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Abstract. The purpose of this paper is to introduce the Norlund ideal convergent
sequence spaces with respect to these spaces A F NT and AT Also, we
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studied the Norlund ideal Cauchy criterion in neutrosophic normed space and its prop-

erties. Also, we define an open ball B(z,¢€,) and closed ball B[z, €,~] in neutrosophic
norm space. Furthermore, we also look at some of these convergent sequence spaces’
topological and algebraic properties.
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1. Introduction

The fuzzy set was first developed in 1965 by Zadeh [27], and they have since
been used in a variety of domains, including artificial intelligence, robotics, and
control theory. According to him, a fuzzy set assigns a membership value from
[0, 1] to each element of a given crisp universe set.

Atanassov K.T. in [14], [13] introduced the intuitionistic fuzzy set (IFS) on
a universe X as an extension of the fuzzy set. Coker [15] used this concept
to develop intuitionistic fuzzy topological spaces. Saadati and Park [20] inves-
tigated these spaces and their extension, resulting in the idea of intuitionistic
fuzzy normed space.

In 1998, Samarandache [3] presented the first philosophical point for neutro-
sophic set. The concept of classic set theory has been extended in the form of
the neutrosophic set by adding an intermediate membership function. Examples
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of other generalizations are the Fuzzy set [27], and intuitionistic fuzzy set [14].
The actual definition of neutrosophic sets was given based on the independence
of membership, non-membership, and hesitation function.

In 2006, F. Samarandache and W.B. Vasantha Kanasamy in [26] introduced
the concept of neutrosophic algebraic structures.

Bera and Mahapatra [21] first introduced the neutrosophic soft linear space.
Neutrosophic soft norm linear space, convexity, metric [34], and Cauchy se-
quence were examined by Bera and Mahapatra [22]. The purpose of the current
paper is to change the intuitionistic fuzzy normed space of the structure into
neutrosophic normed space. The Cauchy sequence has been studied on neutro-
sophic normed space in an attempt to investigate some beautiful results in this
structure.

H. Fast [5] and I. J. Schoenberg [6] introduce the idea of statistical conver-
gence, whereas J. Cerveflansky [28] and J.S. Connor [29, 30] develop it. R.C.
Buck [31, 32] and D.S. Mitrinovié¢ [33] include some examples of statistical con-
vergence in mathematical analysis and number theory. The idea of statistical
convergence with regard to the intuitionistic fuzzy norm was introduced by
Mursaleen [16]. In neutrosophic normed space, statistical convergence was first
investigated by Kirisci and Simsek [7]. The concept of "ideal convergence” is
an extension of the notion of “statistical convergence”, and it is dependent on
the idea of the ideal of subsets of the set N. Salat et al. [23], [24], Filipéw and
Tryba [19], Khan and Nazreen [12], Khan et al. [11], Khan and Nazreen [12]
and several more writers further investigated the concept of I-convergent from
the perspective of sequence space and related it with the summability theory.
To better understand the I-convergence in neutrosophic normed space, we have
been inspired by this.

The purpose of this study is to define new neutrosophic sequence spaces
using the Norlund matrix and the neutrosophic norm. Also, we will study
Norlund I-convergent and Noérlund I-Cauchy in neutrosophic normed spaces,
and by using the Nérlund matrix .4 and the notion of Nérlund I-convergent
of sequence in neutrosophic normed space, we introduce some new spaces of
Nérlund I-convergent sequence with regard to the neutrosophic norm (U, V, W).
We also investigate at some of these convergent sequence spaces’ topological
and algebraic properties, as well as some interesting connections between these

spaces A1 NT and T

Ip(8)” 7 1(S) Iso(8)"

2. Preliminaries

Definition 2.1 ([9]). Let I be the power set of any set Z, where Z is the set.
Then, I is called ideal, if:

(1) 0er
(2) H,99 € I = 91 Uty € I, additive;
(3) V1 € 1,99 C 91 = Y9 € I, hereditary.
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If I # 2% then I C 27 is called nontrivial. If I contain every singleton subset
of X. then nontrivial ideal I C 24 is called admissible. If there are no non-trivial
ideal K # I then nontrivial ideal I is maximal such that I C K.

Definition 2.2 ([9]). Let .# be the power set of any set Z, where Z is the set.
Then, .7 is said to be filter. If: (1) 0 € .Z;

(2) For 91,92 € F; 91 Ny € F;

(3) If 91 € & and 99 D V4 imply V9 € F.

Z(I) is the filter associated with each ideall of Z such that .#(I) = {A C
ZAcel } is true for each ideal of Z. Then, using the article, we present I as
an admissible ideal.

Note. Class #(I) = {01 C Z : V1 = Z/V2, for some U € I} is a filter on Z,
where I C P(Z) is a non-trivial ideal. .#(I) is described as the filter associated
with the ideal I.

Definition 2.3 ([8]). In any set Z, let I be a non trivial ideal subset of a power
set (P(Z)). So, it is said that a sequence = = () is ideally convergent to «, iff
the set {k € Z : |y — a| > €} € I and we write it as [ — limz = «, for every
e> 0.

