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Abstract Curvature equations are very important in theoretical physics for describing vari-
ous classical fields, particularly for gravitational field by Einstein. For applying Smarandache
multi-spaces to parallel universes, the conception of combinatorial manifolds was introduced
under a combinatorial speculation for mathematical sciences in [9], which are similar to
manifolds in the local but different in the global. Similarly, we introduce curvatures on
combinatorial manifolds and find their structural equations in this paper. These Einstein’s
equations for a gravitational field are established again by the choice of a combinatorial Rie-
mannian manifold as its spacetime and some multi-space solutions for these new equations

are also gotten by applying the projective principle on multi-spaces in this paper.
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81. Introduction

As an efficiently mathematical tool used by Einstein in his general relativity, tensor analysis
mainly dealt with transformations on manifolds had gotten considerable developments by both
mathematicians and physicists in last century. Among all of these, much concerns were concen-
trated on an important tensor called curvature tensor for understanding the behavior of curved
spaces. For example, the famous Einstein’s gravitational field equations

1
R, — §9WR = —8nG1T,,

are consisted of curvature tensors and energy-momentum tensors of the curved space.

Notice that all curved spaces considered in classical fields are homogenous. Achievements of
physics had shown that the multiple behavior of the cosmos in last century, enables the model
of parallel universe for the cosmos born([14]). Then can we construct a new mathematical
theory, or generalized manifolds usable for this multiple, non-homogenous physics appeared in
21st century? The answer is YES in logic at least. That is the Smarandache multi-space theory,
see [7] for details.

For applying Smarandache multi-spaces to parallel universes, combinatorial manifolds were
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introduced endowed with a topological or differential structure under a combinatorial specu-
lation for mathematical sciences in [9], i.e. mathematics can be reconstructed from or turned
into combinatorization([8]), which are similar to manifolds in the local but different in the
global. Whence, geometries on combinatorial manifolds are nothing but these Smarandache
geometries([12]-[13]).

Now we introduce the conception of combinatorial manifolds in the following. For an

integer s > 1, let ny,ns9,- -+ ,ns be an integer sequence with 0 < ny < ny < --- < ng. Choose s
S

open unit balls Bf'*, By2,--- , B with (| B;" # ( in R", where n =ny +na + - - ns. A unit
i=1

S

open combinatorial ball of degree s is a union

S

B(ni,ng, -+ ,ng) = U B!".
i=1

A combinatorial manifold M is defined in the next.

Definition 1.1 For a given integer sequence mi,No, - ,Nm,m > 1 with 0 < np < ng < -+ <
N, 6 combinatorial manifold M is a Hausdorff space such that for any point p € M, there is
a local chart (Uy, ¢p) of p, i.e., an open neighborhood U, of p in M and a homoeomorphism
op 2 Up = B(n1(p),na(p), - mspy(p) with {na(p),ma(p), -+ ) ()}  {na,ma, -+ T }

and Ux{nl(p)?nQ(p)v “ s Ms(p) (p)} = {nla ng, - 7nm}7 denoted by M(nla ng, - - 7nm) or M
peEM
on the context and

A= {Up, ep)lp € M(n17n27 )}

— s(p)

an atlas on M(ny,na,--- ,ny). The mazimum value of s(p) and the dimension s(p) of () B}
i=1

are called the dimension and the intersectional dimensional of M(ny,na, -+ ,ny) at the point

~

p, denoted by d(p) and d(p), respectively.

A combinatorial manifold M is called finite if it is just combined by finite manifolds with-
out one manifold contained in the union of others, is called smooth if it is finite endowed

with a C° differential structure. For a smoothly combinatorial manifold M and a point

— — s(p)
p € M, it has been shown in [9] that dimT,M (ni,ng, - ,nm) = s(p) + > (n; — 3(p)) and
i=1

— s(p)
dimT; M (n1,n2, -+ ,nm) = 35(p) + ;(nz — 5(p)) with a basis
b s(p) i

o 9 _
{_axhj|p|1§j§5(p)}U(U U {%|p| 1<j<s})
=1 j=5(p) 1
or

s(p) n;g
{da" 1 <j<seJJ U {da]p | 1<) <5}

i=1 j=3(p)+1

for a given integer h,1 < h < s(p).
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Definition 1.2 A connection D on a smoothly combinatorial manifold M is a mapping D :
2 (M) x TrM — TTM on tensors of M with Dx7 = D(X,7) such that for VXY € 2 M,
T,meTH{M)N € R and f € C(M),

(1) Dx4sy7 = Dx7 + fDy7; and Dx (1 4 Ar) = Dx7 + ADx;
(2) Dx(r®7) =Dx7® 740 ® Dxm;
(3) for any contraction C on T (M), Dx(C(7)) = C(Dx7).

A combinatorially connection space is a 2-tuple (M, 5) consisting of a smoothly combina-
torial manifold M with a connection D and a torsion tensor T : %(M) X %(M) — %(M) on
(M, D) is defined by T(X,Y) = DxY — Dy X — [X,Y] for ¥X,Y € 2 (M). If T|y(X,Y) =0
in a local chart (U,[p]), then D is called torsion-free on (U, [g]).

