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Abstract 

Symbolic n-plithogenic sets came with many generalizations to classical algebraic structures, with many 

interesting properties and theorems, where the symbolic 2-plithogenic structures are very similar in their 

algebraic properties to refined neutrosophic algebraic structures. The main goal of this article is to study the 

algebraic properties of symbolic 2-plithogenic matrices such as the computing on symbolic 2-plithogenic 

determinants, symbolic 2-plithogenic special values, and symbolic 2-plithogenic representations by linear 

functions. In addition, many examples will be presented and discussed in terms of theorems to clarify the 

validity of the content of this paper.  

Keywords: symbolic 2-plithogenic matrix; symbolic 2-plithogenic ring; symbolic 2-plithogenic invertibility. 

 

1. Introduction and Preliminaries 

Generalizing classical algebraic structures is a new research direction based on using new general systems to 

build generalized structures over them [15-17]. The symbolic 2-plithogenic algebraic structures are 

considered as novel generalizations of classical well-known structures such as symbolic plithogenic vector 

spaces, modules, and rings [1-8]. 

Symbolic plithogenic algebraic structures are very similar to refined neutrosophic structures with some 

differences in the definition of the multiplication operation, see [9-14,16-18]. 

This work discusses the concept of symbolic 2-plithogenic matrices with symbolic 2-plithogenic entries, 

were determinants, eigen values and vectors, exponents, and diagonalization will be handled in terms of 

theorems and examples. First, we recall some related concepts: 

 Definition.  

The symbolic 2-plithogenic ring of real numbers is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑅, 𝑃1 × 𝑃2 = 𝑃2 × 𝑃1 = 𝑃2, 𝑃1
2 = 𝑃2

2 = 𝑃2} 

The addition operation on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2) + (𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2) = (𝑡0 + 𝑡0́) + (𝑡1 + 𝑡1́)𝑃1 + (𝑡2 + 𝑡2́)𝑃2 

The multiplication on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2)(𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2)

= 𝑡0𝑡0́ + (𝑡0𝑡1́ + 𝑡1𝑡0́ + 𝑡1𝑡1́)𝑃1 + (𝑡0𝑡2́ + 𝑡1𝑡2́ + 𝑡2𝑡2́ + 𝑡2𝑡0́ + 𝑡2𝑡1́)𝑃2 
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Example. 

Take 𝑇 = 1 + 2𝑃1 − 5𝑃2, 𝐿 = 3 + 4𝑃1 + 11𝑃2, we have:  
𝑇 + 𝐿 = 4 + 6𝑃1 + 6𝑃2, 𝑇 × 𝐿 = 3 + (4 + 6 + 8)𝑃1 + (11 + 22 − 55 − 15 − 20)𝑃2 = 3 + 418𝑃1 − 57𝑃2 

Remark.  

If 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 ∈ 2 − 𝑆𝑃𝑅 , then: 

𝑇−1 =
1

𝑇
=

1

𝑡0
+ [

1

𝑡0+𝑡1
−

1

𝑡0
] 𝑃1 + [

1

𝑡0+𝑡1+𝑡2
−

1

𝑡0+𝑡1
] 𝑃2, with 𝑡0 ≠ 0, 𝑡0 + 𝑡1 ≠ 0, 𝑡0 + 𝑡1 + 𝑡2 ≠ 0. 

Main Discussion 

Definition.  

A symbolic 2-plithogenic square real matrix is a matrix with symbolic 2-plithogenic real entries.  

Example: 

Consider the following 3 × 3 2-plithogenic matrix: 

(

3 + 𝑃1 − 𝑃2 1 + 𝑃1 5
−𝑃1 + 𝑃2 3𝑃1 4𝑃2

−1 + 2𝑃1 − 𝑃2 5 + 2𝑃2 7 + 𝑃1 + 10𝑃2

) 

Remark. 

If 𝐿 is a symbolic 2-plithogenic square real matrix, then 𝐿 can be written as follows: 

𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2, where 𝐿𝑖 are three classical square real matrices. 

 

Example. 

(

3 + 𝑃1 − 𝑃2 1 + 𝑃1 5
−𝑃1 + 𝑃2 3𝑃1 4𝑃2

−1 + 2𝑃1 − 𝑃2 5 + 2𝑃2 7 + 𝑃1 + 10𝑃2

) = (
1 1 5
0 0 0
−1 5 7

) + (
1 1 0
−1 3 0
2 0 1

)𝑃1 + (
−1 0 0
1 0 4
−1 2 10

)𝑃2 

 

Remark. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2, 𝑇 = 𝑇0 + 𝑇1𝑃1 + 𝑇2𝑃2, be two square 2-plithogenic matrices, then: 

𝐿 + 𝑇 = (𝐿0 + 𝑇0) + (𝐿1 + 𝑇1)𝑃1 + (𝐿2 + 𝑇2)𝑃2. 

𝐿 × 𝑇 = 𝐿0𝑇0 + (𝐿0𝑇1 + 𝐿1𝑇0 + 𝐿1𝑇1)𝑃1 + (𝐿0𝑇2 + 𝐿1𝑇2 + 𝐿2𝑇2 + 𝐿2𝑇0 + 𝐿2𝑇1)𝑃2 

We denote the ring of all symbolic 2-plithogenic matrices by 2 − 𝑆𝑃𝑀. 

 

Theorem.  

Let 𝑆 = 𝑆0 + 𝑆1𝑃1 + 𝑆2𝑃2 be a symbolic 2-plithogenic square real matrix, then: 

1). 𝑆 is invertible if and only if 𝑆0, 𝑆0 + 𝑆1, 𝑆0 + 𝑆1 + 𝑆2 are invertible. 

2). If 𝑆 is invertible then 𝑆−1 = 𝑆0
−1 + [(𝑆0 + 𝑆1)

−1 − 𝑆0
−1]𝑃1 + [(𝑆0 + 𝑆1 + 𝑆2)

−1 − (𝑆0 + 𝑆1)
−1]𝑃2 

3). 𝑆𝑚 = 𝑆0
𝑚 + [(𝑆0 + 𝑆1)

𝑚 − 𝑆0
𝑚]𝑃1 + [(𝑆0 + 𝑆1 + 𝑆2)

𝑚 − (𝑆0 + 𝑆1)
𝑚]𝑃2 for 𝑚 ∈ 𝑁. 

Proof. 

1),2). Assume that 𝑆0, 𝑆0 + 𝑆1, 𝑆0 + 𝑆1 + 𝑆2 are invertible, then we put 𝐾 = 𝐾0 + 𝐾1𝑃1 + 𝐾2𝑃2, where  

𝐾0 = 𝑆0
−1, 𝐾1 = (𝑆0 + 𝑆1)

−1 − 𝑆0
−1, 𝐾2 = (𝑆0 + 𝑆1 + 𝑆2)

−1 − (𝑆0 + 𝑆1)
−1, then: 

𝑆 × 𝐾 = 𝑆0𝐾0 + (𝑆0𝐾1 + 𝑆1𝐾0 + 𝑆1𝐾1)𝑃1 + (𝑆0𝐾2 + 𝑆1𝐾2 + 𝑆2𝐾2 + 𝑆2𝐾0 + 𝑆2𝐾1)𝑃2 

We have: 

𝑆0𝐾0 = 𝑈𝑛×𝑛. 