Definition 2.4 ([8]). In any set Z, let I be a non trivial ideal subset of a power
set (P(Z)). So, it is said that a number sequence x = (x) is ideally Cauchy. If,
for any € > 0,3 L = L(e), the set {k € Z : |z, — x| > €} € I.

The Nérlund matrix .4/ was initially used in the theory of sequence space by
Wang [25]. Remember that ¢ = (¢;) is a non negative sequence of real numbers
and A, = > ; otk ¥ n € N with t5 > 0. Then, with regard to the sequence
t = (tx), the Norlund matrix .4/ = (al,,) is defined as follows:

nm

tnfm
(1) al ={ A,
0, if m > n,

fo<m<n

for all n,m € N. It is known that the Norlund matrix .4/ is regular iff t,, /T, —
0 as n — oo.

Let to = Dy = 1 and define L,, for n € {1,2,3,...} by
[t 1 0 0 ..0]
to t 1 0 ..0
ts  ty 1 1 .0

th—1 tn—2 th-3 tpn—4 .1
tn th—1 tn-2 tn-3 ---tl_
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Then, the inverse matrix L' = (I¢,,) of Nérland matrix 4/ = (a!,,) was define
by Mears in [4], for all n € N, as follows

L (=)™ "Dy T, if (0 <m <n),
e 0, otherwise,

for all n,m € N.

One can refer to [4, 2, 1] for more background about Norland space.

In this paper, the natural and real number sets, respectively, are denoted
by the letters N and R. w also represents for the linear space having all real
sequences. The sequence spaces cg,c and [y, represent the spaces of all null,
convergent, and bounded sequences, respectively. We now define the Norlund
sequence space established by Wang in [25] as follows

oo n

1

Wf_{x_(xk)ew_ Eoy%kgoankxk|p<oo,1 §p<oo},
n= =

where A,, = >, ax. All sequences whose Norlund transformations are in the
spacelo, and I, with 1 < p < oo are contained in the spaces loo (A4/) and I,(A7).

Motivated by [17], Khan [8] recently presented the sequence spaces ¢ (A7),
(A7), and 1L (A7) as the sets of all sequences whose .4/ transformations
are in spaces ¢y, ¢, and [, respectively. Khan did this by using the concept of
Norlund I—convergence, Norlund /— null and Noérlund /— bounded sequence
space,where I is an admissible ideal of subset of N. For more details on these
spaces, we refer to [18, 8]. Define

dr ) ={y=ew: neN: 4 = G er],
(N = {y=(yr)w : {neN: |4/ (y) — K|>e for some K € R}el},
LTy = {y —(y) €w:3IM >0 st {neN: |4 (y) > M} e 1} ,

where
1 n
f —
(3) N (y) = T kE_O tn—kyr, forallmeN.

Definition 2.5 ([10, 7]). Given an binary operation * : [0,1] x [0,1] — [0, 1]
is said to be a continuous ¢-norm if:

(a) * is commutative and associative;

(b) * is continuous;

(c)¥x1=9V9el0,1];

(d) 91 x99 < 93 x4 whenever ¥ < ¥3 and Y9 < 4 for each 91,9, ¥3,94 €
[0, 1].

Example 2.1. For 91,95 € [0, 1], define ¥; x99 = 9192 or 91 x99 = min{dy, 2},
then * is continuous t-norm.
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Definition 2.6 ([10, 7]). Given an binary operation ¢ : [0,1] x [0,1] — [0, 1]
is said to be a continuous t-conorm if:

(a) ¢ is commutative and associative;

(b) ¢ is continuous;

(c)do0=9Voel01];

(d) 191 0?92 < 193 0194 whenever 191 < 193 and 192 < ﬁ4 for each 191, 192, 193, ”(94 S
[0, 1].

Example 2.2. Let 1,92 € [0, 1]. Define ¥4 ¢ 99 = min{¢; + 2,1} or ¥ 09 =
max{¥1, Y2}, then ¢ is continuous t-conorm.

Definition 2.7 ([20]). Take Z as a linear space and S = {< z,U(z),V(x),
W(z) >: x € Z} be a normed space such that S : Z x (0,00) — [0, 1]. Assume
x is a continuous t-norm, ¢ is a continuous t-conorm respectively. The four-tuple
V = (Z,8, *,9) is said to be neutrosophic normed space (NNS) if the subsequent
conditions are hold, for all z,y, € Z and v, > 0:
(1) 0<U(x,v) <1,0<V(z,7) 1,0 < W(z,7) < 1,7 € RT;

) U(x,y) + V(x,y) + W(z,v) <3, for v € RT;
) U(z,v) =1 for v > 0 iff z = 0;
) U(az,v) =U (=, |Z4)7
) U, ) «U(y,6) Uz +y,7 +0);
) U(x,*) is continuous nondecreasing function;
7) limy oo U(z,y) = 15
8) V(x, 'y)—()for'y>()1ff:n—0

)

0

1

2

3

9) V(aw,7) = V(. );
10) V(z,7v) o V(y,0) > V(x +y,v + 9);
11) V(x,©) is continuous nonincreasing function;
12) limy o0 V(2,7) = 0;
13) W(z, ’y)f0f0r7>01ﬁ?xf0
14) Wiaw, 7) = Wiz, )
15) W(z,v) o W(y,8) = W(x +y,7 + 9);
16) W(z,¢) is continuous nonincreasing function;
17) limy 00 W(z,v) = 0;
18) if v <0, then U(z,v) = 0,V(z,7) = L, W(z,v) = 1.
n such case, S = (U, V, W) is said to be neutrosophoic norm (NN).

