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Abstract: As an immediately application of Smarandache multi-spaces, a combinatorial
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B"1 N B™2()---(B"s® # 0, where B"% is an n;;-ball for integers 1 < j < s(p) < m.
Integral theory on these smoothly combinatorial manifolds are introduced. Some classical
results, such as those of Stokes’ theorem and Gauss’ theorem are generalized to smoothly
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graphs in this paper.
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81. Introduction

As a localized Euclidean space, an n-manifold M"™ is a Hausdorff space M", i.e., a space
that satisfies the T, separation axiom such that for Vp € M™, there is an open neighborhood
Up,p € Uy C M" and a homeomorphism ¢, : U, — R". These manifolds, particularly, differ-
ential manifolds are very important to modern geometries and mechanics. As an immediately
application of Smarandache multi-spaces ([8]), also the application of the combinatorial spec-
ulation for classical mathematics, i.e. mathematics can be reconstructed from or turned into
combinatorialization([3]), combinatorial manifolds were introduced in [4], which are the gen-
eralization of classical manifolds and can be also endowed with a topological or differential

structure as geometrical objects.

Now for an integer s > 1, let ni,ns, -+ ,ns be an integer sequence with 0 < ny < ngy <
S

.-+ < ng. Choose s open unit balls B{'*, By?,---, B where (| Bl' # () in R™Tn2tm A
i=1

unit open combinatorial ball of degree s is a union

S
B(ny,ng, -+ ,ng) = U B!,
i=1
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Then a combinatorial manifold M is defined in the next.

Definition 1.1 For a given integer sequence mi,no, - ,Nm,m > 1 with 0 < np < ng < -+ <
N, & combinatorial manifold M is a Hausdorff space such that for any point p € M, there is

a local chart (Up,¢p) of p, i.e., an open neighborhood U, of p in M and a homoeomorphism
Pp * Up - B(”l(?)a”&(?)a o 7ns(p)(p)) with {nl(p)anQ(p)7" : 7ns(p)(p)} - {n17n27' o 7n77i

and UN{nl(p),ng(p), —ngpy(P)} = {n1,n2, -+ ), denoted by M(ny,ng,--- ,nm) or M
peM
on the context and

A= AUy, @p)lp € M(na,n2, -+ 1))}
— R s(p)
an atlas on M(ny,na, -+ ,ny). The mazimum value of s(p) and the dimension s(p) of () B}
i=1

are called the dimension and the intersectional dimensional of M(nl,ng, <+ Ny at the point

~

p, denoted by d(p) and d(p), respectively.

A combinatorial manifold M is called finite if it is just combined by finite manifolds with-
out one manifold is contained in the union of others, is called smooth if it is finite endowed

with a C°° differential structure. For a smoothly combinatorial manifold M and a point

— — s(p)
p € M, it has been shown in [4] that dimT,M (ni,n2, -+ ,nm,) = s(p) + > (n; — 5(p)) and
=1

— s(p)
dimT; M (ny,ng2, - ,nm) = 5(p) + ;(nz — 5(p)) with a basis
a S(p) Uz a

(g <i<sonUlU U (gghl1<i<s)

. oz
i=1 j=3(p)+1

or

s(p)

ari<j<seUlU U {aii, 1< <s)

i=1 j=3(p)+1

for a given integer h,1 < h < s(p). Denoted all k-forms of M(ny,na,--- ,nm) by A¥(M) and

A u-s) o
A(M) = kE—Bo AF(M), then there is a unique exterior differentiation d : A(M) —

A(M) such that for any integer k > 1, d(A*) C A*+1(M) with conditions following hold similar

to the classical tensor analysis([1]).

(1) d is linear, i.e., for Vi, € A(M), AER,

d(p + M) = dp A + Ay
and for ¢ € A’“(M),w € A(M)v

d(e A) = dp+ (D)o A dy.
(ii) For f € AO(M), df is the differentiation of f.
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(iii) 2 =d - d = 0.
(iv) d is a local operator, ie., if U C V C M are open sets and o € A¥(V), then d(aly) =
(da)lu-

Therefore, smoothly combinatorial manifolds poss a local structure analogous smoothly
manifolds. But notes that this local structure maybe different for neighborhoods of different
points. Whence, geometries on combinatorial manifolds are Smarandache geometries([6]-[8]).

There are two well-known theorems in classical tensor analysis, i.e., Stokes’ and Gauss’

theorems for the integration of differential n-forms on an m-manifold M, which enables us

/dwz/ w
M oM

for a w € A"~ 1 (M) with compact supports and

/(divX)u:/ ixp
M oM

for a vector field X, where ix : A*TY(M) — A¥(M) defined by ixw(Xy, Xo,--+, Xi) =
(X, X1, -, Xg) for w € A¥1(M). The similar local properties for combinatorial mani-

knowing that

folds with manifolds naturally forward the following questions: wether the Stokes’ or Gauss’
theorem is still valid on smoothly combinatorial manifolds? or if invalid, What are their modified
forms for smoothly combinatorial manifolds?.

