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§1. Introduction.

Cycle bases of a cycle space have a variety of applications which go back at least as far as
Kirchoff’s treatise on electrical network [20]. The required bases have been used to give rise
to a better understanding and interpretations of the geometric properties of a given graph
when MacLane [21] made a connection between the planarity of a graph G and the number
of occurrence of edges of GG in elements of cycle bases. Recently, the minimum cycle bases are
employed in sciences and engineering; for examples, in structural flexibility analysis [19], in
chemical structure and in retrieval systems [7] and [9].

In this paper, we investigate the basis number for the wreath product of two wheels and
we construct minimum cycle bases for same; also, we give their total length and the length of

the longest cycles.

82. Definitions and Preliminaries

Recall that for a given simple graph G = (V(G), E(G)) the set € of all subsets of E(G) forms
an |E(G)|-dimensional vector space over Zs with vector addition X Y = (X\Y)U (Y \X) and
scalar multiplication 1-X = X and 0-X = () for all X, Y € €. The cycle space, C(G), of a graph
G is the vector subspace of (€, @, -) spanned by the cycles of G. Note that the non-zero elements
of C(@) are cycles and edge disjoint union of cycles. It is known that the dimension of the cycle
space is the cyclomatic number or the first Betti number dimC(G) = |E(G)| — |V (G)| +r where

r is the number of components (see [8]).
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A basis B for C(G) is cycle basis of G. A cycle basis B of G is called a d-fold if each edge of
G occurs in at most d of the cycles in B. The basis number, b(G), of G is the least non-negative
integer d such that C(G) has a d-fold basis. A required basis of C(G) is a b(G)-fold basis. The
length 1(B) of a cycle basis B is the sum of the lengths of its elements: I[(B) = Y -z |C|. MG)
is defined to be the minimum length of the longest element in an arbitrary cycle basis of G. A
minimum cycle basis (MCB) is a cycle basis with minimum length. Since the cycle space C(G)
is a matroid in which an element C' has weight |C|, the greedy algorithm can be used to extract
a MCB (see [24]). Chickering, Geiger and Heckerman [6], showed that A(G) is the length of the
longest element in a MCB.

Horton [12] presents a polynomial time algorithm that finds a minimum cycle basis in
any graph, but the algorithm approach can lead us to miss deeper connections between the
structures of graphs and their cycle bases. Therefore, some authors have directly constructed
minimum cycle bases and determined the basis number for certain classes of graphs (see [3],
[22] and [23]).

Recently, the study of minimum cycle bases and basis numbers of graph products have
attracted many authors: Imrich and Stadler [14], Ali and Marougi [2] and Jaradat [16] have
each constructed minimum cycle bases and given upper bounds on the basis number of the
Cartesian and strong products. Also, Alsardary and Wojciechowski [4] gave an upper bound
on the basis number of the Cartesian products of complete graphs. Hammack [10] constructed
a minimum cycle basis of the direct product of two bipartite graphs and Jaradat [15] gave
an upper bound on the basis number of the same. Most recently, Hammack [11] presented
a minimum cycle basis of the direct product of two complete graphs of order greater than
2. Jaradat [16] and Jaradat and Al-Qeyyam [5] investigated basis numbers and constructed
minimum cycle bases for certain classes of graphs.

For completeness, we recall the following definitions: Let G and H be two graphs. Then

(1) the Cartesian product GOJH is the graph whose vertex set is the Cartesian prod-
uct V(G) x V(H) and whose edge set is E(GOH) = {(u1,v1)(uz,v2)|uiug € E(G) and v; =

vg, Or v1ve € E(H) and u; = ua}.

(2) the lexicographic product G1[Gs] is the graph with vertex set V(G) x V (H ) and edge set
E(G[H]) = {(u1,u2)(v1,v2)|ur = v1 and ugve € E(H) or uyv1 € E(G)} and the wreath product
G x H is the graph with vertex set V(G) x V/(H) and edge set E(GpH) = {(u1,v1)(ug,va)|u; =
ug and vivy € H, or ujue € G and there is o €Aut(H) such that a(v;) = va} (see [1] and
13)).

