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Abstract

The Temporal complex neutrosophic set (TCNS) is an effective structure
for resolving information that has uncertain, indeterminate, and time-
related factors in decision-making problems. In the last decade, many
researchers focused on estimating the vagueness and ambiguity in knowl-
edge using the theory of neutrosophic sets or extensions of neutrosophic
sets. Similarity and entropy measures are valuable tools to measure
information with the aim of dealing with real-life multi-criteria decision-
making (MCDM) problems. However, the existing method did not care



or interest in the information measures of TCNS. This paper proposes
several new similarity and entropy measures under the TCNS environ-
ment. The suggested measurements have been confirmed and proven to
concede with the manifest definition of the similarity and entropy mea-
sure for the TCNS. Finally, a numerical example related to deciding on
a tourist terminus in Vietnam is given to confirm the practical applica-
bility of the proposed measures. The numerical example proves that the
proposed similarity and entropy measures of TCNS can produce accurate
and reasonable results for decision-making problems in the real world.

Keywords: MCDM; Complex Neutrosophic Set; Temporal complex
neutrosophic set; Similarity measure; Entropy measure

1 Introduction

In 1999, Smarandache [1] introduced the notion of a neutrosophic set (NS)
that each part of this set has a degree of truth, indeterminacy, and falsity,
respectively. It’s also an essential and powerful tool to deal with incomplete,
indeterminate, and inconsistent information in some real-life problems. Due to
its ability to deal with the uncertainty factor, it has many applications in the
areas (theoretical as well as practical) related to engineering, arts, humanities,
computer science, health sciences, life sciences, etc. Although NS theory is
very successful in handling problems arising from vagueness and uncertainty,
it cannot address the periodicity occurring in some uncertain information.
Because of the indeterminate information and the complexity of the periodic
form of decision-making problems, it is challenging to explain attributes in
terms of crisp sets, fuzzy sets, and neutrosophic sets.

To better design and model real-life applications, the ”complex” feature
deals simultaneously with uncertainty, inconsistency, and periodicity data. To
solve this issue, Ramot et al. [2] proposed the theory of the complex fuzzy set
(CFS) that supplements a phase component to gain information regarding a
particular higher dimensional periodic problem. Also, with the aim of adding
the ”complex” part to make NS more flexible and adaptable to occasional
vague information, Ali and Smarandache [3] proposed the definition of the
complex neutrosophic set (CNS) that considers a combined version of the
CFS and NS. Three membership degree functions characterize a CNS tackle
uncertainty, inconsistency, and indeterminacy. These functions have complex-
valued and the range in the unit circle in the complex space. The constraint
of the CNS is that the sum of positive, abstinence, and negative grades is
less than or equal to three. After its introduction, CNS proved its significance
in describing data with indeterminate, uncertain, inconsistent, and periodic
factors.

The notion of similarity plays a fundamental role in solving assorted com-
plex, indeterminate matters in human life. The similarity and entropy measures



exhibited the degree of similarity between two objects in an uncertain, indeter-
minate environment. Hence, many researchers have concentrated on measuring
uncertainty and fuzziness in information using neutrosophic sets or exten-
sions. Various similarity and entropy measures have been introduced. They
have successfully applied in solving problems in real-life applications, such as
medical diagnosis [4-6], pattern recognition [7, 8], decision making [9-11], and
clustering analysis [12, 13].

In the neutrosophic environment, Broumi and Smarandache [14] introduced
some similarities based on Hausdorff distance for NS. Majumdar et al. [15]
proposed some measures of similarity and entropy of a single-valued NS. Jun
Ye [16] presented the similarity measures that construct based on the Ham-
ming and Euclidean distances for interval neutrosophic sets. Following that,
Mukherjee and Sarkar [17] defined some similarity measures based on Harm-
ming and Euclidean distances between two interval neutrosophic soft sets with
an application in pattern recognition. Abu Qamar and Hassan [18]introduced
similarity and entropy tools to the Q-Neutrosophic Soft set and examined their
effectiveness for medical diagnosis problems. Ridvan Sahin [19] proposed two
novel distance measures for SVNHFNs based on single-valued neutrosophic
hesitant fuzzy numbers. Besides, similarity and entropy are widely used as crit-
ical measures for solving multi-criteria decision-making problems in real life
[7-10, 17, 20].

As two critical topics in the CNS, entropy and similarity measures
have been extensively studied by many studies from different perspectives.
Researchers made significant additions to the literature on similarity measures
domains by using hybridized models to manage the uncertainty of periodic
data, where time plays a vital role in depicting it. Al-Qudah and Hassan [21]
introduced axiomatic definitions of entropy and similarity measure for Com-
plex Multi Fuzzy Soft Sets. Ganeshsree Selvachandran et al. [22] established
the measures of distance and similarity based on a complex vague soft set with
the aim of solving pattern recognition problems involving digital images. Mon-
dal et al. [23] proposed three complex neutrosophic similarity measures, such
as cosine, Jaccard, and Dice. A numerical example of stream selection of stu-
dents after secondary examination to select an appropriate educational stream
for higher secondary education is given to demonstrate the proposed strategies
for multi-attribute decision-making problems. Ali et al. [24] proposed novel
dice similarity measures using CNS. Then, the authors applied the presented
criteria to the pattern recognition model to examine the reliability and superi-
ority of the established approaches. Faisal et al. [20] introduced some similarity
measures of interval complex neutrosophic soft sets based on the distance mea-
sures: Hamming distance and Euclidean distance for solving decision-making
problems in medical diagnosis.