The main purpose of this paper is to find the revised Stokes’ or Gauss’ theorem for combi-
natorial manifolds, namely, the Stokes’ or Gauss’ theorem is still valid for n-forms on smoothly
combinatorial manifolds M if 71 € Hp(n,m), where #5;(n,m) is an integer set determined
by its structure of a given smoothly combinatorial manifold M. For this objective, we first
consider a particular case of combinatorial manifolds, i.e., the combinatorial Euclidean spaces
in the next section, establish a relation for finitely combinatorial manifolds with vertex-edge
labeled graphs and calculate the integer set #7;(n, m) for a given vertex-edge labeled graph in
Section 3, then generalize the definition of integration on manifolds to combinatorial manifolds
in Section 4. The generalized form for Stokes’ or Gauss’ theorem, also their counterparts on
graphs can be found in Section 5. Terminologies and notations used in this paper are standard
and can be found in [1] — [2] or [4] for those of manifolds and combinatorial manifolds and [6]

for graphs, respectively.

82. Combinatorially Euclidean Spaces

As a simplest case of combinatorial manifolds, we characterize combinatorially Fuclidean spaces

of finite and generalize some results in Euclidean spaces in this section.

Definition 2.1 For a given integer sequence ni,na, -+ Ny, m > 1 with 0 < np <ng < -+- <

N, @ combinatorially Euclidean space f{(nl, <o M) 18 a union of finitely Fuclidean spaces
m

U R™ such that for ¥p € R(ni, - ,nm), p € N R™ with m = dim( () R™) a constant.
=1

i=1 1= =1



70 Linfan Mao

By definition, we can present a point p of R by an m X n,, coordinate matrix [Z] following
Withx“:%forlgigm,lglgﬁl.

P gl pl(m)+) pln o 0
B 221 L 72 x2(m+1) p2n2 L 0
7] =

pml mm xm(erl) pmnm =l mnm

For making a combinatorially Fuclidean space to be a metric space, we introduce inner

product of matrizes similar to that of vectors in the next.

Definition 2.2 Let (A) = (aij)mxn and (B) = (bij)mxn be two matrizes. The inner product
((A),(B)) of (A) and (B) is defined by

((4),(B)) = Zaijbij'

Theorem 2.1 Let (A),(B),(C) be m x n matrizes and « a constant. Then
(1) (A,B)=(B,A);

(2) (A+B,C)=(A,C)+(B,C);

(3) (a4, B) = a(B,A);

(4) (A, A) > 0 with equality hold if and only if (A) = Oyxn.

Proof (1)-(3) can be gotten immediately by definition. Now calculation shows that

<A5A> :Zafj ZO
0]

and with equality hold if and only if a;; = 0 for any integers 7, j,1 < i < m,1 < j < n, namely,
(A) = Opxn- O

Theorem 2.2 (A),(B) be m x n matrizes. Then

((4),(B)* < ((4). (4)) (B), (B))

and with equality hold only if (A) = A(B), where X is a real constant.

Proof 1f (A) = A(B), then (A, B)® = A2 (B, B)> = (A, A) (B, B). Now if there are no
constant A enabling (A) = A(B), then (A) — A(B) # Ouxp for any real number A. According
to Theorem 2.1, we know that

ie.,
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Therefore, we find that

namely,

Corollary 2.1 For given real numbers a;;,b;;, 1 <i<m,1<j < n,
O aibi)* < O a;)O_bl).
4,J 4, ,J

Let O be the original point of f{(nl, -+« Ny). Then [O] = Opxn,,. Now for Vp,q €
~ —
R(ni,--- ,nm), we also call Op the vector correspondent to the point p similar to that of
— =
classical Euclidean spaces, Then pg = Og — Op. Theorem 2.2 enables us to introduce an angle

between two vectors pg and wo for points p, g, u,v € f{(nl, Cee M)

Definition 2.3 Let p,q,u,v € ﬁ(nl, <+, Nym). Then the angle 6 between vectors PG and wv is

determined by

cosf =

under the condition that 0 < 0 < 7.
Corollary 2.2 The conception of angle between two vectors is well defined.

Proof Notice that

(lp] = la); [u] = [v))* < ([p) — [a], [p] — [a]) ([] = [v] [u] = [o])
by Theorem 2.2. Thereby, we know that
([p] — lg, [u] = [v]) <1
~ VAPl = ldl I = [a]) ([u] = [o], [u] = [v])

Therefore there is a unique angle # with 0 < § < 7 enabling Definition 2.3 hold. O

For two points p, ¢ in f{(nl, <+ Ny), the distance d(p, ¢) between points p and ¢ is defined
to be v/([p] — [q], [p] — [g]). We get the following result.

Theorem 2.3 For a given integer sequence ny,Na, - , Ny, m > 1L with 0 < ny < ng < -+ < Ny,
(R(n1,- -+ ynm);d) is a metric space.

Proof We need to verify that each condition for a metric space holds in (R(ny, - -+ , ny,); d).
For two point p,q € R(n1,- -+ ,nm), by definition we know that

d(p,q) = /{lp] — lal, [p] — [a]) = 0
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with equality hold if and only if [p] = [¢], namely, p = ¢ and

d(p,q) = V/([p] — la] Ip) — [a)) = /(] — [p], [d] — [p]) = d(q,p).