The following results will be used frequently in the sequel.

Theorem 2.1(MacLane [21]) A graph G is planar if and only if b(G) < 2.

Lemma 2.2 (Jaradat, et al. [18]) Let A, B be sets of cycles of a graph G, and suppose that
both A and B are linearly independent, and that E(A) N E(B) induces a forest in G (we allow
the possibility that E(A) N E(B) = @). Then AU B is linearly independent.

In this paper, we continue the study initiated in [5] and [17] by investigating the basis
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number for the wreath products of two wheels W,, and W,,. Moreover, we construct a minimum
cycle basis and we give the total lengths and the lengths of longest cycles of the minimum cycle
bases of the same.

In the rest of this paper, we let {u1,us,...,u,} be the vertex set of W,, (the star S,),
with dw, (u1) =n—1 (dg, (u1) = n —1), and {v1,va,..., v} be the vertex set W, (the star
Sm), with dw, (v1) =m —1 (ds,, (u1) = m — 1). Wherever they appear a, b, ¢ and [ stand for
vertices and abe, lab are paths of order 3. Also, fg(e) stands for the number of elements of B
containing the edge e, and F(B) = UcepFE(C) where B C C(G).

83. The Basis Number of W, pW,,

In this section, we investigate the basis number of the wreath product of two wheels. Through-
out this work we use the notations Vg;) and L{l(fg which were introduced by Jaradat [17] and
Al-Qeyyam and Jaradat [5]: For each k =1,2,...,m,

v = W = @)@ )b 125 <m -1},

UE) = {1 o) (@) (b, o) (L ow)

and

Hav = {(a,v;)(b,vi)(a,vj11)(b,viy1)(a,v5) |2 < i, j <m —1}.

Note that Hgp is Schemeichel’s 4-fold basis of C(ab[N,,—1]) (see Theorem 2.4 in [22]).
Moreover, (1) if e = (a,v2)(b, vm) or € = (@, vy (b, v2) or e = (a,v2)(b,v2) or e = (a, vy, ) (b, vm),
then fx,,(e) =1; (2) if e = (a,v2)(b, v1) or (a,v;)(b,v2) or (a,v.,)(b,v;) or (a,v;)(D, vy,), then
fr,,(e) <2;and (3) If e € E(ab[N,,—1]) and is not of the above forms, then f,,(e) < 4.

The following result of Jaradat [17] will be needed in the sequel.

Lemma 3.1 ([17]) (UZLQVSZ)) U (Véfl)) is linearly independent for any 2 <1< m.

Let

Diap = U UH, UV UV ).

Lemma 3.2 Dy, is linearly independent.

Proof By Schmeichel’s Theorems and Lemma 3.1, each of Hp, Véi) and Vﬁ) is linearly
independent. Since E(Ul(:;))ﬂE(Hab) = {(a,vp) (b, vy,)} which is an edge, MZ(ZZ)UHQZ,, is linearly
independent by Lemma 2.2. By specializing { = 2 in Lemma 3.1, we have that Véz) U Vﬁ) is
linearly independent. Since E(Véz))UE(Véi))—{(a,vj)(a,vj+1), (b,v;)(b,vj11):2<j <m-—1}
is a tree and since any linear combinations of cycles is a cycle or an edge disjoint union of cycles,

any linear combination of cycles of Véi) U Vﬁ) must contain an edge of the form (a,v;)(a,vj+1)
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or (b,vj)(b,vj+1) which is not in any cycle of Ml(:;) U Hgp. Thus, Ml(:;) U Hap U Vés u V(b is

linearly independent. Note that E(Z/{l(alg) N E(Ul(:g) U Hap U Véi) U Vﬁ)) = @&. Therefore, Dy, is
linearly independent.

Fig.1 Cycles of Dy, for m = 6.