𝑆0𝐾1 + 𝑆1𝐾0 + 𝑆1𝐾1 = 𝑆0(𝑆0 + 𝑆1)
−1 − 𝑆0𝑆0

−1 + 𝑆0(𝑆0 + 𝑆1)
−1 − 𝑆0𝑆0

−1 + 𝑆0𝑆0
−1

= (𝑆0 + 𝑆1)(𝑆0 + 𝑆1)
−1 − 𝑆0𝑆0

−1 = 𝑂𝑛×𝑛 

Also, 

𝑆0𝐾2 + 𝑆1𝐾2 + 𝑆2𝐾2 + 𝑆2𝐾0 + 𝑆2𝐾1
= 𝑆0(𝑆0 + 𝑆1 + 𝑆2)

−1 − 𝑆0(𝑆0 + 𝑆1)
−1 + 𝑆1(𝑆0 + 𝑆1 + 𝑆2)

−1 − 𝑆1(𝑆0 + 𝑆1)
−1

+ 𝑆2(𝑆0 + 𝑆1 + 𝑆2)
−1 − 𝑆2(𝑆0 + 𝑆1)

−1 + 𝑆2𝑆0
−1 + 𝑆2(𝑆0 + 𝑆1)

−1 − 𝑆2𝑆0
−1

= (𝑆0 + 𝑆1 + 𝑆2)(𝑆0 + 𝑆1 + 𝑆2)
−1 − (𝑆0 + 𝑆1)(𝑆0 + 𝑆1)

−1 = 𝑂𝑛×𝑛 

This implies that 𝐾 = 𝑆−1. 

For the converse, we assume that 𝑆 is invertible, then there exists 𝐾 = 𝐾0 + 𝐾1𝑃1 + 𝐾2𝑃2 ∈ 2 − 𝑆𝑃𝑀 such 

that 𝑆 × 𝐾 = 𝑈𝑛×𝑛. 

𝑆 × 𝐾 = 𝑈𝑛×𝑛 is equivalent to: 

{

𝑆0𝐾0 = 𝑈𝑛×𝑛… (1)

𝑆0𝐾1 + 𝑆1𝐾0 + 𝑆1𝐾1 = 𝑂𝑛×𝑛…(2) 

𝑆0𝐾2 + 𝑆1𝐾2 + 𝑆2𝐾2 + 𝑆2𝐾0 + 𝑆2𝐾1 = 𝑂𝑛×𝑛… (3)
 

Equation (1) implies that 𝑆0 is invertible and 𝐾0 = 𝑆0
−1. 

https://doi.org/10.54216/IJNS.210109
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By adding (1) to (2), we get (𝑆0 + 𝑆1)(𝐾0 + 𝐾1) = 𝑈𝑛×𝑛, so that 𝑆0 + 𝑆1 is invertible and 𝐾0 + 𝐾1 =
(𝑆0 + 𝑆1)

−1, thus 𝐾1 = (𝑆0 + 𝑆1)
−1 − 𝐾0 = (𝑆0 + 𝑆1)

−1 − 𝑆0
−1. 

By adding (1) to (2) to (3), we get: 
(𝑆0 + 𝑆1 + 𝑆2)(𝐾0 + 𝐾1 + 𝐾2) = 𝑈𝑛×𝑛, thus 𝑆0 + 𝑆1 + 𝑆2 is invertible and 𝐾0 + 𝐾1 + 𝐾2 = (𝑆0 + 𝑆1 +
𝑆2)

−1, hence 𝐾2 = (𝑆0 + 𝑆1 + 𝑆2)
−1 − (𝐾0 + 𝐾1) = (𝑆0 + 𝑆1 + 𝑆2)

−1 − (𝑆0 + 𝑆1)
−1. 

This implies the proof. 

3). For  𝑚 = 1, we get 𝑆1 = 𝑆0 + [(𝑆0 + 𝑆1) − 𝑆0]𝑃1 + [(𝑆0 + 𝑆1 + 𝑆2) − (𝑆0 + 𝑆1)]𝑃2. 

We assume that it is true for 𝑚 = 𝑘, then: 

𝑆𝑘+1 = 𝑆 × 𝑆𝑘 = [𝑆0 + 𝑆1𝑃1 + 𝑆2𝑃2][𝑆0
𝑘 + [(𝑆0 + 𝑆1)

𝑘 − 𝑆0
𝑘]𝑃1 + [(𝑆0 + 𝑆1 + 𝑆2)

𝑘 − (𝑆0 + 𝑆1)
𝑘]𝑃2]

= 𝑆0
𝑘+1 + [𝑆0(𝑆0 + 𝑆1)

𝑘 − 𝑆0
𝑘+1 + 𝑆1(𝑆0 + 𝑆1)

𝑘 − 𝑆1𝑆0
𝑘 + 𝑆1𝑆0

𝑘]𝑃1
+ [𝑆0(𝑆0 + 𝑆1 + 𝑆2)

𝑘 − 𝑆0(𝑆0 + 𝑆1)
𝑘 + 𝑆1(𝑆0 + 𝑆1 + 𝑆2)

𝑘 − 𝑆1(𝑆0 + 𝑆1)
𝑘

+ 𝑆2(𝑆0 + 𝑆1 + 𝑆2)
𝑘 − 𝑆2(𝑆0 + 𝑆1)

𝑘 + 𝑆2𝑆0
𝑘 + 𝑆2(𝑆0 + 𝑆1)

𝑘 − 𝑆2𝑆0
𝑘]𝑃2

= 𝑆0
𝑘+1 + [(𝑆0 + 𝑆1)(𝑆0 + 𝑆1)

𝑘 − 𝑆0
𝑘+1]𝑃1

+ [(𝑆0 + 𝑆1 + 𝑆2)(𝑆0 + 𝑆1 + 𝑆2)
𝑘 − (𝑆0 + 𝑆1)(𝑆0 + 𝑆1)

𝑘]𝑃2
= 𝑆0

𝑘+1 + [(𝑆0 + 𝑆1)
𝑘+1 − 𝑆0

𝑘+1]𝑃1 + [(𝑆0 + 𝑆1 + 𝑆2)
𝑘+1 − (𝑆0 + 𝑆1)

𝑘+1]𝑃2 

Definition. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2 ∈ 2 − 𝑆𝑃𝑀, we define: 

𝑑𝑒𝑡𝐿 = 𝑑𝑒𝑡(𝐿0) + [𝑑𝑒𝑡(𝐿0 + 𝐿1) − 𝑑𝑒𝑡(𝐿0)]𝑃1 + [𝑑𝑒𝑡(𝐿0 + 𝐿1 + 𝐿2) − 𝑑𝑒𝑡(𝐿0 + 𝐿1)]𝑃2. 