Now let u € f{(nl, -+ ,Ny,). By Theorem 2.2, we then find that

(d(p, u) + d(u, p))*

[ul) + 2+/([p] — [u], [p] = [u]) {[u] - [q], [u] - [q])

= ([p] = [ul, [p] -
+ ([ul = gl [u] — [a])
z ([Pl = [ul, [p] = [ul) + 2 ([p] = [u], [u] = la]) + {[u] —[g], [u] — [a])
= (Ip] = lal, [p] — la) = &*(p, 9).
Whence, d(p,u) + d(u,p) > d(p,q) and (f{(nl, ceeny);d) s a 1~Iletric space. O
By previous discussions, a combinatorially Euclidean space R(ny,na, - -+, ny,) can be turned

m

to an Euclidean space R™ with n = m+ Y (n; —m). It is the same the other way round, namely
i=1

we can also decompose an Euclidean space into a combinatorially Euclidean space.

Theorem 2.4 Let R™ be an Fuclidean space and ny,na, - -« , Ny, integers with m < n; < n for

1 <i < m and the equation

m + Z(n -
i=1

hold for an integer m,1 < m < n. Then there is a combinatorially Fuclidean space f{(nl, Ng, -,
Nm) such that

R" 2 R(ni,no, M-

Proof Not loss of generality, assume the coordinate system of R™ is (z1,z2,- - ,x,) with

a basis {e1,ea, -+ ,e,}. Since

- Z(” —m
i=1

Choose

Rl - <817827"' y €y €1, 7en1>;
R2 = <e17e27"' 7e’r/ﬁ7enl+luen1+27"' 7en2>;

R3 = <e17e27" : 7e’r/ﬁ7eng+lue’ﬂ2+27' o 7e’ﬂ3>;
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Rm = <e13e27 My, 1 41,€n,, 42,0 7enm> .

Calculation shows dimR; = n; and dim( () R;) = m. Whence f{(nl,ng, S M) IS a

=1
combinatorially Euclidean space. By Definitions 2.1 — 2.2 and Theorems 2.1 — 2.3, we then get
that

R" 2 R(ni,no, -+ ,Nym)- O

§3. Determining J75;(n, m)

Let M (n1,--+ ,nm) be a smoothly combinatorial manifold. Then there exists an atlas ¢ =

{(Ua, [pa))le € I} on M(ny,--- ,ny) consisting of positively oriented charts such that for
~ s(p) ~

Va € 1, s(p) + Z:l(nZ —5(p)) is an constant ng for Vp € U, ([4]). The integer set J7;(n, m)

is then defined by

Hig(n,m) = {ng_|a €I},

Notice that M(nl, “++, Ny is smoothly. We know that 7#5;(n, m) is finite. This set is important
to the definition of integral and the establishing of Stokes’ or Gauss’ theorems on smoothly
combinatorial manifolds. We characterize it by a combinatorial manner in this section.

A wertex-edge labeled graph G([1,k],[1,1]) is a connected graph G = (V, E) with two map-
pings

TV —={1,2,--- k},

T E—{1,2,---,1}
for integers k and [. For example, two vertex-edge labeled graphs with an underlying graph Ky

are shown in Fig.3.1.

Fig.3.1
For a combinatorial finite manifold M(nl, No, -+ Nyy) With 1 <ngp <ng < -+ < npyym >
1, there is a natural 1 — 1 mapping 6 : M(nq,ne, -, nm) — G([0, 1], [0, 7)) determined in

the following. Define
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V(G([0,nm], [0, 1)) = Vi [ Ve,

where V7 = {n; — manifolds M" in JT/[/(nl,nQ, <o ny)|l <@ <m} and Vo = {isolated inters—
ection points Opyn; ppms of M™, M™ in M (ni,ng2, - ,ny) for 1 < 4,5 < m}, and label each
n;-manifold M™ in V4 or O in V3 by 71 (M"™) = n;, 71(O) = 0. Choose

E(G([0, 1), [0,n])) = Ex | Bz,

where Ey = {(M™, M™)|dim(M™ (YM"™) > 1,1 <1i,j <m} and Ey = {(Opmi pmi, M™),
(Ongmi pami s M™)|M™ tangent M™ at the point Opgn; pmy for 1 <id,j < m}, and for an edge
(M™, M™) € Ey or (Opgni pri, M™) € Ea, label it by 7o (M™, M™) = dim(M™ (Y M"7) or 0,

respectively. This construction then enables us getting a 1—1 mapping 6 : M (n1,ng, -+, Ny) —
G([0, 1], [0, M) -
Now let H(ni,na, -+ ,n,,) denote all finitely combinatorial manifolds M (ny,na, -+, Ny

and let G[0, n,,] denote all vertex-edge labeled graphs G([0, 1], [0, 1y, |) with conditions follow-
ing hold.

(1) Each induced subgraph by vertices labeled with 1 in G is a union of complete graphs
and vertices labeled with 0 can only be adjacent to vertices labeled with 1.
(2) For each edge e = (u,v) € E(G), 12(e) < min{r (u), 71 (v)}.