Remark 3.3 Let e € E(labpW,,). From the definitions of Dj,;, and by the aid of Figure 2,
one can easily see the following:

(1) If e = (a,v1)(b,v1) or (I,v1)(a,v1) or (I,v1)(b,v1) or (I, vm)(a,vm) or (I,vm)(b, vm),
then fp,,,(e) = 1.

2) If e = (a,vj)(a,vj+1) or (b,vj)(b,vj41),2 > j > m —1, then fp,,,(e) = 1.
3) If e = (a,v2)(b,vs), then fp,.,(e) = 3.

( )

(3) )

(4) If e = (a,v;) (b, vm) or (a,vm)(b,v;),2 > 5 > m, then fp,,,(e) = 2.

(5) If e = (a,v;)(b,vi), 2 > j, k > m which is not as in (1)-(4), then fp,,,(e) < 4.
(6)

6) If e € E(labpW,,) which is not as in any of (1)-(6), then fp,,,(e) = 0.

The graph W, pW,, is decomposable into (Sy,pWy,) U Cr—1[Ny—1] U {(u;, v1)(wj41,01) |
2<j <n—1}U{(un,v1)(uz,v1)} where Cp,_1 = ugus...uyusz, and Np,_1 is the null graph
with vertex set V(Np,—1) = {v2,v3,..., v }. Thus, |E( an ) = E(SnpWn)|+(n—1)(m—
D24+ (n—1) = |E(SppWp)| + (n — 1)(m — 2m + 2). Hence,

dim C(W,,pW,,) = dim C(S,pWi,) + (n — 1)(m? — 2m + 2).
By Theorem 3.3.2 of [15], we have that
dim C(S,pWy,) = m?(n — 1) —nm + 2m — 1.

Therefore,

dim C(W,,pW,,) = (n — 1)(2m? — 3m + 2) + (m — 1).
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Lemma 3.4 D = U yDy,u,u,,, s linearly independent where Dyju,unyy = Duyupus-

Proof We use the mathematical induction on n. If n = 2, then D = Dy, 4,4, Which is
linearly independent by Lemma 3.2. Assume that n > 2 and it is true for less than n. Note
that D = Dy, upus Y (U?;;Duluiuiﬂ). By Lemma 3.2 and the inductive step, each of Dy, u,

and U Dy i .1 is linearly independent. Note that

E(Duyupus) 0 E(U?:_;’Duluiu”l) = {(ul, v1)(Un, V1), (ul, Ul)(u% v1), (ulvvm)(um VUm),
(w1, vm) (U2, vi) } U {(un, v5) (un, vj41), (u2, v5)(us,

vj+1) |2<j<m—1}

which is an edge set of a forest. Thus, by Lemma 2.2, D is linearly independent. O
The following set of cycles which were introduced in [17] and [5] will be needed in the

coming results:

G = {05 = (@ 01)(@,0) (b.v2) @ vy1)(a,0) [ 2 < j < m =1},
Wean = {(€.v1)(e. v2)(@,02) (b, v (b, 1) (@ v1) (e 1)}
Eeun = {€00) = (c.v2)(@,0) (b, vwn) (@, vy41) (e v2) |2 <G < m— 1,
Pu={P = (a.v)(@,0))(a,v1)(a,01) |2<j <m -1,

Sap = {(CL, vl)(av ’02)(ba UQ)(ba vl)(av vl)} )

and

Ty = {(a,v2)(a,v3) ... (a,vm)(a,v2)}.

Let
fab - Hab U gab U gba U Sab

and
fcab = gcab ) Hca U gca U Wcab

Theorem 3.5 ([5]) For any star S, with n > 2 and wheel W, with m > 5, we have that
B(SnpWim) = (Ul Furirunus) YU Fugus U (UP Py ) U (UP Ty, ) is a 4-fold basis of C(SnpWn).
Theorem 3.6 For any two wheels W,, and W, with n > 4 and m > 5, b(W,,pW,,) < 4.