 

Example.  

Take 𝐿 = (
1 + 𝑃1 + 𝑃2 3 − 𝑃1 + 2𝑃2

𝑃1 𝑃1 + 𝑃2
) = (

1 3
0 0

) + (
1 −1
1 1

) 𝑃1 + (
1 2
0 1

) 𝑃2 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2. 

𝑑𝑒𝑡(𝐿0) = 0, 𝑑𝑒𝑡(𝐿0 + 𝐿1) = 𝑑𝑒𝑡 (
2 2
1 1

) = 0, 𝑑𝑒𝑡(𝐿0 + 𝐿1 + 𝐿2) = 𝑑𝑒𝑡 (
3 4
1 2

) = 2  

So that 𝑑𝑒𝑡𝐿 = 0 + (0 − 0)𝑃1 + (2 − 0)𝑃2 = 2𝑃2. 

If we can compute 𝑑𝑒𝑡𝐿 by the normal way, we get: 

𝑑𝑒𝑡𝐿 = (1 + 𝑃1 + 𝑃2)(𝑃1 + 𝑃2) − (3 − 𝑃1 + 2𝑃2)(𝑃1) = 𝑃1 + 𝑃2 + 𝑃1 + 𝑃2 + 𝑃2 + 𝑃2 − 3 + 𝑃1 − 2𝑃2
= 2𝑃2 

Theorem.  

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2, 𝑆 = 𝑆0 + 𝑆1𝑃1 + 𝑆2𝑃2, then: 

1). 𝑆 is invertible if and only if 𝑑𝑒𝑡(𝑆) is invertible in 2 − 𝑆𝑃𝑅 . 

2). 𝑑𝑒𝑡(𝑆 × 𝐿) = 𝑑𝑒𝑡(𝑆) × 𝑑𝑒𝑡(𝐿). 
Proof. 

1). According to the previous theorem, the matrix 𝑆 is invertible if and only if 𝑆0, 𝑆0 + 𝑆1, 𝑆0 + 𝑆1 + 𝑆2 are 

invertible. 

This is equivalent to 𝑑𝑒𝑡(𝑆0) ≠ 0, 𝑑𝑒𝑡(𝑆0 + 𝑆1) ≠ 0, 𝑑𝑒𝑡(𝑆0 + 𝑆1 + 𝑆2) ≠ 0, thus 

𝑑𝑒𝑡(𝑆) = 𝑑𝑒𝑡(𝑆0) + [𝑑𝑒𝑡(𝑆0 + 𝑆1) − 𝑑𝑒𝑡(𝑆0)]𝑃1 + [𝑑𝑒𝑡(𝑆0 + 𝑆1 + 𝑆2) − 𝑑𝑒𝑡(𝑆0 + 𝑆1)]𝑃2 is invertible. 

2). 𝑆 × 𝐿 = 𝑆0 × 𝐿0 + (𝑆0𝐿1 + 𝑆1𝐿0 + 𝑆1𝐿1)𝑃1 + (𝑆0𝐿2 + 𝑆1𝐿2 + 𝑆2𝐿2 + 𝑆2𝐿0 + 𝑆2𝐿1)𝑃2. 

𝑑𝑒𝑡(𝑆 × 𝐿) = 𝑑𝑒𝑡(𝑆0𝐿0) + [𝑑𝑒𝑡(𝑆0 + 𝑆1)(𝐿0 + 𝐿1) − 𝑑𝑒𝑡(𝑆0𝐿0)]𝑃1 + [𝑑𝑒𝑡(𝑆0 + 𝑆1 + 𝑆2)(𝐿0 + 𝐿1 + 𝐿2) −
𝑑𝑒𝑡(𝑆0 + 𝑆1)(𝐿0 + 𝐿1)]𝑃2 = 𝑑𝑒𝑡(𝑆) × 𝑑𝑒𝑡(𝐿). 
 

Example. 

The matrix (
1 + 𝑃1 + 𝑃2 3 − 𝑃1 + 2𝑃2

𝑃1 𝑃1 + 𝑃2
) is not invertible, that is because its determinant 𝑑𝑒𝑡(𝑆) = 2𝑃2 is 

not invertible. 

 

Example. 

Consider 𝑋 = (
1 + 𝑃1 + 𝑃2 2 − 𝑃1 + 𝑃2
3𝑃1 + 𝑃2 1 + 4𝑃1 − 𝑃2

) = (
1 2
0 1

) + (
1 −1
3 4

) 𝑃1 + (
1 1
1 −1

) 𝑃2 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2 

𝑑𝑒𝑡(𝑋0) = 1, 𝑑𝑒𝑡(𝑋0 + 𝑋1) = 𝑑𝑒𝑡 (
2 1
3 5

) = 7, 𝑑𝑒𝑡(𝑋0 + 𝑋1 + 𝑋2) = 𝑑𝑒𝑡 (
3 2
4 4

) = 4. 

𝑑𝑒𝑡(𝑋) = 1 + (7 − 1)𝑃1 + (4 − 7)𝑃2 = 1 + 6𝑃1 − 3𝑃2. 

 

Eigen Values/Vectors: 

Let 𝑋 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2 ∈ 2 − 𝑆𝑃𝑀, we say that 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝑅 is a symbolic 2-

plithogenic eigen value if and only if 𝑋. 𝑌 = 𝐴. 𝑌; 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2 ∈ 2 − 𝑆𝑃𝑉. 

𝑌 is called the corresponding symbolic 2-plithogenic eigen vectors. 
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Theorem. 

Let 𝐴 = 𝐴0 + 𝐴1𝑃1 + 𝐴2𝑃2 ∈ 2 − 𝑆𝑃𝑀, then 𝑡 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 ∈ 2 − 𝑆𝑃𝑅 is a symbolic 2-plithogenic 

eigen value of 𝐴 if and only if 𝑡0 is eigen value of 𝐴0, 𝑡0 + 𝑡1 is eigen value of 𝐴0 + 𝐴1, and 𝑡0 + 𝑡1 + 𝑡2 is 

eigen value of 𝐴0 + 𝐴1 + 𝐴2. 

In addition, 𝑋 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2 is the corresponding eigen value vector of 𝑡 if and only if 𝑋0 is eigen 

vector of 𝑡0, 𝑋0 + 𝑋1 is eigen vector of 𝑡0 + 𝑡1, and  𝑋0 + 𝑋1 + 𝑋2 is eigen vector of 𝑡0 + 𝑡1 + 𝑡2. 

Proof. 