For the purpose of modeling data with the time factor and dynamic factor
of some real-world decision-making problems, recently, Lan et al. [25] intro-
duced the definition of a Temporal Complex neutrosophic set (TCNS). TCNS
is an extension of CNS. TCNS concerns decision-making problems that have



uncertain, temporal, and periodical factors. An application for tourist desti-
nation choice problems illustrated the effectiveness and flexibility of TCNS in
multi-criteria decision-making. It is clear that TCNS is a new opening with
many real-life applications when it considers the time cycle and the time fac-
tor. However, previous studies were still not yet taken an interest in similarity
and entropy measures in the temporal complex neutrosophic environments.
Therefore, the paper presents new similarity and entropy measures of the
TCNS.

Specifically, the contributions of this paper are highlighted as follows: (1)
Define new similarity and entropy measures of the Temporal complex neutro-
sophic set. (2) Construct and develop the decision-making model based on new
similarity and entropy measures of TCNS. (3) Demonstrate the feasibility and
rationality of solving the decision-making problem of the proposed model via
an actual world-life case study of choosing a tourist destination in Vietnam
and comparative analysis.

The rest of this paper is organized as follows. In Section 2, we first review
some fundamental concepts of the TCNS. Section 3 defines new similarity and
entropy measures based on the TCNS theory. Section 4 presents the devel-
oping multi-criteria decision-making model that uses proposed similarity and
entropy measures. Section 5 describes a practical application related to a
chosen tourist destination and demonstrates our method’s effectiveness via a
comparison experiment. Finally, the conclusions are presented in Section 6.

2 PRELIMINARIES

In this section, we recapitulate the basic notion of TCNS and their operations,
namely complement, union, and intersection, which will be used in our paper.

Definition 1 ([25]) Suppose there are a universal set X and time periods 7 =
{71,72,...,Tn, }. A Temporal complex neutrosophic set TCNS on X is denoted by

TCNS(z, 7) = {z,(I'(z,7),I(z,7), F(z,7) | z € X} (1)
Where T (z,7) = p (z,7)) .ej”('rl); I(z,7z) =q (1) .ejV(I’Tl);
F (z,7) = r(m,Tl).ej"(Tl); I = 1,2,...,ns; for ease of use, we’ll call g is a

Temporal Complex Neutrosophic Element (TCNE) of element € X to the set E
and 7 is given by the Equation (2)

i = (po () €, go (7)) g (m) 7200 (2)

Definition 2 ([25]) Suppose there are two TCNSs described by their temporal
complex neutrosophic membership functions ¥y (z,7) and W2 (z,T) respectively.

Wi (2, 7) = {@, (pu, (@,7) 10 gy, (0,7) 70 00, 1y, (o,7) 100D )

\1/2 (.’E, 7:) = {1'7 <p‘I/2 (x> 7:) eju\[/Q (1)7:) , QU (iU, 7:) ejl/\p2 ($7‘f~')7 T, ('T7 7:) 6]’77\112 (L%) >}



The basic operations of TCNS are given as follows:

Complement:
)
C (V1 (z,7)) =4, < (1-qg, (z,7)) I (2m—vu, (@7) > |z e X (3)
Py, (z.7) /G710 (7))
Union:

Uy (2, 7)UWy (z,7) = (qu, (2,7) A qu, (z,7)) edVeiow (7))

(p‘lll (I, 7~') V py, (x, %)) ejll\llluqJQ(:D,%),
(ro, (z,7) Arw, (z,7)) eI v, (7,7)
(4)

Intersect:

Uy (x,7)NVs (z,7) =

(p\Ill (1’, 7~—) A Pw, (1’, %)) ej#\plmq]?(w’%)a
" < (qw, (2.7)V gu, (2, 7)) 7Ponres @), > e X
(T\Ih (;67 71) \ Ty, (l’, %)> ejﬁ\lflmpz (@)

()

3 New Similarity and Entropy of Temporal
complex neutrosophic set

In this section, the paper introduces some similarity measures of TCNS, such
as Dice, Jaccard, Cosine, and Cotangent similarity measures. Furthermore, an
entropy measurement of TCNS is also proposed as the baseline for decision-
making models in temporal complex neutrosophic environments.

3.1 Dice similarity measure of TCNS

Definition 3 Assume that _ _
“I’l — <qu1 (mi,Tl) ejlt\pl(mz‘m)7q\p1 (l'i,Tl)@jV\Pl(zi’Tl),T‘I,l (mi,Tl) 6377\111(11‘,7'1)>

/l\Pz(miﬂ'l)’q\P2 (zi,7) 772 (337,77'1)7 Ta, (zi,7;) M2 (ziy71)

and Wy = <Pq/2 (zi,7) €l
be are an TCNSs on universe of discourse X for all z;(1,2,3,...,nx) and
71(1,2,3,...,n7).

A temporal complex Dice similarity measure between TCNSs g, and y, (denoted
as Spice (¥1, ¥2)) is defined as follows:



SDice (\Illa ‘1/2)

(P, (i) + pwy (i, 71)) (P, (T, 1) + pw, (i, 71))
- 2% | +(qu, (x4, 7) + vy, (x5,7)) (q\yg (1) + v, (zi, 7))
1 ZZT + (re, (i, 1) + 0w, (24, 71)) (rw, (T, 1) + 0w, (25,7))
nx *nr == (py, (zi,m) + pw, (@,1))° + (qu, (@5,7) + v, (zi,7))?
(rw, (@) + 0w, (@0,7))” + (Pwy (@0,7) + i, (23,7))°
+qw, (xi,7) + va, (@, 1)) + (ru, (@5, 1) + 1w, (25,7))?