Proof Define B(W,,pW,,) = B(SnpWp,) U D where B(S,pW,,) is as in Theorem 3.5. By
Theorem 3.5 and Lemma 3.4, each of B(S,pW,,) and D is linearly independent. Note that,

E(B(SppWi)) N E(D) = E(SyTO{v1, vm}) U E(V(Cp_1)OP,_1)



Basis Number and Minimum Cycle Bases of Wreath Product of Two Wheels 57

which is an edge set of a forest where C,,_1 = usus ... unus and Py,,_1 = vov3...0,,. Therefore,
by Lemma 2.2, B(W,,pW,,) is linearly independent. Now,

V2| = (m—2) and [Hap| = (m — 2)° (3)
and so
Duvwiuis| = Diasl = U] + [Hap + V2| + VS| + ]
= 14+m=-2>%+m-2)+(m-2)+1
= (m—2)%*+2(m—2)+2. (4)

By equation (3),

NE

|D| = |Du1uiui+1|
=2
= (n—1)((m—2)*+2(m—2)+2).
Thus,
[BWnpWm)l = [B(SnpWm)| + D]

= m*tn—1)—nm+2m—14+(n—1)((m—-2)*+2(m—2) +2)
= (n—-1)2m*-=3m+2)+ (m—1)
= dimC(W,pWy,)
where the last equality followed from (1). Thus B(W,,pW,,) is a basis for C(W,,pW,,). Now,we

show that b(W,,pW,,) < 4, for all n > 4, m > 5. Let e € E(W,,pW,,). Then we consider the

following;:

Case a e € E(W,pW,,) — E(S,0{v1,vm}) UEV(Cy—1)0OP,,—1) where C,,_1 and P,,,_1 are

as defined above. Then we have the following:

(1) e = (ui,vj)(wig1, vg) or (us,v1)(uip1,v1) with i <n —1and 2 < j,k < m. Then e
occurs only in cycles of Dy, y,u,;,- And so, by Remark 3.3, faw, ,w,.)(€) = fDy,0,0,,, (€) < 4.

(2) e = (u2,v;)(un,vg) or (ug,v1)(Un,v1) with 2 < j,k < m. Then e occurs only in cycles
of Duyuyus- And so, by Remark 3.3, fgw, pw,.)(e) = TPy (e) < 4.

(3) eisnot as in (1) or (2). Then e occurs only in cycles of B(S,,pW,,) and so, by Theorem
3.5, fB(w, pw.)(€) < fB(s,pw,.)(€) < 4.

Case b e € E(S,0{vi,vn}) UE(V(Cp_1)OP,—1). Then we have the following:

(1) e € E(wOP,_1) with 2 < i < n. Then e occurs only in Dy u;_yu;s Duyusuiss
and B(S,pWy,). Thus, by Remark 3.3 and Theorem 3.5, faw, ,w,.)(€) = [D,,.. ., (€) +
fD1L1ui1Li+1 + fB(SnPWm) S 1 + 1 + 2'
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(2) e = (u1,v1)(u2,v1) or (u1, Uy ) (U2, V). Then e occurs only in cyeles of Dy uyus s Duyusua
and B(S,pWy,). And so, by Remark 3.3 and Theorem 3.5, faw, ,w,.)(€) = fD, 1y, (€) +
fDu1u3u4 + fB(SnPWm) <1+1+2

(3) € = (u1,v1)(us, v1) or (w1, vy )(ui, V). Then e occurs only in cycles of Dy, w, 1 u; > Puywiuiis
and B(S,pWy,). And so, by Remark 3.3 and Theorem 3.5, fsw, ,w,,)(€) = Dy uyu, (€) +
IDusugus T IB(S,oW,) S 1+1+2. O

Corollary 3.7 For any n >4 and m > 6, we have 3 < b(W,,pS,,) < 4.

