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Introduction

Motivation

In advanced information fusion systems for decision-making under uncertainty, 
information to deal with are generally imprecise, incomplete and conflicting.

We present a new generalized entropy measure to characterize the uncertainty of 
any belief function (or mass of belief), and we explain the entropic contribution of 
each piece of information provided by a source of evidence.

An interesting mathematical framework to model imprecision, uncertainty and 
conflict between sources of evidences is the mathematical theory of belief functions. 

We present for the first time the entropy inversion problem (EIP) on how to estimate 
the mass of belief of a source given the entropiece values, and show the great 
difficulty to solve it.

Note: At the current stage of this research, this theoretical work is not related to 
any problem for the natural world, and cannot yet be confirmed experimentally.

Adjust/modify/simplify entropieces in some advanced 
information fusion systems, and reestimate belief masses 
that are eventually shared on an information network.
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Frame of discernment and power set

Frame of discernment (FoD)

The set of all possible solutions of the problem under concern is called the FoD.
Typically noted

⇥ “ t✓i, i “ 1, . . . ,nu

Criminal investigation example (list of suspects)

⇥ “ t✓1 “ Peter, ✓2 “ Paul, ✓3 “ Maryu

Land cover classification example (list of classes)

⇥ “ t✓1 “ Bare soil, ✓2 “ Corn, ✓3 “ Wooded area, ✓4 “ Buildingsu

Shafer’s model of FoD

⇥ is a finite set, with all elements exclusive two by two (i.e. disjoint).

Power set of ⇥ is the set of all subsets of ⇥ (empty set H included) noted

2⇥ fi tX|X Ñ ⇥u

# of elements of the power set : |2⇥| “ 2|⇥|
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Frame of discernment (FoD) Power-set

Basic belief assignment

Basic Belief Assignment (BBA)

Mass function (or BBA)

A source of evidence (SoE) about ✓ is represented by a BBA (or mass function)
m⇥

p¨q : 2⇥ fiÑ r0, 1s such that1

mp¨q : 2⇥ fiÑ r0, 1s

mpHq “ 0 and
ÿ

AP2⇥

mpAq “ 1

(1) ñ no positive mass is committed to impossible event.
(2) ñ a mass function is normalized to one.

Focal element (FE): A Ñ ⇥ is a FE of mp¨q if mpAq ° 0

Set of FE of m: F⇥pmq fi tA P 2⇥|mpAq ° 0u

Set of FE of m included in A: FApmq fi tB P F⇥pmq|A X B “ Bu

Set of FE of m not in A, neither in Ā: FA˚ pmq fi F⇥pmq ´ FApmq ´ FĀpmq

where Ā “ ⇥ ´ A (i.e. the complement of A in ⇥).

Core of mp¨q: Cpmq fi
î

APF⇥pmq
A

1For notation simplicity m
⇥

p¨q will be noted mp¨q if there is no confusion about the FoD ⇥.
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Vacuous BBA :

Special BBAs

Let’s take the FoD ⇥ “ tA,B,Cu as example.

Categorical mass function: mp¨q has a unique focal element different from ⇥

mpAq “ 1 and mpXq “ 0 for any X P 2⇥ such that X ‰ A

mpA Y Cq “ 1 and mpXq “ 0 for any X P 2⇥ such that X ‰ A Y C

Consonant mass function: if FE of mp.q are nested, A1 Ä A2 . . . Ä ⇥

mpAq “ 0.6, mpA Y Cq “ 0.1 and mpA Y B Y Cq “ 0.3

Dogmatic mass function: if mp⇥q “ 0

Certain mass function: if mpXq “ 1 for some singleton X P 2⇥

Simple support mass function: if mpAq “ r and mp⇥q “ 1 ´ r for some A P 2⇥

Bayesian belief mass: FE are only singletons of 2⇥ („ proba pmf)
mpAq “ 0.6, mpBq “ 0.4

mpAq “ 1{3, mpBq “ 1{3 and mpCq “ 1{3

Vacuous belief assignment (VBA): It represents the full ignorant (uninformative) SoE

mvp⇥q “ 1 and mvpAq “ 0, @A ‰ ⇥
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(Ignorant source)

Focal element: X is a focal element of m, i↵ m(X) > 0

Belief: (Degree of support of A)

Plausibility: (Degree of non contradiction of A)

Bayesian BBA: if all focal elements of m(.) are singletons of the power-set

<latexit sha1_base64="7HYm+z2gmHpoBU2mQAG5ZCRtE/g="></latexit>(
m(;) = 0,
P

X22⇥ m(X) = 1
s.t.

Uncertainty about x: 
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Abstract—This paper presents a new effective measure of un-
certainty (MoU) of basic belief assignments. This new continuous
measure is effective in the sense that it satisfies a small number
of very natural and essential desiderata. Our new simple math-
ematical definition of MoU captures well the interwoven link of
randomness and imprecision inherent to basic belief assignments.
Its numerical value is easy to calculate. This new effective MoU
characterizes efficiently any source of evidence used in the belief
functions framework. Because this MoU coincides with Shannon
entropy for any Bayesian basic belief assignment, it can be also
interpreted as an effective generalization of Shannon entropy. We
also provide several examples to show how this new MoU works.

Keywords: Measure of Uncertainty, MoU, belief functions,

Shannon entropy.

I. INTRODUCTION

In the classical probabilistic framework of the theory of
communication developed by Shannon in 1948 [1], [2], the
measure of uncertainty (MoU), also called entropy, for char-
acterizing a source of information (from signal transmission
standpoint) is represented by Shannon entropy. This entropy
measures the randomness of a probability mass function.
Shannon entropy has played a very important role in the
development of modern communication systems during the
second half of the 20th century, and in signal and image
coding, data compression, and cryptography [3] until today.
Shannon theory does not concern the semantic aspects of the
content of a message but only its transmission.

From 1980s and until now, many research works have been
proposed to try to extend Shannon measure of uncertainty
(i.e. entropy) in the belief functions framework since their
introduction by Shafer in the mid of 1970s [5]. In parallel,
other research works have been done on the characterization
of particular aspects of the uncertainty which are related
to the set consistency (or non-specificity) of basic belief
assignments (BBAs). Recently Jousselme et al. [6] proposed
an interesting attempt of mathematical unification of existing
MoU formulations. In our recent survey paper [7], we did
analyze in details 40 years of research works on MoUs. Our
deep analysis of forty-eight MoUs reveals that only very few of
them can be considered as effective in the mathematical sense
defined in Section III. Unfortunately, these existing effective
MoUs are conceptually flawed. The main contribution of this

paper is to provide a clear positive answer with a new well-
justified mathematical solution to the fundamental challenging
question stated in the conclusion of [7]:

Is there a better conceptual effective measure of uncertainty

for the basic belief assignments?
This paper is organized as follows. Section II presents the

basics of belief functions. Section III presents and justifies the
four essential desiderata that a MoU must satisfy in order to be
effective. In the section IV we list the existing effective MoUs
and we explain their conceptual flaws. Section V presents
the new effective MoU for BBA (i.e. generalized Shannon
entropy) with some examples in the section VI. Concluding
remarks and perspectives are given in the section VII.

II. BELIEF FUNCTIONS

The belief functions (BF) were introduced by Shafer [5] for
modeling epistemic uncertainty, reasoning about uncertainty
and combining distinct sources of evidence. The answer of
the problem under concern is assumed to belong to a known
finite discrete frame of discernement (FoD) Θ = {θ1, . . . , θN}
where all elements (i.e. members) of Θ are exhaustive and
exclusive. The set of all subsets of Θ (including empty set
∅, and Θ) is the power-set of Θ denoted by 2Θ. The number
of elements (i.e. the cardinality) of the power-set is 2|Θ|. A
(normalized) basic belief assignment (BBA) associated with a
given source of evidence is a mapping mΘ(·) : 2Θ → [0, 1]
such that mΘ(∅) = 0 and

∑

X∈2Θ mΘ(X) = 1. A BBA mΘ(·)
characterizes a source of evidence related with a FoD Θ. For
notation shorthand, we can omit the superscript Θ in mΘ(·)
notation if there is no ambiguity on the FoD we work with.
The quantity m(X) is called the mass of belief of X . X ∈ 2Θ

is called a focal element (FE) of m(·) if m(X) > 0. The
set of all focal elements of m(·) is denoted1 by FΘ(m) !

{X ∈ 2Θ|m(X) > 0}. The belief and the plausibility of X
are respectively defined for any X ∈ 2Θ by [5]

Bel(X) =
∑

Y ∈2Θ|Y⊆X

m(Y ) (1)

Pl(X) =
∑

Y ∈2Θ|X∩Y $=∅

m(Y ) = 1− Bel(X̄). (2)

where X̄ ! Θ \ {X} is the complement of X in Θ.

1! means equal by definition.
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0  Bel(X)  P (X)  Pl(X)  1Lower and upper bounds :

One has always 0 ≤ Bel(X) ≤ Pl(X) ≤ 1, see [5]. For
X = ∅, Bel(∅) = Pl(∅) = 0, and for X = Θ one has
Bel(Θ) = Pl(Θ) = 1. Bel(X) and Pl(X) are often inter-
preted as the lower and upper bounds of unknown prob-
ability P (X) of X , that is Bel(X) ≤ P (X) ≤ Pl(X).
To quantify the uncertainty (i.e. the imprecision) of
P (X) ∈ [Bel(X), P l(X)], we use u(X) ∈ [0, 1] defined by

u(X) ! Pl(X)−Bel(X) (3)

The quantity u(X) = 0 if Bel(X) = Pl(X) which means that
P (X) is known precisely, and one has P (X) = Bel(X) =
Pl(X). One has u(∅) = 0 because Bel(∅) = Pl(∅) = 0,
and one has u(Θ) = 0 because Bel(Θ) = Pl(Θ) = 1. If
all focal elements of m(·) are singletons of 2Θ the
BBA m(·) is a Bayesian BBA because ∀X ∈ 2Θ one has
Bel(X) = Pl(X) = P (X) and u(X) = 0. Hence the belief
and plausibility of X coincide with a probability measure
P (X) defined on the FoD Θ. The vacuous BBA characterizing
a totally ignorant source of evidence is defined by mv(X) = 1
for X = Θ, and mv(X) = 0 for all X ∈ 2Θ different of Θ.
This very particular BBA plays a major role in the establish-
ment of a new effective measure of uncertainty for BBA.