Example 2.3 ([10]). Suppose (Z, ||.||) be a normed space. Using the % and ¢
operations, as t-norm z *y = .y and t-conorm z oy = x +y — zy, for v > ||z
and v >0

]
v+ =]

forall z,y € Z. If we take v < ||z||, then U(z,~)=0,V(z,v) =1 and W (z,~v)=L1.
Then, (Z,8,*,¢) is NNS in such a way that S : Z x RT — [0, 1].

Ux,y) = —L—, V(a7) = and W(z,7) = H ”

v+ e
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Example 2.4. Suppose (Z =R, ||.||) be a normed space, where |la|| = |a|,V a €
R. Using the * and ¢ operations, as t-norm z % y = min{z,y} and t-conorm
x oy =max{x,y}, Vr,y € [0,1] and define

rll]]

and W ,
v+ |z (@.7) = ¥

rl]

_ " _

where r > 0 Then, S = {(z,7),U(z,7), V(z,7),W(x,7) : (z,7) € Z xRt} is a
NN on Z.

Definition 2.8 ([7]). Let V be an NNS. A sequence x = {z}} is said to be
convergent to a with respect to S = (U, V, W), if for every 0 < € < 1 and
v > 0, there exists k € N, such that U(xp —a,y) > 1 —¢, V(xp —a,7y) < € and
W(x — a,y) < e. That is, for all v > 0, we have

lim U(zp — a,y) =1, hm V(zp —a,y) =0 and hm W(zr —a,v) =0.

k—o00
The convergent in NNS V = (Z, S, *,0) is denoted by S — limz;, = .

Definition 2.9 ([7]). Let V' be an NNS. A sequence x = {z}} is Cauchy se-
quence with respect to S = (U, V, W), if for every 0 < ¢ < 1 and v > 0,
there exists K € N, such that U(x, — xx,v) > 1 — €, V(zy — z,7y) < € and
W(xn — xg,7y) <e, for all n,k € K.

Definition 2.10 ([7]). Let V' be an NNS. Then, open ball with center x and
radius € is defined as, for 0 < e <1,z € Z and v > 0,
B(z,e,v)={yeZ :Ux—y,y) >1—¢, V(x—y,v)<e, W(x—y,v) <Ee}

Definition 2.11 ([7]). Let V be an NNS and Y C Z. Then, Y is said to be
open if for each y € Y, there exist v > 0, 0 < € < 1 such that B(y,e,v) C Y.

3. Main results (on the Norlund sequence)

Throughout the article, we assume that the sequences « = {x},} € w and A (2)
are connected as shown in (3) and I is an admissible ideal of a subset of N. In
this section, by using a domain of the Norlund matrix which is used in [8] and
I—convergence w.r.t. neutrosophic norm § = (U,V,W). As shown below, we
define new Norlund sequence spaces:

Ji/IO(S ={z={zp} cw:{neN: Z/l(JVf() ) <1—¢

(W or V(A (2).7) 2 e WA (@).7) > ¢} € 1)

‘/VI(S = {o={zp}cw : {neN: for some y € R, U(N; H(z) - 7)<l —¢
(5) orV(JKZf( )—a,v)Ze,W(%f( )—a,*y)Ze}GI}
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N = {a={an}ew : {neN,3ec(0,1) st U (A (x),7) <1 — €
(6) or V(A (2),7) 2 e W(AS (2),7) = e} € I}
We describe an open ball and a closed ball with a center at z and a radius v >

0 with regard to the neutrosophic € € (0,1) parameter, indicated by %(z,€,~)
and Az, e,], as follows:

Bz, e,7)={z={m}ew: {n e N:U(AS (x) — 4T (2),7)<1-
) ot V(AT (1) = AT (2),7) > € WAL (@) = AT (2),7) > ¢} € T)
and

Bz, e,~]={z={z}€w : {neN: L{(,/Vf( )= AN (2), 7)<l —e¢
®) o V(A @) A (.7) > e WA (@) - A ()7) > ) € ).
In this case, we write I(g)—lim(z) = a since {z,} converges to some a € C

I
represented by z, —2 « if {z,} € e/VI% sy

. . : ¥ ¥ ¥
Theorem 3.1. The inclusion relation JVID ) C ,/VI( s) C N (s) holds.

Proof. We know that </Vf( s) C </VI{S). Then, we only show that :/VI{S) C

JI/I];(S). Consider =z = {z,} € A I(S) Then, there exists o € C, such that
I(s)~lim(zy) = a. Thus, for any 0 < e <1 and v > 0 the set

Pz{néN:U(%f(ar)—a,;> >1—eandv<%f(x)—a,;> <€,

w(wnf(x) —a, ;) <y e Z().