Similar to that of Riemannian geometry, metrics on a smoothly combinatorial manifold

and the combinatorially Riemannian geometry are defined in next definition.

Definition 1.3 Let M be a smoothly combinatorial manifold and g € AQ(]T/[/) = U T(p, M)
pEJ\N4

If g is symmetrical and positive, then M 1is called a combinatorially Riemannian manifold,

denoted by (M, g). In this case, if there is a connection D on (M, g) with equality following

hold

Z(9(X,Y)) = g(Dz,Y) + g(X, DzY)

then M s called a combinatorially Riemannian geometry, denoted by (]Tj,g, ZN))

It has been showed that there exists a unique connection D on (]Tj, g) such that (]T/[/, 9, D)
is a combinatorially Riemannian geometry in [9].

We all known that curvature equations are very important in theoretical physics for describ-
ing various classical fields, particularly for gravitational field by Einstein. The main purpose
of this paper is to establish curvature tensors with equations on combinatorial manifolds and
apply them to describe the gravitational field. For this objective, we introduce the concep-
tion of curvatures on combinatorial manifolds and establish symmetrical relations for curvature
tensors, particularly for combinatorially Riemannian manifolds in the next two sections. Struc-
tural equations of curvature tensors on combinatorial manifolds are also established. These
generalized Einstein’s equations of gravitational field on combinatorially Riemannian manifolds
are constructed in Section 4. By applying the projective principle on multi-spaces, multi-space
solutions for these new equations are gotten in Section 5.

Terminologies and notations used in this paper are standard and can be found in [1], [4] for
those of manifolds [9] — [11] for combinatorial manifolds and [6] — [7] for graphs, respectively.

§2. Curvatures on Combinatorially Connection Spaces

As a first step for introducing curvatures on combinatorial manifolds, we define combinatorially

curvature operators on smoothly combinatorial manifolds in the next.
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Definition 2.1 Let (M, D) be a combinatorially connection space. For VXY € %(M), a
combinatorially curvature operator R(X,Y) : 2 (M) — 2 (M) is defined by

R(X,Y)Z = DxDyZ — DyDxZ — Dix y|Z
forNZ e & (M).

For a given combinatorially connection space (]T/[/ , 5), we know properties following on

combinatorially curvature operators similar to those of the Riemannian geometry.

Theorem%l Let (M, 5) be a combinatorially connection space. Then forVX,Y,Z € %(M),
Vfe O (M),

(1) R(X,Y) = ~R(Y. X);

(2) R(FX,Y) =R(X, fY) = FR(X,Y);

(3) R(X,Y)(fZ) = fR(X,Y)Z.

Proof For VX,Y,Z € 2 (M), we know that R(X,Y)Z = —R(Y,X)Z by definition.

Whence, R(X,Y) = —R(Y, X).
Now since

R(fX,Y)Z = DyxDyZ—DyDyxZ — Disxy|Z
= fDxDyZ — Dy(fDxZ) - lN)f[X.,Y]fY(f)XZ
= fDxDyZ -Y(f)DxZ — fDyDxZ
- fE[X,Y]Z + Y(f)EXZ

= fR(X,Y)Z,

we get that ﬁ(fX, Y)= fﬁ(X, Y). Applying the quality (1), we find that

R(X, fY) = —R(fY,X) = —fR(Y, X) = fR(X,Y).

This establishes (2). Now calculation shows that

R(X,Y)(fZ) = DxDy(fZ)— DyDx(fZ) - E[X,Y](fz)

= Dx(Y(f)Z+ fDyZ) - Dy(X(f)Z + fDxZ)

- (X, Y]()Z - fﬁ[x,Y]Z

= X(Y()Z+Y(/)DxZ+X(f)DyZ

+ fDxDyZ—-Y(X(f))Z - X(f)DyZ - Y (f)Dx 2
— fDyDxZ —(X,Y)(f))Z — fDix.vZ

= fR(X,Y)Z

Whence, we know that
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R(X,Y)(fZ) = fR(X,Y)Z.
O

Theorem 2.2 Let (M, ZN)) be a combinatorially connection space. If the torsion tensor T=0

on 5, then the first and second Bianchi equalities following hold.

R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0

and
(DxR)(Y, Z)W + (Dy R)(Z, X)W + (DzR)(X,Y)W = 0.

Proof Notice that T = 0is equal to DxY — Dy X = [X,Y] for VX,Y € 2 (M). Thereafter,
we know that

R(X,Y)Z+R(Y,Z)X +R(Z,X)Y
= DxDyZ—DyDxZ — Dixy|Z+DyDzX — DzDy X
— Dy X +DzDxY — DxDzY — Dz xY
= Dx(DyZ—DzY)~ Dy X + Dy(DzX — DxZ)
— Dizx)Y + Dz(DxY — DyX) — Dixy\Z
Dx[Y,Z) — Dy, X + Dy|Z,X| — Dz x)Y
+ Dz[X,Y] - Dixv)Z
(X, [V, 2]+ [V, [Z, X]] + [Z, [X, Y]]

By the Jacobi equality [X, [V, Z]] + [Y,[Z, X]] + [Z,[X, Y]] = 0, we get that

R(X,Y)Z +R(Y,Z)X +R(Z,X)Y =0.