III. ESSENTIAL DESIDERATA FOR A MOU

Before defining our new effective measure of uncertainty,
denoted by U(m), for any basic belief assignment m(·) related
to a (non-empty) FoD Θ, we present the four essential and very
natural desiderata that an effective MoU must satisfy [7].

Desideratum D1: For any non-empty frame of discernment
Θ and for any BBA m(·) focused on a singleton X of 2Θ one
must have

U(m) = 0 (4)

Justification of D1: this desideratum is natural and intuitive
because any particular BBA for which a singleton X has
m(X) = 1 characterizes its certainty, which means that there
is no uncertainty about the choice of this element since it does
not include other smaller element in it. So, in this case U(m)
must take zero value.

Desideratum D2: The measure of uncertainty of a total
ignorant source of evidence must increase with the cardinality
of the frame of discernment. That is

U(mΘ
v ) < U(mΘ′

v ), if |Θ| < |Θ′|. (5)

Justification of D2: this second desideratum makes perfect
sense because the total ignorant source of evidence on
Θ = {θ1, . . . , θN} for which mΘ

v (Θ) = 1 knows absolutely
nothing about only N elements, whereas the total ignorant
source of evidence on Θ′ = {θ1, . . . , θN , θN+1, . . . , θN ′} with
mΘ′

v (Θ′) = 1 knows absolutely nothing about more elements
because N ′ > N . This clearly indicates that mΘ′

v must be in
fact more ignorant than mΘ

v .

Desideratum D3: The measure of uncertainty U(m) must
coincide with Shannon entropy [1]–[3] if the BBA m(·) is a
Bayesian BBA. This desideratum is mathematically expressed

for any Bayesian BBA m(·) defined on the FoD Θ by the
condition2

U(m) = −
∑

X∈Θ

m(X) log(m(X)) (6)

Justification of D3: this third desideratum is also very natural
because Shannon entropy is the most well-known and justified
[9] measure used to characterize the uncertainty (the random-
ness, or variability) of a probability mass function. Because
any Bayesian BBA induces belief and plausibility functions
that coincide with a probability measure, one must have a
coherence of U(m) with Shannon entropy when the BBA is
Bayesian.

Desideratum D4: For any non-vacuous BBA m(·) and for
the vacuous BBA mv(·) defined with respect to the same FoD
one must have

U(m) < U(mv) (7)

Justification of D4: this last desideratum is also a very impor-
tant one and it makes perfect sense because the total ignorant
source is always characterized by the vacuous BBA mv(·),
and obviously no source of evidence can be more uncertain
than the total ignorant source.

Effectiveness of a measure of uncertainty: A measure of
uncertainty (MoU) is said effective if and only if it satisfies
the four essential desiderata D1, D2, D3, and D4.

Any MoU that fails to satisfy at least one of these four
desiderata is said non-effective, and in this case it cannot
be considered seriously as a good measure of uncertainty
for characterizing a basic belief assignment of a source of
evidence. Consequently, a non-effective MoU should not be
used in applications involving MoU.

As justified in [7], we voluntarily do not include the sub-
additivity desideratum in the list of our desiderata for the
search of an effective MoU in the belief function framework
because this desideratum does not make sense when working
with general (i.e. non-Bayesian) BBAs, and it is incompatible
with the essential desideratum D4. We recall that the sub-
additivity condition is defined by U(mΘ×Θ′

) ≤ U(m↓Θ) +
U(m↓Θ′

) or any joint BBA defined on the cartesian product
Θ × Θ′ of FoDs Θ and Θ′, where m↓Θ is the marginal (i.e.
projection) of mΘ×Θ′

(·) on the power-set 2Θ, and m↓Θ′

is the
marginal (i.e. projection, see [10], [11]) of mΘ×Θ′

(·) on the
power-set 2Θ

′

. To justify our choice, just consider a simple
example with |Θ| = 5 and |Θ′| = 8, which means that the
cartesian product space Θ×Θ′ has |Θ×Θ′| = 40 elements.
Why the MoU of the vacuous BBA mΘ×Θ′

v related to 40
elements of Θ × Θ′ should be less (or equal) to the sum
of MoU of vacuous BBA mΘ

v related to only 5 elements of
Θ and the MoU of the vacuous BBA mΘ′

v only related to
the 8 elements of Θ′? We do not see any solid theoretical
reason, nor intuitive reason, for justifying and requiring the

2Shannon entropy [1] is given here in nats, and we take 0 log(0) = 0
because limx→0+ x log(x) = 0 which is proved using L’Hôpital’s rule [4].

Basics of Belief Functions (BF) [Shafer 1976]

    For Bayesian BBA, one has Bel(X)=P(X)=Pl(X)
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Entropy measure U(m) of BBA

In belief function (BF) framework, we work with unknown pmf P(.) such that
<latexit sha1_base64="Kltnb6jT69bi9eDzPpncxV8idbA="></latexit>

0  Bel(X)| {z }
belief of X

 P (X)  Pl(X)| {z }
plausibility of X

 1

where s(X) is the « entropiece » of X defined by

subadditivity desideratum in the general framework of belief
functions, and to select it as an axiom to satisfy in general as
done in [12]. Unlike Vejnarova and Klir opinions [15] (p.28)
(and some authors following them), we do not consider that
the meaningful (or effective) measure of uncertainty of basic
belief assignment must satisfy the sub-additivity desideratum
in general.

IV. EXISTING EFFECTIVE MOUS

Before presenting our new effective MoU (or generalized
entropy) in the next section, we must discuss a bit of the
few existing effective measures of uncertainty proposed in
the literature. As shown in [7], most3 of existing MoUs are
actually non-effective, and only eight MoUs can be considered
as effective in the mathematical sense defined in the previous
section. Most of effective MoUs share two basic principles:
1) approximate the BBA m by a probability measure (i.e. a
Bayesian BBA) Pm based on some method of approximation
and evaluate its Shannon entropy to estimate the randomness
(or conflict) inherent to the BBA, and 2) add a term to Shannon
entropy that characterizes the level of ambiguity (or non-
specificity) inherent of the BBA (usually thanks to Dubois
& Prade U -uncertainty [16]). For instance in [7] the BetP
and DSmP transformations are used, in [17] the Cobb-Shenoy
transformation [18] is used, and in [19] the authors suggest to
use4 the Bayesian BBA compatible with belief intervals drawn
from m(·) that maximizes Shannon entropy. This general
2-steps principle is rather simple and quite intuitive but it
seriously lacks of theoretical justification. We consider that
such type of effective MoU construction is conceptually flawed
and not very satisfactory for two main reasons:

Reason 1: these effective MoUs highly depend on the
method of approximation whose choice is quite arbitrary.
Worse, a method of approximation of a BBA m(·) to a
Bayesian BBA can be totally misleading as for instance Cobb-
Shenoy PlPrm transformation [18] because for this trans-
formation the evaluation of probabilities can be inconsistent
with belief interval values. More precisely, one can have
PlPrm(θi) /∈ [Bel(θi), P l(θi)] with Cobb-Shenoy method,
which is obviously not reasonable, nor acceptable at all, see
discussion in [7] with example. We emphasize the fact that
if a method of approximation of a BBA m by a probability
measure Pm is chosen, it must be at least consistent with
belief interval values generated by the BBA m under concern.
Clearly, we cannot recommend Cobb-Shenoy transformation
for building an effective MoU based on aforementioned prin-
ciples 1) and 2) as proposed recently by Jiroušek and Shenoy
in [17].

Reason 2: In fact, there is no solid reason or evidence that
necessitates to approximate any (non-Bayesian) BBA by
a Bayesian BBA (for using Shannon entropy measure) in
the construction of MoU. Also, there is no reason why

3Forty-eight MoUs have been analyzed in [7].
4found using a complicate optimization method, see [20], [21] for details.

we need (or request) to make the distinction of the two
aspects of uncertainty (conflict and non-specificity), and to
consider them as additively separable. This is conceptually
very disputable because the randomness (or conflict) and
ambiguity (or non-specificity) are actually interwoven through
the mass value of the focal elements of the BBA and their
belief intervals.