Proof By Theorem 3.6, it is enough to show that b(W, pS,,) > 3. Since S, pS,, is a
subgraph of W,,pW,,, and b(S,pSy,) = 4 (Theorem 3.2.5 of [17]), b(W,,pSym) > 3 by MacLane
Theorem. ]

84. The Minimum Cycle Basis of W,,pWW,,

In this section, we construct a minimum cycle basis of the wreath product of two wheels. Let
* k 1
Xy = (UE, VY UV uu) vy

Lemma 4.1 A7, is linearly independent.

Proof (UL”ZQV((IIZ)) u (Vé;n)) is a linearly independent set by Lemma 3.1. Since E((UZ‘:QV(EIZ))
WM n EUY) = o, (U, Vi) u 00) ul)) is linearly independent by Lemma 2.2,
Similarly, since E((Ur_, VY U W)y uu)) 0 EWUE)) = {(a, vm) (b, vm)} which is an edge,

we have A}", is linearly independent. O
Lemma 4.2 (U?:_Ql leluiuiﬂ) U Xy w0, 08 linearly independent.

Proof We prove that U?;; X wius,, 18 linearly independent using the mathematical induc-
tion on n. If n = 3, then U%:QXJIMUHI = X, uyu, Which is linearly independent by Lemma
4.1. Assume that n > 4 and it is true for less than n — 1. Note that UZLZ_21XJ1U'LU'L+1 =

—2 * .
(U Xuluiuiﬂ) UX; ... Since
E(U?;;Xiluiuiﬂ) NEX, ..) = {(u,v1)(un—1,v1), (w1, Vm)(Un—1,0m)}

U{(un—1,)(tun-1,vj+1) |2 <j <m—1}

which is an edge set of a forest, U?:_Ql X usuiy, 18 linearly independent by Lemma 2.2. Similarly,
Since
E(U?;21XJ1uiui+1) QE(‘Xslunug) = {(ulvvl)(unvvl)v (ulvvm)(unvvm)v (ulvvl)(u27vl)7

(uh Um)(u27 Um)}

U{(un, vj)(tn, vjt1), (uz,v5)(uz,vi41) | 2 < j <m—1}
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which is an edge set of a forest, ( U 1)( - ) Uil is linearly independent. g

U UG Us41 UL Un U2
Throughout the following results, B,qw,, stands for the cycle basis of aJW,,, which consists

of 3-cycles.

Lemma 4.3 B*(W,pW,,) = B*(S.pW,,) U (Ul X ) U Xk is a cycle basis of

UL U; UG +1 UL UNR U2

C(WhpWon) where B (SppWy,) = <un2um2v£%> V(UL Vi U Bu,ow, UV Su w,)-

Proof B*(S,pW,,) is linearly independent by Lemma 4.3.2 of [5]. Since E(B*(S,pW,.)) N

E(( X;‘lululﬂ) UXE o w) = E(SuD{v1, v }) UE(V (P, _1)0P,, 1), which is an edge set of
a forest, as a result B*(W,, pW,,,) is linearly independent by Lemma 2.2 where P,,_1 = ugug - - - up,
and P, 1 = v2v3...0y. Now,
| ulu u1+1| = |Xl2b|
- Z| pURARIES
= > (m=2)+(m—2)+2
k=2
= m(m—2)+2.
Thus,
IB*(WnpW)| = [B*(SnpWm)| + [(U: Jlulumﬂ
= m2(n—1)—mn+2m—1+2(m(m—2)+2)
i=2
= m*n—1)—mn+2m—1+ (n—1)(m(m —2)+2)
= (n—-1)2m*=3m+2)+ (m—1)
= dimC(W,,pW,,).
Therefore, B*(W,,pW,,,) is a cycle basis for W,,pW,,. O

Theorem 4.4 B*(W,pW,,) is minimum cycle basis of C(S,pWy,) for each n,m > 5.