By definition, we know that

(Dx R)(Y, Z)W =
DxR(Y,Z)W — R(DxY, Z)W — R(Y,DxZ)W — R(Y,Z)DxW
= DxDyDzW — DxDzDyW — DxDyy,zsW — Dp_ Dz W
+DzDp W + f)[f)xyyz}w — DyDp,_,W + Dp,_,DyW
+5[Y,15XZ]W — ﬁle)ZIN)XW + ﬁzﬁyﬁxW + ﬁ[yﬂz]ﬁxW.
Let
AV (XY, Z) = DxDyDzW — DxDzDyW — DyDzDxW + DzDyDxW,
BW(X,Y,Z)=-DxDp_,W+DxDp_ W +DzDp W — DyDp,_,W,
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CW(X,Y, Z) = —ﬁﬁxyﬁzw + ﬁﬁxzﬁyw + ﬁﬁyzﬁxw — IN)EZYﬁ)(W

and

DV(X,Y,Z)=D W—D W,

[DxY,Z] [DxZ,Y]

Applying the equality DxY — Dy X = [X,Y], we find that

(DxR)(Y,Z)W = AYV(X,Y,2)+ BY(X,Y,Z)+ CV(X,Y, Z) + DV (X,Y, Z).
We can check immediately that
AV(XY,Z2)+ AV (Y, Z, X))+ AV (Z,X,Y) =0,
BY(X,Y,Z)+BY(Y,Z,X)+ BY(Z,X,Y) =0,
CV(X,)Y,Z)+CV(Y,Z,X)+CV(Z,X,Y) =0

and

DW(X,Y,Z)+ DY (Y,Z,X)+ DV (Z,X,Y)
= Dix (v, z)+ (v, (z.x])+(zxx)W = DoW =0

by the Jacobi equality (X, [Y, Z]] + [Y, [Z, X]] + [Z, [ X, Y]] = 0. Therefore, we get finally that

(DxR)(Y,Z)W + (Dy R)(Z, X)W + (DzR)(X,Y)W
=AY(X,Y,2)+BY(X,Y,2)+ CY(X,Y,Z) + DV (X,Y, Z)
+AY (Y, 2, X)+ BV (Y, 2, X)+ C"(Y,Z,X) + DV (Y, Z, X)
+AY (2, X,Y)+ BY(Z, X, Y)+ CV(Z,X,Y)+ D" (Z,X,Y) = 0.
This completes the proof. - - O
According to Theorem 2.1, the curvature operator R(X,Y) : 2 (M) — 2 (M) is a tensor

of type (1,1). By applying this operator, we can define a curvature tensor in the next definition.

Definition 2.2 Let (M,ﬁ) be a combinatorially connection space. For VX,Y,Z € %(1\7), a
linear multi-mapping R+ 2 (M) x 2 (M) x 2 (M) — 2 (M) determined by

R(Z,X,Y) =R(X,Y)Z
is said a curvature tensor of type (1,3) on (M, D).

Let (M , ﬁ) be a combinatorially connection space and

{eij]1 <i<s(p),1 <j<mn;ande;; =e;,; for 1 <iqig <s(p)if 1<j<3(p)}

a local frame with a dual
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{wij|1 <i<s(p),1 <j<mn;and Wil = w2 for 1 < iy, iy < s(p) if 1 <j <3(p)},
abbreviated to {e;;} and {w%} at a point p € M, where M = M(ny,ng, -+ ,np). Then there
exist smooth functions 'Y )\ € C*°(M) such that

Deyem =I5, xr) s

called connection coefficients in the local frame {e;;}. Define
WwoS = o w/{)\
pv (n)(5A)

We get that
Deyy = Wiy €os-

Theorem 2.3 Let (M, D) be a combinatorially connection space and {eij} a local frame with
a dual {w"} at a point p € M. Then

ETW

B oS
RGO AL

7 A
dwh” — W™ AW =
where f(‘:;)(gg) is a component of the torsion tensor T in the frame {e;;}, i.e., f(‘:;)(gg) =

WM (T (exn, €oc)) and

_ 1~
A A A 0
dwpy = win Ao = SR 00 mo)w”” A"

with R’(‘:V)(Ug)(ag)em = R(eoe, €no)epw-

Proof By definition, for any given ey, e, we know that (see Theorem 3.6 in [9])

(dw” — W™ AWk ) (o eno) = eoc(W (enp)) — €qo (W (eq5)) — wH ([€oc, €nol)
- W (6o<)wﬁ§ (6770) + W™ (EUG)W;L:K (eoc)
= —wil(ens) + wgg(eoc) — w"([eqs, €npl)