Very recently, Zhang et al. in [22] did propose three new
effective MoUs not directly based on the aforementioned 2-
steps principle approach, and that is why they have attracted
our attention. These MoUs are denoted by H1(m), H2(m)
and H3(m) and they are respectively defined by5

H1(m) = −
∑

X⊆Θ

m(X) log2(P l(X)) +
∑

X⊆Θ

m(X)2 log2(|X|)

H2(m) = −
∑

X⊆Θ

m(X) log2(P l(X)) +
∑

X⊆Θ

m(X) log2(2
|X| − 1)

H3(m) = −
∑

X⊆Θ

m(X) log2(P l(X)) +
∑

X⊆Θ

|X|>1

m(X)|X|

Unfortunately, Zhang et al. fail to capture well the interwoven
link between conflict and non-specificity (or imprecision).
Actually the authors set arbitrarily the range of their MoU as
a simple parameter, either taken arbitrarily as [0, 2 log2(|Θ|)],
[0, log2(2

|Θ| − 1)] or [0, |Θ|], to define their H1(m), H2(m)
and H3(m) measures of uncertainty. Zhang’s approach is very
questionable, and actually other ranges could have been chosen
instead. Moreover Zhang et al. do not identify (nor propose)
the best MoU to use between H1(m), H2(m) and H3(m).
The other serious problem with Zhang’s approach is its lack
of solid justification for using the plausibility function in the
summation −

∑

X⊆Θ m(X) log2(Pl(X)). Although effective
in the mathematical sense defined in section III, Zhang’s
new MoUs are ill-justified and they can also be considered
as conceptually flawed. That is why we present a better
conceptual effective measure of uncertainty for BBA in the
next section.

V. A NEW EFFECTIVE MEASURE OF UNCERTAINTY

A. Mathematical definition

The new effective measure of uncertainty we propose is
given by the following simple formula

U(m) =
∑

X∈2Θ

s(X) (8)

with

s(X) ! −(1− u(X))m(X) log(m(X))

+ u(X)(1−m(X)) (9)

s(X) is the uncertainty contribution of X in the MoU U(m).
We call s(X) the entropiece of X . Because u(X) ∈ [0, 1]
and m(X) ∈ [0, 1] one has s(X) ≥ 0, and U(m) ≥ 0. The

5We have corrected here the definition of H3(m) which is mathematically
ill-formulated in [22].

One has always 0 ≤ Bel(X) ≤ Pl(X) ≤ 1, see [5]. For
X = ∅, Bel(∅) = Pl(∅) = 0, and for X = Θ one has
Bel(Θ) = Pl(Θ) = 1. Bel(X) and Pl(X) are often inter-
preted as the lower and upper bounds of unknown prob-
ability P (X) of X , that is Bel(X) ≤ P (X) ≤ Pl(X).
To quantify the uncertainty (i.e. the imprecision) of
P (X) ∈ [Bel(X), P l(X)], we use u(X) ∈ [0, 1] defined by

u(X) ! Pl(X)−Bel(X) (3)

The quantity u(X) = 0 if Bel(X) = Pl(X) which means that
P (X) is known precisely, and one has P (X) = Bel(X) =
Pl(X). One has u(∅) = 0 because Bel(∅) = Pl(∅) = 0,
and one has u(Θ) = 0 because Bel(Θ) = Pl(Θ) = 1. If
all focal elements of m(·) are singletons of 2Θ the
BBA m(·) is a Bayesian BBA because ∀X ∈ 2Θ one has
Bel(X) = Pl(X) = P (X) and u(X) = 0. Hence the belief
and plausibility of X coincide with a probability measure
P (X) defined on the FoD Θ. The vacuous BBA characterizing
a totally ignorant source of evidence is defined by mv(X) = 1
for X = Θ, and mv(X) = 0 for all X ∈ 2Θ different of Θ.
This very particular BBA plays a major role in the establish-
ment of a new effective measure of uncertainty for BBA.

III. ESSENTIAL DESIDERATA FOR A MOU

Before defining our new effective measure of uncertainty,
denoted by U(m), for any basic belief assignment m(·) related
to a (non-empty) FoD Θ, we present the four essential and very
natural desiderata that an effective MoU must satisfy [7].

Desideratum D1: For any non-empty frame of discernment
Θ and for any BBA m(·) focused on a singleton X of 2Θ one
must have

U(m) = 0 (4)

Justification of D1: this desideratum is natural and intuitive
because any particular BBA for which a singleton X has
m(X) = 1 characterizes its certainty, which means that there
is no uncertainty about the choice of this element since it does
not include other smaller element in it. So, in this case U(m)
must take zero value.

Desideratum D2: The measure of uncertainty of a total
ignorant source of evidence must increase with the cardinality
of the frame of discernment. That is

U(mΘ
v ) < U(mΘ′

v ), if |Θ| < |Θ′|. (5)

Justification of D2: this second desideratum makes perfect
sense because the total ignorant source of evidence on
Θ = {θ1, . . . , θN} for which mΘ

v (Θ) = 1 knows absolutely
nothing about only N elements, whereas the total ignorant
source of evidence on Θ′ = {θ1, . . . , θN , θN+1, . . . , θN ′} with
mΘ′

v (Θ′) = 1 knows absolutely nothing about more elements
because N ′ > N . This clearly indicates that mΘ′

v must be in
fact more ignorant than mΘ

v .

Desideratum D3: The measure of uncertainty U(m) must
coincide with Shannon entropy [1]–[3] if the BBA m(·) is a
Bayesian BBA. This desideratum is mathematically expressed

for any Bayesian BBA m(·) defined on the FoD Θ by the
condition2

U(m) = −
∑

X∈Θ

m(X) log(m(X)) (6)

Justification of D3: this third desideratum is also very natural
because Shannon entropy is the most well-known and justified
[9] measure used to characterize the uncertainty (the random-
ness, or variability) of a probability mass function. Because
any Bayesian BBA induces belief and plausibility functions
that coincide with a probability measure, one must have a
coherence of U(m) with Shannon entropy when the BBA is
Bayesian.

Desideratum D4: For any non-vacuous BBA m(·) and for
the vacuous BBA mv(·) defined with respect to the same FoD
one must have

U(m) < U(mv) (7)

Justification of D4: this last desideratum is also a very impor-
tant one and it makes perfect sense because the total ignorant
source is always characterized by the vacuous BBA mv(·),
and obviously no source of evidence can be more uncertain
than the total ignorant source.

Effectiveness of a measure of uncertainty: A measure of
uncertainty (MoU) is said effective if and only if it satisfies
the four essential desiderata D1, D2, D3, and D4.

Any MoU that fails to satisfy at least one of these four
desiderata is said non-effective, and in this case it cannot
be considered seriously as a good measure of uncertainty
for characterizing a basic belief assignment of a source of
evidence. Consequently, a non-effective MoU should not be
used in applications involving MoU.

As justified in [7], we voluntarily do not include the sub-
additivity desideratum in the list of our desiderata for the
search of an effective MoU in the belief function framework
because this desideratum does not make sense when working
with general (i.e. non-Bayesian) BBAs, and it is incompatible
with the essential desideratum D4. We recall that the sub-
additivity condition is defined by U(mΘ×Θ′

) ≤ U(m↓Θ) +
U(m↓Θ′

) or any joint BBA defined on the cartesian product
Θ × Θ′ of FoDs Θ and Θ′, where m↓Θ is the marginal (i.e.
projection) of mΘ×Θ′

(·) on the power-set 2Θ, and m↓Θ′

is the
marginal (i.e. projection, see [10], [11]) of mΘ×Θ′

(·) on the
power-set 2Θ

′

. To justify our choice, just consider a simple
example with |Θ| = 5 and |Θ′| = 8, which means that the
cartesian product space Θ×Θ′ has |Θ×Θ′| = 40 elements.
Why the MoU of the vacuous BBA mΘ×Θ′

v related to 40
elements of Θ × Θ′ should be less (or equal) to the sum
of MoU of vacuous BBA mΘ

v related to only 5 elements of
Θ and the MoU of the vacuous BBA mΘ′

v only related to
the 8 elements of Θ′? We do not see any solid theoretical
reason, nor intuitive reason, for justifying and requiring the

2Shannon entropy [1] is given here in nats, and we take 0 log(0) = 0
because limx→0+ x log(x) = 0 which is proved using L’Hôpital’s rule [4].

with

discounted surprisal of X

discounted imprecision of P(X)

(= sum of all entropieces)

subadditivity desideratum in the general framework of belief
functions, and to select it as an axiom to satisfy in general as
done in [12]. Unlike Vejnarova and Klir opinions [15] (p.28)
(and some authors following them), we do not consider that
the meaningful (or effective) measure of uncertainty of basic
belief assignment must satisfy the sub-additivity desideratum
in general.

IV. EXISTING EFFECTIVE MOUS

Before presenting our new effective MoU (or generalized
entropy) in the next section, we must discuss a bit of the
few existing effective measures of uncertainty proposed in
the literature. As shown in [7], most3 of existing MoUs are
actually non-effective, and only eight MoUs can be considered
as effective in the mathematical sense defined in the previous
section. Most of effective MoUs share two basic principles:
1) approximate the BBA m by a probability measure (i.e. a
Bayesian BBA) Pm based on some method of approximation
and evaluate its Shannon entropy to estimate the randomness
(or conflict) inherent to the BBA, and 2) add a term to Shannon
entropy that characterizes the level of ambiguity (or non-
specificity) inherent of the BBA (usually thanks to Dubois
& Prade U -uncertainty [16]). For instance in [7] the BetP
and DSmP transformations are used, in [17] the Cobb-Shenoy
transformation [18] is used, and in [19] the authors suggest to
use4 the Bayesian BBA compatible with belief intervals drawn
from m(·) that maximizes Shannon entropy. This general
2-steps principle is rather simple and quite intuitive but it
seriously lacks of theoretical justification. We consider that
such type of effective MoU construction is conceptually flawed
and not very satisfactory for two main reasons:

Reason 1: these effective MoUs highly depend on the
method of approximation whose choice is quite arbitrary.
Worse, a method of approximation of a BBA m(·) to a
Bayesian BBA can be totally misleading as for instance Cobb-
Shenoy PlPrm transformation [18] because for this trans-
formation the evaluation of probabilities can be inconsistent
with belief interval values. More precisely, one can have
PlPrm(θi) /∈ [Bel(θi), P l(θi)] with Cobb-Shenoy method,
which is obviously not reasonable, nor acceptable at all, see
discussion in [7] with example. We emphasize the fact that
if a method of approximation of a BBA m by a probability
measure Pm is chosen, it must be at least consistent with
belief interval values generated by the BBA m under concern.
Clearly, we cannot recommend Cobb-Shenoy transformation
for building an effective MoU based on aforementioned prin-
ciples 1) and 2) as proposed recently by Jiroušek and Shenoy
in [17].

