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C-KURESEL GOSTERGE EGRISININ SABBAN
CATISINA GORE SMARANDACHE EGRILERI

C- Smarandache Curves According to the Sabban Frame of the Spheri-
cal Indicatrix Curve

Siileyman SENYURT
Ordu University, Dept. of Mathematics, 52200, Ordu/Turkey.
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OZET: Bu ¢alismada ilk olarak diferansiyellenebilir bir egrinin {N, C, W }Alter-
natif ¢atisina ait C birim vektdriiniin birim kiire tizerinde ¢izdigi kiiresel gosterge egri-
sine ait Sabban ¢atisi ve bu ¢atidan elde edilen Smarandache egrileri tanimlandi. Son
olarak tanimlanan egrilerin Sabban ¢atilar1 ve geodezik egrilikleri hesaplandi.

Anahtar Kelimeler: Sabban ¢atisi, Smarandache egrisi, Alternatif ¢ati,geode-
zik egrilik.

ABSTRACT: In this paper, we first, define Smarandache curves generated by
the Sabban frame of the spherical indicatrix curve of theunit Darboux vector C belon-
ging to the alternative frame of {N, C, W} of a differentiable curve. Then we calculate
the geodesic curvatures and geodesic Sabban apparatus of these curves according to this
new frame.

Keywords: Sabban frame, Smarandache curve, alternative frame, spherical
indicatrix curve

1 Introduction

In differential geometry, special curves have an important role. One of these
curves is a Smarandache curve. Smarandache curves are first defined by M. Turgut
and S. Yilmaz in 2008 [7]. Special Smarandache curves also have been studied by
some authors[1, 2, 3]. Let & = (s) be a regular unit speed curve in E*. The Frenet
frame and alternative frame of this curve are {T, N, B} and {N,C,W}, respectively.

Here, N is normal vector, W is unit Darboux vector and C =W A N [5]. In this
paper, we created the Smarandache curves according to the alternative frame of the
unit speed curve. We then introduced alternative frame and its properties. Finally we
calculated geodesic curvature of these curves according to alternative frame.
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2 Preliminaries
Let o = a(s) be a regular curve with unit speed. Then the Frenet apparatus of the
curve (o) [4]
: T(s
T(s) = (s), N®=ﬁ%ﬁ,8®=T®AN@

(21) x(s) = HT‘(S)H, 2(s) = det(a (s),a (s),a’ (S))

@) na @)

(22)

T'=xN, N'=—-xT+7B, B'=-zN.

(23)

In Euclidean 3-space any regular curve ¢(s) depending on the Frenet vectors moves
around the axis of Darboux vector and the Darboux vector and defining a unit vector
field are given as[5]

K K T
W =

LTy B, C=WAN=- T+ B
Ji+72 i+

VK2 + 12 KX +7°
(24)

So build another orthonormal moving frame along the curve «(s). This frame
defined as alternative frame and is represented by {N,C,W}.The derivative

formulae of the alternative frame is given by[5]
2 !
leﬁc, Cl:_ﬁN_'_}/\N, W’=_7/C, ﬂ: K2+T2, y: 2K 2(1)
K +7 K

(25)

The relationship between the Frenet frame and alternative frame is
C=xT+7B, W=7T+xB, T=-x«C+:W, B=7C+xW

- K -_ 7T
(2.6) where K =—, 7 =—.Principal normal vektor N is common both

frames. Let 5 : 1 — S2 be a unit speed spherical curve and Sarc-length parameter

of 7. Let us denote t(S)=7'(s) and d(s)=y(s)At(S). This frame is called
the Sabban frame of 7 onS?. Then we have the follwing spherical Frenet formulae
of y
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P(5)=1(s), 1(5)=7(8)+,(5)0 (), 0'(5)=x, (S)t(s)
(27)

where K is the geodesic curvature of the curve of 7 onS? [6] .
Ky (s)=(t'(s).d(s))
(28)