(6)

—~

Example 1 Let X = {x1,22} be a universe of discourse; 7 = {11, 72,73} be time
period; ¥; and Wg be two TCNS in X

<0 16792 0. 66j0‘45,0.36j0'56> , <O‘8ej0'77, 0.26j0'86,0.4ej0'65> ,

i) = <0 667052 0.2¢7020.36 J°2>

<0 50 12 0.2¢70-65 .0.5¢ 50. 85> ’ <0.36j0.870.7€j0.2370-16j0.32>’
o) = <0 746706 0.5¢7915 | 0.66¢7° 41>

<0 6e70°80.9¢7025, 04eﬂ052>,<0.6ej°~62,0.5ej°~24,0.3ej°~18>,
V2 (21) = <0 367082 () 3690-6 () 4090 71>

Uy (z2) = <
<0 90-29 .0.4e 50. 72 0.5¢70-65

0.3¢79" 22 47056 .0.6¢ 50. 26> <0.1ej0A387 0.563‘0437 0.5ej0424> 7

Then, by using Equations (6), we get Temporal complex Dice similarity
measure between Wy and s, denoted as Spice (U1, P2) as follows:
Spice (U1, ¥s) = 0.879416

Theorem 1 Let ¥ and Yobe two TCNSs then,

(1) 0 < Spice (V1,¥2) <1

(2) SDice (\Ijla \IIZ) = SDice (‘1127 \Ill)

(3) Spice (V1,V2) =1, if and only if U1 = ¥y

(4) if U3 is a TCNS in = and ¥; C Wy C W3 then Spjce (V1,V3) <
SDice (\Ijla \1/2) and Spijce (\1}17 \113) < SDice (\Ijla ‘112)

Proof



(1) We can have,

(Pw, (w3, 71) + pw, (zi,71)) (Pw, (x5, 1) + pw, (Ti,71))
2% | 4+ (qu, (x5, 1) + v, (x,71)) (qu, (x5, 1) + v, (25, 77))
=+ (T‘I’1 (.’131‘,7'[) + UL 2 ('ri’n)) (T‘I’Q (xile) + Nw, (.131‘,7'[))
2

(pw, (i, 1) + pu, (xi,7))" + (qw, (@i, 1) + v, (wi,Tl))2

2
+ (T‘P1 (xile) + nw, (Ii’Tl)) (p\lfz (Iile) + pw, (xiaTl))2
+ (qw, (xi, 1) + v, (zi, 7)) (ro, (s, 7) + N, (24, 7))

IN

2+
2+

Hence, 0 < Spice (U1, V2) < 1. So, it proves the first inequality.
(2) It is obvious that the Theorem 1 is true. This proves the second
inequality.
(3) When ¥; = Wy , then it implies that Spice (¥1,¥2) = 1. On the
other hand, if Spice (¥1, ¥2) =1 then,
pw, (@i,m) = pw, (@, 7); pw, (@1) = pw, (25,7); qu, (T3, 7)
qu, (zi,1); vo, (T4, 71) = v, (25, 7); 1w, (25, 71) = o, (T, 71); Nw, (T4, 71) =
N, (Ti, 71);

This implies that U; = Ws. So, the third inequality is proved.
(4) When ¥, C Uy C U3, we can have
pw, (i, 1) + pw, (25, 71) < pw, (24, 71) + pw, (4,71) < pw, (x5, 7) +
P (i, 71);
qu, (i, 1) + vo, (T, 71) > qu, (T4, 71) + v, (25, 71) > qu, (25,7) +
Vg (miv Tl);
ro, (zi, 1) + nw, (T5,71) > 1w, (5, 71) + N, (T, 71) > T, (T6,7) +
U (xiv Tl);
So, Spice (V1,¥3) < Spice (¥1,¥2) and Spice (V1,¥3) <
Spice (U2, ¥s3). This proves the fourth inequality.
Finally, all the equalities in Theorem 1 are proved.

3.2 Jaccard similarity measure of TCNE
Definition 4 Let two TCNSs

U, = <p‘111 (5, 7) €91 (@07 gy, (o:i,n)ej”‘l’l(””"”),r\pl (xiyn)emwl(xi,n»
and Uy = <p\1/2 (mi’ Tl) eJM\PQ(winz),q‘pz (CCia Tl) eIV¥a (Iile)’ Ty, (mi, Tl) el 2 (Iz‘,ﬂ)>

for all z; (1,2,3,...,nx) belong to X and time period 77 (1,2,3,...,n7).
A temporal complex Jaccard similarity measure between TCNSs ¥ and ¥y (denoted



as Sy (¥, Ws)) is defined as follows:
Sy (¥, V¥g) =

(pw, (@i, 1) + pw, (z5,71)) (Pw, (i, 7)) + pw, (x5,77))
. +(q\p1 (‘%Tl; + vy, gxi’Tlii((Q% E%‘»Tz)) +qw, E%‘Jlig
1 X & + (ro, (xs,7) + 19, (®,7)) (T, (@5, 7) + 1w, (x5, 7
2; (pw, (@0, 7) + pw, (20,7))° + (qw, (@0, 7) + vu, (@i,7))°
+(re, (zi,m) + o, (mmm T (b, (@6,1) + i, (@5,7))?
+qw, (i, ) + qw, (2i,7)° + (rw, (2i,7) + 1w, (25,7))
(P, (i, 1) + pw, (i, 71)) (P, (T, 1) + pw, (i, 71))
— | +(qu, (@i, 1) +vo, (25,7)) (qu, (25, 71) + qu, (24,77))
+ (re, (i, 1) + 1w, (25,7)) (re, (T, 71) + 1w, (25,7))

nx *nr

Example 2 Let X = {x1,2z2};7 = {71, 72, 73}; and two TCNS ¥y, U5 in X.
0.16702 0.6¢7045 0 3¢9 56> 7 <0.8ej0.77’0.26j0.86’0'4ej0.65> 7

Uy (1) = A ,
0.6 J0'52,0.26]0'2,0.366J0'2>

0.74¢7%-6 0.5¢70-15 0 66¢ JO41>

0. 6e7°'8,0.9ej0-25,0.4ej0-52> , <0.6ej0'62, 0.5610'24,0.3ej°'18> ,
Uy (21) =

<0 5e10-12 (.9610-65 () 5,70- 85> 7 <0.3ej0'87 0.7ej0'2370.16j0'32> ,
Uy (:Ez) <

0.3 ]0.82,0.3ej0.670.4ej0.71>

0.3¢70-22 (467956 () 67026 <0.lej0'38, 0.5¢70-43, 0.5ej0'24> 7

0267029 0.4¢7072 0.5ej0'65>

Wy (z2) = <
{

The temporal complex Jaccard similarity measure between two TCNS

Uy, Uy can be obtained by applying Definitions 4 as follows: Sy (¥1,¥s) =
0.788072