Reason 2: In fact, there is no solid reason or evidence that
necessitates to approximate any (non-Bayesian) BBA by
a Bayesian BBA (for using Shannon entropy measure) in
the construction of MoU. Also, there is no reason why

3Forty-eight MoUs have been analyzed in [7].
4found using a complicate optimization method, see [20], [21] for details.

we need (or request) to make the distinction of the two
aspects of uncertainty (conflict and non-specificity), and to
consider them as additively separable. This is conceptually
very disputable because the randomness (or conflict) and
ambiguity (or non-specificity) are actually interwoven through
the mass value of the focal elements of the BBA and their
belief intervals.

Very recently, Zhang et al. in [22] did propose three new
effective MoUs not directly based on the aforementioned 2-
steps principle approach, and that is why they have attracted
our attention. These MoUs are denoted by H1(m), H2(m)
and H3(m) and they are respectively defined by5

H1(m) = −
∑

X⊆Θ

m(X) log2(P l(X)) +
∑

X⊆Θ

m(X)2 log2(|X|)

H2(m) = −
∑

X⊆Θ

m(X) log2(P l(X)) +
∑

X⊆Θ

m(X) log2(2
|X| − 1)

H3(m) = −
∑

X⊆Θ

m(X) log2(P l(X)) +
∑

X⊆Θ

|X|>1

m(X)|X|

Unfortunately, Zhang et al. fail to capture well the interwoven
link between conflict and non-specificity (or imprecision).
Actually the authors set arbitrarily the range of their MoU as
a simple parameter, either taken arbitrarily as [0, 2 log2(|Θ|)],
[0, log2(2

|Θ| − 1)] or [0, |Θ|], to define their H1(m), H2(m)
and H3(m) measures of uncertainty. Zhang’s approach is very
questionable, and actually other ranges could have been chosen
instead. Moreover Zhang et al. do not identify (nor propose)
the best MoU to use between H1(m), H2(m) and H3(m).
The other serious problem with Zhang’s approach is its lack
of solid justification for using the plausibility function in the
summation −

∑

X⊆Θ m(X) log2(Pl(X)). Although effective
in the mathematical sense defined in section III, Zhang’s
new MoUs are ill-justified and they can also be considered
as conceptually flawed. That is why we present a better
conceptual effective measure of uncertainty for BBA in the
next section.

V. A NEW EFFECTIVE MEASURE OF UNCERTAINTY

A. Mathematical definition

The new effective measure of uncertainty we propose is
given by the following simple formula

U(m) =
∑

X∈2Θ

s(X) (8)

with

s(X) ! −(1− u(X))m(X) log(m(X))

+ u(X)(1−m(X)) (9)

s(X) is the uncertainty contribution of X in the MoU U(m).
We call s(X) the entropiece of X . Because u(X) ∈ [0, 1]
and m(X) ∈ [0, 1] one has s(X) ≥ 0, and U(m) ≥ 0. The

5We have corrected here the definition of H3(m) which is mathematically
ill-formulated in [22].

Generalized entropy measure [Dezert 2022] (Fusion 2022 conf.)

U(m) is quite simple, continuous, monotone and it fits with Shannon entropy if the 
BBA is bayesian. U(m) responds to change of |   |.<latexit sha1_base64="C5Bk+Sk9F/71470TwRwp0P8bNrE="></latexit>

⇥

expressed in nats (or in bits by 
dividing U(m) by log(2)=0.6931 
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s(X)
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Entropy
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We take the FoD ⇥ = {✓1, ✓2}
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incompatible with the fourth important property U(m) < U(mv) above which
stipulates that none non-vacuous BBA can be more uncertain (i.e. more ignorant
about the problem under consideration) than the vacuous BBA. Actually, it does
not make sense to have the entropy U(m⇥⇥⇥0

v ) of the vacuous joint BBA m⇥⇥⇥0

v

defined on the cartesian product space ⇥⇥⇥0 smaller than (or equal to) the sum
U(m⇥

v )+U(m⇥0

v ) of entropies of vacuous BBAs m⇥
v and m⇥0

v defined respectively
on ⇥ and ⇥0. There is no theoretical justification, nor intuitive reason for this
sub-additivity desideratum in the context of non-bayesian BBAs. Of course for
Bayesian BBAs, U(m) is equivalent to Shannon entropy which is in this case
sub-additive.

It can be also proved, see [7] for details, that the entropy of the vacuous BBA
mv related to a FoD ⇥ is equal to

U(m⇥
v ) = 2|⇥| � 2 (6)

This maximum entropy value U(mv) makes perfect sense because for this very
particular BBA there is no information at all about the conflicts between the
elements of the FoD. Actually for all X 2 2⇥ \ {;,⇥} one has u(X) = 1 because
[Bel(X), P l(X)] = [0, 1], and one has u(;) = 0 and u(⇥) = 0. Hence, the sum
of all imprecisions of P (X) for all X 2 2⇥ is exactly equal to 2|⇥| � 2 which
corresponds to U(m⇥

v ) as expected. Moreover, one has always U(m⇥
v ) > log(|⇥|)

which means that the vacuous BBA has always an entropy greater than the
maximum of Shannon entropy log(|⇥|) obtained with the uniform probability
mass function distributed on ⇥.

Example 1 of entropy calculation: consider ⇥ = {✓1, ✓2} and the BBA
m⇥(✓1) = 0.5, m⇥(✓2) = 0.3 and m⇥(✓1[✓2) = 0.2, then one has [Bel(;), P l(;)] =
[0, 1] and u(;) = 0, [Bel(✓1), P l(✓1)] = [0.5, 0.7], [Bel(✓2), P l(✓2)] = [0.3, 0.5],
and [Bel(⇥), P l(⇥)] = [1, 1]. Hence, u(✓1) = 0.2, u(✓2) = 0.2 and u(⇥) = 0.
Applying (5), one gets s(;) = 0, s(✓1) ⇡ 0.377258, s(✓2) ⇡ 0.428953 and
s(⇥) ⇡ 0.321887. Using the 2-bits representation with increasing ordering7, we
encode the elements of the power set as ; = 00, ✓1 = 01, ✓2 = 10 and ✓1[✓2 = 11.
The entropiece vector for this simple example is

s(m⇥) =

2

664

s(;)
s(✓1)
s(✓2)

s(✓1 [ ✓2)

3

775 ⇡

2

664

0
0.377258
0.428953
0.321887

3

775 (7)

If we use the classical N-bits (here N = 2) representation with increasing
ordering (as we recommand) the first component of entropiece vector s(m⇥) will
be s(;) which is always equal to zero for any BBA m, hence the first component
of s(m⇥) is always zero. By summing all the components of the entropiece vector
s(m⇥) we obtain the entropy U(m⇥) ⇡ 1.128098 nats of the BBA m⇥(·). Note
that the components s(X) (for X 6= ;) of the entropieces vector s(m⇥) are not
7 Once the binary values are converted into their digit value with the most significant

bit on the left (i.e the least significant bit on the right).

Non-vacuous BBA 
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independent because they are linked to each other through the calculation of
Bel(X) and Pl(X) values entering in u(X).

Example 2 of entropy calculation: for the vacuous BBA m⇥
v , and when

using the binary increasing encoding of elements of 2⇥, the first component s(;)
and the last component s(⇥) of entropiece vector s(m⇥

v ) will always be equal to
zero, and all other components of s(m⇥

v ) will be equal to one. For instance, if
we consider ⇥ = {✓1, ✓2} and the vacuous BBA m⇥

v (✓1) = 0, m⇥
v (✓2) = 0 and

m⇥
v (✓1 [ ✓2) = 1, the corresponding entropiece vector s(m⇥

v ) is

s(m⇥
v ) =

2

664

s(;)
s(✓1)
s(✓2)

s(✓1 [ ✓2)

3

775 =

2

664

0
1
1
0

3

775 (8)

By summing all the components of the entropiece vector s(m⇥
v ) we obtain

the entropy value U(m⇥
v ) = 2 nats for this vacuous BBA m⇥

v (·), which is of
course in agreement with the formula (6).

4 Information content of a BBA

We consider a (non-empty) FoD of cardinality |⇥| = N , and we model our state
of knowledge about the problem under consideration by a BBA defined on 2⇥.
Without more knowledge than the FoD itself (and its cardinality N), we are
totally ignorant about the solution of the problem we want to solve, and of
course we have no clue for making a decision/choice among the elements of the
FoD. The BBA reflecting this total ignorant situation is the vacuous BBA mv(·),
whose maximal entropy is U(mv) = 2N � 2. In such case, we naturally expect
that the information content we have8 is zero when the uncertainty measure
is maximal. In the very opposite case, it is very natural to consider that the
information content of a BBA is maximal if the entropy value (the MoU value)
of a BBA m(·) is zero, meaning that we make a choice of one element of the
FoD without hesitation. Based on these very simple ideas, we propose to define
the information content of any BBA m(·) as the dual of the effective measure of
uncertainty, more precisely by

IC(m⇥) , U(m⇥
v )� U(m⇥) = (2|⇥| � 2)�

X

X22⇥

s(X) (9)

where s(X) is the entropiece of the element X 2 2⇥ given by (5), that is

s(X) , �(1� u(X))m⇥(X) log(m⇥(X)) + u(X)(1�m⇥(X))

and where u(X) is the level of imprecision of the probability P (X) given by

u(X) = Pl⇥(X)�Bel⇥(X) =
X

Y 22⇥|X\Y 6=;

m⇥(Y )�
X

Y 22⇥|Y✓X

m⇥(Y ) (10)

8 aside of the value of N of course.