By considering the equation 𝐴. 𝑋 = 𝑡. 𝑋, we get: 

{

𝐴0𝑋0 = 𝑡0𝑋0
(𝐴0 + 𝐴1) = (𝑡0 + 𝑡1)(𝑋0 + 𝑋1) 

(𝐴0 + 𝐴1 + 𝐴2)(𝑋0 + 𝑋1 + 𝑋2) = (𝑡0 + 𝑡1 + 𝑡2)(𝑋0 + 𝑋1 + 𝑋2)
 

Thus, we get the proof. 

Example. 

Consider the matrix: 

𝐴 = (
1 0
3 2

) + (
2 0
2 5

) 𝑃1 + (
−1 0
1 3

) 𝑃2 = (
1 + 2𝑃1 − 𝑃2 0
3 + 2𝑃1 + 𝑃2 2 + 5𝑃1 + 3𝑃2

) 

The eigen values of 𝐴0 are {1,2}. 
The eigen values of 𝐴0 + 𝐴1 are {3,7}. 
The eigen values of 𝐴0 + 𝐴1 + 𝐴2 are {2,10}. 
We discuss the following possible cases: 

Case 1. 

If 𝑡0 = 1, 𝑡0 + 𝑡1 = 3, 𝑡0 + 𝑡1 + 𝑡2 = 2, then 𝑡 = 1 + 2𝑃1 − 𝑃2. 

Case 2. 

If 𝑡0 = 1, 𝑡0 + 𝑡1 = 7, 𝑡0 + 𝑡1 + 𝑡2 = 2, then 𝑡 = 1 + 6𝑃1 − 5𝑃2. 

Case 3. 

If 𝑡0 = 1, 𝑡0 + 𝑡1 = 3, 𝑡0 + 𝑡1 + 𝑡2 = 10, then 𝑡 = 1 + 2𝑃1 + 7𝑃2. 

Case 4. 

If 𝑡0 = 1, 𝑡0 + 𝑡1 = 7, 𝑡0 + 𝑡1 + 𝑡2 = 10, then 𝑡 = 1 + 6𝑃1 + 3𝑃2. 

Case 5. 

If 𝑡0 = 2, 𝑡0 + 𝑡1 = 3, 𝑡0 + 𝑡1 + 𝑡2 = 2, then 𝑡 = 2 + 𝑃1 − 𝑃2. 

Case 6. 

If 𝑡0 = 2, 𝑡0 + 𝑡1 = 3, 𝑡0 + 𝑡1 + 𝑡2 = 10, then 𝑡 = 2 + 𝑃1 + 7𝑃2. 

Case 7. 

If 𝑡0 = 2, 𝑡0 + 𝑡1 = 7, 𝑡0 + 𝑡1 + 𝑡2 = 2, then 𝑡 = 2 + 5𝑃1 − 5𝑃2. 

Case 8. 

If 𝑡0 = 2, 𝑡0 + 𝑡1 = 7, 𝑡0 + 𝑡1 + 𝑡2 = 10, then 𝑡 = 2 + 5𝑃1 + 3𝑃2. 

The eigen vectors of  𝐴0 are {𝑢1 = (1,−3), 𝑢2 = (0,1)}. 

The eigen vectors of  𝐴0 + 𝐴1 are {𝑢3 = (1,
−5

4
) , 𝑢4 = (0,1)}. 

The eigen vectors of  𝐴0 + 𝐴1 + 𝐴2 are {𝑢5 = (1,
−3

4
) , 𝑢6 = (0,1)}. 

The possible cases: 

Case 1. 

If 𝑢1 = (1,−3), 𝑢3 = (1,
−5

4
) , 𝑢5 = (1,

−3

4
), then 𝑋1 = (1,−3) + (0,

7

4
)𝑃1 + (0,

1

2
)𝑃2. 

Case 2. 

If 𝑢1 = (1,−3), 𝑢3 = (1,
−5

4
) , 𝑢6 = (0,1), then 𝑋2 = (1,−3) + (0,

7

4
) 𝑃1 + (−1,

9

4
) 𝑃2. 

Case 3. 

If 𝑢1 = (1,−3), 𝑢4 = (0,1), 𝑢5 = (1,
−3

4
), then 𝑋3 = (1,−3) + (−1,4)𝑃1 + (1,

−7

4
)𝑃2. 

Case 4. 

If 𝑢1 = (1,−3), 𝑢4 = (0,1), 𝑢6 = (0,1), then 𝑋4 = (1,−3) + (−1,4)𝑃1 + (0,0)𝑃2. 

Case 5. 

If 𝑢2 = (0,1), 𝑢3 = (1,
−5

4
) , 𝑢5 = (1,

−3

4
), then 𝑋5 = (0,1) + (1,

−9

4
) 𝑃1 + (0,

1

2
)𝑃2. 

Case 6. 

If 𝑢2 = (0,1), 𝑢3 = (1,
−5

4
) , 𝑢6 = (0,1), then 𝑋6 = (0,1) + (1,

−9

4
)𝑃1 + (−1,

9

4
)𝑃2. 

Case 7. 
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If 𝑢2 = (0,1), 𝑢4 = (0,1), 𝑢5 = (1,
−3

4
), then 𝑋7 = (0,1) + (0,0)𝑃1 + (0,

−7

4
) 𝑃2. 

 

Case 8. 

If 𝑢2 = (0,1), 𝑢4 = (0,1), 𝑢6 = (0,1), then 𝑋8 = (0,1) + (0,0)𝑃1 + (0,0)𝑃2. 

 

2. The diagonalization problem. 

Definition. 

Let 𝑌 = 𝑌0 + 𝑌1𝑃1 + 𝑌2𝑃2 be a symbolic 2-plithogenic square matrix, 𝑌 is called diagonalizable if there exists 

an invertible symbolic 2-plithogenic matrix 𝐵 = 𝐵0 + 𝐵1𝑃1 + 𝐵2𝑃2 and a diagonal symbolic 2-plithogenic 

matrix 𝑇 = 𝑇0 + 𝑇1𝑃1 + 𝑇2𝑃2 such that 𝑌 = 𝐵𝑇𝐵−1. 

The following theorem explains the conditions of diagonalization. 

 

Theorem. 

The symbolic 2-plithogenic square matrix 𝑌 = 𝑌0 + 𝑌1𝑃1 + 𝑌2𝑃2 is diagonalizable if and only if 𝑌0, 𝑌0 +
𝑌1, 𝑌0 + 𝑌1 + 𝑌2 are diagonalizable. 

Proof. 

𝑌 is diagonalizable if and only if there exists 𝑇 and 𝐵 according to the definition, such that 𝑌 = 𝐵𝑇𝐵−1. 

First, we have: 

𝐵𝑇 = 𝐵0𝑇0 + (𝐵0𝑇1 + 𝐵1𝑇0 + 𝐵1𝑇1)𝑃1 + (𝐵0𝑇2 + 𝐵1𝑇2 + 𝐵2𝑇2 + 𝐵2𝑇0 + 𝐵2𝑇1)𝑃2. 