3 Smarandache Curves of Alternative Frame

In this section ,we investigated special Smarandache curves according to Sabban
frame onS? Let C = C(S) and o (S) = C(S) be a unit speed regular spherical cur-

vesons? gc,T,,c AT} and {C, ,T., ,(C AT;), } bethe Sabban frame of these

curves, respectively. Let (S) =C(S) and if we take the derivative of the
equation, then T_ vector is

da. ds’
-—=C'(s)=—pN+ W,
ds* ds ( ) PN+
ds’
T2l N+ L _w, —=Jp+)"
NB Ay ds
(3.1)
Considering the C(S) and T, vectors we can whire,
CAT, =—ZL g

Accordingly, the {c, T., c AT.}Sabban frame is obtained from the C vector. If

we take the derivative of the equation (3.1) , then 1 vector is

!/ !

,dS*_ ,B ,B ' Y Y '
T.—=| ——F——=| N- N+ W+ ——=W",
dS [ ’ﬂ2+7/2] ’ﬂ2+?/2 {,ﬁZ_I_]/ZJ ﬂ2+7/2
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!

de*_ ﬂ | 2 2 Y
.8 =2 IN-/p2+yCH W,
s [ \lﬂzﬂzj {\/ﬂzwz]

r_ 1 ﬂ 1 ]/
T. = - N-C+ W. (3.3

¢ \/,324‘72( \/ﬂ2+72J \/ﬂ2+]/2[\/ﬂ2+]/2J ( )
From the equation(2.8) ,(3.2) and (3.3), the geodesic curvature  of

a (s)=C(s) is
K (5)=(T (5).(C ATe)(5)).

KCS_7£_ﬂJ+ﬂLyJ’

g() \/,32—1—7/2 \/,32+72 \/ﬂ2+}/2 \/,32+72
KQC(S)zy—25(7/'ﬁ—7ﬂ')+'8—25(7:3—7ﬂ')’

(ﬂ2+72)2 (ﬂ2+7/2)2

vB-18" (34)
(B +r°)

Then from the equation (2.7) we have the following spherical Frenet formulae of

k°(s)=

. (S).C'=T,, T =—C+xST,, (CAT.) =—«CT,. (35)

Definition 3.1 Let(C) be aspherical curve of (), C and T, be Sabban vectors

of (C) Then cT_. —Smarandache curve can be identified as

1
aCTc = ﬁ (C +TC)' (36)

Theorem 3.1 The geodesic curvature according to cT_. —Smarandache curve is
1
Ky = (A — Apis +22;) (3.7)
e
(2+(x5)f

where
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A = K‘;: (K‘gc)' —(K‘;)z -2, 4, :—(K;: )4 —3(1(5 )2 —Kgc (Kgc)’ -2,
A Z(K§)3+2K§ +2(KgC )’.
Proof: If we take the derivative of the equation (3.6)then TCTC vector is
ds* 1
Ter d—ss =$(TC ~C+x(CATL)).

2
ds* 2+(x€
Ter, = \/T (-C+T. +x5 (CATL)), d_ss:% (3.9)
Considering the equatlons (3.6)and (3.9), we have

ey, ATer = (C+T YA C+TC+K'§ (C/\TC)),

Uer, /\T(:TC

(k5C - 5T +2(C AT,)). (3.10)

1,4+2
«/4+2

If we take the derivative of the equation (3.9) , then TC'TC vector is

,ds' 1 1 '
TCTc d_Ss[ J (_C+TC +Kgc (C/\TC))+ 2+(K’C)2 (_C+TC +Kgc (C/\TC))

9

. c(.C
, dst KQ(KG)

T AATTI(IN )
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!