Vacuous BBA 
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Example

Analytical Solution of the Simplest Entropiece Inversion Problem 3

This maximum entropy value 2|⇥| � 2 makes perfectly sense because for the
vacuous BBA there is no information at all about the conflicts between the
elements of the FoD. Actually for all X 2 2⇥ \ {;,⇥} one has u(X) = 1 because
[Bel(X), P l(X)] = [0, 1], and one has u(;) = 0 and u(⇥) = 0. Hence, the sum
of all imprecisions of P (X) for all X 2 2⇥ is exactly equal to 2|⇥| � 2 which
corresponds to U(mv) as expected. Moreover, one has always U(mv) > log(|⇥|)
which means that the vacuous BBA has always an entropy greater than the
maximum of Shannon entropy log(|⇥|) obtained with the uniform probability
mass function distributed on ⇥.

As a dual concept of this entropy measure U(m), we have defined in [8] the
measure of information content of any BBA by

IC(m) = U(mv)� U(m) = (2|⇥| � 2)�
X

X22⇥

s(X) (5)

From the definition (5), one sees that for m 6= m⇥
v one has IC(m) > 0 because

U(m) < U(mv), and for m = mv one has IC(mv) = 0 (i.e. the vacuous BBA
carries no information), which is what we naturally expect.

Note that the information content IC(m⇥) of a BBA depends not only of
the BBA m(·) itself but also on the cardinality of the frame of discernment ⇥
because IC(m) requires the knowledge of |⇥| = N to calculate the max entropy
value U(mv) = 2|⇥| � 2 entering in (5). This remark is important to understand
that even if two BBAs (defined on di↵erent FoDs) focus entirely on a same focal
element, their information contents are necessarily di↵erent. This means that
the information content depends on the context of the problem, i.e. the FoD.
The notions of information gain and information loss between two BBAs are
also mathematically defined in [8] for readers interested in this topic.

This paper is organized as follows. Section 2 defines the general entropiece
inversion problem (EIP). Section 3 describes the simplest entropiece inversion
problem (SEIP). An analytical solution of SEIP is proposed and it is applied on
a simple example also in section 3. The conclusion is made in section 4.

2 The general entropiece inversion problem (EIP)

The set {s(X), X 2 2⇥} of the entropieces values s(X) given by (2) can be
represented by an entropiece vector s(m) = [s(X), X 2 2⇥]T , where any order
of elements X of the power set 2⇥ can be chosen. For simplicity, we suggest to
use the classical N -bits representation if |⇥| = N , with the increasing order (see
example in section 3). The general Entropiece Inversion Problem, or EIP for
short, is an interesting theoretical problem which can be easily stated as follows:

Suppose the entropiece vector s(m) known (estimated or given), is it possible
to calculate a BBA m(·) corresponding to this entropiece vector s(m)? and how?

Also we would like to know if the derivation of m(·) from s(m) provides a
unique BBA solution, or not?

<latexit sha1_base64="4HdX0xI2t5IUmJEZHskeuzxL83k="></latexit>

U(m⇥) < U(m⇥
v )
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m⇥
v (⇥) = 1

entropiece vectors

One sees that which is what is expected.

(stack of entropieces values)

Max entropy value: 
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General Entropiece Inversion Problem (EIP)

General Entropiece Inversion Problem (EIP)

Given (or knowing) an entropic vector s(m) is it possible to retrieve uniquely 
the basic belief assignment m? How?

<latexit sha1_base64="WMppz8wZcbXFTp/Nr3hyQ5cmimo="></latexit>
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BBA vector

) s(m⇥)| {z }
Entropiece vector

) U(m)| {z }
Entropy

From BBA to entropy
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s(m⇥)| {z }
Entropiece vector

?) m⇥(·)| {z }
BBA vector

This EIP problem is very challenging because of nonlinear system of equations to 
solve. Even in the simplest case with                , the solution involves transcendental 
Lambert’s W-function. See next slides.
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Simplest Entropiece Inversion Problem (SEIP)

We provide the exact solution of simplest EIP for FoD 
<latexit sha1_base64="PQELciw+Btl8IoHEshjZOial+oc="></latexit>
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Analytical Solution of the Simplest Entropiece Inversion Problem 5

be s(;) which is always equal to zero for any BBA m, hence the first component
of s(m) is always zero and it can be dropped (i.e. removed of the vector rep-
resentation actually). By summing all the components of the entropiece vector
s(m) we obtain the entropy U(m) ⇡ 1.128098 nats of the BBA m(·). Note that
the components s(X) (for X 6= ;) of the entropieces vector s(m) are not inde-
pendent because they are linked to each other through the calculation of Bel(X)
and Pl(X) values entering in u(X).

3.2 Analytical solution of SEIP

Because we suppose ⇥ = {A,B}, the expression of three last components7 of
the entropiece vector s(m) are given by (2), and we have

s(A) = �m(A)(1� u(A)) log(m(A)) + u(A)(1�m(A))

s(B) = �m(B)(1� u(B)) log(m(B)) + u(B)(1�m(B))

s(A [B) = �m(A [B)(1� u(A [B)) log(m(A [B)) + u(A [B)(1�m(A [B))

Because u(A) = Pl(A)�Bel(A) = (m(A)+m(A[B))�m(A) = m(A[B),
u(B) = Pl(B) � Bel(B) = (m(B) + m(A [ B)) � m(B) = m(A [ B) and
u(A [B) = Pl(A [B)�Bel(A [B) = 1� 1 = 0, one gets the following system
of equations to solve

s(A) = �m(A)(1�m(A [B)) log(m(A)) +m(A [B)(1�m(A)) (7)

s(B) = �m(B)(1�m(A [B)) log(m(B)) +m(A [B)(1�m(B)) (8)

s(A [B) = �m(A [B) log(m(A [B)) (9)

The set of equations (7), (8) and (9) is called the EIP transcendental equation
system for the case |⇥| = 2.

The plot of function s(A[B) = �m(A[B) log(m(A[B)) is given in Figure
1 for convenience. By derivating the function �m(A [B) log(m(A [B)) we see
that its maximum value is obtained for m(A [B) = 1/e ⇡ 0.3679 for which

s(A [B) = �1

e
log(1/e) =

1

e
log(e) =

1

e

Therefore, the numerical value of s(A[B) always belongs to the interval [0, 1/e].

Without loss of generality, we assume 0 < s(A [ B)  1/e because if s(A [
B) = 0 then one deduces directly without ambiguity that either m(A [ B) = 1
(which means that the BBA m(·) is the vacuous BBA) if s(A) = s(B) = 1, or
m(A[B) = 0 otherwise. With the assumption 0 < s(A[B)  1/e, the equation
(9) is of the general transcendental form

yey = a , log(m(A [B))m(A [B) = �s(A [B) (10)

7 We always omit the 1st component s(;) of entropiece vector s(m) which is always
equal to zero and not necessary in our analysis.

Based on entropiece definition, we have the following nonlinear system to solve
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Simplest Entropiece Inversion Problem (SEIP)

<latexit sha1_base64="nQybOSnne1JOXidxUPUjQTd99RM="></latexit>

s(A [B) 2 [0, 1/e]

6 J. Dezert and F. Smarandache and A. Tchamova

Fig. 1. Plot of s(A [B) = �m(A [B) log(m(A [B)) (in red)
with X-axis = m(A [B) 2 [0, 1], and y-axis = s(A [B) in nats.

by considering the known value as a = �s(A [ B) in [� 1
e , 0[, and the unknown

as y = log(m(A [B)).

Unfortunately the solution of the transcendental equation (10) does not have
an explicit expression involving simple functions. Actually, the solution of this
equation is actually given by the Lambert’s W -function which is a multivalued
function (called also the omega function or product logarithm in mathematics)
[6]. It can however be calculated8 with a good precision by some numerical
methods - see [5] for details. The equation yey = a admits real solution(s)
only if a � � 1

e . For a � 0, the solution of yey = a is y = W0(a), and for
� 1

e  a < 0 there are two possible real values of W (a) - see Figure 1 of [5] which
are denoted respectively y1 = W0(a) and y2 = W�1(a). The principal branch of
the Lambert’s function W (x) satisfying �1  W (x) is denoted W0(x), and the
branch satisfying W (x)  �1 is denoted by W�1(x) by Corless et al. in [5]. In
our context because we have a 2 [� 1

e , 0[, the solutions of yey = a are given by

y1 = W0(a) = W0(�s(A [B))

y2 = W�1(a) = W�1(�s(A [B))

Hence we get two possible solutions for the value of m(A [B), which are

m1(A [B) = ey1 = eW0(�s(A[B)) (11)

m2(A [B) = ey2 = eW�1(�s(A[B)) (12)

Of course, at least one of these solutions is necessarily correct but we do
not know which one. So, at this current stage, we must consider9 and the two
solutions m1(A [ B) and m1(A [ B) for m(A [ B) as acceptable, and we must

8 Lambert’s W -function is implemented in MatlabTM as lambertw function.
9 If the two masses values are admissible, that is ifm1(A[B) 2 [0, 1] and ifm2(A[B) 2
[0, 1]. If one of them is non-admissible it is eliminated.