Theorem 2 Let ¥ and Vo be two TCNSs then,

(1) 0< Sy (Ty,W5) < 1

(2) Sy (¥1,¥2) =Sy (¥2, V1)

(8) Sy (V1,¥2) =1, if and only if ¥1 = ¥y

(4) if U3 is a TCNS in X and Uy C Wy C W3then Sy (¥1,¥3) < Sj(Vq, Vo)
and Sy (¥1,¥3) < Sy (P2, U3)

Proof



(1) Since:

(p‘l’l (xile) + 2821 (mi’Tl)) (p‘I/Q (‘ri’Tl) + 142 (thl))
+ (q‘l’1 (xi77-l) + Uy, (Z‘i’Tl)) (q‘I/Q (J?i,ﬂ) + Dy, (-Ti,Tl))
+ (re, (i, 1) + nw, (23,7)) (re, (@i, 1) + nw, (T3, 71))

(P, (@i,7) + pw, (20,7))° + (qu, (0,7) + v, (21,7))°
+ (T‘Pl (xi’Tl> + nw, (mile))Q + (p‘llz (Iile) + Hw, (Iile))Q
< | +@u, @im) + e, (@,1)% + (rw, (@0,71) + Nw, (20,7))
B (pw, (w4, 71) + pw, (i, 70)) (Pw, (%4, 71) + pw, (T, 7))
— | +(qu, (zi,71) + v, (xi, 7)) (qu, (i, 7) + v, (2i,71))
+ (ro, (T, 1) + 1w, (@4,7)) (e, (@6, 71) + 1w, (24, 71))

Hence, we can write 0 < Sy (¥, ¥y) < 1.

(2) It is obvious that the Theorem 2 is true

(3) When ¥, = Wy, then obviously S; (¥1,Ws) = 1. On the other hand, if
S.] (\111,\:[/2) =1 then7

pu, (@i,m) = pw, (@, m); pw, (@im) = pe, (@,7); qu, (25,7) =
qu, (T3, 11); vo, (x5, 1) = v, (x5, 7); 1w, (Ti,71) = 7w, (T35, 7); nw, (2i,71) =
Nw, (xiv Tl)

This implies that ¥; = W,
(4) When ¥y C ¥y C U3, we can write pw, (i, 71) + pw, (zi,7) <
P, (T3, 7) + powy (T4, 71) < pwy (T4, T1) + pwy (24, 7);
qu, (zi, 1) + vo, (T, 71) > qu, (x4, 71) + v, (25, 71) > qu, (25,7) +
Vg (mile)§
ro, (zi, 1) + nw, (T3, 71) > rw, (5, 71) + N, (X6, 71) > 1w, (T6,7) +
U (xile)i
So, S (V1,¥3) < S5 (¥1,V¥y) and Sy (¥, ¥3) < S5 (Vo, ¥3).
All the equalities in Theorem 2 are proved.

3.3 Cosine Similarity of TCNS

The cosine similarity measure for temporal complex neutrosophic sets is
defined as follows:

Definition 5 Let ) _ )
Uy = <p\111 (@i, 7)Mo 0T gy (24, m) eV 0T (mi,Tl)em‘pl(zi’T’)>

edtws (zi,m) eIvey (@i,m) edmws (Ti;T)

and Uy = <p\1/2 (x4, 77) s qu, (i, 71) Ty (Tiy )
be two TCNSs for all z; (1,2,3,...,nx) belong to X and 7;(1,2,3,...,nr).
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A temporal complex Cosine similarity measure between TCNSs ¥; and Uq
(denoted as Sces (U1, ¥2) is proposed as follows:

SCOS (\1[13‘1/2)
(P, (@i, 1) + powy (25, 7)) (Pwy (T4, 7)) + pow, (24, 77))
S +(qu, (@i, 71) + vy, (@i, 7)) (qu, (Ti, 7)) + qu, (T4, 7))
_ ZXZT + (ro, (s 1) + 7w, (i, 7)) (rw, (i, 1) + 7w, (T, 7))
onx s i=11=1

(pw, (zi,7) + pw, (x,m))? + (qu, (x5, 1) + v, (z,7))

+ (ro, (z,7) + ro, (z,7))?

(pw, (@i, 1) + pw, (3,1))? + (qw, (3,71) + qu, (25,7))°

+ (ra, (zi,m) + 1o, (z3,7))

(8)
Example 3 Let X = {z1,z2};7 = {71, 72,73} and ¥} and ¥y are two TCNS in X
0.16702 0.667045 3670 56> ’ <0'86j0.7770.26j0.86’0'46j0.65> 7
0.6¢7°92 0.2¢7°2,0.36 J°2>
0.5¢7% 12 2¢70-65 ,0. 5€j0‘85> , <0.3€j0'87 0.7€j0.2370.1€j0.32> R
0.74¢°,0.5¢/"1%,0.66¢7*" )
0.6¢7%,09¢7%,0.46°97)  (0.6¢792,0.5¢°24,0.3¢71%)

0.3¢79" 82 0. 3706 0. 490 71>

Vi (z1) =

Uy (1) =

(
(
Uy (z2) = E
(
(

0.3¢79:22 () 4¢10-56 () 0-26 <0 1670-38 (51043 0.5€j0424>

)

\ ) N———— N——

Uy (22) = <
(

02€J029 04J072 O5J065>

Now, by Definition 5, we have the following results:
Scos (U1, ¥y) = 0.732025

Theorem 3 Let ¥ and Yobe two TCNSs then,

(1) 0 < Scos (\I]L\IJQ) <1

(2) Scos (W1, V2) = Scos (V2, V1)

