pseudo-geometry on R™ for any integer n > 2, which also refines the definition of pseudo
manifold geometry introduced in [6].

§2. Euclidean pseudo-geometry

Let R™ be an n-dimensional Euclidean space with a normal basis & = (1,0,---,0), €&2 =
(0,1,---,0), -+, &, = (0,0,---,1). An orientation X is a vector OX with ||_O—)_()H =11in R",
where O = (0,0, ---,0). Usually, an orientation )—5 is denoted by its projections of _O—)_() on each
€ for 1 <i <mn,i.e.,

X = (cos(b—)_(),a), cos(_O—)—(),Eg), e ,cos(b—)_(},En)),

where (b—)_() ,€) denotes the angle between vectors b—)? and €;, 1 <17 < n. All possible orienta-
tions X in R" consist of a set 0.

A pseudo-Fuclidean space is a pair (R“,w|5>), where w|5> : R™ — ¢ is a continuous
function, i.e., a straight line with an orientation O will has an orientation O + w|(—)>(ﬂ) after it
passing through a point w € E. It is obvious that (E,w|5>) = E, namely the Euclidean space
itself if and only if w|z (@) = 0 for vz € E.

We have known that a straight line L passing through a point (29,29, ,2%) with an
—
orientation O = (X7, Xs,---,X,) is defined to be a point set (21,2, ,z,) determined by

an equation system

$1=$(1)+tX1

$2:Ig+tX2
— 0

Ty =2, +1X,

for Vt € R in analytic geometry on R", or equivalently, by the equation system

xl—:v(f xg—xg ——

X1 Xo T X,

Therefore, we can also determine its equation system for a straight line L in a pseudo-

Euclidean space (R",w). By definition, a straight line L passing through a Euclidean point
—
70 = (29,29, ,2%) € R™ with an orientation O = (X1, X2, -+, X,,) in (R",w) is a point set

(z1,22,- - ,x,) determined by an equation system

xrp = I? + t(Xl + wl(fo))
zy = 29 + (X2 + w2 (7))

Tn =20 + (X, + wn (TY))

for Vt € R, or equivalently,
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v —ay  wp—a o, —al
Xi+wi(@) Xo+w (@)  Xptwe(@)
where w|5>(fo) = (w1 (%), wa(F°), - -+ ,w,(Z%)). Notice that this equation system dependent on

w|g, it maybe not a linear equation system.

Similarly, let 5 be an orientation. A point w € R" is said to be Fuclidean on orientation
— —
O if w|z (@) = 0. Otherwise, let w|z (W) = (w1(W),w2(W), - ,wn(W)). The point T is elliptic or
hyperbolic determined by the following inductive programming.

STEP 1. If wi(w) < 0, then @ is elliptic; otherwise, hyperbolic if w; () > 0;

STEP 2. If w1(u) = we(u) = -+ = w;(w = 0, but w;41(T < 0 then @ is elliptic; otherwise,
hyperbolic if w; 1 (@) > 0 for an integer ¢,0 <i <n — 1.

Denote these elliptic, Euclidean and hyperbolic point sets by

‘—/)eu ={ @ e R" | u an Euclidean point },
V= {v€R" |V an elliptic point }.
—
\%4

ny = { ¥ € R" | W a hyperbolic point }.
Then we get a partition
— — —
R" = Veu U Vel U Vhy
N

on points in R with Ve, NV =0, VeuNVipy =0and VNV, =0. Pointsin VNV,
are called non-FEuclidean points.

Now we introduce a linear order < on & by the dictionary arrangement in the following.

/ / / - / / /
For (z1,x2, - ,xn) and (x},xh,--- ,z)) € O, if x1 = x|, x0 = b, -+ 21 =z} and x141 <

xy for any integer 1,0 <1 <n —1, then define (v1,T2, -+ ,xn) < (¥),25,--- ,27,).

By this definition, we know that

Wl @) < wlg (@) < wlg (@)

— — — . . . — .
for Vi € V¢,U € Ve, W € Vp,y, and a given orientation O. This fact enables us to find an

interesting result following.