Proof Let P* = U}, By,,a0w,,. Since B,,aw,, is a basis for C(u;0W,,) for each 1 <i<n
and since F(u;0W,,) N E(u;,0W,,) = @ for any i # j, we have P* is a cycle basis for the
subgraph U, (u;0W,,). Let Q* = B*(W,pW,,) — (P* U (U 5Su,u;)) and (W, pW,,)~
(WapWe) — U (E((w;80Sm) U {(us,v2)(ui,vm)})). Note that (W, pW,,)~ consists of two
components with V((W,,pW,,,)~) = V(W,,pW,,). Also,

n

[E((WnpWm) )l = [E(WnpWn, )|_Z(|E(uiDSm)+1)

= |E(WppWy)| —nm.
Thus,

dimC(WnoWi)™) = |E(WppWy)| —nm —mn + 2
= dimC(W,pW,,) —mn+1
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Now,

|BGDW771| =m— 1

Hence,

Q[ = [B*(WapWi)| = [P7| = [ Uil Suyul
= dimC(W,pW,,) —n(m—1)—(n—1)
= dimC(W,pW,,) —mn+1
= dimC((WppWy)7).

Therefore, @Q* is a basis for (W,,pW,,)~. Now, we show that L = B*(W,pW,,) — (U 5Susu;)
is the largest linearly independent subset of W, pW,, containing L and consisting of 3-cycles.
Suppose that {C'} U L is linearly independent where C' is a 3-cycle of W,,pW,,. Then we have

the following three cases:

Case 1: E(C) C E(U u;0W,,). Then C € P* because the cycles of P* is the only
3-cycles of U, (u;00W,,). This is a contradiction.

Case 2: E(C) C E((W,pW,,)"). Then C' can be written as a linear combination of Q*

because Q* is a basis for (W,,pW,,)~. This is a contradiction.

Case 3: E(C) neither a subset of E(U!_,u;00W,,) nor of E((W,,pW,,)~). Thus, C contains
at least one edge which does not belong to Ul w;[0W,, and at least one edge which does not
belong to (W, pW,,,)~. Note that

E(WupWy) ™) N E(Uuw;0OW,,) = Ul (u;0vavs . . vpy) .

Thus, C' must contains at least one edge of (Ul ;u;0W,,) — (U u;Ovgvs ... vp,) and at least
one edge of (W, pW,,)~ — (U ;u;0vavs ... vy,). To this end, we have two subcases:

Subcase 3a: (u;, v2)(u;, vm) € E(C) for some i. Then C = (u;, v2) (Ui, Um ) (U , vs) (U, v2)
where u;ur, € E(W,,) and 2 < s < m. Thus, C can be written as a linear combination of 3-cycle

as follows:

C = (75" (wiv;) (wi vjg1) (ws, v1) (1, v5)) B (i, v2) (i, vm) (i, v1) (i, v2)

D" (i, v7) (uiy 1) (ug, vs) (s, ;).

Note that each of (u;, v;)(wi, vj41)(us, v1)(us, v;) and (uz, ve) (Ui, V) (Ui, v1)(us, v2) belongs to
P*. Also, (ug,v;)(ui,vjt1)(ug, vs)(ui, v2) is a linear combinations of (U{iQV&?uk) U ( SZ),C)
because (ui, vj) (s, Vj11) (U, Vs) (Ui, v2) C ujug[vavs ... vy and (U, q&l)%) U ( &T)k) is a basis

for w;ug[vavs ... vy] . Thus, C is a linear combinations of L. That is a contradiction.

Subcase 3b: (u;,v2)(u;,vm) ¢ E(C) for each i. Then C contains at least one edge of
U, E(u;08,,) and one edge of (W, pW,,)~. Therefore, by the construction of W, pW,,, C
must contains at least two edges of U | (u;00W,,) and two other edges of (W,,pW,,)~. This is

a contradiction.
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Since the cycle space is a matroid and each cycle of U} ,S,,,, is of length 4. Then

B*(W,,pW,,) is a minimum cycle basis for W,,pW,,,. B

Corollary 3.5 [(W,pW,,) = 3((n—1)(2m?*—3m+1)+(m—1))+4(n—1), and A(W,pW,,) = 4.
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