(8) Scos (¥1,%2) =1, if and only if U1 = Uy

(4) if U3 is a TCNS in X and ¥, C Wg C Wsthen Scos (¥1,¥3) < Scos (U1, P2)
and Scos (¥1,¥3) < Scoes (P2, V3)

Proof
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(1) We can have,

(pw, (@6,7) + pwy (€0,70)) (P (€0, 70) + pry (,7)) )

+ (qqll (‘riaTl) + vy, (xiaTl)) (q‘Pz (xile) + vy, ($ile))
+ (re, (@i, m) +nw, (i, 7)) (rw, (T, 71) + N, (24, 71))

(p\Ifl (xia'rl) + Ky (zi,Tl))2 ‘; (Q‘Ifl (mi77—l) + Uy, (mile))2 9
< | +(re, (zi,7) + 1w, (Scz"Tl))2 + (pw, (zi,71) + pw, (962‘771))2
+(qu, (i, 1) + v, (24, 7))" + (Tw, (i, 71) + Nw, (24, 71))

Hence, 0 < Scos (P, P5) < 1

(2) It is obvious that the Theorem 3 is true

(3) When ¥y = Uy, then obviously Sces (P71, ¥s) = 1. On the other hand,
if SCOS (\1’1, \Ifg) =1 then,

pw, (zi,71) = pu, (@), (1) = pw, (T6,7); qu, (26, 7)
qu, (i, 7) 5 ve, (x5, 71) = v, (T, 7); rw, (T, 1) = re, (T, 71); nw, (@5, 7)
Nw, (Ti, 71);

This implies that ¥ = U,
(4) When ¥y C Uy C U3, we can have
pw, (Ti,7) + po, (T, 1) < pw, (T4, 71) + pw, (25, 71) < P, (T3, 71) +
oy (24, 71);
qu, (i, 1) + vo, (T, 71) > qu, (T4, 71) + vo, (i, 71) > qu, (i, 1) +
Vg (.’131‘,7'[);
Ty, (2, 71) + 0w, (T, 1) > rw, (T, 1) + e, (T, 1) > e, (T5,7) +
Nws (T3, 71);
SO, SJ (\I/l, \113) S SJ (\1/1, \1’2) and SJ (\111, \113) S SJ (\Ilg, \1’3)
Hence, all the conditions are proved.

3.4 Cotangent Similarity of TCNS

In this section, we define a Cotangent function to define the similarity measure
on the TCNS environment.

Definition 6 Let two TCNSs . 4

Uy o= <P\I/1 (wiym) 191 @0, gy (g, m) V0 0Ty (Ii,Tl)ejwl(w'i’Tl)>
and Uy = <p\1;2 (z,77) ejlt\prz(mz‘,ﬂ)’q‘pz (x5, 1) ejV\Ilg(IiaTl)’ Ty, (z5,77) eIy (Ez‘,ﬂ)>
for all z; (1,2,3,...,nx) belong to X and 7; (1,2, 3,...,nr).
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A temporal complex Cotangent similarity measure between TCNSs ¥; and Uq
(denoted as Scot_1 (¥1, U2) ) is defined as follows:

Scot.1 (¥1,¥2) =

[ | pw, (zis 1) — Py (23, 71) |,
maz | | qu, (xi,71) = qu, (i, 7) |,
ot | T Ty 1 %i | rw, (@i, 1) — 7w, (24, 71) |
4 8 nxxnri—i— | o, (25, 71) — N’\I’z(m’hn) I,
+ %max | va, (x4, 1) — v, (2, 71) |
L | nw, (zi,71) — n\yz(wi,n) \
9)
Scot_2 (¥1,¥2) =
| pw, (2, 71) — Pwy (T, 71) |
+ 1 qw, (s 1) — qu, (@i, 7)) |
B ESERR S (N )
424 nxxng | by, (i, 71) — b, (2, 71) |
+g-maz | + | ve, (zi,m) = ve, (2i,7) |
L + [ nw, (@i, 1) — nw, (i, 1) |

(10)

Example 4 Let X = {z1,z2}; 7 = {71, 72,73}; ¥1 and U3 are two TCNS in X

<0 16992, 667045 3670 56> 7 <0'86j0.7770'26j0.8670'46j0.65> ,
Uy (.Tl)
<06eJ052 0.2¢79-2 0.36 J°2>
<0 51012 910-65 () 5,90- 85> , <0.36j0'8,O‘7ej0'2370‘1ej0'32
v
He) = <0 74¢9°6 0.5¢1915 0.66¢ 3041>
<0 66708 0.9¢7025 O4ej052> : <0.6ej0'62,0.5ej0'24,0.36j0'18
Uy (21) =
<0 jO 82 0. 3ej0 .6 ,0. 46j0 71>
<0 3¢90- 22 47056 0. 6e0- 26> <0 1e70-38 0. 57043 0. 5eI0- 24
v
2 (w2) = <0 9¢70-29 0.4 50. 72 0.5¢70" 65>

The following results can be obtained by applying Definitions 6
SCot,l (\I’l, \IJQ) = 0690485, Scotj (\1117 \IJQ) = 0.822429

Theorem 4 Let V1 and Yobe two TCNSs then,
(1) 0 < Scot (U1, ¥2) <1
(2) Scot (P1,¥2) = Scot (P2, V1)
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(3) Scot (V1,¥2) =1, if and only if ¥1 = ¥
(4) if U3 is a TCNS in X and U1 C Wy C Wathen Scor (V1,¥3) < Scoor (U1, P2)
and Scot (¥1,¥3) < Scot (Y2, U3)