Theorem 2.1 For any orientation 1] € O in a pseudo-Euclidean space (R”,w|6), if ‘_/el #0
and T/’hy # (), then T/’eu £ .

. — — . — —
Proof By assumption, V¢ # 0 and V', # (), we can choose points @ € Vo and W € V py,.
Notice that w|5> : R" — 0 is a continuous and (€, <) a linear ordered set. Applying the

generalized intermediate value theorem on continuous mappings in topology, i.e.,

Let f: X — Y be a continuous mapping with X a connected space and 'Y a linear ordered
set in the order topology. If a,b € X and y € Y lies between f(a) and f(b), then there exists
x € X such that f(z) =y.
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we know that there is a point 7 € R" such that
wlz (@) =0,

i.e., U is a Euclidean point by definition. O

Corollary 2.1 For any orientation Ocbina pseudo-Euclidean space (R™,w|5), if Veu =0,
then either points in (R",w|gz) is elliptic or hyperbolic.

Certainly, a pseudo-Euclidean space (R",w|5>) is a Smarandache geometry sometimes ex-

plained in the following.

Theorem 2.2 A pseudo-Fuclidean space (R",w|5>) is a Smarandache geometry if V)eu, 176; #*
0, or Veu, ‘_/hy 0, or ‘_/el, V)h'y # 0 for an orientation 6 mn (R”,w|6).

Proof Notice that w| () = 0 is an axiom in R"™, but a Smarandache denied axiom if
Veuw, Ve # 0, 0r Veu, Viy # 0, or Ve, Viy # 0 for an orientation O in (R", w|g) for
wl5(@) = 0 or # 0 in the former two cases and w|z (@) < 0 or > 0 both hold in the last one.
Whence, we know that (R”, w|5>) is a Smarandache geometry by definition. U

Notice that there infinite points on a segment of a straight line in R™. Whence, a necessary
for the existence of a straight line is there exist infinite Euclidean points in (R",w[5). We find

a necessary and sufficient result for the existence of a curve C' in (R",w|5) following.
Theorem 2.3 A curve C' = (fi(t), f2(t), -, fu(t)) exists in a pseudo-Euclidean space (R™,w|5)

for an orientation o if and only if

dt v w1 (ﬂ)

df2(t), I
|U_ ( 1,
dt wa (@)
df . (¢) Y IV 1
dt wn (1) '
for vu € C, where wlg = (w1,wa, "+ ,wn).

Proof Let the angle between w|5> and ¢ be 6;, 1 <6, <n.
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Fig.2.1
Then we know that
cosb; =w;, 1<i<n.

According to the geometrical implication of differential at a point w € R"™, seeing also
Fig.2.1, we know that

dfi(t), B 1
7|ﬂ_t991_ (wi(ﬂ))2_1

for 1 < i < n. Therefore, if a curve C = (f1(t), f2(t), -+, fn(t)) exists in a pseudo-Euclidean
—

space (R",w|) for an orientation O, then

df; () L,

at "
for Vu € C. On the other hand, if

dfi(t) 1

i wa (T)

2-1, 1<i<n

hold for points T for ¥¢ € R, then all points T, ¢t € R consist of a curve C = (f1(t), f2(t), -+, fa(t))

=5
in (R",w|g) for the orientation O. O

Corollary 2.2 A straight line L exists in (R",w|z) if and only if w|g(@) =0 for Va € L and
—
VO € 0.

83. Application to Smarandache n-manifolds

Application of the definition of pseudo-Euclidean space R™ enables us to formally define a

dimensional n pseudo-manifold in [6] following, which makes its structure clear.

Definition 3.1 An n-dimensional pseudo-manifold (M™, A¥) is a Hausdorff space such that

each points p has an open neighborhood U, homomorphic to a pseudo-Euclidean space (R, w|5>),



Euclidean Pseudo-Geometry on R™ 95

where A = {(Up, ¢y))|lp € M"} is its atlas with a homomorphism ¢y : U, — (R",w|5) and a
chart (Up, ¢3)).

Applications of this definition will rebuilt pseudo-manifold geometries constructed in [6],
which will appear in a forthcoming book Combinatorial Geometry with Applications to Field
Theory of the author in 2009.
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