Then we know a relation between sets H(n1,ne, -+, ny) and G([0, 1], [0, 7m]).

Theorem 3.1 Let1 <n; <ng < -+ < ny,m > 1 be a given integer sequence. Then ev-
ery finitely combinatorial manifold M e H(ni,na, - ,nm) defines a vertez-edge labeled graph
G([0, 1], [0, nm]) € G[0, ny]. Conversely, every vertex-edge labeled graph G([0, 1], [0, ny]) €
G[0,n.,] defines a finitely combinatorial manifold M € H(ny,na, -+ ,ny) with a 1 — 1 map-
ping 0 : G([0, n], [0, nm]) — M such that 6(u) is a 6(u)-manifold in M, 7, (u) = dimf(u) and
T2 (v, w) = dim(0(v) N O(w)) forYu € V(G([0, nm], [0, 1)) and ¥ (v,w) € E(G([0, ], [0, 1m)]))-

Proof By definition, for VM € H(ni,na, -+ ,ny) there is a vertex-edge labeled graph
G([0, nn], [0, nn]) € G0, 7], [0,72]) and a 1 — 1 mapping 6 : M — G([0,nm], [0, 7m])
such that 6(u) is a 6(u)-manifold in M. For completing the proof, we need to construct
a finitely combinatorial manifold M € H(ny,na, - ,nm) for YG([0, nm], [0, nm]) € G0, np)
with 71(u) = dimf(u) and 72(v,w) = dim(f(v) () O(w)) for Yu € V(G([0,nmw],[0,nn])) and
V(v,w) € E(G([0,n],[0,7,])). The construction is carried out by programming following.

STEP 1. Choose |G([0,nm],[0,n:m])] — |Vo| manifolds correspondent to each vertex w with a
dimensional n; if 71 (u) = n;, where Vo = {ulu € V(G([0, nm], [0, 7)) and 71 (u) = 0}. Denoted
by V> all these vertices in G([0, ny,], [0, n,,,]) with label> 1.

STEP 2. For Vu; € V1 with 71 (u1) = ng,, if its neighborhood set N (10,1,,.1,[0,m,]) (21) (1 Va1 =

{vi,v?, .- ,Uf(ul)} with 71 (v1) = n11, 71 (v3) = n1ay -+, Tl(vf(ul))

= Nis(u;), then let the
manifold correspondent to the vertex u; with an intersection dimension 7 (u;v}) with manifold

correspondent to the vertex v} for 1 <i < s(u;) and define a vertex set A; = {uy}.
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STEP 3. If the vertex set A; = {uy, ug, -+ ,u;} C V>1 has been defined and V>1 \ A; # ), let
upy1 € Vo1 \ Ay with a label n;,, . Assume

(NG (0, 0]y (i) [\ Va1) \ A = {0} 1,071, vty
with 7 (U}H) =n411, T (’Ul2+1) =N41,2, 0,71 (Uf&”l)) = M4 1 s(ury,)- Lhen let the manifold

correspondent to the vertex u;41 with an intersection dimension 75 (w410} 1) with the manifold
correspondent to the vertex Uzi+1a 1 < < s(uj41) and define a vertex set Ajpq = A J{wiy1}-

STEP 4. Repeat steps 2 and 3 until a vertex set A, = V>; has been constructed. This
construction is ended if there are no vertices w € V(G) with 7 (w) = 0, i.e., V>1 = V(G).
Otherwise, go to the next step.

STEP 5. For Vw € V(G([0, ], [0, 7m])) \ Va1, assume Ne((0,n,1,[0,nm]) (W) = {wi, wa, -+, we .
Let all these manifolds correspondent to vertices wi, ws, - -+, w, intersects at one point simul-
taneously and define a vertex set Ay, | = A, J{w}.

STEP 6. Repeat STEP 5 for vertices in V/(G([0, 7], [0, 7)) \ V>1. This construction is finally

ended until a vertex set Ay, , = V(G[ni,na,---,nm,]) has been constructed.

A finitely combinatorial manifold M correspondent to G([0, ], [0, m4]) is gotten when

A7, ), has been constructed. By this construction, it is easily verified that M € H(ni,na, -+ M)
with 71 (u) = dimf(u) and 72 (v,w) = dim(6(v) () 0(w)) for Yu € V(G([0, 1], [0,n,])) and
V(v,w) € E(G([0, 1], [0,n:,])). This completes the proof. O

Now we determine the integer set %M(n, m) for a given smoothly combinatorial manifold
M(nyi,n2, -+ ,ny). Notice the relation between sets H(ny, na, -+ ,Ny) and G([0, 1y, ], [0, 72m])
established in Theorem 2.4. We can determine it under its vertex-edge labeled graph G([0, n,],
0, 7))

Theorem 3.2 Let M be a smoothly combinatorial manifold with a correspondent vertex-edge
labeled graph G([0,mm], [0, nm]). Then

d(p)
%ﬁ(nam) C {TLl,TLQ,"’ ,nm} U {d(p)+2(n —

d(p)>3,peM

U{m(w) +71.(0) = m2(u, 0)[V(u,v) € E(G(0, mn], [0, 10])) }-

Particularly, if G([0, nyp], [0,ny]) is Ks-free, then

Hp(n,m) = {n(wu e V(G([Oanm]v [0,7m]))}
U{ﬁ + 71 (v) — 72(u, )|V (u,v) € E(G([0, 0], [0, 7))}

Proof Notice that the dimension of a point p € M is
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by definition. If d(p) = 1, then n, = n;,1 < j < m. If d(p) = 2, namely, p € M™ N M" for

1 <4,7 < m, we know that its dimension is

i +nj —d(p) = 71 (M™) + 7 (M™) — d(p).