Proof
The proof is similar to the proof of Equation (6) and Equation (7).
(1) We have,
Hence, 0 < Scor (U1, Ts) <1
(2) It is obvious that the Theorem 4 is true
(3) When ¥, = WUy, then obviouslySce: 2 (U1, Ps) = 1. On the other
hand, if St o (U1, Py) =1 then,
pu, (@m) = pw, (@), (Ti,1) = pw, (5 1)iqe, (1) =
qu, (xile); Vo, (‘riv’rl) = YV, (xiv'rl); v, ($¢,7’l) = Ty, (xiaTl); UL (xile) =
N, (xiv Tl);

This implies that ¥ = U,

(4) When ¥y C ¥, C U3, wen can have

pw, (zi,7) + pw, (x5, 71) < pw, (T, 71) + po, (x5, 71) < pu, (T4, 71) +
pwy (25, 71);

qu, (i, 1) + ve, (2, 11) > qu, (24, 71) + v, (T5,71) > qu, (T4, 71) +
v, (T4, 71);

ro, (T, 1) + e, (T, 1) > rw, (@) + Nw, (T,T) > ey (T, m) +
N, (xile);

So, Scot2 (V1,¥3) < Scor2 (V1,¥y) and Scoro(Vy,V¥3) <
Scot2 (¥, U3).
The proof is completed.

3.5 Entropy measures of TCNE

The entropy measure was first introduced by Zadeh [26] in 1965 with the aim
of measuring fuzziness in information. Entropy measure can be considered as
a measure of uncertainty and fuzziness involved in a set, whether fuzzy set,
complex fuzzy set, neutrosophic set, etc. In this work, the TCNS are also
capable of handling uncertain and vague data; therefore, we also care about
discovering the entropy of a TCNS.

Definition 7 Let X be a finite set of objects. A function E: TCNS(X) — [0, 1] is
called an entropy measure for a temporal complex neutrosophic set if it satisfies the
following properties:

(1) E(¥) =0if ¥ is a crisp set

(2) E(Y)=1if py (z,7) = 0.5;qy (z,7) = 0.5;rg (z,7) = 0.5 and py (z,7) =
mivy (x,7) = Ty (x,7) = 7 for Vr € 75 Vz € X.
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(3) E(¥1) < E(¥2) if Uy is more uncertain that ¥y, that is | py, (z,7) — 0.5 |>

| Puy (@) =05 |5 | qu, (@.7) =05 2 |qu,(@,r) =05 |5 |ry, (@) =05 |
| ry,(x,7) — 0.5 | and

L, (@r) =7 > [ py(@r) =7 | ey @r) =7 > vy (er) =7 |
[0, (2,7) =7 > |, (o,7) 7 |

(4) E(¥) = E (¥°), ¥° is a temporal complex neutrosophic complement of ¥

Theorem 5 Suppose that ¥ is a TCNS on X. A Temporal complex neutrosophic
entropy measure of W is proposed as follows:

E(¥) = tan <6 Py— ZZTS“(\PO (11)

=1
Where

pw (zi,71) (1 = pw (zi, 7)) + qu (z:,71) (1 — qu (z4,71))

ea(T) = +ry (z,7) (1—ry (2:,7)) + (W) (1 _ /w(;;,ﬁ))

() (o)« () (o)
Proof.

Consider E (¥) be can entropy measure for TCNSs. Then, this measure
must satisfy all the conditions in Definition 7.

(1) Suppose E (V) = 0, it follows that p(z;,71) = 0; ¢(z;,71) = 0;
r(zi,m) = 0; pw(xyn) = 0; v(zi,n) = 0; r(x;,n) = Oor p(z;,7) = 1
q(zi,m) =17 (xs,m) =1 plx,n) =2m; v(x,n) = 2m; r(x,1) = 27,

bl

(2) E(¥) =1, if and only if p (x;, ) = 0.5; g (x4, 71) = 0.5; v (4, 77) = 0.5;

p(xi,m) =mv(r,n) =m7r(x,7)="m

(3) Assum ¥4, Uy and ¥y more uncertain than that Ws. It follows that,
if p‘ljl(va) < p\P2(xa7_) < 0.5 q\Ill(va) < Q\I/2($,7_) < 0.5; T\Pl(va) <
7’\1;2(.%,7') < 0.5 or p\Pl(va) > p‘lfz(xaT) > 0.5; q\Pl(xaT) > q\p2($,’7') > 0.5;
rg, (,T) > re,(z,7) > 0.5 for each z; € X.

Hence,

pw1 (zi,7) (1 — pw, (zi,7)) < pw2(x:, 1) (1 — pw, (2, 7))
gu1 (zi,1) (1 — qu, (x5, 7)) < qua (x5, 71) (1 — qu, (zi,7));
re1 (zi,m) (1 —re, (%Tz) <rwe(zi,m) (1 —re, (zi,7));

pwy (zi,7m1) ey (zi,m vy, (24,71) pw, (Ti,71)

and ‘P127r l 1 - ) S \P227r l 1 - \P227r l ?
v (®i,m1) ve, (zi,71) v (zi,m1) Yy (Ti,71) |
\Il127rl(1_\p27rl>§ 2wl(1_927rl>7
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2m 2m — 2 2
which implies F (¥,) < E(¥s)

nw1(®i,71) (1 _ mm(m,n)) < vy (@im) (1 . 77\1/2(137’,777)).