Suppose U (a,3) = v, V(a,3) = v and W(e, 3) = w, for all ¥ > 0. Since

u,v,w € (0,1) and 0 < € < 1, there exists 71,72, 73 € (0,1), such that (1—¢)xu >
1—1r1,e0v <rgand eow < rz, we have

U (@), 7) =U(A (@) — a+a,7)
ZU(%f(x) - a, ;) *U(a, ;)
>(1—¢€)xu
>1 —rq,

V(N (@),7) V(A (@) — a+ arn)
V(A @ - o) ov(a])

<eoW

<ro9
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and

W(A T (2),7) =W (A (z) — a+a,7)
W(H () ~ o, 2) ow< 2)

<eSw

<Ts.

Taking r = max{ry,re, 73}, then {n eN,Ire(0,1):U(NM ) >1-—r
and V(%f(x),’y) < T,W(%f(:v),’y) <rteF({I) = z= {xk} € JVOO( s)

o ¥ ¥
implies </VI(S) - ‘/Vloo(s)' O

The contrary of an inclusion relation does not hold. To defend our claim,
consider the following examples.

Example 3.1. Suppose (R, ||.||) be a normed space such that ||z|| = supy, |z,
and Y1 * Y9 = min{dy, 92} and ¥ ¢ ¥ = max{vy, 2}, V1,92 € (0,1). Now,
define norms S = (U, V, W) on R? x (0, c0) as follows

__ 7 _

[l

and W(z,7) =

Then, (R,S,*,¢) is a NNS. Consider the sequence (z3)={1}. It can be easily
I
seen that (zy) € L/VI{S) and 7 —2 1, but ¢ ,/VI({(S).

Theorem 3.2. The spaces .4/ /

f
1(S) and A}

are linear spaces.
(S) p

Proof. We know that JVf
N

I
sequences x = {z;},y = {yx} € N, I(S) Then, there exist ay,as € C, such that

To(s) © </VI{ S)" Then, we’ll illustrate the outcome for
S) The proof of linearity of the space </VI(]: S) follows similarly. Suppose

{z1} and {yi} [-converge to o; and aw respectively.
We will show that the sequence uxy + vyr I—converges to uay + vas for any
scalars p and v. Consider the following sets for ¢ and d
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Now, we take the complement of &?; and %,
DL = {neN:L[(%f( ) — a1, 7 ) > 1—eandv<c/1§lf(:c)—a1,fy> <€,
2| | 2|l

M«Jﬁ@%wmﬂ%><e}eFU%

@gz{neN:UC/%f( ) — a2,2| |> >1—€andV(%f(y)—a2,7V|> <€,

m(wg()<m?‘0 }GFU)

Consequently, set & = P U P produces & € I. Thus, X i 1s a set that is

not empty in F(I). We'll illustrate this for each {zy}, {yx} € A, I(S)

P C {neN:M(%f(um+uy)—(ua1+ua2),7> >1—c¢
and V<</1{Zf(;w: +vy) — (pog + VO(Q),’Y) < €,
W (A G +) = (e + )7 ) < cf.

Let i € &€, In this case,

u(%f(x) —aq, 7) >1—¢€and V<¢/1€f(;p) — a, 7) <e,
2| 2|l

Consider
U(%f(ufﬂ +vy) — (pa1 + wm),’y)

> Ut @) - pan, ] ) st (v ) - v )

I CCRE ) R CREESY )
>(L—€)x(1-¢)

>1—ce.
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= U(J%f(ux—l—l/y) — (pay —1—1/042),7) >1—e€

V(JV/ (M$+vy)—(ua1+va2),v) <v<m-f (2)— o, 2) 0V<V%(y)—ya2,;>

:V(J‘/if( )- a1,2|7|> 7/<‘/Vif(y)o‘2’2|71/|>

< €ede
< €.

— V(Jgf(,ux +vy) — (pog + Vag),fy> < € and

W(%f(/w +vy) — (pon + Vaz),’7>
< W (@) - a3 ) oW (o) ~ vas. ]

:W<</%f(x) _a1’27M> ow(%f(y) —a2,2iyV|>

< E€EQCE

< €.

== W(,/Igf(,ux + vy) — (poq + vag),y) < e. Thus, ¢ C {n € N :
UM (pa+vy) — (par+vag),v) > 1—e and V(A (pa+vy) — (pog +vas), y) <
e W(AH (ux + vy) — (poa + vas),~) < €}. Since 2¢ € Z(I).

By the properties of .Z(I), we have {n € N : UM (ux + vy) — (,uoq +
vas),y) > 1 — ¢ and V(A (nx + vy) — (po1 + vas),y) < e WA (pa +
vy) — (poq + vas),y) < €} € F(I). It indicates that the sequence (pzy + vyg)
I—converge to paj + vag. Therefore, (uxy +vyy) € </VI{ Sy Hence, </VI{ s) is linear
space.