T, = J2- Ky (Kgc )’ _(Kgc )22 -2 c —\/E.(K;: )4 +3(/c§ )2 +K§2(K‘§) +2TC
(2+(x5)') (2+(x5)')
+\/§. (Kgc)3 +2KgC +2£1(gC )I
(2+(Kgc )2)
(3.11)
Using the equation (2.8),(3.8),(3.10) and (3.11), we can white 1, geodesic

curvature is

(C /\TC).

1

CTe _ ' _
Ky~ = <TCTC 1 e, /\TCTc > =

—E(@cg = 2§ +24,).
(z+(Kg )2)2
Definition 3.2 Let(C) be a spherical curve of a(S), C and c AT, be Sabban

vectors of (C). Then C(C AT, )—Smarandache curve can be identified as

1
aC(C/\TC) - ﬁ
Theorem 3.2 The geodesic curvature according to C(C /\TC)—Smarandache

C

curve is Kgc(c”c)* = T_K"é (3.13)
— K
g

(C+CAT,). (3.12)

Proof: If we take the derivative of the equation (3.13)then T . | vector is

ds" 1 ds” 1-x;
Teergg = J e 5o Te) Ty =Tor 55 =5 (3.14)
Considering the equations (3.12) and (3.14) , we have
1
ooy Noiean) = $<_C +(CATy)) (3.15)

If we take the derivative of the equation (3.14) , then Teicor,) Vector is
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: V2

C(CATe) :q
(3.16)
Using the equation (2.8) ,(3.15) and (3.16) , We can white K;:(CATC) geodesic cur-

(—C +K§ (CAT, ))

Q@ 0

. 1+
vature is Kg(c”c) — )

1-x

Q0

Definition 3.3 Let(C) be a spherical curve of &(S), T. and c AT, be Sabban

vectors of (C) Then T (C AT, ) — Smarandache curve can be identified as

_1
A1 (caty) ~ E
(3.17)

Theorem 3.3 The geodesic curvature according to T (C /\TC)—Smarandache

(Tc +C AT,).

curve is
K;C(CATC) :%(2&’(&? ' +A3)
(1+2(x5 ) )
(3.18)
where
A = 2K§ (zcg ), +1<§ +2(1<§ )3 v A :—1—(1(;3 ), —3(/{5 )2 —2(1(;3 )4 ,
A :(Kgc), —(K;: )2 +2(K§)4.
(3.19)
Proof: If we take the derivative of the equation (3.8)then T (car,) Vector is
ds* 1
T g - (CoKTe+x{ (CATe)).
ds AL+2(x5)

a2

T =—(—C—K§TC+K§ (C/\TC)),
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(3.20) Considering  the  equations(3.17)and  (3.20), we  have
1

A7 (CaTe) ATTC(CATC) = W(Tc +C /\Tc)/\(_c _Kg;CTc +Kgc (CAT, )) :
Ky
1
aTc(CATc) /\TTC(CATC) - W(ZKEC _TC +(C /\TC ))
Ky
(3.21)

If we take the derivative of the equation (3.20), then Ti (car ) vector is

!

, ds” 1

_ C_ C C
TTC(C/\TC)E_ \/ﬁm ( C K‘gTC +Kg (C /\TC))
+;2(—C—K§TC +x2(CAT,))
,/1+ Z(Kgc)
(3.22)
\/5(2/(5 (Kgc )I +Kgc +2(K§ )SJ \/E(—l—(l(gc )’ —3(1(;3 )2 —Z(Kg )AJ
TT::(CATC) = C+ Te

[L+2(x )2)2 1+ 2(z<§)2)2
2 (i ~(u2) o2
(Le2(xs) )2

+

I

Using the equation (2.8), (3.19) ,(3.20) and (3.21) , we can white K';:TC geode-

sic curvature is

K;C(CATC) :;5(211’(5 s _,_AB)

(1+ 2(xC )2)2
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Definition 3.4 Let(C) be a spherical curve of &(S) and C,T_ and ¢ AT, be