𝐵−1 = 𝐵0
−1 + [(𝐵0 + 𝐵1)

−1 − 𝐵0
−1]𝑃1 + [(𝐵0 + 𝐵1 + 𝐵2)

−1 − (𝐵0 + 𝐵1)
−1]𝑃2. 

𝐵𝑇𝐵−1 = 𝐵0𝑇0𝐵0
−1

+ [𝐵0𝑇0(𝐵0 + 𝐵1)
−1 − 𝐵0𝑇0𝐵0

−1 + 𝐵0𝑇1𝐵0
−1 + 𝐵1𝑇0𝐵0

−1 + 𝐵1𝑇1𝐵0
−1

+ 𝐵0𝑇1(𝐵0 + 𝐵1)
−1 − 𝐵0𝑇1𝐵0

−1 + 𝐵1𝑇0(𝐵0 + 𝐵1)
−1 − 𝐵1𝑇1𝐵0

−1 + 𝐵1𝑇1(𝐵0 + 𝐵1)
−1

− 𝐵1𝑇1𝐵0
−1]𝑃1

+ [𝐵0𝑇0(𝐵0 + 𝐵1 + 𝐵2)
−1 − 𝐵0𝑇0(𝐵0 + 𝐵1)

−1 + 𝐵0𝑇1(𝐵0 + 𝐵1 + 𝐵2)
−1

− 𝐵0𝑇1(𝐵0 + 𝐵1)
−1 + 𝐵1𝑇0(𝐵0 + 𝐵1 + 𝐵2)

−1 − 𝐵1𝑇0(𝐵0 + 𝐵1)
−1

+ 𝐵1𝑇1(𝐵0 + 𝐵1 + 𝐵2)
−1 − 𝐵1𝑇1(𝐵0 + 𝐵1)

−1 + 𝐵0𝑇2𝐵0
−1 + 𝐵2𝑇0𝐵0

−1 + 𝐵1𝑇2𝐵0
−1

+ 𝐵2𝑇1𝐵0
−1 + 𝐵2𝑇2𝐵0

−1 + 𝐵0𝑇2(𝐵0 + 𝐵1)
−1 − 𝐵0𝑇2𝐵0

−1 + 𝐵2𝑇0(𝐵0 + 𝐵1)
−1

− 𝐵2𝑇0𝐵0
−1 + 𝐵1𝑇2(𝐵0 + 𝐵1)

−1 − 𝐵1𝑇2𝐵0
−1 + 𝐵2𝑇1(𝐵0 + 𝐵1)

−1 − 𝐵2𝑇1𝐵0
−1

+ 𝐵2𝑇2(𝐵0 + 𝐵1)
−1 − 𝐵2𝑇2𝐵0

−1 + 𝐵0𝑇2(𝐵0 + 𝐵1 + 𝐵2)
−1 − 𝐵0𝑇2(𝐵0 + 𝐵1)

−1

+ 𝐵2𝑇0(𝐵0 + 𝐵1 + 𝐵2)
−1 − 𝐵2𝑇0(𝐵0 + 𝐵1)

−1 + 𝐵1𝑇2(𝐵0 + 𝐵1 + 𝐵2)
−1

− 𝐵1𝑇2(𝐵0 + 𝐵1)
−1 + 𝐵2𝑇1(𝐵0 + 𝐵1 + 𝐵2)

−1 − 𝐵2𝑇1(𝐵0 + 𝐵1)
−1

+ 𝐵2𝑇2(𝐵0 + 𝐵1 + 𝐵2)
−1 − 𝐵2𝑇2(𝐵0 + 𝐵1)

−1]𝑃2
= 𝐵0𝑇0𝐵0

−1 + [(𝐵0 + 𝐵1)(𝑇0 + 𝑇1)(𝐵0 + 𝐵1)
−1 − 𝐵0𝑇0𝐵0

−1]𝑃1
+ [(𝐵0 + 𝐵1 + 𝐵2)(𝑇0 + 𝑇1 + 𝑇2)(𝐵0 + 𝐵1 + 𝐵2)

−1 − (𝐵0 + 𝐵1)(𝑇0 + 𝑇1)(𝐵0 + 𝐵1)
−1]𝑃2 

The equation 𝑌 = 𝐵𝑇𝐵−1 implies that: 

{

𝑌0 = 𝐵0𝑇0𝐵0
−1

𝑌0 + 𝑌1 = (𝐵0 + 𝐵1)(𝑇0 + 𝑇1)(𝐵0 + 𝐵1)
−1 

𝑌0 + 𝑌1 + 𝑌2 = (𝐵0 + 𝐵1 + 𝐵2)(𝑇0 + 𝑇1 + 𝑇2)(𝐵0 + 𝐵1 + 𝐵2)
−1

 

Which means that 𝑌0, 𝑌0 + 𝑌1, 𝑌0 + 𝑌1 + 𝑌2 are diagonalizable. 

 

3. Algorithm for the diagonalization. 

 

Let 𝑌 = 𝑌0 + 𝑌1𝑃1 + 𝑌2𝑃2, assume that 𝑌0, 𝑌0 + 𝑌1, 𝑌0 + 𝑌1 + 𝑌2 are diagonalizable, then to diagonalize 𝑌, 

follow these steps: 

Step 1. 

Diagonalize 𝑌0, 𝑌0 + 𝑌1, 𝑌0 + 𝑌1 + 𝑌2, which means find three invertible matrices 𝐿0, 𝐿1, 𝐿2 and three diagonal 

matrices 𝐷0, 𝐷1, 𝐷2 such that 𝑌0 = 𝐿0𝐷0𝐿0
−1, 𝑌0 + 𝑌1 = 𝐿1𝐷1𝐿1

−1, 𝑌0 + 𝑌1 + 𝑌2 = 𝐿2𝐷2𝐿2
−1. 

Step 2. 

Put 𝐵 = 𝐿0 + (𝐿1 − 𝐿0)𝑃1 + (𝐿2 − 𝐿1)𝑃2, 𝑇 = 𝐷0 + (𝐷1 − 𝐷0)𝑃1 + (𝐷2 − 𝐷1)𝑃2. 

Step 3. 

We get 𝑌 = 𝐵𝑇𝐵−1. 

 

Example. 

Consider the symbolic 2-plithogenic square matrix: 
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𝐵 = (
1 + 2𝑃1 − 𝑃2 0
3 + 2𝑃1 + 𝑃2 2 + 5𝑃1 + 3𝑃2

) = (
1 0
3 2

) + (
2 0
2 5

) 𝑃1 + (
−1 0
1 3

)𝑃2 = 𝑌0 + 𝑌1𝑃1 + 𝑌2𝑃2 

We have: 

𝑌0 = (
1 0
3 2

) , 𝑌0 + 𝑌1 = (
3 0
5 7

) , 𝑌0 + 𝑌1 + 𝑌2 = (
2 0
6 10

) 

𝐿0 = (
1 0
−3 1

) , 𝐷0 = (
1 0
0 2

) , 𝐿1 = (
1 0
−5

4
1
) , 𝐷1 = (

3 0
0 7

) , 𝐿2 = (
1 0
−3

4
1
) , 𝐷2 = (

1 0
0 10

) 

𝐿0
−1 = (

1 0
3 1

) , 𝐿1
−1 = (

1 0
5

4
1
) , 𝐿2

−1 = (
1 0
3

4
1
) 

We have: 𝑌0 = 𝐿0𝐷0𝐿0
−1, 𝑌0 + 𝑌1 = 𝐿1𝐷1𝐿1

−1, 𝑌0 + 𝑌1 + 𝑌2 = 𝐿2𝐷2𝐿2
−1. 