Theorem 3.3. Each open ball in neutrosophic 0 < € < 1 with centre at x and
radius 0 < 7 < 1, i.e., A(x,7,¢€) is an open set in ‘/1/1{5)7 where § = (U, V, W) is
a neutrosophic norm.

Proof. Suppose that %(z,v,¢€) is an open ball with a radius of v > 0 and a
neutrosophic 0 < e < 1 parameter, with its centre at x = (zy) € Ji/I{ s)

B(x,v,€)={y=( yk)Ew'{nEN'M(,/Vf() N (), ) <1—c¢
or V(ML (@) = M1 (), 7) = e W( AT (@) — M (y),7) > e} € T}
Then
B (x,v,6) ={y=(yp) Ew:{neN: Z/I(</Vf() %f(y),7)>1—eand

V(A (@) = A (), )<€W(=/Vf() A (y),y) < e} e F(D)}.
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Suppose y = (yx) € HB°(x,v,¢). Then, for L{(%f(x) — C/an(y),*y) > 1—c¢,
V(,/%f(af) — ,/%f(y),’y) < € and W(%f(x) - ,/an(y),fy) < € so, there exists
70 € (0,7) such that U (A (x) = (y),70) > 1=€, V(M ()= (1), 70) < €
and W(A () — M (y),70) < e

Putting ¢y = L{(,/%Zf(:r) - ,/%f(y),’yg), we have ¢g > 1 —e¢. Then, 3 p € (0,1)
such that g >1—p>1—e. For ¢¢ > 1 — p, we can have €1, €9, €3 € (0, 1), such
that egxe; > 1—p, (1 —€) o (1 —e€2) < p. and (1 —¢y) o (1 —€3) < p. Let

€4 = max{ey, €2, €3}.

Now, consider the open ball Z(y, y—~0, 1—€4). We shall show that Z(y, v—
Y0,1 — €4) C B(x,7,€).

Let z = {2} € B(y,7 — 70,1 — ea), then UM (y) — M (2),7 —0) > e
and V(A (y) = M (2),7 = 0) <1—ex, WAL (1) = A (2).7 =) <1-ea

Therefore,

U (x) = M (2),7) U (@)= A (), 70) * UM (W)=AF (2),7 = 0)
> €0k €4 > € * €]
> (1-p)
> (1—¢€)

V(A (@)= A (2),7) V(AT @)= A (W), 70) o V(AT ()= A (2),7 = 0)

<(1—e)o(l—eg) <e€oer
<p
<€

and

W( A (@)= A (2),7) V(A (@)= A (), 70) oW (A (9) = AT (2),7—0)
<€ oeg < €Oe€s
<p
<€

Therefore, the set {n € N : Z/{(,/Vf(:c) ,/%lf(z),fy) > 1—¢€ and V(JVf( ) —
Ml (2),7) < e, WA () = 4] (2),7) < €} € Z(D).

= z = (2x) € B(x,7,€),

== %C(y,7—70,1—64) C,%’C(:L",%e). O

Remark 3.1. The spaces JI/I{S) and Jl/l({ (s) are Norland I-convergent and
Nérland I-null in NNS with respect to neutrosophic norms S = (U, V, W).

Now, define a collection TI( ) of a subset of JVI(S) as follows: T}/(’fgf) ={P C
‘/VI(S) : for every x = (z) € P3 vy >0and € € (0,1) s.t B(x,7,¢) C P}. Then,

T{(‘fsf) constructs a topology on sequence space JI/I( S)" The collection described
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by B={%(z,7,€): b€ JVI{S),T >0 and € € (0,1)} is the topology’s base Tj/(g)
on the space Ji/I{S).

Theorem 3.4. The topology T}/g) on the space Ji/I(J)c (S) is first countable.

Proof. For every x = {x} € Ji/l{s), consider the set B = {#(z,1,1)} : n =

1,2,3,4,...}, which is a local countable basis at x = (x). As a result, the
topology Tl/g) on the space JI/IZ (S) is first countable. O

Theorem 3.5. The spaces </VI{ s) and ,/VI(J: (s) are Hausdorff spaces.

f
) € sy

We will only show the solution for Jl/I{S). Suppose x = (zg),y = (yx) € ‘/1/1{3)

Proof. We know that ,/VI(]:

as well as x # y. Then, for any n € N and v > 0, implies 0 < L{(%f(x) —
Ml (9),7) < 1,0 < V(A (@)= A (y),7) < Land 0<W( A (2) = A (), 7) <1

Putting e1 = U(M () — M (y),7), &2 = V(M (@) — M (W), 7) . s =
W(%f(:c) —%f(y),'y) and € = max{e;, 1 —e€3,1 —e3}. Then, for each ¢ € (¢, 1)
there exist €4, €5, €5 € (0, 1), such that egxeg > €y, (1—€5)0(1—€5) < (1—¢p) and
(1—es)o(1—e€p) < (1—€p). Once again putting 7 = max{es, 1 —€5, 1 —¢g, }, think
about the open balls. Z(z,1— ez, %) and B(y, 1 — e, %) respectively centred at
z and y. Then, it is obvious that B°(z,1 — €7, 3) N B(y,1 — e7,%) = ¢.