= Tloome T Loy e — " (o nl)
= W(De,. np — De,yeoc — [€oc,eno])

= W(T(eo,en0)) =Ty 0

Whence,

1~
dwh — W /\wf:: = _TH" WA A WS

57 (sN)(09)

Now since
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(JWZS - wzfx A WSLA)(EUC’ 6779)
= €o¢ (WZS (6779)) — €no (WZS (eoe)) — w;i\([eaca €n9])
_W&L/(em)wsi\ (eno) + Wﬁfz (enG)Wi;L)\ (eos)

= eoc (Tl mm) = et i oe)) = w0 ([eos: ead) Ty (o1

It KA I KA
L) 0ol me) T L) oyl (hy (o)

and
R(e"'c’ 6779)6#1’ = Deac Dene el“/ - Dene Deac el“’ - D[eamene]e#’/
= Doy (Tt 901 €x0) = Deyo (T (ogyern) = 0 ([€ocs €na)) Ty 0y mn

KA KA I KA
= (eoc (T me)) = eno (Tl o) T Ty ey L o0y o)

— Tl oo L0 me) = @ ([eas: ead) T o))

= (gwﬁﬁ - wzfz A ng\)(eocv €n6)CrA-

Therefore, we get that

(dwiy — wit, AWM (€as €n8) = REN) (0o (n)

that is,

TRA os KA __ KA os no
dwyy = Wiy Nod = 5B oo my@” N @™

O

Definition 2.3 Let (M, l~)) be a combinatorially connection space. Differential 2-forms QM =
dwh” — Wt NWEY, QS = dwhis — wis Awsd and equations
dwh” = W™ AW+ QM dwly = Wi AwE + Q)

are called torsion forms, curvature forms and structural equations in a local frame {e;;} of
(M, D), respectively.

By Theorem 2.3 and Definition 2.3, we get local forms for torsion tensor and curvature
tensor in a local frame following.

Corollary 2.1 Let (M, D) be a combinatorially connection space and {eij} a local frame with
a dual {w¥} at a point p € M. Then

T:Q‘“’@ew and R:w“”@e,ﬂ@ﬂﬁ,

i.e., for VX, Y € %(M),

T(X,Y) = Q" (X,Y)eu and R(X,Y)= Q5 (X,Y)w" @ ey
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Theorem 2.4 Let (M,ZN)) be a combinatorially connection space and {e;;} a local frame with
a dual {w¥} at a point p € M. Then

T ny o KA mY )R v TOKN _ oS KX _ (oS KA
dQ = W™ AQL = Q" Awly and dU = wip AQEE — Q0 Awge

Proof Notice that d2 = 0. Differentiating the equality Q" = dwh? — wh A Wk on both
sides, we get that

AW = —dwh AW+ W A dwly
= —(2 + W AWEY) AWEY 4+ WA (S WIS A whY)
= WAANQM — Q" AW
K RA®

Similarly, differentiating the equality Qf”)‘, = dw
that

KA

ww — Wi N wgg‘ on both sides, we can also find

TOKN o KA o KA
dQ, = wiy ANQE = Q7 Awgl.
0
Corollary 2.2 Let (M, D) be an affine connection space and {e;} a local frame with a dual
{w'} at a point p € M. Then

A = w! ANQL — QI AWl and QY = wF AQL - QF A QY.

According to Theorems 2.1—2.4 there is a type (1, 3) tensor 7%,, : Tp1\7>< T,,MVX Tp1\7 — Tp1\7
determined by 7€(w, u,v) = 7€(u, v)w for Yu,v,w € T,M at each point p € M. Particularly, we
get its a concrete local form in the standard basis { #‘LV}.

Theorem 2.5 Let (M, 5) be a combinatorially connection space. Then for Vp € M with a local
chart (Up; [#p]),

DT 0
= 4 o< - 124 KA
R= R(Uc)(uu)(nA)dx ® 90 ® dxt’ @ dx
with
no no
Rz _ Toown Mo ypo o po g )2
(e) () (KA) ™ Gpnv Ot (o) (KA (90) (uv) (@) ()" (90)(s\)) e
where, F?;y)(;{)\) € C>™(Up) is determined by
~ o . 9
Dama;w Ok - F(li)\)(,uu) 91