Whence, we get that

d(p)
%j\‘j(nvm) - {Tll,ng,-” anm} U {d(p)+2(nz -

3(10)234)61\7

U{ﬁ + 71 (v) — 72(u, v)|V(u,v) € E(G([0,nm], [0, 7))}

Now if G([0, nn], [0, nyy]) is K5-free, then there are no points with intersectional dimension>
3. In this case, there are really existing points p € M™ for any integer 7,1 < i < m and
qge M™NMm™ for 1 <4i,7 <m by definition. Therefore, we get that

Hip(n,m) = {r(wlue V(G([Oanm]v [0,mm]))}
U{ﬁ + 71 (v) — 72 (u, v)|V(u,v) € E(G([0, 0], [0, ,])) .0

For some special graphs, we get the following interesting results for the integer set f%fﬁ(n, m).
Corollary 3.1 Let M be a smoothly combinatorial manifold with a correspondent vertex-edge

labeled graph G([0,1m], [0, nm]). If G([0,1m], [0, ]) 2 P2, then

Hip(nym) = {7 (ui), 1 < i < pH () + 71 (winr) = ma(us, uip)[1 < i < p—1}

and if G([0,ny,], [0, ny]) = CP with p > 4, then
Hyi(n,m) = {m(u;),1 <7 < p} U{n(ul) + 71 (uit1) = T2(ui uia) |1 < i < p,i = (modp)}.

84. Integration on combinatorial manifolds

We generalize the integration on manifolds to combinatorial manifolds and show it is indepen-

dent on the choice of local charts and partition of unity in this section.

4.1 Partition of unity

Definition 4.1 Let M be a smoothly combinatorial manifold and w € A(M) A support set
Suppw of w is defined by
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Suppw = {p € M;w(p) # 0}

and say w has compact support if Suppw is compact in M. A collection of subsets {C;|i € I} of
M is called locally finite if for each p € M there is a neighborhood U, of p such that U,NC; = ()

except for finitely many indices i.

A partition of unily on a combinatorial manifold M is defined in the next.

Definition 4.2 A partition of unity on a combinatorial manifold M is a collection {(Ui, g:)|i €
I}, where

(1) {Uili € I} is a locally finite open covering of M;
(2) gi € Z (M), gi(p) >0 for Yp € M and suppy; € U; for i € I;
(3) Forpe M, 3 gi(p) = 1.

For a smoothly combinatorial manifold M, denoted by G []Tj | the underlying graph of its
correspondent vertex-edge labeled graph. We get the next result for a partition of unity on

smoothly combinatorial manifolds.
Theorem 4.1 Let M be a smoothly combinatorial manifold. Then M admits partitions of
unaty.

Proof For YM € V(G[M)), since M is smooth we know that M is a smoothly submanifold
of M. As a byproduct, there is a partition of unity {(Ug; 95| € Ins} on M with conditions
following hold.

(1) {U$]a € Ing} is alocally finite open covering of M;

(2) ¢%;(p) >0 for Vp € M and suppg$; € Uy, for o € In;

(3) Forpe M, Zi:gﬁw(p) =1

By definition, for Vp € M, there is a local chart (Up, [¢p]) enable ¢, : U, — B™1 |JB™2 - --
U B"s» with B"1 (B2 (---(B""® # (). Now let Ui, » Uty U]%S(p) be s(p) open
sets on manifolds M, M € V(G[M]) such that

peUy=JUs, - @1
=1
We define

S(p) = {U,'| all integers a enabling (4.1) hold}.

Then

= U S = {Uyla € I(p)}

peM
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is locally finite covering of the combinatorial manifold M by properties (1) — (3). For YU, €

S(p), define

oug =) > ([T ons:,)

821 {i1,ig, - ,is}C{1,2,-+ ,s(p)} h=1

and

O'Ugt
> oy

VeS(p)

Jug =

Then it can be checked immediately that {(UJ, gue)lp € M, € I(p)} is a partition of unity
on M by properties (1)-(3) on g and the definition of gye. O

Corollary 4.1 Let M be a smoothly combinatorial manifold with an atlas A = {(Va, [pa])|a €
f} and to, be a CF tensor field, k > 1, of field type (r,s) defined on V,, for each o, and assume
that there exists a partition of unity {(U;, ;)i € J} subordinate to A, i.c., for Vi € J, there
exists a(i) such that U; C V). Then for Vp € M,

t(p) = Zgita(i)
is a C* tensor field of type (r,s) on M

Proof Since {U;]i € J} is locally finite, the sum at each point p is a finite sum and ¢(p)
is a type (r,s) for every p € M. Notice that ¢ is C* since the local form of ¢ in a local chart