If possible let © = {x}} € B°(x,1 — e7,%) N PB°(y,1 — €7,%). Then, we have

v
> U (@) = A (2, 3) U () = A ). )

2

(9) > €7 % €7

Z €4 % €4

> €

> €1,

&2 = V(A (@) = 4] (). 7)

VA (@) = A (2),5) V(AL (2) = AL (), 3)
(10) <(-e)o(l—e)

<(1—e€)0o(1—¢5)

< (1-eo)

< €2
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and
es = W(AS (@) — A4 (y),)
WA (@) = A (2),3) o WA (2) = A (). 3)
(11) < (1 — 67) O (1 — 67)
< (1—66)0(1—66)
< (1 —€)
< €3

We have a contradiction from equations (9), (10) and (11). Therefore,

B(x,1 —e7,%3) N B(y,1 — e7,%) = ¢. Hence, the space Ji/I{S) is a Hausdorff

space. [

Theorem 3.6. Suppose T}/g) be a topology on a neutrosophic norm spaces

Ji/I{S), then a sequence x = {z}} € JI/I{S), such that (z3,) — «, iff U(A (2) —
a) — LV (2) — @) — 0 and W(A (2) — a) — 0 as n — oo,

Proof. Consider a sequence {z;} — «, and Fix 9 > 0, then for v € (0,1), 3
ng € N s.t. {xx} € B(x,v,¢), ¥V k > ng, then for a v > 0, B(z,v,¢) = {x =
(2x) € w: UM (2)—a, ) < 1—€ or V(A (2)—a,y) > e, W (2)—a,7) >
€} € I, such that #°(z,v,¢) € F(I) then

L= UM (2) = a,y) < e V(M (2) = a,7) <e WA (2) —a,7) <e

Hence7 u(‘/%lf(x) - a77) - 17 V(%f<1') - a’,},) — 07 and W('/%lf(x) - 047'}’) -
0 as n — oo. Conversely, if V v > 0, UM (z) — a,7) = L,V (2) — o, ) —
0, and W(A () —a,7) = 0 as n — oco. Then, for each € € (0,1), I ng € N s.t.
1—UN () —a,7) < e, VAT () —a,y) < e W (@) —a,7) < eV n > no.
Hence, we have

u(’/‘/nf(x) -G, 7) >1- €, V(%f(fﬂ) -G, ’Y) <, W(’/Klf(m) - Oé7f)/) < 67v n > ng.
Thus, {z1} € B°(x,7,¢€), V k > np and hence {z;} — a. O

Now, we establish results about the relationship between Noérlund I-conver-
gent and Norlund 7-Cauchy sequence in NNS.

Definition 3.1. In an NNS V. A sequence x = {z,,} € V is said to be Norlund
I-convergent to a € C with regard to neutrosophic norms § = (U, V, W), de-
noted by x,, — «, if for every € € (0,1) and v > 0, where

le{neN:U(%f(a:)—a,fy) <l-e
or V(%f(m)—a,v) 26,W<</1§Zf(:v) —a,v) > e} el

and we write I[s—lim(z,) = a.
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Definition 3.2. A sequence z = {z,,} € V is said to Norlund I-Cauchy with
respect to neutrosophic norms § = (U, V, W), if for every ¢ € (0,1) and v > 0,
3 k € N, such that

Ny = {nEN:M(%f(x)—%f(x),'y) <l-—ce¢
or V(%f(x) —JV,j(x),’y) > e,W(Jan(x) —%f(x),fy> > e} el.

Theorem 3.7. Let Jl/l{s) be an NNS. If a sequence x = {z}} € is Norlund
I-convergent w.r.t NN S, then the I(s)~lim(x) is unique.

Proof. Let x = {x}} is Norlund I-convergent in NNS. Let on contrary that ag
and ap are two distinct elements, thus I(g)—lim(zy) = a1 and [(s)~lim(zy) = .
For a given € > 0, choose p > 0 such that (1 —p)*(1—p) >1—¢,pop <€ and
pop <e, for v > 0.

We show that a; = ag. We define P, = {n € N : U(A] (z) —ay1,7) < 1—¢},
Py={neN:V(Hi(x)—a,7)>e}, Ps={neN:WH (z) - ai,v) > €},
Q1 ={n e N: UM (2)—02,7) <1-€}, Qy = {n € N: V(A (2)—a2,7) > e},
Qs = {n e N: W(H! (z) —az,7) > €}, where A = (PLUQ1) N (P,UQs) N (P3U
Q3) sets P, Py, P3,(QQ1,Q2,Q3 and A must be belongs to I, since {zx} has two
distinct I-limits with regard to neutrosophic norm § = (U, V, W), i.e. a1, as.
As aresult, A¢ € Z(I) implies that A° is not empty. Let us write some ng € A€
then either ng € Pf N Qf or ng € Ps N QS or ng € P5N Q5.

If ng € P{ N QY, it follows that

U(J{%(:ﬁ) —al,g> >1—pand U(J{%(:ﬂ) —042,;/> >1—p.