Proof We only need to prove that for integers u, v, k, A, 0,¢,t and 6,
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0 0 d s 0
(axw” ) ) oxos (o) (ur)(A) §pnb

at the local chart (Up; [pp]). In fact, by definition we get that

~( 0 0 ) 0
Oxhv’ dxrr’ Oxos
= ~ 0 ~ ~ 0 ~ 0
=D 8. D o o e D o Dot 5o~ Digo 22515500
=D (O o) = Do (T =)
= Par L (09)(kN) ynf Fox  (09) () G
né no
761—‘(00(&)\) 9 L D . 9 _ar(oc)(;w) 9 1 D, o
- v AP (0)(KX) ™ gzmm 9 Ok Oxn? (o) ()™ 505x el
né no
f(ar(ac)(m\) o ar(ac)(uu)) 9 + 10 o 9 _rm o 9
- OV Ot o0 (o) (kA) T (n0) (1v) G0t (o) (ur) ™ (M) (KX) G0
no no
_ (8F(U§)(5)\) _ 8F(U§)(/'“j) +1"19L I\ne _1—\19L 1—\779 ) 0
- D OahN (06) (BN~ (90) (pv) (0)(p) ™ (90) (kX)) G
~ 0
_ 1no
= Reo6) (u) () gt
This completes the proof. O

For the curvature tensor ﬁz’fg) () (7)€ can also get these Bianchi identities in the next

result.

Theorem 2.6 Let (M, 5) be a combinatorially connection space. Then for Vp € M with a
local chart (Up, [p]), if T =0, then

DUy DUy DUy _
Ry oome) T ooy mo)wn) T gy sy o) =0
and
Dy, R + D, R + D, gR™ -0
9B o)) + Dos B oy (90) T Do Bliiay 00 (os) = 05
where,
N DEA N DR
Do Ry o0y mo) = D25 Biiv) (06 () -

Proof By definition of the curvature tensor ﬁ?;)c)(w) (sA)> We know that

Y DUy %
R0 m8) T ooy mo)en) T Bing) (52 ()

o 9 .0 ~ o9 o .0 ~ 0o o 0
((%c“’ 890779)896“)‘ + R(ax”‘” 8:6”’\)8:6“ + R(ax“)" 8:10“)890779

=0

with
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0 0 0
=g VT g M g
in the first Bianchi equality and
Dy, RN + D, RN + DR
I () (06) (n6) s () (n0) (V) n02 () (V1) (0<)
~ ~ 0 0 0 ~ ~ 0 0 0 ~ ~ 0 0 0
= Dy, R , Dy R , DpoR )
K (8:10“ 8:6’79>8:v”’\ + Pos (896779 89019‘)896“)‘ + Pno (8:61” Bzvag)ax"“)‘
=0.
with
X 0 0 0 0
029 T Qs T Qan®” © OxRA
in the second Bianchi equality of Theorem 2.2. O

83. Curvatures on Combinatorially Riemannian Manifolds

Now we turn our attention to combinatorially Riemannian manifolds and characterize curvature

tensors on combinatorial manifolds further.

Definition 3.1 Let (M,g,ﬁ) be a combinatorially Riemannian manifold. A combinatorially

Riemannian curvature tensor

R: 2 (M) x Z(M)x 2 (M) x Z(M)— C™(M)
of type (0,4) is defined by

R(X,Y,Z,W) = g(R(Z,W)X,Y)
for VXY, Z,W € 2 (M).
Then we find symmetrical relations of E(X Y, Z W) following.
Theorem 3.1 Let R : %(M) X %(M) X %(M) X %(M) — COO(JT/[/) be a combinatorially
Riemannian curvature tensor. Then for VXY, Z, W € 2 (M),
(1) R(X,Y,Z, W)+ R(Z,Y,W,X)+ R(W,Y,X,Z) = 0.
(2) R(X,Y,Z,W) = —R(Y,X,Z,W) and R(X,Y,Z,W) = —R(X,Y, W, Z).

(3) R(X,Y,Z,W) = R(Z,W,X,Y).

Proof For the equality (1), calculation shows that

R(X.Y,Z,W)+ R(Z,Y,W,X) + ROW,Y, X, Z)

= g(R(Z,W)X,Y) + g(RW,X)Z,Y) + g(R(X, Z)W,Y)
= g(R(Z,W)X + RW,X)Z + R(X,Z)W,Y) =0
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by definition and Theorem 2.1(4).
For (2), by definition and Theorem 2.1(1), we know that

RIX,Y,ZW) = g(R(ZW)X,Y)=g(-R(W,Z)X,Y)

Now since D is a combinatorially Riemannian connection, we know that (19D

Therefore, we find that

g(ﬁZﬁWXuy)

Similarly, we have that

g(ﬁWﬁZX7Y)

Notice that

Z(g(X,Y)) = g(DzX,Y) + g(X,DzY).

Z(9(DwX,Y)) — g(DwX,DzY)
= Z(W(g(X,Y))) - Z(g(X,DwY))
— W(g(X,DzY)) + g(X,DwDzY).

W(Z(g(X,Y))) = W(g(X,DzY))
— Z(g(X,DwY)) + g(X, DzDwY).

g(ﬁ[Z,W]uy) = [27 W]g(X7 Y) - g(Xuﬁ[Z,W]Y)

By definition, we get that

R(X,Y,Z, W)

+ +

9(DzDwX — DwDzX — Dizw X, Y)
9(DzDwX.,Y) - g(DwDzX,Y) — 9(5[Z,W]X= Y)
Z(W(g(X,Y))) = Z(9(X, DwY)) = W(g(X, DzY))
9(X, DwDzY) = W(Z(g(X,Y))) + W(g(X, DzY))
Z(9(X,DwY)) — g(X,DzDwY) — [Z,W]g(X,Y)
9(X, DizwY)

Z(W(g(X,Y))) = W(Z(9(X,Y))) + g(X, DwDzY)
9(X, DzDwY) = [Z,W]g(X,Y) = g(X, DizwY)
9(X,DwDzY — DzDwY + DizwY)
—g(X,R(Z,W)Y) = —R(Y, X, Z,W).