Sabban vectors of (C) .Then CT. (C AT ) —Smarandache curve can be identified

1
as oy :ﬁ(c +T,+CAT,). (3.23)

Theorem 3.4 The geodesic curvature according to CT. (C /\TC)—Smarandache

curve is

0 - ((rra) 1ok ) (329
2x/§(1—lcgc +(7ch )2)2

where

A= G(Kgc )’ (—1+ 2K§)+3(K‘§ —1) 1-k; -I-(Kgc )2,
4y =—6(x°) (—1+3Kg° ~2(x¢ )Z)—3(1+(;<§)

o= o -2(u5 )3 (5 - (13
Proof: If we take the derivative of the equation (3.23)then T, ¢, vector is
Ter(om) O('jis = %(—c (1=K ) T, + 5 (CAT)),
VB(-C+(1-55 ) Te +45 (CAT,))

V2,1 xS +(xC) |
%:% 1« +(xS)" (3.26)

Considering the equations (3.23) and (3.26) , we have

N—
—
|
A
« O
+
—_—
A
« O
~—
()

CTe(CATe) —
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(C +T.+C /\TC)A(—C+(1—KQC )TC +Kgc (C AT. ))
\/E 1—K§+(Kgc)2

(1265 )C-Te +(1-x)(C AT, )

et (Cate) /\TCTC(CATC) = \/g

Qere(cnte) /\TCTC(C/\TC) = \/5 > ' (3'27)
<1
If we take the derivative of the equation (3.26), then Ter.(car, ) vector s
ds’ \3
CTC(CATC)E_{\/_ A c 2} (_C+(1_K§)Tc +KgC (C/\Tc ))
2\/1_K9 +(5) (3.28)

3

+ (—C +(1—/<gC)Tc +i5 (C /\Tc))

2 1—/(;3 +(K§ )2

- 6(xS) (~1+262)+3(kS ~1),/1- 5% +(xC) 3

CTe(CATe) 3

2(1—K§ +(KgC )2)2

o (-3 (o w2 ) o (o

!
1

2

- 3 T
2(1—1<gc +(K§ )2)2
sl ) e T

2(1—1<gC +(K§ )2)
Using the equation (2.8),(3.25),(3.27)and (3.28), we can white K;:TC(CATC

geodesic curvature is

KSTe(CTe) - V3 (14265 ) A =2 + (1= 55 ) 4 )

2\/5(1—1(; +(Kg )2 )E
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Example 3.5: Let y(s) = (isin 16s — —sin 365,—icos 16s +
1 6 208 117 208
o5 €0s 36s, ESin 10s) be a curve with the alternative frame of {N, C, W} given as

12 12 5
N(s) = (Ecos 265,—Esin 265,E), C(s) = (—sin26s,cos 26s,0),

5 5 12
Wi(s) = (Ecos 26s, —Esm 26S,E).

Then we have the following spherical indicatrix curve (C) and smarandache curve
according to Sabban frame on S2.8,, ., B3 and B,(see Figure 2,3,4,5) as

1 1
B = —Z(C +Te) = —2(—26 cos 26s — sin26s, cos 26s — 26 sin 26s,0),

V2 1 V2 1
=—(C+CAT;) =—=(—sin26s,cos 26s,26),
B2 \/12( c) \/?( )
=—(T+CAT;) =—(—26cos26s,—26sin26s,26),
B3 1\/5( c c) ﬁ( )

1
= ﬁ(_% €0s 265 — sin 265, cos 26s — 26 sin 26s, 26).

yZfmiine
.‘;:“H 1\!&-_‘;;-{” "!“
I'I'E" : 'Ql'""h

(b)
Figure 1: a) B; — Smarandache curve,s € (0,2m), b)B, —
Smarandache curve,s € (0, 43—")
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Figure 2: a)B3 — Smarandache egrisi,s € (—11, ?) , b)B4 —

o 3
Smarandache egrisi,s € (— 7",1t)
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