We put:  

𝐵 = 𝐿0 + (𝐿1 − 𝐿0)𝑃1 + (𝐿2 − 𝐿1)𝑃2 = (
1 0
−3 1

) + (
0 0
7

4
0
)𝑃1 + (

0 0
1

2
0
)𝑃2 = (

1 0

−3 +
1

2
𝑃1 + 𝑃2 1

) 

𝑇 = 𝐷0 + (𝐷1 − 𝐷0)𝑃1 + (𝐷2 − 𝐷1)𝑃2 = (
1 0
0 2

) + (
2 0
0 5

) 𝑃1 + (
−1 0
0 3

)𝑃2

= (
1 + 2𝑃1 − 𝑃2 0

0 2 + 5𝑃1 + 3𝑃2
) 

𝐵−1 = 𝐿0
−1 + (𝐿1

−1 − 𝐿0
−1)𝑃1 + (𝐿2

−1 − 𝐿1
−1)𝑃2 = (

1 0
3 1

) + (
0 0
−7

4
0
)𝑃1 + (

0 0
−1

2
0
)𝑃2

= (
1 0

3 −
7

4
5𝑃1 −

1

2
𝑃2 1

) 

Now let’s compute: 

𝐵𝑇 = (
1 0

−3 +
1

2
𝑃1 + 𝑃2 1

) (
1 + 2𝑃1 − 𝑃2 0

0 2 + 5𝑃1 + 3𝑃2
) = (

1 + 2𝑃1 − 𝑃2 0

−3 −
3

4
5𝑃1 +

9

4
𝑃2 2 + 5𝑃1 + 3𝑃2

) 

𝐵𝑇𝐵−1 = (

1 + 2𝑃1 − 𝑃2 0

−3 −
3

4
5𝑃1 +

9

4
𝑃2 2 + 5𝑃1 + 3𝑃2

)(
1 0

3 −
7

4
5𝑃1 −

1

2
𝑃2 1

)

= (
1 + 2𝑃1 − 𝑃2 0
3 + 2𝑃1 − 𝑃2 2 + 5𝑃1 + 3𝑃2

) = 𝑌 

 

4. The representation symbolic 2-plithogenic liner functions. 

Definition. 

Let 2 − 𝑆𝑃𝑉 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2; 𝑥, 𝑦, 𝑧 ∈ 𝑉} be symbolic 2-plithogenic vector space, a function 𝑓: 2 − 𝑆𝑃𝑉 →
2 − 𝑆𝑃𝑉 is called linear if and only if: 

𝑓(𝑋 + 𝑌) = 𝑓(𝑋) + 𝑓(𝑌), 𝑓(𝐴. 𝑋) = 𝐴. 𝑓(𝑋) for all 𝑋, 𝑌 ∈ 2 − 𝑆𝑃𝑉 and 𝐴 ∈ 2 − 𝑆𝑃𝐹  (the symbolic 2-

plithogenic field which 2 − 𝑆𝑃𝑉 defined over it). 

Definition. 

Let 𝑌 = 𝑌0 + 𝑌1𝑃1 + 𝑌2𝑃2 be a symbolic 2-plithogenic matrix, we say that 𝑌 is represented by the linear 

function 𝑓: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉  if and only if: 

𝑌𝑇 = 𝑓(𝑇); 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 ∈ 2 − 𝑆𝑃𝑉. 

First, we characterize the structure of symbolic 2-plithogenic linear functions. 

 

Theorem. 

Let 𝑓: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉 be a symbolic 2-plithogenic linear function, then there exist three classical linear 

transformations 𝑓0, 𝑓1, 𝑓2: 𝑉 → 𝑉 such that: 

𝑓(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2) = 𝑓0(𝑡0) + [(𝑓0 + 𝑓1)(𝑡0 + 𝑡1) − 𝑓0(𝑡0)]𝑃1 + [(𝑓0 + 𝑓1 + 𝑓2)(𝑡0 + 𝑡1 + 𝑡2) −
(𝑓0 + 𝑓1)(𝑡0 + 𝑡1)]𝑃2. 

Proof. 

First, we define ℎ: 2 − 𝑆𝑃𝑉 → 𝑉 × 𝑉 × 𝑉 such that: 

ℎ(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = (𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2), and 𝑔: 2 − 𝑆𝑃𝐹 → 𝐹 × 𝐹 × 𝐹 such that: 

𝑔(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) = (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2). 
It is known 𝐹 × 𝐹 × 𝐹 is a ring, 𝑉 × 𝑉 × 𝑉 is a module over the ring 𝐹 × 𝐹 × 𝐹. 

We prove that (ℎ) is a semi-module isomorphism. 

𝑔 is well defined, if 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2, then 𝑎𝑖 = 𝑏𝑖; 0 ≤ 𝑖 ≤ 2, thus: 

(𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2) = (𝑏0, 𝑏0 + 𝑏1, 𝑏0 + 𝑏1 + 𝑏2), hence 𝑔 preserves addition: 
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𝑔[(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + (𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2)] = (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2) + (𝑏0, 𝑏0 + 𝑏1, 𝑏0 + 𝑏1 + 𝑏2)
= 𝑔(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) + 𝑔(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2) 

𝑔 preserves multiplication: 

𝑔[(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2)]
= 𝑔[𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎1𝑏2 + 𝑎2𝑏2)𝑃2]
= (𝑎0𝑏0, 𝑎0𝑏0 + 𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1, 𝑎0𝑏0 + 𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1 + 𝑎0𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1
+ 𝑎1𝑏2 + 𝑎2𝑏2) = 𝑔(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2). 𝑔(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2) 

𝑔 is bijective: 

𝑘𝑒𝑟(𝑔) = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝐹 ; (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2) = (0,0,0) } = {0} 
𝐼𝑚(𝑔) = {(𝑐0, 𝑐1, 𝑐2) ∈ 𝐹 × 𝐹 × 𝐹; ∃𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝐹 ;  𝑔(𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2) = (𝑐0, 𝑐1, 𝑐2) }

= 𝐹 × 𝐹 × 𝐹 

Thus 𝑔 is a ring isomorphism. 

ℎ is well defined. 

It can be proved by a similar discussion of 𝑔. 

ℎ preserves addition: 

It can be proved by a similar discussion of 𝑔. 