(Va(i) ; [@a(i) ]) is

Zgita(j)u
J

where the summation taken over all indices j such that Vi) (V) # 0. Those number j is
finite by the local finiteness. O

4.2 Integration on combinatorial manifolds

First, we introduce integration on combinatorial Euclidean spaces. Let f{(nl, <+ ,ny) be a

combinatorially Euclidean space and

T:ﬁ(nl,--- Mo —>f{(n1,--- M)

a C' differential mapping with

The Jacobi matrixz of f is defined by

ol
% - [A(nk)(uu)]v
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KA
where A(nk)(uu) = gT—

xHY

Now let w € TY(R(n1,- -+ ,nm)), a pull-back 7*w € T (R(n1,- -+ ,ny)) is defined by

T*w(alv az,--- 7a7€) = w(f(al)v f(aQ)v T vf(ak))

for Vai,as,--- ,ar € R.
Denoted by n = m+3 (n;—m). If 0 < I < n, recall([4]) that the basis of A(R(ny, - nm))
i=1
is
{e“ A e /\~~~/\eil|1 <t <idge-- <1y STL}
for a basis ey, ea,--- , e, of f{(nl, -++,ny,) and its dual basis e!,e?,---  e". Thereby the di-
mension of A(R(ny, - ,nyy,)) is
(m+ > (ni —m))!
noy i=1
: N+ 3 (ng — i) — 1))
i=1
Whence A"(R(nq,---,nm)) is one-dimensional. Now if wy is a basis of A"(R), we then

know that its each element w can be represented by w = cwy for a number ¢ € R. Let
7:R(n1, -+ ,nm) — R(ny, -+ ,ny) be a linear mapping. Then
AR, nm)) — AR, man)

is also a linear mapping with 7w = ¢7*wy = bw for a unique constant b = detr, called the
determinant of 7. It has been known that ([1])

Py
detT = det(%)

for a given basis e, ez, - , e, of ﬁ(nl, -+ ) and its dual basis e!,e? .- e".

~ m
Definition 4.3 Let R(ni,na, -+ ,nm) be a combinatorial Euclidean space,n = m—+ Z (n;—m),
U C R(ny,ng, - ,nm) and w € A"(U) have compact support with -

w(z) = Wpa, viy ) (i vi, YAt N A dh i i

relative to the standard basis e*”, 1 < p <m,1 <v < n,, of f{(nl,ng, S M) with e = e”

for 1 < u < m. An integral of w on U is defined to be a mapping fﬁ f— fﬁ f € R with

Aw=/@@@1mV II dz',  (4.2)

p>mA1,1<v<n;

where the right hand side of (4.2) is the Riemannian integral of w on U.

For example, consider the combinatorial Euclidean space R(3,5) with R¥NR? = R. Then
the integration of an w € A7(U) for an open subset U € R(3,5) is
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/w:/ w(z)drtde*2da' de*?da® de** da®.
U UN(R3URS)

Theorem 4.2 Let U and V' be open subsets of f{(nl, <o ngy) and T : U — V is an orientation-

m
preserving diffeomorphism. If w € A™(V') has a compact support forn =m+ Y. (n; —m), then

=1
/T*w = /w.

Proof Let w(x) = Wiy, i) (i viy ) A0 Ao Adatin¥in € A™(V). Since 7 is a diffeo-
morphism, the support of 7*w is 77! (suppw), which is compact by that of suppw compact.

T*w € A™(U) has compact support and

By the usual change of variables formula, since 7*w = (wo 7)(detT)wy by definition, where
wo =dz' Ao Adx™ A de D A dg (72 A oA da ™ A A da™m | we then get that

/ Tw = / (wor)(detT)ﬁd:c” 11 dat”

v=1 p>m+1,1<v<n,
- / .
O

Definition 4.4 Let M be a smoothly combinatorial manifold. If there exists a family {(Usy, [¢a]|a €
D)} of local charts such that
(1) U Ua=1;
acl _
(2) forVa,B € I, either Uy(\Ug =0 or Uy (Ug # 0 but for ¥Yp € U, (\Ug, the Jacobi

matriz

der( 22l S ¢

then M ‘is called an oriently combinatorial manifold and (Uy, [pa]) an oriented chart for Vo € I.
Now for any integer n € J#5;(n, m), we can define an integral of n-forms on a smoothly

combinatorial manifold M(nl, Cee ).

Definition 4.5 Let M be a smoothly combinatorial manifold with orientation € and (U; )
a positively oriented chart with a constant ng € J5;(n, m). Suppose w € A"0 (M), U C M has
compact support C cU. Then define

Le= el @3

Now if €37 is an atlas of positively oriented charts with an integer set H5;(n,m), let
P = {(Us, ¢arga)|la € I} be a partition of unity subordinate to €. For Yw € A"(M),
n € H57(n,m), an integral of w on P is defined by
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/ﬁw = Z/gaw. (4.4)

acl
The next result shows that the integral of n-forms for Vn € J#3;(n, m) is well-defined.