Hence,

Because € > 0 was arbitrary, U(a; — ag,y) = 1 was given to all v > 0. Thus,
we have a1 = a, which is a contradiction.
If ng € Py N Q5, it follows that

V(JKLJ;(:U) — o, ;) < p and V<JI§lf0(1:) — o, ;) < p.
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Hence,

V<a1 - 042,7) < V(JKL{)(:U) — o, ;) <>V<¢/1§£(m) — a9, ;)

<pop
< €.

Because € > 0 was arbitrary, V(a1 — ag,7y) = 0 was given to all v > 0. Thus,
we have a1 = a, which is a contradiction.
If ng € P5NQ5, it follows that

W(J{L};(x) — oy, g) < p and W(%fo(ac) — g, g) < p.

Hence,

W<a1 — ozg,'y> < W<J1/,Lf0(1:) — o, g) <>W<</I§Lf0(x) — s, 7)

<pop
< €.

Because € > 0 was arbitrary, W(a; — ag,7v) = 0 was given to all ¥ > 0. Thus,
we have o = ai, which is a contradiction.

As an outcome, in all cases, ay=az, implying that the I(s)-limit is unique.

O

Now, we establish results about the relationship between Noérlund I-convergent
and Norlund 7-Cauchy sequence in NNS.

Theorem 3.8. A sequence x = {x;} € JVI{ s is I-convergent with regard to

neutrosophic norms § = (U, V, W) if and olny if it is /-Cauchy with respect to
the same norms.

Proof. Let x = (zj) is Norlund I—convergent with regard to neutrosophic
norms (S) such that I(s)—lim(xy) = a. For given € € (0,1) there exists
p1 € (0,1), such that (1 —p1) * (1 —p1) > 1 — € and p; o p1 < e Since
I(s)-lim(2x) = a therefore, for all ¥ > 0, A1 = {n € N U(%f(x) —a,7) <
1—por V(%f(w) — 04,7) > pl,W(%f(:c) - oz,’y) > pl} € I, that im-
plies A = {n € N : U(%f(x) — a,’y) > 1— p; and V(%f(x) — a,’y) <
p1,W(</%f(x) —a,7) < p1} € Z(I). Let a natural number J € Af, we have
U(Jl{]f(x) —a,7) >1—p; and V(JVJ-f(a:) —a,y) < pl,W(JVJf(x) —a,7) <p1.

Now, we show that for x € ,/VI{S) 3 a natural number J = J(x,¢,7) s.t. the
set Ay = {n e N:U(M (z) — ] (x),7) <1—cor V(A (x) — ] (z),7) >
e,W(Jan(x) — </VJf(19),’y) > 6} € I. For this, we need prove that As C A;., Let
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on contrary that Ay ¢ Ay. Then, 3 [ € Ay, but not in A; we have U(Ji{f(x) —
Jlf,f(x),'y) <1 —e. Then, Z/{(,/I{f(;c) —a,3)>1-p.
In particular, U(Ji{f(x) - a, %) > 1 —p1. Then

<~

1—6>Z/[(e/%

which is a contradiction.

— UM (@) —a,}) <1-p1.
Similarly, consider V(JVf( ) — Jl/f( ),7) > €. Then, V(JVf( ) -, 3) <pi.
In particular, V(%f(x) - a, %) < p1. Then

e < V(A (@) = A (2),7)
< V(A (@)~ D) V(A () — 0, D)
<p1op1
< €

which is a contradiction.

= V(Jl{f(:v)—a, 1) > p1 and similarly consider W(Jﬁf(x)—%f(:v), ) >
€. Then, W(Ji{f(x) —a,3) <pr.

In particular W(Jl{f(x) —a,3) < p1. Then

e < W(AH (@) = A (2),7)
WA (@) = 0. 3) o W( A (@) . ])
<pi1op1
<€

which is again a contradiction.

= W(Jﬁf(x) —a,3) >p.

Therefore, for [ € As, we have U(J{f(:v) — a,’y) <1l-—pjor V(,/ij(x) —
a,v) > pi, WA (@) — a,7) > pr.

— [ € A;. Hence, As C A;. Since Ay € I, so Ay € I. Consequently, the
sequence x = {xy} is Norlund I-Cauchy with regard to norms S = (U, V, W).

Conversely, suppose the sequence x = {xy } is Norlund I-Cauchy with regard
to the norms S = (U, V, W). Then, 3 j € Nsuch that By = {n € N: L{(JVf( )—
) (@),7) < 1—cor VA (@)= N (@0)7) 2 e WA (2) - A (2),7) €} €

I. But, on the other hand, the sequence = = (x1) is not Norlund I—convergent
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denoted by Bs,
By = {nEN:U(%f(x)—a,;) >1—ppor V(%ﬂx)—a,l) < p1,

W(%ﬂ@—%g><m}€L

1— ez u(Af @) - 00

> u(ﬂnf(x) -a ;) *“(J‘?f(l’) @ ;>

> (1—=p1)*(1—p1)
>1—¢

which is a contradiction. Now,
egv(wﬁu>w7@mv>

< V(%f(ar) ~a, ;) 0V<J1§f(x) —a,;>

< p1oP1
< €

which is again a contradiction and
< W(Al @) = A (001)

<w(Htw-a ) ow( 4w -a)

<p1op1
< €.