(4) E (V) = E (V) is trivial
Example 5 Let X = {z1,22};7 = {11, 72,73} and ¥; and ¥y are two TCNS in X

0.167920.6¢1045_0.3¢70: °6> , <0.8€j0'7770.2€j0'8670.4€j0'65>,
0.6¢7%-52 0.2¢792 .36 J°2>

0.5¢70-12_0.2¢10-65 () 590- 85> , <O.3ej0'8,O‘7ej0'2370‘16j0'32>,
0.74¢7%-6 0.5¢70-15 0 666" 41>

0.6e70-8 0. 07025 0. 40 52> 7 <0.66j0.6270.56]'0.2470.36]'0.18>7
0.3¢79-82_( 36706 4070 71>

0.3¢70- 22 47056 0. G0 26> <0.1€j0.387 0.563‘0‘437 0.5€j0424>

0.2670:29 0 467072 () 5065

Uy (r1) =

Vg (1) =

(
{
Uy (22) = 2
(
{

Uy (22) = <
(

\ e N ———

The following results can be obtained by applying Definitions 7
. = 0.444759; Ey, = 0.475798;

4 Multi-Criteria Decision Making

Assume A = {A,A;,..,A,,} and C = {C1,Cy, oty Cne b and D =
{D1,Ds,...,D, .} are sets of alternatives, criteria and decision makers. For
decision maker D;,; iq = 1,2,...,np, the evaluation characteristic of an alter-
natives A;_; i, = 1,2,...,n4 on an attribute C;_; i, = 1,2, ..., n¢ in time period

7;; 1 = 1,2,...,n, is represented by matrix X% (7;) = (0” (Tl))an. where

lalc

Hsz'c (1) taken language label of complex neutrosophic set by time period 7.
Let
Tiivig (1) = <pia,icid (1) eﬂl"iaicid(ﬂ), Giviviy (T1) e]ViaiCid(Tl)7 Tiviciy (T1) ejnz‘aicid(ﬂ)>

Step 1. Assuming that the weight information of the criterion is completely
unknown. Hence, the weight w;, of criterion C;, is calculated as follows:
The averaged rating of decision makers can be evaluated by Equation (12)

1 nr np ~ ~ ~
LTigip — — © & Ligiciq (Tl) <Tiaic7 Iiaic7 F’ia’ic> (12)
np * Ny I=1i,=1
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The weight w;_ of criterion C;_ is calculated by Equation (13)

1—-FEg¢,
= o) 13
ne =% Eg,,
Where E¢, = i doit ) E(wi,i,); each E (4,;,) is computed using Equation
(11)

Step 2. The temporal complex neutrosophic positive ideal solution (TCN-
PIS) and negative ideal solution (TCN-NIS) are identified as follows:

AT = {x, <max (piyi, (2, 7)) ¢ max(Biaic(®.7) () O>} (14)
A= {x’ <0’ min (g, (2, 7)) €/ ™" 0aic@D) min (r; 4 (2, 7)) e 0 ate (7))
(15)

Step 3. Theorem 1, 2, 3, or 4 is used to compute the weighted similarity
measure for alternatives to TCN-PIS and TCN-NIS. The weighted similarity
measure Sit and S; of alternative A;, (i, = 1,2,...,n4) is calculated by
Equation (16)-(17)

S+

la

'%?1 U)iCS (.’L’iaic,A+> (16)

Sz_ = Tég ’LUiCS (l‘iaic,A—) (17)
¢ =1
Step 4. The relative closeness of alternative A;, to the ideal solution is
calculated as follows
S-
RC; = —/—+— 18
S+ sy 18)
Step 5. The alternatives are ranked according to their relative closeness
and in descending order.

5 Numberical Example

In this section, by considering the real-life case, we present an application of
proposed measures to a decision-making problem.

5.1 Problem

An example related to choosing a tourist destination in VN given by Lan et
al. [25] demonstrates the feasibility and effectiveness of the proposed decision
method. In this case, suppose a company wants to find a tourist destination in
Vietnam. The company suggested a list of five tourist destinations to choose
from, such as A;; 7 = 1,2, 3,4, 5. For a more accurate evaluation of the different
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locations, there are three group criteria and 20 sub-criteria corresponding to
each location to choose the best tourist destination.

The first group of criteria includes 07 sub-criteria related to the quality of

services and tourism. These sub-criteria are given below:

Cy
Cy
Cs
Cy
Cs
Cs
Cr

: the service staff is well-trained, helpful, and friendly;

: This is a value-for-money destination;

: This is a safe destination for travelers;

: It has a variety of entertainment/ nightlife activities for travelers;
: It offers many opportunities for sports and adventurous activities;
: It offers a variety of souvenirs and duty-free goods for travelers;

: Easy to move around the place

The second group includes criteria related to the Quality of life in the

tourist destination. It includes the following criteria:

: This place is a country with comfortable living conditions;
: Easy to get there from home;

: This place has good social welfare;

: This place has good foods;

: Local people are friendly and kindly.

The last group includes criteria related to the natural environment of the
tourist destination. It includes 8 sub-criteria as follows:

: This place has a good climate;

: This is a good place for relaxation;

: This place has good tourism infrastructure facilities (e.g., restaurants,
accommodations, etc.);

: This place is a country with many well-known tourist sites;

: This place has magnificent sunny beaches;

: The environment in this place is very clean;

: This place has fascinating native animals and vegetation;

: This place is a country with a vast land area and a relatively small
population

To comprehensively evaluate the different locations over four periods, three

experts with different experiences and knowledge have been invited to perform
the evaluation. The expert’s estimates are expressed by temporal complex
neutrosophic numbers.

5.2 An MCDM example using the proposed measures

TCNS is a tool for describing two-dimensional uncertain information of a peri-
odic nature in our day-to-day lives. In this section, we present a practical
example in the TCNS environment to demonstrate that the proposed similar-
ity measures play a significant role in solving real-life problems, such as tourist
destinations chosen in multi-criteria decision-making problems.
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Table 1 Language variables

Label Value Descriptiom
VL (0.15€79-550.65€70-45, 0.65€70-35) Very low
L (0.25€70-65,0.55¢70-55,0.65¢70-4%) Low
M (0.40e79-75,0.50e70-650.45¢70-55) Medium
H (0.55€70-85_0.4570-75 0.35¢70-65) High
VH (0.65€70-95,0.25¢70-85,0.25¢70-75) Very high

Step 1. Determine the weight of the twenty criteria using Equations 12
and 13.