Theorem 4.3 Let M(nl, “o,ny) be a smoothly combinatorial manifold. For n € 55;(n,m),
the integral of n-forms on M(n1,--- ,ny) is well-defined, namely, the sum on the right hand
side of (4.4) contains only a finite number of nonzero terms, not dependent on the choice of

Gy and if P and Q are two partitions of unity subordinate to 65y, then

M’
P Ja

Proof By definition for any point p € M(nl, -+ Ny), there is a neighborhood ﬁp such
that only a finite number of g, are nonzero on ﬁp. Now by the compactness of suppw, only
a finite number of such neighborhood cover suppw. Therefore, only a finite number of g, are
nonzero on the union of these (7,,, namely, the sum on the right hand side of (4.4) contains only
a finite number of nonzero terms.

Notice that the integral of 7i-forms on a smoothly combinatorial manifold M (n1, « )

~ s(p) ~
is well-defined for a local chart U with a constant ng = s(p) + Z:l(nl —35(p)) for Vp e U C

M(ny, -+ ,nm) by (4.3) and Definition 4.3. Whence each term on the right hand side of (4.4)
is well-defined. Thereby [ pw is well-defined.

Now let P = {(Ua, 0arga)la € I} and Q = {(Vs, 03, hs)|3 € J} be partitions of unity
subordinate to atlas ¢7; and %7 with respective integer sets H47(n,m) and %A%(n, m). Then
these functions {gohg} satisty gohg(p) = 0 except only for a finite number of index pairs (o, 3)

and

ZZgahg(p)zl, for Vp € M(ny,--- ,nm).
o 8

Since > =1, we then get that
B

foom X S o
;;/gahﬁw/éw.

O

By the relation of smoothly combinatorial manifolds with these vertex-edge labeled graphs

established in Theorem 3.1, we can also get the integration on a vertex-edge labeled graph

G([0, 1], [0, nm]) by viewing it that of the correspondent smoothly combinatorial manifold M

with AYG) = AY(M), Hu(n,m) = 57 (n,m), namely define the integral of an n-form w on
G([0,nm], [0, n4m]) for m € 7% (n, m) by
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[ )
G([0:nm],[0,nm]) M

Then each result in this paper can be restated by combinatorial words, such as Theorem 5.1
and its corollaries in next section.

Now let ny,ng,---,n,, be a positive integer sequence. For any point p € M, if there is a
local chart (ﬁp, [¢p]) such that [¢,] : U, — B™ JB™ |J---|UB"™ with dim(B™* (\B™(---()
B™m) = m, then M is called a homogenously combinatorial manifold. Particularly, if m = 1,

a homogenously combinatorial manifold is nothing but a manifold. We then get consequences

for the integral of (m + Y (n; — m))-forms on homogenously combinatorial manifolds.

Corollary 4.2 The integral of (m+ > (n; —m))-forms on a homogenously combinatorial man-
i=1
ifold M(ny,na, -+ ,Nuy) is well-defined, particularly, the integral of n-forms on an n-manifold

is well-defined.

Similar to Theorem 4.2 for the change of variables formula of integral in a combinatorial
Euclidean space, we get that of formula in smoothly combinatorial manifolds.

Theorem 4.4 Let M(m y M2yt M) and J\Nf(kl, ko, -+, ki) be oriently combinatorial manifolds
and 7 : M — N an orientation- -preserving diffeomorphism. If w € Ak( ) k e (k1) has

compact support, then T*w has compact support and

forfe

Proof Notice that suppr*w = 7~ (suppw). Thereby 7*w has compact support since w has
so. Now let {(U;, :)|i € I} be an atlas of positively oriented charts of M and P = {g;|i € I} a
subordinate partition of unity with an integer set 57 (n,m). Then {(7(Us), psom1)]i € I} is
an atlas of positively oriented charts of N and Q {gioT1} is a partition of unity subordinate

to the covering {r(U;)|i € I'} with an integer set 5~ (k,1). Whence, we get that

(M)

/T*w — Z/giT*w:Z/%*(giT*w)
Z/S"w «(gioT™ M—Z/QpZOT «(gioT 1)w=/w.

85. A generalized of Stokes’ or Gauss’ theorem

Definition 5.1 Let M be a smoothly combinatorial manifold. A subset D of]q is with boundary

if its points can be classified into two classes following.
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Class 1(interior point Intﬁ) For ¥p € IntD, there is a neighborhood \7p of p enable
V, cD.

Case 2(boundary dD) For Vp € 8D, there is integers i, v for a local chart (Uy; [@,]) of
p such that " (p) = 0 but

Uy N D = {qlg € Up, 2™ >0 for V{r,\} # {u,v}}.
Then we generalize the famous Stokes’ theorem on manifolds in the next.

Theorem 5.1 Let M be a smoothly combinatorial manifold with an integer set 7#5;(n,m) and
D a boundary subset of M. For ¥n € J5;(n,m) if w € A™(M) has a compact support, then

/@:/w
D 8D

with the convention faﬁ w =0 while 9D = 0.