<latexit sha1_base64="2hwx3RdI7bnhU7bLe0GdT3sDii4="></latexit>

1/e
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Plot of s(A [B) = �m(A [B) log(m(A [B))
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m(A [B)
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s(A [B)
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By derivating the function �m(A[B) log(m(A[B)), we see that max value is
obtained for m(A [B) = 1/e ⇡ 0.3679 for which

<latexit sha1_base64="BHhofHwUoBtJiUd2mM/C0xttliA="></latexit>

smax(A [B) = �1

e
log(1/e) =

1

e
log(e) =

1

e
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Simplest Entropiece Inversion Problem (SEIP)

<latexit sha1_base64="FGaYlpSbQ80nl7nExdbbcivO92g="></latexit>

With the assumption 0 < s(A [B)  1/e, the equation
� log(m(A [B))m(A [B) = s(A [B) is of transcendental form
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Without loss of generality, we can assume 0 < s(A [B)  1/e.
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Because if s(A[B) = 0 then one deduces m(A[B) = 1 (which means that the
BBA m(·) is the vacuous BBA) if s(A) = s(B) = 1, or m(A[B) = 0 otherwise.
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Solution of eq. yey = a has no explicit form involving simple functions.
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yey = a , log(m(A [B))| {z }
y

m(A [B)| {z }
ey

= �s(A [B)| {z }
a

In mathematics, the solution(s) of this equation is denoted as y=W(a), 

where W(.) is the multivalued Lambert function (1758), also called Omega function. 
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Lambert transcendental equation yey=a
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Fig. 1. Plot of s(A [B) = �m(A [B) log(m(A [B)) (in red)
with X-axis = m(A [B) 2 [0, 1], and y-axis = s(A [B) in nats.

by considering the known value as a = �s(A [ B) in [� 1
e , 0[, and the unknown

as y = log(m(A [B)).

Unfortunately the solution of the transcendental equation (10) does not have
an explicit expression involving simple functions. Actually, the solution of this
equation is actually given by the Lambert’s W -function which is a multivalued
function (called also the omega function or product logarithm in mathematics)
[6]. It can however be calculated8 with a good precision by some numerical
methods - see [5] for details. The equation yey = a admits real solution(s)
only if a � � 1

e . For a � 0, the solution of yey = a is y = W0(a), and for
� 1

e  a < 0 there are two possible real values of W (a) - see Figure 1 of [5] which
are denoted respectively y1 = W0(a) and y2 = W�1(a). The principal branch of
the Lambert’s function W (x) satisfying �1  W (x) is denoted W0(x), and the
branch satisfying W (x)  �1 is denoted by W�1(x) by Corless et al. in [5]. In
our context because we have a 2 [� 1

e , 0[, the solutions of yey = a are given by

y1 = W0(a) = W0(�s(A [B))

y2 = W�1(a) = W�1(�s(A [B))

Hence we get two possible solutions for the value of m(A [B), which are

m1(A [B) = ey1 = eW0(�s(A[B)) (11)

m2(A [B) = ey2 = eW�1(�s(A[B)) (12)

Of course, at least one of these solutions is necessarily correct but we do
not know which one. So, at this current stage, we must consider9 and the two
solutions m1(A [ B) and m1(A [ B) for m(A [ B) as acceptable, and we must

8 Lambert’s W -function is implemented in MatlabTM as lambertw function.
9 If the two masses values are admissible, that is ifm1(A[B) 2 [0, 1] and ifm2(A[B) 2
[0, 1]. If one of them is non-admissible it is eliminated.

Hence the value of m(AUB) is either m1 or m2

Lambert W-function

6 J. Dezert and F. Smarandache and A. Tchamova

Fig. 1. Plot of s(A [B) = �m(A [B) log(m(A [B)) (in red)
with X-axis = m(A [B) 2 [0, 1], and y-axis = s(A [B) in nats.

by considering the known value as a = �s(A [ B) in [� 1
e , 0[, and the unknown

as y = log(m(A [B)).

Unfortunately the solution of the transcendental equation (10) does not have
an explicit expression involving simple functions. Actually, the solution of this
equation is actually given by the Lambert’s W -function which is a multivalued
function (called also the omega function or product logarithm in mathematics)
[6]. It can however be calculated8 with a good precision by some numerical
methods - see [5] for details. The equation yey = a admits real solution(s)
only if a � � 1

e . For a � 0, the solution of yey = a is y = W0(a), and for
� 1

e  a < 0 there are two possible real values of W (a) - see Figure 1 of [5] which
are denoted respectively y1 = W0(a) and y2 = W�1(a). The principal branch of
the Lambert’s function W (x) satisfying �1  W (x) is denoted W0(x), and the
branch satisfying W (x)  �1 is denoted by W�1(x) by Corless et al. in [5]. In
our context because we have a 2 [� 1

e , 0[, the solutions of yey = a are given by

y1 = W0(a) = W0(�s(A [B))

y2 = W�1(a) = W�1(�s(A [B))

Hence we get two possible solutions for the value of m(A [B), which are

m1(A [B) = ey1 = eW0(�s(A[B)) (11)

m2(A [B) = ey2 = eW�1(�s(A[B)) (12)

Of course, at least one of these solutions is necessarily correct but we do
not know which one. So, at this current stage, we must consider9 and the two
solutions m1(A [ B) and m1(A [ B) for m(A [ B) as acceptable, and we must

8 Lambert’s W -function is implemented in MatlabTM as lambertw function.
9 If the two masses values are admissible, that is ifm1(A[B) 2 [0, 1] and ifm2(A[B) 2
[0, 1]. If one of them is non-admissible it is eliminated.

The solution is given either by y1 or by y2 when
<latexit sha1_base64="SLnZibOP6IXW4sKkeUVuB4tTboo="></latexit>

�1

e
 a < 0

a

We don’t know which one is correct, so we must test them.

Lambert’s transcendental W-function can be estimated by series expansion, 
in Matlab we use lambertw function call.
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Simplest Entropiece Inversion Problem (SEIP) cont’d

We use each of these potential solutions for m(AUB) to solve

We know that m(AUB) is either m1 or m2 with

<latexit sha1_base64="qN+3lODi2c9v/f3KMQQHjlqSVy8="></latexit>

m1(A [B) = ey1 = eW0(�s(A[B))
<latexit sha1_base64="97tIkDpWiKh9ipQ8WOgMQLQG+0E="></latexit>

m2(A [B) = ey2 = eW�1(�s(A[B))and

Eq (2)

Eq (1)
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b

Eq (1)
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s(A) = �m(A)(1�m(A [B)) log(m(A)) +m(A [B)(1�m(A))

Similarly, we use each of these potential solutions for m(AUB) to solve
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s(B) = �m(B)(1�m(A [B)) log(m(B)) +m(A [B)(1�m(B))
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Eq (2)

Analytical Solution of the Simplest Entropiece Inversion Problem 7

continue to solve equations (7) and (8) to determine the mass values m(A) and
m(B).

Let’s now determine m(A) at first by solving (7). Suppose we set the value
of m(A[B) is known and taken either as m1(A[B), or as m2(A[B), then we
can rearrange the equation (7) as

�s(A)�m(A [B)

1�m(A [B)
= m(A)[log(m(A)) +

m(A [B)

1�m(A [B)
]

which can be rewritten as the general equation of the form

(y + a)ey = b (13)

by taking

y = log(m(A)) (14)

a =
m(A [B)

1�m(A [B)
(15)

b = �s(A)�m(A [B)

1�m(A [B)
(16)

The solution of (13) are given by [5]

y = W (bea)� a (17)

Once y is calculated by formula (17) and since y = log(m(A)) we obtain the
solution for m(A) given by

m(A) = ey = eW (bea)�a (18)

Similarly, the solution for m(B) will be given by

m(B) = ey = eW (bea)�a (19)

by solving the equation (y + a)ey = b with

y = log(m(B)) (20)

a =
m(A [B)

1�m(A [B)
(21)

b = �s(B)�m(A [B)

1�m(A [B)
(22)

We must however check if there is one solution only m(A) = eW0(be
a)�a, or in

fact two solutions m1(A) = eW0(be
a)�a and m2(A) = eW�1(be

a)�a, and similarly
for the solution for m(B). This depends on the parameters a and b with respect
to [�1/e, 0[ interval and [0,1[.

We illustrate in the next subsection how to calculate the SEIP solution from
these analytical formulas for the previous exemple.
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Simplest Entropiece Inversion Problem (SEIP) cont’d

<latexit sha1_base64="iqzB6sBjoLpLvnZpoVzK+3zvq+Y="></latexit>

Depending on the parameters a and b with respect to [�1/e, 0[ interval and
[0,1[, we must check if there is one solution only m(A) = eW0(be

a)�a, or in fact
two solutions m1(A) = eW0(be

a)�a and m2(A) = eW�1(be
a)�a, and similarly for

the solution for m(B).