ℎ is bijective. 

It can be proved by a similar discussion of 𝑔. 

ℎ has the property ℎ(𝐴. 𝑋) = 𝑔(𝐴)ℎ(𝑋). 
𝐴. 𝑋 = 𝑎0𝑥0 + (𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1)𝑃1 + (𝑎0𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥1 + 𝑎1𝑥2 + 𝑎2𝑥2)𝑃2. 

ℎ(𝐴. 𝑋) = (𝑎0𝑥0, 𝑎0𝑥0 + 𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1, 𝑎0𝑥0 + 𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1 + 𝑎0𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥1 + 𝑎1𝑥2
+ 𝑎2𝑥2) = (𝑎0, 𝑎0 + 𝑎1, 𝑎0 + 𝑎1 + 𝑎2)(𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2) = 𝑔(𝐴)ℎ(𝑋) 

thus ℎ is semi-module isomorphism. 

Now, assume that 𝑓: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉  is a linear function, then 𝑔 ∘ 𝑓: 2 − 𝑆𝑃𝑉 → 𝑉 × 𝑉 × 𝑉 is a well-

defined function. 

Let 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 ∈ 2 − 𝑆𝑃𝑉, then: 

𝑋́ = 𝑔(𝑋) = (𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2) ∈ 𝑉 × 𝑉 × 𝑉. 

Let 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑉 be three linear transformations then 𝐿(𝑥, 𝑦, 𝑧) = (𝐿0(𝑥), 𝐿1(𝑦), 𝐿2(𝑧)) is module 

homomorphism, thus: 

𝑔−1 ∘ 𝐿(𝑋́) = 𝐿0(𝑥0) + [𝐿1(𝑥0 + 𝑥1) − 𝐿0(𝑥0)]𝑃1 + [𝐿2(𝑥0 + 𝑥1 + 𝑥2) − 𝐿1(𝑥0 + 𝑥2)]𝑃2 is a linear 

function. 

We have 𝑔−1 ∘ 𝐿(𝑋́) = 𝑔−1 ∘ 𝐿 ∘ 𝑔(𝑋): 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉, which means that for every linear function 

𝑓: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉, there exists 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑉 such that: 

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝐿0(𝑥0) + [𝐿1(𝑥0 + 𝑥1) − 𝐿0(𝑥0)]𝑃1 + [𝐿2(𝑥0 + 𝑥1 + 𝑥2) − 𝐿1(𝑥0 + 𝑥1)]𝑃2 

 

Theorem. 

Let 𝐴 = 𝐴0 + 𝐴1𝑃1 + 𝐴2𝑃2 be a symbolic 2-plithogenic matrix, and 𝑋 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2 ∈ 2 − 𝑆𝑃𝑉, then 

there exists a linear function 𝑓: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉 such that 𝑓(𝑋) = 𝐴. 𝑋. 

Proof. 

𝐴. 𝑋 = 𝐴0𝑋0 + [(𝐴0 + 𝐴1)(𝑋0 + 𝑋1) − 𝐴0𝑋0]𝑃1
+ [(𝐴0 + 𝐴1 + 𝐴2)(𝑋0 + 𝑋1 + 𝑋2) − (𝐴0 + 𝐴1)(𝑋0 + 𝑋1)]𝑃2
= 𝐿0(𝑥0) + [𝐿1(𝑥0 + 𝑥1) − 𝐿0(𝑥0)]𝑃1 + [𝐿2(𝑥0 + 𝑥1 + 𝑥2) − 𝐿1(𝑥0 + 𝑥1)]𝑃2 

Where 

{
 

 
𝐿0: 𝑉 → 𝑉, 𝐿1: 𝑉 → 𝑉, 𝐿2: 𝑉 → 𝑉

𝐿0(𝑥0) = 𝐴0𝑋0
𝐿1(𝑥0 + 𝑥1) = (𝐴0 + 𝐴1)(𝑋0 + 𝑋1)

𝐿2(𝑥0 + 𝑥1 + 𝑥2) = (𝐴0 + 𝐴1 + 𝐴2)(𝑋0 + 𝑋1 + 𝑋2)

 

This implies that 𝐴. 𝑋 = 𝑓(𝑋), where 𝑓: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉 is a linear function according to the previous 

theorem. 

 

Example. 

Let's find the linear representation of the following symbolic 2-plithogenic matrix. 

𝐴 = (
1 + 𝑃1 + 𝑃2 1 − 3𝑃1
2 − 𝑃2 1 + 𝑃1 + 5𝑃2

) = (
1 1
2 1

) + (
1 −3
0 1

)𝑃1 + (
1 0
−1 5

)𝑃2 = 𝐴0 + 𝐴1𝑃1 + 𝐴2𝑃2 

We have: 

𝐴0 = (
1 1
2 1

) , 𝐴0 + 𝐴1 = (
2 −2
2 2

) , 𝐴0 + 𝐴1 + 𝐴2 = (
3 −2
1 7

) 

𝑉 = 𝑅2. 

We have: 𝐿0(𝑋0) = 𝐴0𝑋0;   𝑋0 = (𝑥0,́  𝑥0
′′), thus: 
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𝐿0(𝑋0) = (
1 1
2 1

) (
𝑥0́
𝑥0

′′) = (𝑥0́ + 𝑥0
′′, 2𝑥0́ + 𝑥0

′′) 

𝐿1(𝑋1) = (𝐴0 + 𝐴1)𝑋1;   𝑋1 = (𝑥1,́  𝑥1
′′), thus: 

𝐿1(𝑋1) = (
2 −2
2 2

) (
𝑥1́
𝑥1
′′) = (2𝑥1́ − 2𝑥1

′′, 2𝑥1́ + 2𝑥1
′′) 

𝐿2(𝑋2) = (𝐴0 + 𝐴1 + 𝐴2)𝑋2;   𝑋2 = (𝑥2,́  𝑥2
′′), thus: 

𝐿2(𝑋2) = (
3 −2
1 7

) (
𝑥2́
𝑥2

′′) = (3𝑥2́ − 2𝑥2
′′, 𝑥2́ + 7𝑥2

′′) 

Thus 𝐿(𝑋) = 𝐿0(𝑋0) + [(𝐿0 + 𝐿1)(𝑋0 + 𝑋1) − 𝐿0(𝑋0)]𝑃1 + [(𝐿0 + 𝐿1 + 𝐿2)(𝑋0 + 𝑋1 + 𝑋2) −
(𝐿0 + 𝐿1)(𝑋0 + 𝑋1)]𝑃2 

We have: 
(𝐿0 + 𝐿1)(𝑋0 + 𝑋1) = 𝐿0(𝑥0́ + 𝑥1́, 𝑥0

′′ + 𝑥1
′′) + 𝐿1(𝑥0́ + 𝑥1́, 𝑥0

′′ + 𝑥1
′′)