Proof By Definition 4.5, the integration on a smoothly combinatorial manifold was con-
structed with partitions of unity subordinate to an atlas. Let %3; be an atlas of positively
oriented charts with an integer set J#5;(n,m) and P = {(Uq, ¢a,go)|la € I} a partition of

unity subordinate to ¢73;. Since suppw is compact, we know that

/5 dw = O%/f) d(gaw),

w = g JaW.
/85 ~/af> “
acl

and there are only finite nonzero terms on the right hand side of the above two formulae.

‘/~ C:’:(gaw) = /~ JaW
D oD
for Yo € 1.

Not loss of generality we can assume that w is an n-forms on a local chart (U, [¢]) with a

Thereby, we only need to prove

compact support for n € J#5;(n, m). Now write

n

—_—

w=> (=)', . drrinvin Ao AdzFinVin A A datin Vi

iy Vig, ’
h=1

where dz#in"n means that dz#n"n is deleted, where

ine{l, - ,ny, Ly +1)),---,(Iny), 2(Ay + 1)), -+, (2n2),- -+, (Mmny) }.

Then
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n
aw“ih Vip

dw = OxMinVin
h=1

dztiva Ao Adatiatia . (5.1)

Consider the appearance of neighborhood U. There are two cases must be considered.
Case 1 UNOD =10

In this case, faﬁ w=0and U is in M\ D or in IntD. The former is naturally implies that
fD (gaw) = 0. For the later, we find that

/ o = Z/ I gyt dgn e (5.2)

Notice that f - aﬁz%d:r‘“h Yin = 0 since wy, ,,, has compact support. Thus [7dw =0 as
v 3

desired.
Case 2 UNOD #10

In this case we can do the same trick for each term except the last. Without loss of

generality, assume that

U(\D = {qlq € U,z"="= (q) > 0}

and

U()0D = {qlq € U,a""» (q) = 0}.

Then we get that

oD UnoD

n
—_—
= E (-t / Wyy vy, AP A NdgBinVin A N dat iR YR
= h " 'h
he1 UnaD

= (—1)571/ LWy, dztiati A A dat i
vnoD " "
since dz#n"in(q) = 0 for ¢ € U N dD. Notice that R~ = OR" but the usual orientation

on R"~! is not the boundary orientation, whose outward unit normal is —ej; = (0,---,0,-1).
Hence

/ w=— / Wyi vy (xhin¥in ... Jatia—1Vino 0)dxtin¥i .. cdxtia-1Vina
oD or7 "
+

On the other hand, by the fundamental theorem of calculus,
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Vi ) )
[ g
Rn—1 X

— / 1 Wy, v, (xiu‘llyll N e B R T O)dxl‘n Vip oL dgMin-1YVin—1
RTL

Since w,, ,,  has a compact support, thus

/ w = —/ Wiy v, (ghiva .. ,xtia—1Vino 0)dxHin?n .. cdptia-1Via-a
U Re-1 "

Therefore, we get that

/@:/w
D 8D

This completes the proof. 0

Corollaries following are immediately obtained by Theorem 5.1

Corollary 5.1 Let M be a homogenously combinatorial manifold with an integer set %M(n, m)
and D a boundary subset of M. Forn € J;(n,m) if w € A" (M) has a compact support, then

/@:/w
D oD

particularly, zf]Tj is nothing but a manifold, the Stokes’ theorem holds.

Corollary 5.2 Let M be a smoothly combinatorial manifold with an integer set 5 (n,m).
For n € #55(n,m), ifw € A"(M) has a compact support, then

/w:O.
M

By the definition of integration on vertex-edge labeled graphs G([0,ny,], [0, 7)), let a
boundary subset of G([0, ny,], [0, ny,]) mean that of its correspondent combinatorial manifold

M. Theorem 5.1 and Corollary 5.2 then can be restated by a combinatorial manner as follows.

Theorem 5.2 Let G([0, ], [0, 1)) be a vertex-edge labeled graph correspondent with an integer
set Ha(n,m) and D a boundary subset of G([0,nm],[0,nm]). For Vi € Ha(n,m) if w €
A" (G([0,1n], [0, 10])) has a compact support, then

/@:/w
D 8D

with the convention faﬁ w =0 while 9D = 0.

Corollary 5.3 Let G([0,nm],[0, 7)) be a vertez-edge labeled graph correspondent with an
integer set #5(n,m). ForVn € #5(n,m) if w € A"(G([0,nm), [0,nm,])) has a compact support,
then



86 Linfan Mao

/ w=0.
G([0,nm][0,nm])

Similar to the case of manifolds, we find a generalization for Gauss’ theorem on smoothly

combinatorial manifolds in the next.

Theorem 5.3 Let M be a smoothly combinatorial manifold with an integer set H5;(n, m), D
a boundary subset of M and X a vector field on M with a compact support. Then

/(diVX)VZ/ ixv,
D oD

where v is a volume form on M, i.e., nonzero elements in A™(M) for n € A5 (n,m).

Proof This result is also a consequence of Theorem 5.1. Notice that

(divX)v = Jixv + ixglvv = Jixv.

According to Theorem 5.1, we then get that

/f) (divX)v = /8 _ixv.
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