Finally, we select the triplet (m(A),m(B),m(AUB)) of real potential solutions for 
values calculated with Lambert’s W-function satisfying the BBA conditions

<latexit sha1_base64="4wFlr35OZN2TofaJYgX+ePoNHRU="></latexit>

m(A) 2 [0, 1],

m(B) 2 [0, 1],

m(A [B) 2 [0, 1]
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m(A) +m(B) +m(A [B) = 1

with normalization constraint
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Numerical example for solution of SEIP

Suppose the following entropies vector 

is given/known

To calculate m(AUB), we take
<latexit sha1_base64="x8eGNYRDLtl8xPXjxjW2E3yEgl4="></latexit>

a = �s(A [B) ⇡ �0.3219

8 J. Dezert and F. Smarandache and A. Tchamova

3.3 SEIP solution of the previous example

We recall that we have for this example s(;) = 0, s(A) ⇡ 0.3773, s(B) ⇡ 0.4290
and s(⇥) ⇡ 0.3219. If we apply formulas (11)-(12) for this example, we have
a = �s(A [B) = �0.3219 and therefore

y1 = W0(�0.3219) = �0.5681

y2 = W�1(�0.3219) = �1.6094

Hence the two potential solutions for the mass m(A [B) are

m1(A [B) = ey1 ⇡ 0.5666

m2(A [B) = ey2 = 0.2000

It can be easily verified that

�m1(A [B) log(m1(A [B)) = 0.3219 = s(A [B)

�m2(A [B) log(m2(A [B)) = 0.3219 = s(A [B)

We see that the second potential solution m2(A[B) = 0.2000 is the solution
that corresponds to the original mass of A [ B of the BBA m(A [ B) of our
example.

Now, we examine what would be the values of m(A) and m(B) given respec-
tively by (18) and (19) by taking either m(A [ B) = m1(A [ B) = 0.5666 or
m(A [B) = m2(A [B) = 0.20.

– Let’s examine the 1st possibility with the potential solution

m(A [B) = m1(A [B) = 0.5666

For determining m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.5666

1� 0.5666
= 1.3073

b = �s(A)�m(A [B)

1�m(A [B)
⇡ �0.3773� 0.5666

1� 0.5666
= 0.4369

Hence, bea = 0.4368 · e1.3073 ⇡ 1.6148.
Applying formula (18), one gets10

m1(A) = eW0(be
a)�a = 0.5769

m2(A) = eW�1(be
a)�a = �0.0216 + 0.0924i

10 Using lambertw Matlab function.
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a)�a = �0.0216 + 0.0924i

10 Using lambertw Matlab function.

We solve with

Solutions obtained with Matlab lambertw function call are

complex number 

(impossible solution)

<latexit sha1_base64="C9niSSNme3VBYFwfvOR+Zz3cEvw="></latexit>

s(m⇥) =

2

664

s(;)
s(A)
s(B)

s(A [B)

3

775 ⇡

2

664

0
0.377258
0.428953
0.321887

3

775

<latexit sha1_base64="8ZDXu8adxIL2I/79awKPcrB7MKM="></latexit>

We consider the simplest FoD ⇥ = {A,B}
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Numerical example for solution of SEIP (cont’d)

To calculate m(B), we assume at first m(AUB)=m1(AUB)=0.5666

8 J. Dezert and F. Smarandache and A. Tchamova

3.3 SEIP solution of the previous example

We recall that we have for this example s(;) = 0, s(A) ⇡ 0.3773, s(B) ⇡ 0.4290
and s(⇥) ⇡ 0.3219. If we apply formulas (11)-(12) for this example, we have
a = �s(A [B) = �0.3219 and therefore

y1 = W0(�0.3219) = �0.5681

y2 = W�1(�0.3219) = �1.6094

Hence the two potential solutions for the mass m(A [B) are

m1(A [B) = ey1 ⇡ 0.5666

m2(A [B) = ey2 = 0.2000

It can be easily verified that

�m1(A [B) log(m1(A [B)) = 0.3219 = s(A [B)

�m2(A [B) log(m2(A [B)) = 0.3219 = s(A [B)

We see that the second potential solution m2(A[B) = 0.2000 is the solution
that corresponds to the original mass of A [ B of the BBA m(A [ B) of our
example.

Now, we examine what would be the values of m(A) and m(B) given respec-
tively by (18) and (19) by taking either m(A [ B) = m1(A [ B) = 0.5666 or
m(A [B) = m2(A [B) = 0.20.

– Let’s examine the 1st possibility with the potential solution

m(A [B) = m1(A [B) = 0.5666

For determining m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.5666

1� 0.5666
= 1.3073

b = �s(A)�m(A [B)

1�m(A [B)
⇡ �0.3773� 0.5666

1� 0.5666
= 0.4369

Hence, bea = 0.4368 · e1.3073 ⇡ 1.6148.
Applying formula (18), one gets10

m1(A) = eW0(be
a)�a = 0.5769

m2(A) = eW�1(be
a)�a = �0.0216 + 0.0924i

10 Using lambertw Matlab function.

We solve with

Solutions obtained with Matlab lambertw function call are

complex number 

(impossible solution)

Analytical Solution of the Simplest Entropiece Inversion Problem 9

For determing m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.5666

1� 0.5666
= 1.3073

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.5666

1� 0.5666
= 0.3176

Hence, bea = 0.3176 · e1.3073 ⇡ 1.1739.
Applying formula (19), one gets

m1(B) = eW0(be
a)�a = 0.5065

m2(B) = eW�1(be
a)�a = �0.0204 + 0.0657i

One sees that there is no e↵ective choice for the values of m(A) and m(B)
if we suppose m(A [ B) = m1(A [ B) = 0.5666 because if one takes as real
values solutions m(A) = m1(A) = 0.5769 and m(B) = m1(B) = 0.5065 one
would get

m(A) +m(B) +m(A [B) = 0.5769 + 0.5065 + 0.5666 = 1.65

which is obviously greater than one. This generates an improper BBA.

– Let’s consider the 2nd possibility with the potential solution

m(A [B) = m2(A [B) = 0.20

For determinating m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
m(A [B)

1�m(A [B)
=

0.20

1� 0.20
= 0.25

b = �s(A)�m(A [B)

1�m(A [B)
⇡ �0.3773� 0.20

1� 0.20
= �0.2216

Hence, bea = �0.2216 · e0.25 ⇡ �0.2845.

m1(A) = eW0(be
a)�a = 0.5000

m2(A) = eW�1(be
a)�a = 0.1168

For determinating m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.20

1� 0.20
= 0.25

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.20

1� 0.20
= �0.2862
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For determing m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.5666

1� 0.5666
= 1.3073

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.5666

1� 0.5666
= 0.3176

Hence, bea = 0.3176 · e1.3073 ⇡ 1.1739.
Applying formula (19), one gets
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a =
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1� 0.5666
= 1.3073
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Applying formula (19), one gets

m1(B) = eW0(be
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One sees that there is no e↵ective choice for the values of m(A) and m(B)
if we suppose m(A [ B) = m1(A [ B) = 0.5666 because if one takes as real
values solutions m(A) = m1(A) = 0.5769 and m(B) = m1(B) = 0.5065 one
would get

m(A) +m(B) +m(A [B) = 0.5769 + 0.5065 + 0.5666 = 1.65

which is obviously greater than one. This generates an improper BBA.
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For determinating m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
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For determinating m(B) we have to solve (y + a)ey = b with the unknown
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a =
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We check the triplet of solutions

<latexit sha1_base64="kTonG3gn6DOQt+dNu1QPcMGR10g="></latexit>

m1(A) = 0.5769

m1(B) = 0.5065

m1(A [B) ⇡ 0.5666

This triplet of solutions is NOT valid because
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To calculate m(A), we consider now m(AUB)=m2(AUB)=0.2000

8 J. Dezert and F. Smarandache and A. Tchamova

3.3 SEIP solution of the previous example

We recall that we have for this example s(;) = 0, s(A) ⇡ 0.3773, s(B) ⇡ 0.4290
and s(⇥) ⇡ 0.3219. If we apply formulas (11)-(12) for this example, we have
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We see that the second potential solution m2(A[B) = 0.2000 is the solution
that corresponds to the original mass of A [ B of the BBA m(A [ B) of our
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Now, we examine what would be the values of m(A) and m(B) given respec-
tively by (18) and (19) by taking either m(A [ B) = m1(A [ B) = 0.5666 or
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Applying formula (18), one gets10

m1(A) = eW0(be
a)�a = 0.5769

m2(A) = eW�1(be
a)�a = �0.0216 + 0.0924i

10 Using lambertw Matlab function.

We solve with

Solutions obtained with Matlab lambertw function call are
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For determing m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with
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Hence, bea = 0.3176 · e1.3073 ⇡ 1.1739.
Applying formula (19), one gets

m1(B) = eW0(be
a)�a = 0.5065

m2(B) = eW�1(be
a)�a = �0.0204 + 0.0657i

One sees that there is no e↵ective choice for the values of m(A) and m(B)
if we suppose m(A [ B) = m1(A [ B) = 0.5666 because if one takes as real
values solutions m(A) = m1(A) = 0.5769 and m(B) = m1(B) = 0.5065 one
would get

m(A) +m(B) +m(A [B) = 0.5769 + 0.5065 + 0.5666 = 1.65

which is obviously greater than one. This generates an improper BBA.

– Let’s consider the 2nd possibility with the potential solution

m(A [B) = m2(A [B) = 0.20

For determinating m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
m(A [B)

1�m(A [B)
=

0.20

1� 0.20
= 0.25

b = �s(A)�m(A [B)

1�m(A [B)
⇡ �0.3773� 0.20

1� 0.20
= �0.2216

Hence, bea = �0.2216 · e0.25 ⇡ �0.2845.

m1(A) = eW0(be
a)�a = 0.5000

m2(A) = eW�1(be
a)�a = 0.1168

For determinating m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.20

1� 0.20
= 0.25

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.20

1� 0.20
= �0.2862
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For determing m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.5666

1� 0.5666
= 1.3073

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.5666

1� 0.5666
= 0.3176

Hence, bea = 0.3176 · e1.3073 ⇡ 1.1739.
Applying formula (19), one gets

m1(B) = eW0(be
a)�a = 0.5065

m2(B) = eW�1(be
a)�a = �0.0204 + 0.0657i

One sees that there is no e↵ective choice for the values of m(A) and m(B)
if we suppose m(A [ B) = m1(A [ B) = 0.5666 because if one takes as real
values solutions m(A) = m1(A) = 0.5769 and m(B) = m1(B) = 0.5065 one
would get

m(A) +m(B) +m(A [B) = 0.5769 + 0.5065 + 0.5666 = 1.65

which is obviously greater than one. This generates an improper BBA.