Applying the equality (1), we know that

27
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R(X,Y,Z, W)+ R(Z,Y,W,X)+ R(W,Y,X,Z) =0, (3.1)

R(Y,Z,W,X)+RW,Z,X,Y)+ R(X,Z,Y,W)=0. (3.2)
Then (3.1) + (3.2) shows that

R(X,Y,Z,W) + R(W,Y,X,Z)

+ RW,Z,X,Y)+R(X,Z,Y,W) =0

by applying (2). We also know that

RW,Y,X,Z) - R(X,Z,Y,W) = —(R(Z,Y,W,X)—R(W,X,Z)Y))

= R(X,Y,Z,W)—R(Z,W,X,Y).

This enables us getting the equality (3)

R(X,Y,Z,W) = R(Z,W,X,Y).

Applying Theorems 2.2,2.3 and 3.1, we also get the next result.

Theorem 3.2 Let (M,g,ﬁ) be a combinatorially Riemannian manifold and )y =
szg(gg)(,/b)\). Then B
(1) Quyn) = 3R () (00 o) A W™
(2) Q) T Qen) () = 05
(3) W A Quyra) = 0;
(4) dQu)r) = Win A Qo)) = @ A ooy (uv)-

Proof Notice that T = 0 in a combinatorially Riemannian manifold (]Tj ., lN)) We find
that

1~
KA KA o 0
O = 58 00 meyw” AW

by Theorem 2.2. By definition, we know that

Qiyn) = Un9ioo)(sn)
1 = ] I 1~ o 0
= 3 BGn 0 Iemn@™ AW = SRw) () (00 (o) AW

Whence, we get the equality (1). For (2), applying Theorem 3.1(2), we find that

1 ~ D o 6
Q) (rex) T Qen) (uv) = §(R(uu)(n>\)(oc)(n0) + R(m)(w)(ag)(ne))w CAWT = 0.
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By Corollary 2.1, a connection D is torsion-free only if Q2#” = 0. This fact enables us to
get these equalities (3) and (4) by Theorem 2.3. O

For any point p € M with a local chart (Up, [¢p]), we can also find a local form of R in the

next result.

Theorem 3.3 Let R %(M) X %(M) X %(M) X %(M) — COO(M) be a combinatorially
Riemannian curvature tensor. Then for Vp € M with a local chart (Upy; [¢p]),

R = Rioo)(op) (u)(ux) ™ © dz" @ da? @ da™

with

7 _ 1(329<w><o<> L P9enmn)  P9wime) 329<~A><ac>)
(a6)(nO)(pr)(kA) = 2% YrEAOn? Oty Hpos OxEANY oS Ot Hn?

9 o o
T T 00 a0 90 @) — Ty meyl (en) (o) I(go) (90)

where G(uv) (k) = g(%, 3;%)

Proof Notice that

~ ~ 0 0 0 0 ~ 0 0 0 0
R(UC)(UO)(NV)(“)‘) = R(axaq ’ 6,@770 ’ OxHv ’ axﬁ)\) - (8,@“” ’ axﬁ)\ ’ Oxos ’ 8,@"0)

0 0 0 0 ~9
g(R(ax‘K’ 895779)895HV’ axm) = B (1)(06) (n9) 9(00) (50)

By definition and Theorem 3.1(3). Now we have know that (eqn.(3.5) in [9])

09(uw)(=)) _ 1o o
Hxos = F?uu)(ag)g(ne)('o‘) + F?ﬁ)\)(ag)g(l“’)(ﬁe)'

Applying Theorem 2.4, we get that
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Ro6)(n0) (uv) (53)

or?: or?
_ (o6)(KN) (UC)(HV) o D o Pt
=~ e T P o) ~ Fioo o) (en) 900 o)

9 o 9. 9900me) 9 1w
= g Tloon90060) = Tloomn ™ gm — ~ ggmx Lloo ) 900 00)

39<m><ne>
D"
a I a Ju
= g Tloaan 900 m0) = 55 (Clooyun 900 (00)

I L o L
T o) () +F(a@(m)ﬁao)(w)g(m)(m) F@K)(W)F(goxmg(m)(ne)

Y Eo 132 132 Y
+F< ) L i50) (en)9€0)m8) + Loy ex) 900 €0)) T T () (on) L (0) () 900 (53)

€0 €o €o 9
92 L0090 00) T L6y () 900 60)) — L) () (€0 (1) )9 (90) (6)

0 0900me) | 996nm0) 09w | |, o )
o g gers e )T T oey0en) L o) ) 9001 ()

i
1
T 20zn

1 0 9900w . 994mme) _ 99ws)(m) ¢o .
5505 amm T gers -~ gen ) Lo L o) 9w me)

_ L P90 | P9 P9umme  E9enes) )

o 5( OxrAHan? Oxhv Oxos OxrAdxos OxHv Hand

+F(oc)(~/\)r(£bo)(w)g(ﬁb)(m) P(;')g)(uu)r(fbo)(n)\))g(’ﬂL)(ne)'

This completes the proof.
Combining Theorems 2.5, 3.1 and 3.3, we have the following consequence.