This again contradicts it. Therefore, By € % (1), and hence x = {x}} is Norlund
I-convergent. O

The following theorems are easy to prove.

Theorem 3.9. In NNS V, a sequence z = {1} € V is Norlund Cauchy with
regard to NN §. and Jl/I{ ) cluster to « in Z then {z}} is Norlund I-convergent
to a with regard to same NN S.

Theorem 3.10. In NNS V| a sequence x = {z} € V is Norlund Cauchy with
regard to NN &S then it is Nérlund I-Cauchy with regard to NN S.
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Now, follows the notations:

The space of all sequences whose N — transform is neutrosophic bounded
sequence is denoted as l?g) (A7).

</VIZO indicates the space containing all sequences with neutrosophic bounded
(8
N7 — transforms and neutrosophic Norland ideal convergent sequences.

Theorem 3.11. Space Ji/lfo is closed linear space of l(og)(JVf).

(&)

Proof. The given space is a subspace of l;’g) (A1), as we are aware. Now, that

/I/Ifo must be proved to be closed, we demonstrate that z/VIgo) :J/Ifo . (where
() S &)

AL, denoted the closure of NI ).
(5 (s

It is clear that ,/Vlf; C JVIL :
(s 5

Conversely, we show that JVICJ; cHl .

(8) I(S)

Let z € </VI(3;) then , Z(x,7v,€) N JI/IZO # ¢, for evey open ball B(x,~,€) of
s ()
any radius v > 0 and € > 0 centred at x. So, let = € B(x,7v,¢) N Jl/lfo and
(8

0<p<land~y>0,chooseeec (0,1)s.t. (1—p)*(1—p)>1—candpop<e.
Since y € B(x,,¢€) ﬂﬂ/lfo so, there exits a subset A of Ns.t A € % (I) and

(S)
Vn € A, we have U(A (2)— M (), }) > 1—p and V(A (2) — 4 (1), 2) < p.
WA (@) =M (), 3) < pand U (y)—a, 1) > 1—pand V(A (y)—a, 3) <
Hence, Vn € A, we obtain

U () = a, 2) = U (2) = A () + A (y) — )

> U () — M (), 2) U (y) - a, D)

2
>(1=p)x(1-p)
>1—e,
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WAL (2) =, 1) = WA (2) — A (y) + A () — a,7)

2
WAL @) = M W), ) o WAL () - . 3)
<pop
< €.

Thus, A C {n € N : UM (z) — a,7) > 1 — € and V(A (2) — a,7) <
e, WH (2) — a,7) < €}

As A € Z(I), which implies that {n € N : U] (z) — a,y) > 1 —
e and V(A (2) — a,y) < €, WA (z) — a,y) < €} € Z(I). Therefore,

xE%/IZO.Hence, Igo c AL . O

&) s) 0s)

Theorem 3.12. Let © = {71} € w be a sequence. If 3 a sequence y = {yx} €

‘/VI{ s)> such that Nl (x) = Nl (y) for almost all n relative to neutrosophic I,

f
then x € Ji/l(s).

Proof. Consider ./ (x) = M (y) for almost all n relative to I. Then {n €
N: Al (2) # 47 (y)} € I. This implies {n € N: 4/ (z) = 4] ()} € Z(I).
Therefore, for n € F(I) ¥V v > 0, L{(J%Lf($) — %f(y),%) =1, V(%f(x) -
%f(y),%) = 0 and W(%f(:v) — e/%f(y)a%) = 0. Since {yx} € JVI{S), let
I(sy~lim(yx) = a. Then, for any € € (0,1) and v > 0,

~y

A= {n e N UL ) — o)) > 1= cand V(AL ) o] ) <

WA () —a,3) < e} € Z(D).

Consider the set Ay = {n € N: U(%f(m)—a,'y) > 1—eand V(%f(x)—a,'y) <
e,W(%f(x) —a,7) <€}
We show that A; C As. So, for n € A; we have

U (@) = ay) 2 U (@) = N (), 5) = U () - . )
>1%(1—¢)
=1—¢,

V(A (@) = ay) S V(A4S @) = A W), 5) o V(AT () — . 3)

<0¢e¢

= €
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and

This implies that n € As and hence A; C As. Since A; € F(I), therefore
A9 € F(I). Hence, © = {x} € Ji/I{S). O

Conclusion

In this research, we investigated the ideal convergence of extended Norlund
sequences in NNS and defined a new type of sequence space .4/ NF

Ip(s) 1(8)
and A i: © utilising the previously studied Norlund matrix 4. In NNS, the
concepts of Norlund ideal convergence and Noérlund ideal Cauchy sequence are
examined, and significant findings are established. We may also investigate the
topological properties of these spaces, which will give a better technique for deal-
ing with ambiguity and inexactness in numerous fields of science, engineering,
and economics.
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