– Let’s consider the 2nd possibility with the potential solution

m(A [B) = m2(A [B) = 0.20

For determinating m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
m(A [B)

1�m(A [B)
=

0.20

1� 0.20
= 0.25

b = �s(A)�m(A [B)

1�m(A [B)
⇡ �0.3773� 0.20

1� 0.20
= �0.2216

Hence, bea = �0.2216 · e0.25 ⇡ �0.2845.

m1(A) = eW0(be
a)�a = 0.5000

m2(A) = eW�1(be
a)�a = 0.1168

For determinating m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.20

1� 0.20
= 0.25

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.20

1� 0.20
= �0.2862

To calculate m(B), we consider now m(AUB)=m2(AUB)=0.2000
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3.3 SEIP solution of the previous example

We recall that we have for this example s(;) = 0, s(A) ⇡ 0.3773, s(B) ⇡ 0.4290
and s(⇥) ⇡ 0.3219. If we apply formulas (11)-(12) for this example, we have
a = �s(A [B) = �0.3219 and therefore

y1 = W0(�0.3219) = �0.5681

y2 = W�1(�0.3219) = �1.6094

Hence the two potential solutions for the mass m(A [B) are

m1(A [B) = ey1 ⇡ 0.5666

m2(A [B) = ey2 = 0.2000

It can be easily verified that

�m1(A [B) log(m1(A [B)) = 0.3219 = s(A [B)

�m2(A [B) log(m2(A [B)) = 0.3219 = s(A [B)

We see that the second potential solution m2(A[B) = 0.2000 is the solution
that corresponds to the original mass of A [ B of the BBA m(A [ B) of our
example.

Now, we examine what would be the values of m(A) and m(B) given respec-
tively by (18) and (19) by taking either m(A [ B) = m1(A [ B) = 0.5666 or
m(A [B) = m2(A [B) = 0.20.

– Let’s examine the 1st possibility with the potential solution

m(A [B) = m1(A [B) = 0.5666

For determining m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.5666

1� 0.5666
= 1.3073

b = �s(A)�m(A [B)

1�m(A [B)
⇡ �0.3773� 0.5666

1� 0.5666
= 0.4369

Hence, bea = 0.4368 · e1.3073 ⇡ 1.6148.
Applying formula (18), one gets10

m1(A) = eW0(be
a)�a = 0.5769

m2(A) = eW�1(be
a)�a = �0.0216 + 0.0924i

10 Using lambertw Matlab function.

We solve with

Solutions obtained with Matlab lambertw function call are
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For determing m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.5666

1� 0.5666
= 1.3073

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.5666

1� 0.5666
= 0.3176

Hence, bea = 0.3176 · e1.3073 ⇡ 1.1739.
Applying formula (19), one gets

m1(B) = eW0(be
a)�a = 0.5065

m2(B) = eW�1(be
a)�a = �0.0204 + 0.0657i

One sees that there is no e↵ective choice for the values of m(A) and m(B)
if we suppose m(A [ B) = m1(A [ B) = 0.5666 because if one takes as real
values solutions m(A) = m1(A) = 0.5769 and m(B) = m1(B) = 0.5065 one
would get

m(A) +m(B) +m(A [B) = 0.5769 + 0.5065 + 0.5666 = 1.65

which is obviously greater than one. This generates an improper BBA.

– Let’s consider the 2nd possibility with the potential solution

m(A [B) = m2(A [B) = 0.20

For determinating m(A), we have to solve (y + a)ey = b with the unknown
y = log(m(A)) and with

a =
m(A [B)

1�m(A [B)
=

0.20

1� 0.20
= 0.25

b = �s(A)�m(A [B)

1�m(A [B)
⇡ �0.3773� 0.20

1� 0.20
= �0.2216

Hence, bea = �0.2216 · e0.25 ⇡ �0.2845.

m1(A) = eW0(be
a)�a = 0.5000

m2(A) = eW�1(be
a)�a = 0.1168

For determinating m(B) we have to solve (y + a)ey = b with the unknown
y = log(m(B)) and with

a =
m(A [B)

1�m(A [B)
⇡ 0.20

1� 0.20
= 0.25

b = �s(B)�m(A [B)

1�m(A [B)
⇡ �0.4290� 0.20

1� 0.20
= �0.2862
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Hence, bea = �0.2862 · e0.25 ⇡ �0.3675.

Applying formula (19), one gets

m1(B) = eW0(be
a)�a = 0.3000

m2(B) = eW�1(be
a)�a = 0.2732

Based on this 2nd possibility for potential solution m(A [ B) = 0.20, one
sees that the only possible e↵ective choice of mass values m(A) and m(B)
is to take m(A) = m1(A) = 0.50 and m(B) = m1(B) = 0.30 which gives
the proper sought BBA such that m(A) + m(B) + m(A [ B) = 1 which
exactly corresponds to the orignal BBA that has been used to generate the
entropiece vector s(m) for this example.

In summary, for the case |⇥| = 2 it is always possible to calculate the BBA
m(·) from the knowledge of the entropiece vector, and the solution of SEIP is
obtained by analytical formulas.

3.4 Remark

In the very particular case where s(A [B) = 0 the equation (9) reduces to

�m(A [B) log(m(A [B)) = 0 (23)

which has two possible solutions m(A [B) = m1(A [B) = 1, and m(A [B) =
m2(A [B) = 0.

If m(A [ B) = 1, then it means that necessarily the BBA is the vacuous
BBA, and so m(A) = m(B) = 0, u(A) = Pl(A)�Bel(A) = 1, u(B) = Pl(B)�
Bel(B) = 1. Therefore11

s(A) = �m(A)(1� u(A)) log(m(A)) + u(A)(1�m(A))

= �m(A)(1�m(A [B)) log(m(A)) +m(A [B)(1�m(A))

= 0(1� 1) log(0) + 1(1� 0) = 1

s(B) = �m(B)(1� u(B)) log(m(B)) + u(B)(1�m(B))

= �m(B)(1�m(A [B)) log(m(B)) +m(A [B)(1�m(B))

= 0(1� 1) log(0) + 1(1� 0) = 1

So the choice of m(A[B) = m1(A[B) = 1 is the only possible if the entropiece
vector is s(m) = [110]T .

11 We use the formal notation log(0) even if log(0) is �1 because in our derivations
we have always a 0 log(0) product which is equal to zero due to L’Hôpital’s rule [4].

Numerical example for solution of SEIP (cont’d)
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We have to check the validity for all triplets (m(A),m(B),m(AUB))

Numerical example for solution of SEIP (cont’d)

<latexit sha1_base64="UDroiT/E5TLM+FU3DwLL/AwoiMw="></latexit>

(m(A),m(B),m(A [B)) = (m1(A),m1(B),m2(A [B)) = (0.5, 0.3, 0.2)

(m(A),m(B),m(A [B)) = (m1(A),m2(B),m2(A [B)) = (0.5, 0.2732, 0.2)

(m(A),m(B),m(A [B)) = (m2(A),m1(B),m2(A [B)) = (0.1168, 0.3, 0.2)

(m(A),m(B),m(A [B)) = (m2(A),m2(B),m2(A [B)) = (0.1168, 0.2732, 0.2)

Among these four triplets, only the first one is a valid solution because one has
<latexit sha1_base64="BmF2MTG9G6t77PMhcETpFzGNZQw="></latexit>

m(A)+m(B)+m(A[B)) = m1(A)+m1(B)+m2(A[B)) = 0.5+0.3+0.2 = 1

Therefore the unique numerical solution of this SEIP is the first triplet above, i.e.
<latexit sha1_base64="u1rQwPS0Ng65d9GpJvDmgAJ+pNU="></latexit>

s(m⇥) =

2

664

s(;)
s(A)
s(B)

s(A [B)

3

775 ⇡

2

664

0
0.377258
0.428953
0.321887

3

775 ) m⇥(·) =

2

664

m⇥(;)
m⇥(A)
m⇥(B)

m⇥(A [B)

3

775 =

2

664

0
0.5
0.3
0.2

3

775

From this BBA solution, we we can verify that the corresponding entropiece vector 
is correct based on the mathematical entropiece definition.

SEIP

Solution

SEIP Solution

bad solution
bad solution

bad solution
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Conclusions

Potential interest & perspectives

If no exact formulas can be found in the future for the solution of general EIP, it 
would be interesting to develop numerical methods to approximate the general 
EIP solution. This is a very open challenging theoretical problem.

We have introduced for the first time the entropiece inversion problem (EIP) 
which consists in calculating a BBA from a given entropiece vector.

The general analytical solution of this mathematical problem is a very challenging 
open problem because it involves transcendental equations.

It is possible to obtain an exact solution for the simplest EIP involving only two 
elements in the frame of discernment. 

Even for SEIP, the exact solution is not so trivial to obtain because it requires 
the calculation of values of the transcendental Lambert's W-functions. 

We could develop advanced processing techniques to modify entropieces 
information and to change information content for some purpose. Then, we will 
need to calculate modified BBA that will be used in an information fusion system.
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