Corollary 3.1 Let }N%(W)(m)(ag)(mg) be a component of a combinatorially Riemannian curvature

tensor R in a local chart (U, [g]) of a combinatorially Riemannian manifold (R, g, D). Then

1) Ry (er) o)) = —Biex) o)) = =R (s3)(6) (06);

3) R (en) (0)(n8) + Bno)(en) (ur) (o) F Biore) (x3)(6) () = 05

(1)

2) Ry (s3)06)n6) = Rioe)(nd) () (5)5
3) R

(4)

Dy Ripy ey (o)) + Dore Ry (x) (m0)0) + Dt By () (90 () = O-

84. Einstein’s Gravitational Equations on Combinatorial Manifolds

Application of results in last two sections enables us to establish these Einstein’ gravitational
filed equations on combinatorially Riemannian manifolds in this section and find their multi-

space solutions in next section under a projective principle on the behavior of particles in

multi—spaces
Let (M g, ) be a combinatorially Riemannian manifold. A type (0,2) tensor & : 2 (M ) X

%(M) — O™ (M )Wlth

o éa(#l,)(,/b)\)dx‘uy & da"? (41)
is called an energy-momentum tensor if it satisfies the conservation laws 5((5”) =0, i.e., for any

indexes kK, A\, 1 <k <m, 1 <\ < ny,
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I (N 1o -
Sx Ll () o0 (3~ Lo (xSl (o) =0 (4:2)

in a local chart (U,, [¢,]) for any point p € M. Define the Ricci tensor ﬁ(w)(m), Rocci scalar

tensor R and Einstein tensor 9(,,,)(xx) respectively by

Ruwyen) = B,

V) (KA) D
() (06)(RA) R = g MR ) (4.3)

and

~ 1
Gy s3) = By on) = 5900 R (44)

Then we get results following hold by Theorems 2.4, 2.5 and 3.1.

Riuw)sn) = Bexy(u),  (45)

~ ares ares,

o (pv)(KX) )(o¢) I o I o
R(#y)(n)\) - 9o - 8$KA + F(#U)(,{)\)F(ﬂ;”(gg) — I‘(#U)(UC)I‘(&)(M). (46)
and
OY () (k2)

aox L) Do) — Tioy oy G o) = 0. (47)

ie., 5(% ) = 0. PEinstein’s principle of general relativity says that a law of physics should take
a same form in any reference system, which claims that a right form for a physics law should
be presented by tensors in mathematics. For a multi-spacetime, we conclude that Finstein’s
principle of general relativity is still true, if we take the multi-spacetime being a combinatorially
Riemannian manifold. Whence, a physics law should be also presented by tensor equations in
the multi-spacetime case.

Just as the establishing of Finstein’s gravitational equations in the classical case, these

equations should satisfy two conditions following.

(C1) They should be (0,2) type tensor equations related to the energy-momentum tensor
& linearly;

(C2) Their forms should be the same as in a classical gravitational field.

By these two conditions, Finstein’s gravitational equations in a multi-spacetime should be

taken the following form

G =c&

with ¢ a constant. Now since these equations should take the same form in the classical case,

ie.,

gij = —87TG®@Z']‘
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for 1 < 4,7 < n at a point p in a manifold of M not contained in the others. Whence, it must
be ¢ = —87(G for ¢ being a constant. This enables us finding these Finstein’s gravitational

equations in a multi-spacetime to be

~ 1
Riun 3 — R (s3) = —8TGE ) (o). (4:8)
Certainly, we can also add a cosmological term Ag(,,)(.x) in (4.8) and obtain these gravitational

equations

- 1
Ru(3) = 5RIGu) (53) + Ay (53) = —8TGE (o). (4.9)

All of these equations (4.8) and (4.9) mean that there are multi-space solutions in classical
FEinstein’s gravitational equations by a multi-spacetime view, which will be shown in the next

section.

85. Multi-Space Solutions of Einstein’s Equations

For given integers 0 < ny < ng < --- < Ny, m > 1, let (]T/[/, g, 5) be a combinatorial Riemannian
manifold with M = M(ni,na,--- ,nm) and (Up, [¢p]) a local chart for p € M. By definition,

s5(p) s(p)
if p, : U, — |J B™® and 5(p) = dim( () B™®), then [p,] is an s(p) x Ns(p) Matrix shown
i=1 =1
following.
AL ki 1G(p)+D ... gln
5(51) 52(}(1)) z e 0
x =P 2(3(p)+1) 2n
o] = | @ s LT ze 0
@t PR s(p)EE+Y) L L psPnem =1 s(P)na
s(p) s(p)

with 2% = 29¢ for 1 <4, < s(p),1 < s < 5(p).