= (𝑥0́ + 𝑥1́ + 𝑥0
′′ + 𝑥1

′′, 2𝑥0́ + 2𝑥1́ + 𝑥0
′′ + 𝑥1

′′)

+ (2𝑥0́ + 2𝑥1́ − 2𝑥0
′′ − 2𝑥1

′′, 2𝑥0́ + 2𝑥1́ + 2𝑥0
′′ + 2𝑥1

′′)

= (3𝑥0́ + 3𝑥1́ − 𝑥0
′′ − 𝑥1

′′, 4𝑥0́ + 4𝑥1́ + 3𝑥0
′′ + 3𝑥1

′′) 

Thus (𝐿0 + 𝐿1)(𝑋0 + 𝑋1) − 𝐿0(𝑋0) = (2𝑥0́ + 3𝑥1́ − 2𝑥0
′′ − 𝑥1

′′, 2𝑥0́ + 4𝑥1́ + 2𝑥0
′′ + 3𝑥1

′′) 

In addition (𝐿0 + 𝐿1 + 𝐿2)(𝑋0 + 𝑋1 + 𝑋2) = 𝐿0(𝑋0 + 𝑋1 + 𝑋2) + 𝐿1(𝑋0 + 𝑋1 + 𝑋2) + 𝐿2(𝑋0 + 𝑋1 + 𝑋2) 
𝐿0(𝑋0 + 𝑋1 + 𝑋2) = 𝐿0(𝑥0́ + 𝑥1́ + 𝑥2́, 𝑥0

′′ + 𝑥1
′′ + 𝑥2

′′)
= (𝑥0́ + 𝑥1́ + 𝑥2́ + 𝑥0

′′ + 𝑥1
′′ + 𝑥2

′′, 2𝑥0́ + 2𝑥1́ + 2𝑥2́ + 𝑥0
′′ + 𝑥1

′′ + 𝑥2
′′) 

𝐿1(𝑋0 + 𝑋1 + 𝑋2) = 𝐿1(𝑥0́ + 𝑥1́ + 𝑥2́, 𝑥0
′′ + 𝑥1

′′ + 𝑥2
′′)

= (2𝑥0́ + 2𝑥1́ + 2𝑥2́ − 2𝑥0
′′ − 2𝑥1

′′ − 2𝑥2
′′, 2𝑥0́ + 2𝑥1́ + 2𝑥2́ + 2𝑥0

′′ + 2𝑥1
′′ + 2𝑥2

′′) 
𝐿2(𝑋0 + 𝑋1 + 𝑋2) = 𝐿2(𝑥0́ + 𝑥1́ + 𝑥2́, 𝑥0

′′ + 𝑥1
′′ + 𝑥2

′′)
= (3𝑥0́ + 3𝑥1́ + 3𝑥2́ − 2𝑥0

′′ − 2𝑥1
′′ − 2𝑥2

′′, 𝑥0́ + 𝑥1́ + 𝑥2́ + 7𝑥0
′′ + 7𝑥1

′′ + 7𝑥2
′′) 

This implies that: 
(𝐿0 + 𝐿1 + 𝐿2)(𝑋0 + 𝑋1 + 𝑋2)

= (6𝑥0́ + 6𝑥1́ + 6𝑥2́ − 3𝑥0
′′ − 3𝑥1

′′ − 3𝑥2
′′, 5𝑥0́ + 5𝑥1́ + 5𝑥2́ + 10𝑥0

′′ + 10𝑥1
′′

+ 10𝑥2
′′) 

Now, we have: 
(𝐿0 + 𝐿1 + 𝐿2)(𝑋0 + 𝑋1 + 𝑋2) − (𝐿0 + 𝐿1)(𝑋0 + 𝑋1)

= (3𝑥0́ + 3𝑥1́ + 6𝑥2́ − 4𝑥0
′′ − 4𝑥1

′′ − 3𝑥2
′′, 𝑥0́ + 𝑥1́ + 5𝑥2́ + 7𝑥0

′′ + 7𝑥1
′′ + 10𝑥2

′′) 
Thus: 

𝐿(𝑋) = (𝑥0́ + 𝑥0
′′, 2𝑥0́ + 𝑥0

′′) + (2𝑥0́ + 3𝑥1́ − 2𝑥0
′′ − 𝑥1

′′, 2𝑥0́ + 4𝑥1́ + 2𝑥0
′′ + 3𝑥1

′′)𝑃1
+ (3𝑥0́ + 3𝑥1́ + 6𝑥2́ − 4𝑥0

′′ − 4𝑥1
′′ − 3𝑥2

′′, 𝑥0́ + 𝑥1́ + 5𝑥2́ + 7𝑥0
′′ + 7𝑥1

′′ + 10𝑥2
′′)𝑃2 

5. The exponent of a symbolic 2-plithogenic matrix. 

It is known that if 𝐴 is a matrix, then: 

𝑒𝐴 =∑
𝐴𝑛

𝑛!

∞

𝑛=0

 

Theorem. 

Let 𝑆 = 𝑆0 + 𝑆1𝑃1 + 𝑆2𝑃2 ∈ 2 − 𝑆𝑃𝑀, then: 

𝑒𝑆 = 𝑒𝑆0 + [𝑒𝑆0+𝑆1 − 𝑒𝑆0]𝑃1 + [𝑒
𝑆0+𝑆1+𝑆2 − 𝑒𝑆0+𝑆1]𝑃2 

Proof. 

𝑒𝑆 = ∑
𝑆𝑛

𝑛!

∞
𝑛=0 = ∑

1

𝑛!

∞
𝑛=0 [𝑆0

𝑛 + [(𝑆0 + 𝑆1)
𝑛 − 𝑆0

𝑛]𝑃1 + [(𝑆0 + 𝑆1 + 𝑆2)
𝑛 − (𝑆0 + 𝑆1)

𝑛]𝑃2] = ∑
𝑆0
𝑛

𝑛!

∞
𝑛=0 +

𝑃1 [∑
(𝑆0+𝑆1)

𝑛

𝑛!

∞
𝑛=0 − ∑

𝑆0
𝑛

𝑛!

∞
𝑛=0 ] + 𝑃2 [∑

(𝑆0+𝑆1+𝑆2)
𝑛

𝑛!

∞
𝑛=0 − ∑

(𝑆0+𝑆1)
𝑛

𝑛!

∞
𝑛=0 ] = 𝑒𝑆0 + [𝑒𝑆0+𝑆1 − 𝑒𝑆0]𝑃1 +

[𝑒𝑆0+𝑆1+𝑆2 − 𝑒𝑆0+𝑆1]𝑃2. 

 

6. Conclusion 

In this paper, we have studied for the first time the matrices with symbolic 2-plithogenic entries from many 

algebraic sides. We discussed the problem of diagonalization and provided an easy algorithm for solving it. 

As well, eigen values and vectors are proved with computing matrix exponents and determinants. In addition, 

the representation of this class of matrices by linear functions has been founded and provided with many 

related examples. 
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