w1 = 0.049199; wa = 0.057871; w3 = 0.052736; ws = 0.049812; ws = 0.038422;

we = 0.042157; wr = 0.048045; wg = 0.055468; wy = 0.053227; w1 = 0.04191;

w11 = 0.049674; w12 = 0.04392; wi3z = 0.044175; w14 = 0.049675; w15 = 0.058608;

w1 = 0.049995; w17 = 0.053227; wig = 0.059684; w19 = 0.053973; wap = 0.057452;

Step 2. Estimate the temporal complex neutrosophic positive ideal solu-
tion (TCN-PIS) and negative ideal solution (TCN-NIS). The values are
obtained as follows:

. [ (0.696238. 0916857 0 0) | (0.696238.617919567 0, 0) ,
B (0.696238.6!°919%7 0,0} , (0.696238.e1°-719%7 0, 0)

0,0.30411.61%-583333 0.279672,0-483333)
0,0.30411.e10-283333 [0 279672.e"-483333 ) |
0,0.30411.e10-83333 [0 279672.¢0-483333))

0,0.30411.e10-83333 /0.279672.¢0-483333 )

A_:

)

o ~— T~

Step 3. Calculate the similarity measure of five locations for TCN-PIS and
TCN-NIS. They are shown in Table 2

Step 4. Determine the relative closeness of five locations to the ideal
solution. They are shown in 3

Step 5. The five locations are ranked based on their relative closeness are
shown in Table 3
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Table 2 Similarity measures of five locations to TCN-PIS and TCN-NIS

Ideal Location
Mesuares .
solution
Al A2 A3 A4 A5
Dice ST 0.63893 0.639313  0.637272 0.63702 0.634593
S 0.656714 0.65388 0.656766  0.660245 0.660896
ST 0.469471  0.469888 0.46768 0.467401  0.464794
Jaccard
S 0.488921  0.485795  0.488989  0.492825 0.493544
. ST 0.586304  0.588898  0.58585 0.582696  0.58158
Cosine
S 0.559327  0.559667  0.560673  0.560043  0.562002
Cot_1 ST 0.641325 0.62623 0.63643 0.662388  0.652045
S 0.595166  0.577427 0.594766 0.621144 0.616897
Cot.2 ST 0.718926  0.714373  0.717399  0.724657  0.720939

S~ 0.7867 0.767714  0.784763  0.813698  0.806133

Table 3 The Relative closeness of locations based on similarity measures

Mesuares Location
Ay Ao A3 Ay As
Dice RC 0.506863  0.505632 0.507532 0.508951 0.510152
Ranking 4 5 3 2 1
RC 0.510147 0.508323 0.511137  0.513239 0.515
Jaccard
Ranking 4 5 3 2 1
. RC 0.488226  0.487275 0.48902 0.490088 0.49144
Cosine
Ranking 4 5 3 2 1
Cot_1 RC 0.481335 0.479727  0.48308 0.483933 0.486151
Ranking 4 5 3 2 1
Cot.2 RC 0.522507  0.517995 0.522422 0.52894 0.527894

Ranking 3 5 4 1 2

5.3 A Comparison Analysis

In this section, to demonstrate the effectiveness of the proposed model, we
compare the proposed model with those in Ali et al. [24] on temporal complex
neutrosophic environments.

The ranking results of five locations at four time periods, 7, 74, 73, 74 are
appropriately described in Table 4 for choosing a tourist destination problem.
Table 4 shows that the rankings offive locations at four times 7y, 74,73 and
T4 respectively are A5 — Ay = Ay = Ag - AQ; A5 — Ay > A3 - Ay = AQ;
A5 >-A4>-A3>-A1 >—A2andA5>-A4>-A1 >—A3>—A2andall4
time periods are given As as the best location. Meanwhile, the result of the
proposed method gives the overall result at four time periods based on Dice,
Jaccard, Cosine, and Cotangent similarity measures, respectively, are As >
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Table 4 Generalised-Dice-Similarity-measures of Ali et al for locations at four periods

Mesuares Location
Ay Az Az Ay As

- RC 0.814267 0.808659  0.812204 0.816266 0.819484
Ranking 3 5 4 2 1

. RC 0.8133 0.810594  0.813347  0.81762 0.822208
Ranking 4 5 3 2 1

s RC 0.814128 0.808873 0.813478 0.817074 0.821965
Ranking 4 5 3 2 1

- RC 0.813158 0.808602 0.813087 0.816648 0.81934

Ranking 3 5 4 2 1

A4>—A3>A1FA2;A5>A4>A3>A1>A2;A5>A4>A3>‘A1>‘
Ag; Ay = As = Ay = Az = As. The overall result of Dice, Jaccard, and
Cosine similarity measures are given As as the best location, and the Cotangent
similarity measure is given A4 as the best location. This result shows that the
advantage and the practical applicability of the proposed measures can process
the decision-making problems with time-related factors in a temporal complex
neutrosophic environment. Moreover, it is more generalized and flexible than
Ali et al. [24]’s method in temporal complex neutrosophic environments

6 CONCLUSIONS

In this paper, we have proposed four similarity measures, namely Dice, Jac-
card, cosine, and Cotangent, in the TCNS environment. We have also proved
some of their basic properties. In addition, we have defined an entropy mea-
sure of TCNS for determining unknown attribute weights in MCDM. Next,
a new MCDM strategy has also been developed based on proposed similarity
and entropy measures in the TCNS environment. Finally, a numerical exam-
ple of decision-making problems regarding choosing a tourist destination in
Vietnam is described under the temporal complex neutrosophic environment
and is given to demonstrate the advantage and the practical applicability of
the proposed measures. In the numerical example, it is proven that the pro-
posed similarity and entropy measures of TCNS are able to produce reasonable
results for decision-making problems in the real world. In future research, it
will be interesting to develop new aggregation operators of TCNS and their
applications in MADM problems such as logistics center selection, medical
diagnosis, personnel selection, etc.
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