For given non-negative integers r,s,r + s > 1, choose a type (r,s) tensor . € TI(M).

Then how to get multi-space solutions of a tensor equation

F =07

We need to apply the projective principle following.

[Projective Principle] Let (M,g,ﬁ) be a combinatorial Riemannian manifold and %

<T|T € TST(M)> with a local form F(,, v,y (uave)--(uove )WV @ WH2 @ - - @ whn¥m in (Up, [@p)).
If

F(pavn) (pavs)(nvm) =0

for integers 1 < p; < s(p),1 < v; < ny, with 1 <i <s, then for any integer p,1 < p < s(p),
there must be
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F ) (uvz)--+(uvs) = 0

for integers v;, 1 <v; < ny, with 1 <4 < s.

Now we solve these vacuum Finstein’s gravitational equations

- 1
Riu)(s2) = 390 (xR =0 (5.1)

by the projective principle on a combinatorially Riemannian manifold (1\7 , s l~)) For a given
point p € M, we get s(p) tensor equations

~ 1
Riuyur) = 590 (B =0, 1< p < s(p)  (5.2)
as these usual vacuum Finstein’s equations in classical gravitational field, where 1 < v, A < n,,.

For line elements in M , the next result is easily obtained.

Theorem 5.1 If each line element ds,, is uniquely determined by equations (5.2), Then ds is
uniquely determined in M.

Proof For a given index p, let

Iz
_ 2 2
= g am-d:cm-.
i=1

Then we know that

R S ST S Sl Sl

i=1 p=1 p=14i=35(p)+1

Therefore, the line element ds is uniquely determined in M if ds,; is uniquely determined
by (5.2). 0.

We consider a special case for these FEinstein’s gravitational equations (5.1), solutions of
combinatorially Euclidean spaces M = Ui~, R™ with a matrix ([11])

P gl (M) pln 0
7] =
ol i Im(ﬁ“ﬂrl) pmnm =1 mng,

. m m )

for any point T € M, where m = dim( () R") is a constant for Vp € (| R™ and 2z = % for
i=1 i=1

1 <i<m,1<1<m. In this case, we have a unifying solution for these equations (5.1), i.e

_i zm:am d:cm—l—z Z amcl:c#Z

p=1i=m-+1
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for each point p € M by Theorem 5.1.

For usually undergoing, we consider the case of n, =4 for 1 <y < m since line elements
have been found concretely in classical gravitational field in these cases. Now establish m
spherical coordinate subframe (¢,,;7,,6,, ¢,,) with its originality at the center of the mass space.
Then we have known its a spherically symmetric solution for the line element ds, with a given
index p by Schwarzschild (see also [3]) for (5.2) to be

T S T S\ — .
s, = (1= )t} = (1= )7 drf, = (a8}, + sin 6,467,

for 1 <y < m, where 7,5 = 2Gm,,/c*. Applying Theorem 5.1, the line element ds in M is

Z \/777” V22 — 1 r/” Zr (d07, + sin” 6,,d¢;,)

p=1
ifﬁ@:l,t#:tforlgugmand

o (5 o Bpear - 5 iy P8+ s 6%

itm=2,t,=t,r,=rfor 1 <p<mand

m T m T m
Z J1—-L2)2cae? — Z J(1- ) —m*r?d6* = r?sin® 0,d¢’,
n=1 pn=1 p=1

itm=3,t,=t,r,=r,0,=0forl <pu<mand

T .
2 — m?r2de? — m2r? sin? 0dy?

uMs
3
NJ
NJ
E:
[
uMs

itm=4,t,=t,r,=r,0,=0and ¢, =¢ for 1 <p <m.

For another interesting case, let m = 3,7, =r,0, =60,¢, = ¢ and

dQ?(r,0,¢) = (1 - 7;—5)_1dr2 — 12(d6? + sin? 0de?).

Then we can choose a multi-time system {¢1,%2,-- , ¢t} to get a cosmic model of m,m > 2

combinatorially R?* spaces with line elements

dsi = —C2dt% + a/2(t1)dQ2(r7 97 ¢)7
ds% = —Czdtg —|— Q2(t2)dQ2(Ta 07 ¢)a
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ds?, = —c2dt?, + a®(tp)dQ(r, 6, ¢).

In this case, the line element ds is

ds = Z(l - T‘us 2dt2 Z /(1 T“S “1)2dr? — m2r2dh* — m*r? sin? 0dp?.
p=1 n=1

As a by-product for our universe R?, these formulas mean that these beings with time

notion different from human being will recognize differently the structure of our universe if

these beings are intellectual enough for the structure of the universe.
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